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Overview
• Piezoelectric PDEs and account for losses

• The linear forward problem

• Well-posedness

• Discretization

• The inverse problem

• Simulation based identification principle

• Ill-posedness

• Regularization by inexact Newton methods

• Numerical results and optimal experiment design

• Summary and outlook



Motivation
Good simulation results require exact knowledge of

piezoelectric material parameters.



Piezoelectric Effect



Piezoelectric PDEs (transient)

Boundary conditions:



Piezoelectric Material Law
(6 mm crystal class)

elasticity [N/m²],
piezoelectric coupling [(C/m²)], 
permittivity [F/m]



Complex Valued Material Parameters

The mathematical model describes additionally:

• Mechanical damping
• Imperfect piezoelectric energy conversion
• Dielectric dissipation

More realistic model of piezoelectric transducer
Usual Rayleigh damping is special case of 
complex – valued material parameters



Forward Problem – Well Posedness

Quasistatic case : Sändig, Geis, Mishuris (2003)
Transient case: Nakamura, Akamatsu (2002); Miara (2001)
Harmonic case:



Forward Problem  - Discretization

Properties of system matrix:

• Symmetric, not hermitian

• Indefinite spectrum



Inverse Problem – State of the Art
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Analysis of vibrations of 
simple shaped transducers
Explicit relations between 
material parameters and 
resonance frequencies

Samples and 
measurements are costly
Restricted to constant 
coefficients
No identification out of 
more general geometries



Inverse Problem – Identification by 
Simulation of Piezoelectric PDEs
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Inverse Problem – Ill Posedness

Since geometries of test samples are arbitrarily chosen 

Instabilities occur while solving the nonlinear operator
equation due to

Non convergence of generalized inverse of rank deficient 
matrices
Low influence of certain parameters on solution of forward 
problem lead to small singular values 



Inverse Problem – Solution/ Regularization by 
Inexact Newton Methods



Numerical Results – Simultaneous 
Reconstruction of all parameters



Numerical Results - Sensitivity



Numerical Results - Complex Valued
Parameter



Numerical Results - Noisy Data



Numerical Results - Improvement by
Optimal Experiment Design I

Choose frequencies in Mr
in such a way that:

Sensitivity of 
measurements is 
maximal

Result of 
reconstruction is robust 
to data errors 
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Numerical Results - Improvement by 
Optimal Experiment Design I - Results



Numerical Results - Improvement by 
Optimal Experiment Design I - Results



Numerical Results - Improvement by 
Optimal Experiment Design I - Results



Numerical Results - Improvement by
Optimal Experiment Design II

Variable number of 
frequencies

Measurements 
are weighted by 
density 

Select 
frequencies with 
large weights



Numerical Results - Optimal Experiment 
Design II - Results



Numerical Results - Optimal Experiment 
Design II - Results



Summary and Outlook

Identification of piezoelectric material parameters by a 
simulation based inversion scheme
- account for losses (complex valued parameters)
- determine parameters in dependency of external heating,  

for different frequencies, …
- sophisticated choice of measured data

Consider nonlinear effects such as
- high strains and electric field intensities
- internal energy conversion, temperature dependency
- hysteretic effects
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