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Overview

- Piezoelectric PDEs and account for losses
- The linear forward problem
- Well-posedness
- Discretization
- The inverse problem
- Simulation based identification principle
- lll-posedness
- Regularization by inexact Newton methods
- Numerical results and optimal experiment design

- Summary and outlook
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Motivation

Good simulation results require exact knowledge of

piezoelectric material parameters.
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Piezoelectric Effect
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Piezoelectric PDEs (transient)

021l
P DIV ("DIvTi+ " gradg) = 0 € Q
—div (eDIVTﬁ’ — esg'ra,dgb) = 0 €
1>
Boundary conditions: U~ l @)
N'e = 0 ondQ
¢ = 0 onlg..grounded electrode
é = ¢° onle...loaded electrode
D-N = 0 ondQ\ (IFgUTe)



Piezoelectric Material Law

(6 mm crystal class)
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elasticity [N/m?2],
piezoelectric coupling [(C/m?)],
permittivity [F/m]
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Complex Valued Material Parameters

The mathematical model describes additionally:

e Mechanical damping
e Imperfect piezoelectric energy conversion
* Dielectric dissipation

> More realistic model of piezoelectric transducer
> Usual Rayleigh damping is special case of
complex — valued material parameters



Forward Problem — Well Posedness

Jo (—pw?at + (cEDIVTE + eT'gradg) DIVTv) da
Jo(eDIVTE — eSgradg)grady da

Vi € Hn(2), Vi € He(2)

(fma (69 1/)))
(fea (67 T,b))

Quasistatic case : Sandig, Geis, Mishuris (2003)
Transient case: Nakamura, Akamatsu (2002); Miara (2001)
Harmonic case:

Proposition: Let
o —Im(cE),—Im(e5) symm. pos. definite.

 Anin(=Im(c?)) - Apin(=Im (%)) > Amaz(Re(e)" Re(e)).

Then Yw € R a unique weak solution exists.
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Forward Problem - Discretization

(—wQMuu+Kuu Kugb )(ﬁ>:<7\m>
Kgqb —Kgs P fe

(Mmuu)ij = fgpﬂ}"Tﬁ}‘ d2 (mass matrix)

(kuw)ij = Jo¥'DIV)cH(DIVINY) d2  (stiffness matrix)
(kuglij = fQ(ﬂ}‘TDIV)e(grade) d2 (piezo. coupling matrix)
(kgg)ij = fQ(grade)TsS(grade) dQ (permittivity matrix)

Nf,Nf - nodal shape functions

Properties of system matrix:

¢ Symmetric, not hermitian

* Indefinite spectrum
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Inverse Problem — State of the Art

> Analysis of vibrations of

simple shaped transducers

> EXxplicit relations between
material parameters and
resonance frequencies

» Samples and
measurements are costly

> Restricted to constant
coefficients

> No identification out of
more general geometries

Polarization Dimensional

direction ratio
Transverse |
Length ﬁ tw >5
Mode
Thickness q
Extensional { Q — >10
Mode I I

Radial

d
Mode ﬁ$ <= >10
Longitudinal
Lenght 1 1 o5
Mode d

Thickness . |
Shear ':>’A — >3.5
Mode I tw

-

Vibration direction v _
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Inverse Problem — Identification by
Simulation of Piezoelectric PDEs

Find material tensors ¢ e, &5

a from impedance measurements
S for different frequencies w
N R
C(w
jwqc(w)

Frequency (Hz)
¢ = /r i (eDIVTE — cSgradd) dr

Z—impedance, ¢“—impressed voltage, ¢g°—surface charge

Nonlinear operator equation F(c”, e, ) = §%,04s
Forward operator F involves set of PDE solution
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Inverse Problem — Ill Posedness

Since geometries of test samples are arbitrarily chosen
rank (F’(CE, e,ss)) #= 10

Instabilities occur while solving the nonlinear operator
equation due to

» Non convergence of generalized inverse of rank deficient
matrices

» Low influence of certain parameters on solution of forward
problem lead to small singular values



Inverse Problem — Solution/ Regularization by
Inexact Newton Methods

Choose p0 = (c, e, £9)0;

set £k = 0;
while ||g — F(p")|| > 76 do
set sf = 0;

while [[§—F (p*)—F'(p*)[s5]]| > ngl|5—F (p")|| do
sk = (F'(p"),5 — FOM), sk _1);
n =+ +;

pFtl = pk 4 sk,

k=4 +

0 - data noise, 7 > 1, n; - tolerance factor
Choices for ®(...):
Landweber's iteration, v-methods, CG
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Numerical Results — Simultaneous
Reconstruction of all parameters
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Numerical Results - Sensitivity

Increasing sensitivity (-Iog(log(cri))

Friedrich-Alexander-University, Erlangen-Nurember
ty g g

F Department of Sensor Technology

3.3

3.25

3.2

3.15

3.1

3.0

295

2.9

Sensitivity of scaled material parameters

Material parameters (left - real parts, right - imaginary parts)

T T T 1 T T
l
|
- °§3® ® | .
33 i
S ®|
— 33 : —
|
E :
= c [
-S4 s | |
l
l
®
i E l i
“13 | E
i 33 .
Real-parts ... e% ............................ g B Imaginary.parts. ..........
B © 111 ®E Se
€44 l Cy E ® 1
! CE@' &3 €q1 S ®
i ! 12 c 33
1
I C
I ol
|
E s | 5 e
“12 | ®33
| | | | | : | | | |
0 2 4 6 8 10 12 14 16 18 20



M Friedrich-Alexander-University, Erlangen-Nuremberg

F Department of Sensor Technology

Numerical Results - Complex Valued
Parameter
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Numerical Results - Improvement by
Optimal Experiment Design |

Choose frequencies in M, T e e T I —
in such a way that: | e

» Sensitivity of
measurements is
maximal

|Z| (ohm)

> Resultof
reconstruction is robust
to data errors

9, =q +9; I B
Frequency (Hz)

1
min trace(Cov(p,w)), where §; ~ N(O,a(wi)_l)
“  Mpar
N freq -1
CO’U(p,Ld) — ( Z F};(pawz)Ho-(wz)F;)(pa wz))
=1



Numerical Results - Improvement by
Optimal Experiment Design | - Results
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Numerical Results - Improvement by
Optimal Experiment Design | - Results

Normed value of parameter
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Numerical Results - Improvement by

Optimal Experiment Design |
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Numerical Results - Optimal Experiment
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Normed value of parameter
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Numerical Results - Optimal Experiment
Design Il - Results
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Summary and Outlook

|dentification of piezoelectric material parameters by a
simulation based inversion scheme

- account for losses (complex valued parameters)

- determine parameters in dependency of external heating,
for different frequencies, ...

- sophisticated choice of measured data

Consider nonlinear effects such as

- high strains and electric field intensities

- Internal energy conversion, temperature dependency
- hysteretic effects
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