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Quadratic Forms

F' field charF # 2

n-ary quadratic form
f(X1,...,Xn) =) a;;X;X; € F[Xy, -+, Xp] = F[X]
dmf=mn " A;5 = Qj; agj = ;(@ij + aji)
My = (af,;j) symmetric matrix
fFX)=X"M; X X = (Xq,...,Xn)
J isregularif M s regular

All quadratic forms considered are regular



Equivalent Forms

f, g n-ary quadratic forms
f = g ifthereexists C € GL,(F)

f(X)=g9(C-X)
My=C" My-C

X1 — X1+ X2
Xo— X1 — X5
Every quadratic form is equivalent to a diagonal form

le%‘F““"anrr% diEF
Notation: (dq,...,dn)

Example: XX, = (1,—-1)

Example: X1X, & X7 — X3



Quadratic Maps

f quadratic form M ¢
quFn—>F qf(a:‘)=a;‘thm

L = (mla"' axn)tan
qf(agg) — a,2qf(a:) quadratic

qGf =q9=>f =g



Adding and Multiplying Quadratic Forms

41,492 dimgqgi,9o = m,n
Orthogonal sum ’ 41,92

q=q1lg qlzPy) = q1(x) + q2(y)
dimg=m-+n a:@yEFm@Fn

<a1,,am>J_<b1,,bn> = <a1...,am,b1,...,bn>

Tensor product (Kronecker product)

=491 ®q¢ qqz®y)=q1(x)-q(y)
dimg = mn m@yEFm®Fn

(@1, ...,am)®(b1,...,bn) = (a1b1...,a;bj,...,ambn)

Equivalence classes
commutative, associative, distributive semiring



Isotropic Forms and Hyperbolic Plane

9 dmg=n g F" x # 0 isotropicif g(x) = 0O
q isotropic if there exists an isotropic vector
anistropic otherwise

dimg=2 qisotropic <& ¢ = (1,—1)< g = X1X>»
Equivalence class for (1, —1) is called the hyperbolic plane
q isotropic < ¢ = (1,—1,a3,...,an) a; €F

Witt decomposition: g = g, 1 g, unique up to equivalence

hyperbolic anisotropic

gp=n-(1,-1)= X1 X0+ -+ Xop_1Xm



Witt’s Cancellation Theorem

glgr =qlg = q1 = qo

Can be done constructively:

My, Mo symmetric matrices q1qg1,q1qg>
N1, No corresponding to d1, 42

Given an invertible matrix C' such that
M{=C" Ms-C
We can compute an invertible matrix ) such that

Ny =D'""N»-D



The Witt Ring

¢ =aplga ¢ =g, lq,
q ~ CI, Witt similar if qq = q’a
Witt ring: W& (F") equivalence classes with 1 and &
q=0 € W(F) < q ishyperbolic ¢ =n-(1,-1)

g=q eW(F)qg={
dim g = dim ¢/

W(F): {(a)l{(—a)= {(a,—a)=(1,—1) =0



Identities in Witt Rings

Prop:
(a,b, c) isotropic <« (bc, ac, ab, 1) hyberpolic

< (be,ac,ab,1) =0 € W(F)
We want to prove:

(a,b, f),(1,—f, —ab) isotropic = (a,b, ab) % (L,—f,—f)

and we want to find an invertible matrix C

compute at every step the
corresponding matrices

We have to show in F
W (F) (especially Witt cancellation)

(bf,af,ab,1) =0 (a,b,ab) — (1, —f,~f)
(abf, —ab,—f,1) =0 = (a,b,ab,—1,f, f) =0
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(bf,af,ab,1) =0
(abf,—ab,—f,1) =0
Polynomials
fi=BF+ AF+ AB+1
fo= ABF — AB—F +1
gu=A°—-1,gp=B°—1,g3=F?—-1

<a’abaa’ba_1>faf> =0

fa= A+ B+ AB—-1+42F

Z[A, B, F]
<|ex,B < A < F

Grobner Basis for the ideal f1, f2,91,92, 93

G = f3,91,92,93 (a, b, ab) Tg (1, —f, —f)

Can :
Prove the result in the Witt ring compute ¢ :/r\gtgfgzgor
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fi: BF+AF+AB+1=1-141-1=0
fo: ABF—AB—-F+1=1-141-1=0
SP(f1, f2) S-Polynomial B f1 — fo

Bf, : B2F+ABF+AFB?4+B=B-B+B-B=1-1+1-1=0

B2F + ABF + AB°+B=ABF —AB—F+1 —ABF
Witt cancellation

B2F+ AB?+B=—-AB—-F+1 B2 =1
F+A+B=—-AB—-F4+1 +F-A—-B-1
2F—-14+A—-A+B—B=—-AB—A—B4+F—F+1-1

Witt cancellation
2F —-1=—-AB—-A—B
<17 _fa _f> = <CL, ba CLb)
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