Applications of Grobner Bases in Synthesis

of Multidimensional Control Systems
Li Xu

Dept. of Electronics and Information Systems,
Akita Prefectural University, Akita 015-0055, Japan

May 19, 2006, Linz



31 Introduction

e Stabilization, asymptotic tracking and disturbance rejection
or regulation are basic and important requirements for feed-
back control system synthesis.

e [ he purpose of this presentation is to show the possibility on
applications of Grobner bases in synthesis of multidimensional
(nD) feedback control systems. In particular, the following
topics will be explored and discussed.

— Definitions and conditions for left, right and duoble co-
primeness and skew primeness of nD matrices over the
ring of structurally stable nD rational functions;



— Formaulations and solvability conditions for stabilization
problem using 1DOF (degree-of-freedom) or 2DOF con-
troller, asymptotic tracking problem and disturbance re-
jection problem, which lead to the conclusion that these
problems can be essentially reduced to the solvability prob-
lems of coprime matrix equation and skew prime matrix
equation;

— How to solve these two kind of matrix equations by uti-
lizing Grobner basis appraoch;

— Open problems.



32 Coprimeness and Skew Primeness of nD Matrices

Let R[z]: the ring of real polynomials in z = (z1,...,2n),
U" = {z € C"| |z] <1}, and

G ={n/d | n,d € R[z], d(0,...,0) # 0},
H={n/de G |d(z) #0,Vz € U"}
I={heH | 'eG}

J={heH | !ecH.

Denote by M(*) the set of matrices with entries in x (e.g., G,
H).

A € M(H) is said to be G-unimodular (respectively H-unimodular)
iff it is square and detAc1 (J).



D—IN, with D,N € M(H) and D G-unimodular, is called a left
matrix fractional description (MFD) (on {G,H,1,J}).

Moreover, D, N are said to be left coprime, and correspondingly
D~1N left coprime MFD, iff there exist U,V € M(H) such that

DU+ NV = 1. (1)

The dual definitions on right coprimeness can be given analo-
gously.



P € M(QR) is said to admit a left (resp. right) coprime fac-
torization if there exist D,N € M(H) (D,N € M(H) such that
P=DIN (P=ND"1) and D, N (D, N) are left (right) co-
prime.

Moreover, P is said to admit a doubly coprime factorization if
it admits both left and right coprime factorizations, or equiv-
alently, there exist D,N,D, N, X1,Y1,X5,Y> € M(H) such that
P=D"1N=N~ND"1 and the doubly coprime relation

Xo Yo D -Yyi | _

ERIIERSE @
or equivalently,

D -1 Xo Yo | _

[N X1”—N D]_I (3)

holds.



Further, two matrices D,N € M(H) are said to be (externally)
skew prime iff there exist U,V € M(H) such that

DU+ VN = 1. (4)

For P € M(G), it is always possible to find N, D € M(H) such that
P=D"1N, but D, N are not in general left coprime even when
they possess no left common factor. The following theorem
gives the necessary and sufficient condition for the existance of
coprime factorizations.



Theorem 1. [Quadrat 04, Quadrat 06]

1. P € G9%" admits a left coprime factorization iff there exists
D € H9%9 such that det D %= 0 and

[I, — PIHI™" = D~1HY, (5)

i.e., [I; — PJHITT" s a free lattice of G4, or equivalently, [I, —
PJHYT" s a free H-submodule of G? of rank q. Then, P =
D~ IN where N = DP ¢ H?X", is a left coprime factorization
of P.



2. P € G9°" admits a right coprime factorization iff there exists
D € H"*" such that det D % 0 and

g lx(g+r) []P;] — Hl><frD—17 (6)

i.e., H1x(g+r) [f] is a free lattice of Glx”’“, or equivalently,

.
Hx"H—1 is a free H-submodule of G1X" of rank r. Then,

P =ND-1 where N = PD € H?%", is a right coprime fac-
torization of P.



Theorem 2. If P € G9*" admits a left or right coprime factor-
ization, then it admits a doubly coprime factorization.

Proof: Clear from Corollary 3, Theorem 3 and Corollary 5 of
[Quadrat 04].

Theorem 3. D, N € M(H) where det D £ 0 are (externally) skew
prime iff there exist N, D € M (H) such that

ND = DN (7)

with D and N right coprime and N and D left coprime.
(Proof omitted.)



The following lemma will be used later.

Lemma 1. Suppose V, T, F €¢ M(H), detT #= 0, and T, F are
left coprime. Then VT—1F e M(H) iffvT—1 ¢ M(H).

Proof. The sufficiency is obvious and the necessity can be shown
as the 1D case [Vidyasagar 85].
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33 nD Stabilization Problem

Consider the nD feedback system shown in Fig. 1 where P €
M(G) is a linear nD plant and C € M(G) is a 1DOF controller.

luz
+
Uy + € Y e Y2

—>§>_—> C —=>O0O> P

Fig.1 A Feedback System

It is easy to see that
e = Teyu, y = Tyuyu (8)

where
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(I+PO)! —p(U+ pPO)?
“Tlca+prPe)yt 4+ POyt

(I 4+ PO)? —(I+PC) 1P
Cc{I+prC)y"t 1-cU+pPC)"tP|’

S c(I+prPc)-1 —cu+pro)-1lp
T4+ pro)tpec 04+ pPo)-He |-

Note that
o 1
where F' = [—I O] :

If there exists a controller C such that the closed-loop system is
structurally stable, i.e., Ty, € M(H), or equivalently, Te, € M(H),
then P is said to be internally stabilizable and C is called a
stabilizing controller of P.
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Theorem 4. [Quadrat 04]

A given plant P € GY%" js internally stabilizable iff either of the
following equivalent statements is true.

1. There exists S = [U T VT]T e Hla+7)%a sych that detU # 0
and

UP

(g+r)xr
vp| €H '

(a) SP = [

(b) [I; —PlS=U-PV =1,

Then, C = VUL internally stabilizes P, and

U=({-pPCc)t, v=cU,-pro) L (10)
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2. There exists T = [-XY] € H*(@+7) such that detY # 0 and
(a) PT=|-PT PY|ecHMX+m),

(b) T[f] = _XP+Y=1I.

Then, C = Y~1X internally stabilizes P, and

Y =U—-CcP)!, XxX=(U-cpP)lc (11)
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Corollary 1. [Quadrat 04]

1. If P € G9%" admits the left coprime factorization
P=D"!N, DX - NY =1, detX # 0

with [XT vT1T ¢ Hat")*4a then ¢ = YX~1 is a stabilizing
controller of P.

2. If P € G2 admits the right coprime factorization
P=ND1 XD-VYN =1, detX #0

with [¥ X] € H™*(at7) then ¢ = X~1¥ is a stabilizing con-
troller of P.
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Theorem 5. [Quadrat 04, Quadrat 06]

Every internally stabilizable nD system defined by a transfer ma-
trix P € M(G) admits a doubly coprime factorization.

Theorem 6. P € M(G) is internally stabilizable iff it admits a
doubly coprime factorization.

Proof. It is clear from Theorem 5 and Corollary 1.
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Corollary 2. [Vidyasagar 85,Quadrat 04, Quadrat 06]

If P ¢ M(QG) is internally stabilizable, i.e., there exists a doubly
coprime factorization P = ND~ 1= D"1N,

RNl

—N D N X3

_ | D -1 X2 Yo

TN X3 —_N D

=TI, (12)

then the class of all stabilizing controllers of P is given by
C =1+ DQ)(X1-N@)™*
= (X — RN)" (Y2 + RD) (13)
where Q, R € M(H) are arbitrary but det(X; — NQ) # 0,
det(X5 — RN) # 0.
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34 General nD Stabilization Problem

Consider the nD general feedback system shown in Fig.2

Wp—} — Z

P p

u, f» lyp

(.

Ve ——w,

Fig.2 A General Feedback System

where P € M(Q) is linear nD generalized plant given by

=P . P = 14
[yp] [Up] [P21 P22] (14)
and C € M(G) is a linear nD controller described by

ye = [C1 — O3] [ e ] : (15)
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zp: a vector containing the plant variables to be controlled,

Yp, Ye. the utilized output vectors of the plant and controller,
respectively;

wp, we: the vectors of all the exogenous inputs (such as
disturbances, initial conditions, reference signals, etc.);

up, uc. the utilized inputs to the plant and controller,
respectively;

d, d': the exogenous unmodeled signals (such as noise,
interference, etc.).
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The problem considered here is to find a controller C' such that
the closed-loop feedback system (16) is structurally stable, i.e.,

e M(H).
B 5 . i wp | i wp |
P d’ U d
—_ P —_
up | = We ’[ucl_w We
L Ye d d
where
- Dy PiA P15AC; —P1oCoA
d=| AP>;  PooA PosAC] —PorCoA
_—CQAP21 —(CoPor A ACq —Cr A

oo 07100
W_IOIo]CD“L[ooozl

with @11 = Py1 — P12CoAP>1, A = (I + P>>Cs)~ 1 and

A = (I+ CoPrp) 1.

(16)

(17)

(18)

(19)
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Let Po» € M(G) be internally stabilizable. Then, there exist a
doubly coprime factorization Py = N22D2_21 = D2_21N22 and the

relation
X1 Y7 Doy =Y
~ Z = ] 20
!_NQQ D22] [sz X2 (20)
such that
1 A _
Co = (Ya + D2oQ) (X2 — N2oQ) ! = NoDJ ! (21)
— - A o 1
= (X1 — RNo3) Y (Y1 + RDoy) = D71N (22)

is the class of stabilizing controllers for P>, where Doo, Noo,
Doo, Noo, X1,Y7, Xo,Yo, € M(H), and Q,R € M(H) are arbitrary
but det(Xo — NooQ) # 0, det(X7 — RNos) # 0.
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It should be clear that D., N.> and D., N. are also right and
left coprime, respectively.

Substituting the results of (20) — (22) into (40) yields

b =

P11 P12D22DcP12D22DcC1 —P12D22Neo
DcDooPy1 DeNgo NooDcCy —NooNeo

—NepDopPo1 —NepNop  DopDeCy —NepDoo |

(23)
with ®11 = P11 — P1oNDooPoy.
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In view of the coprimeness of the pairs of (D¢, N.5), (D¢, Nqo),
(D25, No5), it is easy to see that ® € M(H) iff the conditions of
(24)—(27) hold.

P11+ P1oNepDooPr; € M(H) (24)
P15D2o[De Nl € M(H) & P1oDop € M(H) (25)
D _
¢ | [DT NLIT DaoPry € M(H)
N02
& D22P21 € M(H) (26)
D T Y 1T =
[ sz (D55 N5p]" Dc.Cp € M(H)

& De.C1 € M(H) (27)

23



(24)—(26) reveal the conditions for the generalized plant P to
admit a stabilizing controller when P>5 is internally stabilizable.

On the other hand, (27) gives the admissible condition for the
2DOF (degree-of-freedom) controller C = [C1 —C5]. In the
sequel, therefore, assume that

[C1 C2]l = D7 [Ne1 Neol,
De,N.1,N.o € M(H). For the special 1DOF case, i.e.,
C1 = Co = D;'Nop,,

the condition (27) is always satisfied.
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35 mnD Regulation and Tracking Problems

The configuration for nD generalized regulation and tracking
problems shown in Fig.3 will be used.

W, w,
— T — L 5z
w P p
TEI Yp

C | L,
< Tr 0

Fig.3 The nD Regulation and tracking Configuration

where T,,T, € M(G) are generators of the reference signal r
and the disturbance signal wyp; wo, g correspond to the initial or

boundary conditions of the generators, respectively. P, C' and
the other variables are defined as in Fig.2.
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The problems to be considered can be stated as follows:

given P, 1y, and 1, to search a controller C for both the 1DOF
(C1 = C5») and 2DOF (C7 # (C5) cases such that C stabilizes P
and further

Regulation Problem (RP): T, € M(H), i.e., the transfer
matrix from wqg to zp, is structurally stable.

Tracking Problem (TP): Tery, € M(H), i.e., the transfer ma-
trix from rg to e = r — zp is structurally stable.

Regulation and Tracking Problem (RTP): the requirements
of RP and TP are satisfied simultaneously.
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Assume in the following that P> is internally stabilizable, and
Tw= D Ny, T» = D71N,, are both left coprime MFDs.

Define Py = Pi1oD2o, P> = DyoPo1, P3 = P11 — P12Y2Doo Py and
note that P;, P>, P3 € M(H) by (24)—(26).
Then we have:

Theorem 7. For either the 1IDOF or 2DOF C, RP is solvable iff
there exist V,Q € M(H) such that, when z, # yp

P1QPy 4 V Dy = Ps; (28)

NooQPy 4+ VDy = XoP5. (29)
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Theorem 8. TP is solvable iff

(a) for the 2DOF C, there exist W, N.;1 € M(H) such that,

PN, +WD, =1, (30)

i.e., P; and D, are skew prime;

NooNey + WDy =1, (31)

i.e., No> and D, are skew prime.

(b) for the 1DOF C, there exist Q,W € M(H) such that,
when zp # yp,

P1QDoo +WDr =1— P1Yq; (32)
No>QDoo + WDy = XoDoo. (33)
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Theorem 9. RTP is solvable iff

(a) for the 2DOF C, RP and TP are independently solvable, i.e.,
when z, # yp, (28) and (30), when z, = yp, (29) and (31), are
separately solvable.

(b) for the 1DOF C, when zp # yp, (28), (32) and (34), when
zp = yp, (29), (33) and (35), are simultaneously satisfied, re-
spectively.

V Dy —WDyPy; = P11 — Poq (34)
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Theorem 10. Suppose that P,D 1 = NQwDQ_U% = DQ_U%NQw,
P3Dyt = N3oD3t, and NowD5t, D5t Ny, Na,Dst are coprime
MFDs. Then (28) is solvable iff D1, = D3. D2, € M(H) and
there exist Q,V € M(H) such that

PlQ + VDQw =N (36)

— A
where N = N3, D1,Y>2, € M(H), and Y>,, is determined by the
equation Xo,,D>, + Yo, Noyw = 1.
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Theorem 11. Let D»,,, No,,, Do, No,, as defined in Theorem
10. Then, (29) is solvable iff No> and Do,, are skew prime.
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Further, the following theorem gives a necessary and sufficient
condition for the solvability of (36).

Theorem 12. If Py is square and nonsingular, and P; and N are
left coprime, then (36) is solvable iff Py and N are skew prime
where Py is given by ]31_1N = NPl_l with N, Py right coprime.
(Proof omitted.)

Due to the results of Theorems 8, 10, 11, and 12, we see that the

solvability problems of RP and TP have been essentially reduced
to the skew primeness of certain matrices over H.
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36 Solution of Coprime Matrix Equation by Grobner
Basis Approach

It has been clarified that

e Synthesis of stabilizing controllers = find left or/and right
coprime MFDs of P, and solve the corresponding coprime
matrix equations;

e [ he solution of RP and TP = solve certain skew prime ma-
trix equations.

U

By Theorem 3, the solution of a skew prime matrix equation
can be essentially reduced to the solution problems of left
and right coprime matrix equations.
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T herefore, in the following, we focus ourselves on the problems:

e how to obtain a coprime MFD for a given P, say a left co-
prime MFD P=D"1N and

e how to solve the left coprime matrix equation

DX + NY = 1. (37)
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As R[z] € H, we can only consider, without loss of generality,
the left coprime MFD P = D~1N with D, N € M(R[z]), and (37)
can be equivalently transformed to

DX+ NY =V (38)
where X,Y and V € M(R[z]) and detV(z) # 0 on U™.

Further, applying Cauchy-Binet theorem to (38) yields that

B
> ai(z)zi(z) = detV(z) (39)
i=1
where a;(z) are the maximal order minors of the matrix
F = [D N] and z;(z) are the maximal order minors of [ X1 Y111

Let 7 be the ideal generated by a;,(z) (1 = 1,...,3) and V(I)
the variety of Z. A necessary condition for D and N to be left
coprime is that V(Z)NU" =0, i.e., a;(z) (: = 1,...,3) possess
no common zeros in U".
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For 2D case, it is well known that

e factor coprimeness < minor coprimeness [Youla 79],

e a factor/minor coprime MFD over R([z1,22]) for a given P ¢
M(G) (with n = 2) can always be obtained [Guiver and Bose
82].

Theorem 13. [Guiver and Bose 85, Bisiacco 86]

P e M(G) (n = 2) admits a left coprime factorization iff, for
any left MFD P = DN with D,N € M(R][z1,25]) being left
factor/minor coprime, V(Z) N U2 = 0.

Theorem 13 implies that a left coprime MFD for a 2D causal
plant P can be obtained, if it exists, by using any left factor
coprime 2D polynomial MFD of P.
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In the following, we show a test for the condition V(Z) N T2 = ()
by Grobner basis approach [Xu et al. 94].

Consider P(z1,22) =D_1(Z1,w)N(Zl,Z2) where D(z1,22) € R[z1, zp]™*™
and N(z1,20) € R[z1, 20]™*!, are left factor coprime.

By the results of [Morf et al., 77], then, we always have Xq, Y7,
X5 and Y, € M(R]z1, z2]) such that

D(z1,22)X1(z1,22) + N(21,22)Y1(21,22) = V1(21) (40)
D(z1,22)X2(z1,22) + N(21,22)Y2(z1,22) = Va(22) (41)

where V1(z1), Vo(zo) are diagonal 1D polynomial matrices with
non-zero determinants.
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Decompose Vi(z1) and Vo(z5) as

Vi(z1) = V1u(21)V1s(21) (42a)
Vo(z2) = Vo, (22) Vas(22) (42Db)

such that all the entries of V1,(£) and V74,(£) are 1D stable poly-
nomials, while all the entries of V7,(£) and V5,(&) are 1D com-

pletely unstable polynomials, i.e., have only unstable zeros in U
[Xu et al., 94].

Define

Vv(det V1,(21),det Vo, (22)) =
{(21,22) € C? |det Vi,(2z1) = 0,det V5, (22) = 0}.
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Let
F(z1,20) = | D(21,22) N(z1,22) | =[f1 -+ Ji]
where k=m-+1land f; (i=1,...,k) are m x 1 2D polynomial

vectors.

Theorem 14. [Xu et al., 94]
T he following statements are equivalent:

(i) V() n T2 = 0, or equivalently, (38) is solvable when n = 2;

(i) For any (z10,220) € V(detVy1,(z1),det V5, (22)), F(z10,220) IS
of full rank;

(iii) A non-zero constant is an element in the Grbbner basis
of the ideal generated by detV7,(z1), detVo,(25) and a;(z1, 22),

i=1,...,0;
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(iv) Fori=1,...,m, € is an element of the Grobner basis of the

module generated by

{f_i,'“

y Tk

0
0

det Vlu(zl)
0

O

O
O

det VQu(ZQ)
O

0

* } (43)

where e; denotes an m x 1 vector having 1 at the ith position
and O at the other positions, and x denotes the :th position of
the associated vectors.
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Next, we show a procedure for constructing a solution to (38)
by using Grobner basis approach.

Theorem 15. [Xu et al., 94] Suppose that V(Z)NT?2 = (. Then
the polynomial s(z1,2>) defined as

s(z1,20) = det Vi4(2z1) det Vog(22) (44)

vanishes on V(I) and is stable, namely, devoid of zeros in U?,
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2D Solution Procedure

Input:  F(z1,22) = [D(21,22) N(21,22)] = [f1,..-, fil, a stable
polynomial s(z1,22) € R|[z1, 2z5] vanishing over V(7).

Output: X (z1,20), Y(z1,20) and V(z1, z0) for (38).

step 1. Solve the following equation using the Grobner basis
approach for ¢ =1,...,m:

i 1(21,22,t) f1(21, 22) + - + Ty (21, 22, 1) fr (21, 22)
0 0
+ Z;(21,22,t) |1 —ts(21,20) [x = |1|*

O O

where t is a new indeterminate.
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step 2.

Substituting ¢t = 1/s into the above equations and clear-
ing out the denominators yields

-/ ,
F(Z].aZQ)fi (Z]_,ZQ) — [Oa T 7S(Z1722)TZ7"' 7O]T

or equivalently,

s’
-/ — /
F(Z]_,ZQ)[f]_ y © 7fm] —
s'm
= V (21, 22)
where ﬁ/(zl,zz) (1=1,...,m) are k x 1 2D polynomial
vectors and r; (¢ = 1,...,m) are non-negative integers.
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step 3. Partitioning [f1 (21,20), ..., fm (21, 25)] as
[X(Zl,ZQ)T Y(Zl,ZQ)T]T, we have that

D(z1,22)X (21, 22)+N(21,22)Y (21, 22) =V (21, 22)

where detV (z1,25) = s(z1,20)"1T "t is obviously a
stable 2D polynomial.
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For a general nD (n > 3) case, we encounter the difficulties
that factor coprimeness of two nD polynomial matrices does not
imply the minor coprimeness of them, and we do not know how
to construct a minor coprime MFD for a given P € M(G).

It is still an open problem to construct a coprime MFED for a

given P € M(G), though its existence condition has been shown
recently by the result of Theorem 5 [Quadrat 04, Quadrat 06].
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By introducing the concept of reduced minors of an nD polyno-
mial matrix, it has been shown that the nD stabilization problem
can be characterized by using polynomial MFDs of a given plant
P € M(G) which are not necessarily minor coprime [Lin 98, Lin
01].

Let a1(2),...,ag(2) denote the m x m minors of the nD polyno-
mial matrix F(z) = [D(z) N(z)]. Extracting a greatest common
divisor d(z) of a;(z) (¢ =1,...,0) yields

ai(z) = d(2)bi(z), i=1,...,0.

Then, b;(z),...,bg(z) are called the reduced minors of F(z) [Sule
94, Lin 98, Lin 01].
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It has been shown that P(z) = D(z) " 1N(z) (not necessarily left

minor coprime) is stabilizable iff b1(2),...,bg(z) have no common
zeros in U™, or equivalently, there exist z1(2),... ,zg(z) such that
B
> bi(2)xi(z) = s(2) (45)
i=1

where s(z) is stable, i.e., s(z) % 0 for any z € U™.
Further, it has been shown that if the solution z;(z) (i =1,...,03)

can be found, then a stabilizing controller C(z) can be construc-
tively obtained [Lin 98, Lin 01].
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37 Open Problems

Let 7 be the ideal generated by b1(2),...,b3(2), and V(Z) the
variety of 7.

Problem 1. [Lin 01] find an efficient method to determine
whether or not V(Z) N U™ = 0.

Problem 2. [Lin 01, Xu et al. 04]
Suppose that V(Z) N U™ = (. Find a constructive method to
obtain a stable polynomial 5(z) such that 5(z) vanishes on V(7).

For the case when 7 is of zero dimension, i.e., V(Z) consists of
only a finite number of points, such a stable polynomial 5(z) can
be constructed by utilizing Grobner bases [Xu et al. 98].
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Note also that, once this problem is solved, it will be ready to
construct a solution to (45) by Grobner basis approach [Xu et
al. 94, Xu et al. 98].

Problem 3. Find a constructive method to obtain a left or/and
right coprime MFDs for a given stabilizable P € M(G).

Problem 4. Find a constructive method to construct the ma-
trices D and N defined in Theorem 3 when n > 3. (Solution for
the 2D case can be found in [Xu et al. 90].)
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88 Conclusions

e Necessary and sufficient solvability conditions have been given
for nD stabilization, regulation and tracking problems under
various configurations and/or cases, which show that these
problems can be essentially reduced to the solvability prob-
lems of coprime and skew prime matrix equations.

e It has been shown that for the 2D case, these equations,
and thus the synthesis problems of various kinds of 2D con-
trollers can be constructively solved by utilizing Grobner basis
approach. However, for the general nD (n > 3) cases, some
substantial challenges still remain, which are summarized as
several open problems.
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Thanks for your attention!
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