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Introduction

The main tool to calculate physical quantities in particle physics: perturbation theory:

o({p2} Am2} = 3 g M,

where ¢ is small parameter.
Examples

: Anomalous magnetic moment of the electron (o = ¢*/(47) = 1/137):

1 ’ 3 4
theor — e 0,328478965(g) + 1.181241456(g) — 1.17283(g)

€ 27 T T T

- eT e~ annihilation cross section:

4 2
o(ee” — hadrons) = ng <Z 63)

q

T

g s 2
< [1 + 254 (1.9857 — 0.1153nf)(—) b ]
T
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The method to calculate coefficients in the expansion was proposed by Feynman.

e Specify the Lagrangian (QED, QCD, Standard Model, ... ):

L((I)) — Lkinetic(q)) + Linteractz’on(q))

e define expressions for propagators and vertices
Linetic - defines propagators (lines):

k2 —m?
j

Linteraction - defines vertices:

’DTEFF gl(p — Q)ugw + (r — p)vgup + (g — T)pgw]

e generate all possible diagrams needed for the specified process

e calculate all Feynman integrals

e add contributions from all relevant diagrams to obtain coefficients /. in perturbation

expansion.
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Example: Two-loop QCD diagrams contributing to < AV V' > correlator

b it ] ]
< = = <

] e e

Each vertex or line corresponds to a factor in Feynman diagram
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Problems:

e UV and IR infinities => dimensional regularization ( change number of space-time

dimensions 4 — d = 4 — 2¢, € - small).

e Expressions for Feynman diagrams are long —=> computer algebra systems (Schoonschip,

Reduce, Form)
e Too many diagrams —> automatic generation (Qgraf, FeynArts,... )
e each diagram can be combination of many integrals =>> integration by parts relations

e individual integrals are complicated => Mellin- Barns technique, differential equation

method, dimensional recurrences, ...
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Feynman diagrams will be combinations of integrals of the form (momentum representation):

GO ({s;}, {mi}) = / k... / s i Hp

L —m2) . (ky — m )N

where

L E
Fju = Z Winknpu + Z gl
n=1 m=1

Not all of these integrals are independent. Integrals with very different /; can be expressed in

terms of restricted number of scalar integrals, called master integrals:

=\ R(d, {m+}, {aiq;})
2" S(d, (mu}. {5))

where R and S are polynomials in d, masses mi and scalar products of external momenta

G({s;}, {mu}) =

By.(d, {mx},{s})

¢;q; and B}, are master or bases integrals.

The complexity of the calculation a diagrams is related to the
e number of multifold ¢ dimensional integrations = number of loops -/

e number of external momenta £ and number of masses - [V
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Most frequently used technique to reduce Feynman integrals to ‘master’ integrals is:
Integration By Parts method:

F.V. Tkachov, Phys.Lett. 100B (1981) 65;
K.G. Chetyrkin and F.V. Tkachov, Nucl.Phys.192 (1981) 1509.

0 k.
/ dky. . . / dk; — "
Okjp (B, — m2). . (ky — m2,)vw

1

Use relation

differentiate with respect to momentum k:

0 0 1 (kju — qu)

- = —2v;—
Ohs (Ry —mdyn " (Ry — myat?

represent scalar products of momenta in terms of scalar factors standing in the denominator

—k'y: ”
ok, v~ I

and external momenta:

b = [k + ) = ] — (K = ] = g2

This procedure leads to a set of equations connecting integrals with different shifts of
parameters ;.. known as integration by parts relations

——=—> Problem of irreducible numerators
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Another approach is possible. Use relation

k
/ dk;. .. / Ak =2 — Sl
Okjp (k] —m2)n. . (ky — m2,)ww

N

differentiate with respect to momentum k, represent tensor integrals emerging after

differentiation in terms of integrals with shifted dimension

Eiu. . kN
[ . /Q%L_ i
ki —m?2)” ...(kN—m?V)VN

1
T(q,0,d") / dky. .. / Ak —; —
(k1 —mi).. (ky —ma)"™

1

where d*G@ = G412) and 9, = 5 2 A general formula for 7'(q, 0, d ™) was given by
O.T. ,Phys.Rev. D54 .
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Parametric representation of Feynman integrals It is useful for numerical calculations of
integrals and proving general theorems about arbitrary Feynman integrals. In the momentum

representation for arbitrary integral

dk,  d%;y, 1

CD({s:}, {me}) = /

use formula

md/2 w2 [(ky — p1)? = mi]n. . [(k — pwv)? — mg, ]

1 v |
Ry = ) /0 doa” texplia(k? — m* + ie)],

and perform Gaussian integration over loop momenta k&,

T 2

d p2
/ddkexp[z'(Ak2 + 2(pk))] =1 (Z_A) " exp [_7] .
The final result

GD ({5}, {m}) = Clvs, ) / doy. . / dana™t . ol
0 0

N

1 [ Qo {5k
X —————exp z( (D(i)});oq(
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where D () is homogeneous polynomial of degree L. and ()(cv, {s;}) of degree L + 1 in a.

From the parametric representation for any L-loop multi-leg Feynman integral a relation was
derived:

G2 = (=1)ED(9)G?

where D (0) is differential operator of order L and

0

=
0mj

0; =

This relation is due to simple structure of the integrand in d and masses mi:

0

om? e
K

D) — D(a) —d— d+ 2,

Examples: D(0) =0, + 02, Q(a) = ajasq® one — loop self — energy
D(0) = 0,0y + 0,03 + 0205, Q(a) = ¢*araa, two — loop sunrise
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Examples of generalized recurrence relations

The one-loop propagator type diagram with massive particles:

](d) (q2 m% mg) :/ ddk1 1
g 7] (8 — md) " [(ks — )7 — m3)

In this case D () = a1 + ae, and therefore

I(d 2)(q27m%7mg) _(al—i_aQ)I(d) (q27m%7m§)

vil2 vil2

_1/1]1511_1 Vo (q m%’ m2) o V2]£1)1/2—|—1(q27 m%? m%)'

We can get another recurrence relation connecting integrals with different d. From the identity:

d, 9 (k1+q), _
t/d“amuhk Ty e 2 e

we obtain:

(qk1)
i /2] (ki — mi)* (k1 — q)% —
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The integral with the scalar product (gk1 ) can be written in terms of scalar integrals with shifted d:

/ ddkl (qkl) — qzl(d+2)
[im@72] (K] — m3) 2+ (ky — )2 —mg]s T et

Inserting this expression into previous equation we obtain:

d
i 181 = (§ 0 ) 1t s v =0

In addition to the above relations two more relations can be obtained from the traditional method of integration by

parts:

gl(d) I(d)

d
171 1/2—|—1 + Vl V1—1 V2—|—1 + ]/]-(m% + m% T q2)I£12|—1 125} T (d T 21/2 T ]/]-)Ilsclil)/g — 07

(d) (d) 2 2 | 2\ 7(d) 2 2 2\ 7(d)
1/1—|—1 Vg—l_yzll/l—l 1/2—|—1_V1 (ml o m2+ q )IV1—|—1 175 _I/Q(ml_mQ_q )Iyl U2—|—1

+ (vg—v1) D =0.

viva
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At mq1 = 0, mg = m, the relations connecting integrals I,Sil)w (¢*,0,m?) with different d are:

d
V1V2q2liiii%)ug+l(q27O7m2) o (5 o Vl) IIS?I)/Q(q27O7m )+ V2I( ) -1 1/2+1(q O m )

2[(1)V2+1<q27 07 m2) = O,

Jld= 2)(q Om)+1/1[(lzrly2(q2,0,m)+y I(l)u2+1(q 0,m?) = 0.

vil2

The integral Iﬁil)w (q2, 0, m2) is proportional to the Gauss hypergeometric function :

2

I(d> (q2707m2) — (_1)V1+V2 )

1240 241 d

() 2 m

There are fi fteen relations of Gauss between contiguous functionss F :

F(l/l +I/2 —g

% 29 V1,V1+V2—%, q
(m2)V1+V2 )

)T(
:T(5

oFi(a+1,b+1,c+1,x)
In our case a=vy, b=v1+vy—d/2, c=d/2.

Substituting explicit result into IBP relations we fi nd they reproduce only six relations of Gauss. The reason -
parameter c of o /] in IBP relations does not change, therefore all corresponding relations cannot be reproduced.

Generalized recurrence relations give new relations for Feynman integrals!!!

They extend number of recurrency parameters: {v; } — {v;,d}
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Dimensionality relations can be used for:
e calculating tensor integrals
e finding bases of master integrals without kinematical singularities
e evaluating master integrals

Generalized recurrence relations connect integrals with different powers of propagators and
also integrals with different dimensionality d. It is easy to write down a big number of
integration by parts and generalized recurrence relations.

How to use these relations? What is the number of master integrals? Is there
minimal number of relations which is enough to reduce all integrals to master
iIntegrals?

There is mathematical theory answering to these questions. This is

Theory of Grobner bases.

The key element of these theory

Buchberger algorithm.
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Differential Grobner basis technique for Feynman diagrams

1. O.V. Tarasov “Reduction of Feynman graph amplitudes to a minimal set of basic integrals” ,
Acta Physica Polonica, v B29 (1998) 2655

2. 0. V. Tarasov, “Computation of Groebner bases for two-loop propagator type integrals,”
Talk at ACAT-2003
Nucl. Instrum. Meth. A 534 (2004) 293 [arXiv:hep-ph/0403253].

Grobner Basis is a nice set of recurrence relations or differential
relations for Feynman integrals allowing to reduce large (in principle
Infinite) number of integrals in terms of finite number of integrals
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Main steps of the algorithm:

e Tensor integrals express in terms of scalar ones with shifted space-time dimension

]/,w... — T/,w...(ap d+)[

e Scalar integrals with dots on lines represent as derivatives w.r.t. masses

/ dok,y. . .dok;
(R = m) (k= p1)? — m3)»

- 1 o o
(11 = DUz = D! A(mi) 8(m3)»

J
y / k. . .d%;
(R = m)((ky = p1)? =
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e For scalar integrals with different number of lines write down generalized recurrence

relations and transform them into a system of differential equations by replacing

1 1 0 1

(Kt —m3) 1 rta(m2)r (kf —m?)

e Find differential Grobner basis for this overdetermined system. One can use Maple,
Mathematica or other computer systems.

e Use relations from the Grobner basis to reduce all possible integrals (i.e. higher order

derivatives) in terms of fixed finite number of basic integrals (i.e. lower order derivatives)

e To reduce integrals G(+27) with shifted space-time dimension use relation:

G\ = D(9,)GY
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Example of DGB for one-loop integrals
kl kl -

The basis for tadpole integral consists of two relations:

o7 — L= 2@ pla+2) _ _2my 215 ()
e sz ’ d

1 d
05 = 0 and T\% = / 47k

om? o @ | w2

The Grobner basis for propagator type integral consists of three relations:

ONi; (d —2)

8]9@3' 2m2

ONij (d — zz)

8pm 2mj

;LD = (3 — d)(Bihig) ST —

d d
2,15 — 2,1 Tz( ) +2(d_ 2)Tj( >7

22;0; 152, =

269

= (3= d)(8;\i;) 1LY T(d) +2(d—2)TY,

2,15
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d-+2 d
(d - 1>9ij12(,z'}L = 2)‘73j12(,i)j

+ @) T, + (952i) T,

4

. 2
i X

m? + 2]97;]-mz2 + 2pijm? + 2m§mj,

)\:—p?j—m

iy = —4pi; = —4(ps — p;)*-
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Application of DGB to an integral

imrd/2 m?2)2((ky — p1)2 — m?2)2 2,45 |,

d
1 / d®kq —(9(9 I(d)
(ki —

@ _ 1 / d%k,
29 iwdl2 | (k= m2)((kr — p1)? —m2)’

J

+ r1(m;,m3),

d)
]éw f(m m)]() ;

2,19

+7r2(my, mj),

fa(m3, m)]” :

2,19

0,1\ = t,117.

0,119, =

2,13

aaﬂ@

0;1f1(m2, mA LY. + i (m?,m?)]

J
(8f1)lédw —|—f 0; [2 ) —|—8 i1

10 f1 + f1f2] 223+f1?“2+3 r1
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1 [ 0\ (d—2)
2>\ij (’9pij 2m2

f4T¢(d) + 7°4Tj(d) :

d)

T +2(d - 2TV | = T + 72T,

8j 1 8j [ngj(d) aF TgT-(d)]
B £3)L 7 + f30; T\ + (95m3) 1"
(05 f3) + f3tj]Tj(d> + Ti(d>aj?“3-

33'3@']&% = [0;f1 + f1f2]]§f?j + [fufa + O3] T

+[raf1+ (95 f3) + f3tj]Tj(d)
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Vertex type integrals

The GB for 1-loop vertex integrals consists of 3 differential relations:

4— d
Wil D = 2= (Birijn) 1Y

Pij ONijk (d
3,i5k — 3,ijk (d_g) [_j—jl()

N Oyir 2

Pik 8>\ka I(d) 2pjk: a)\’bjk I(d)

_|_ +(d—2 [
Zk 8:%] 2,7k )\jk 8y” 2 jk] ( )
1 (&Mik ONijk  9ii; 5’>\z‘jk> 7@ o OrAijr)

4m% Nik  OYij Nij  Oyir

+2 other relations by cyclic permutations
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One dimensional recurrency relation

d-+2 d d
(d—2)gijils 0 =2Xin L3+ (OXig) I+ (95X I+ (Odijn) I8

Aijk 2(pjk + ik — Piz)(Mims + pi;ma)

2(pik + pij — pjr) (Pjrmi +mim3)
2(pjk + pij — Pik) (MEmy + paxms;)

Zmﬁpik — Qp@-jmi — mepjk — 2DijDikPjk;

2p7; — A(psk + Pjk)Psj + 2(pik — Djk)°.
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Differential Grobner bases for propagator integrals

Differential GB for Jéc?jk integrals consists of 8 relations:

e 3relations for 0;0;, 1 # j
e 3 relations for 8?

: d+2) . : . :
e 1- relation for Jé ;k) in terms of d- dimensional integrals.

: d+2) . : : :
e 1- relation for 8j Jé Z.;.rk) in terms of d dimensional integrals.
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Explicit expressions for the Grobner bases are:

2D;60;0; 5%, = 2hijnd; I\, + 2hyin0; I\ D + 4mioi0nJsY)

(d - 2)

4m? m‘7

d d d d

1
+ 5(3d = 8)(d = 3)dui i

2m? D02 050 = m28in0; Iy, + m2Sind; JsY) . + M3 S On Iy,

zgk

+ (d — 4)Dijd; 52, — (3d — 8)(d — 3)pisu s,

(d —2)

d) (d d) - (d d) (d
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and 2 dimensional recurrency relations:

(d+2) (d) (d) (d) (d)
JB,ijk = fwi@ijg’ijk + wj(?jJ&ijk + wk(?kJ&ijk + w0J37ij,€ + t(),

d
gk

d)

y) + w(gl)J?E,z'jk

gk

+ w,(cl)ﬁk(]é

(9p]§d+2) = wfl)c‘?zJéd + wﬁ”@Jé + 11,

ijk ijk

(k)

where {(, ¢ are tadpole contributions and w; ", w; are ratios of polynomials in momentum

and masses.
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Polynomial coefficients are

Dk [¢° — (m; +mj +mg)?)[q® — (m; +mj —my)?]

2

[¢° — (ms —my; + m)?][¢® — (ms —m; —my)?],

Dijk —q¢° + 3¢ (m7 + m2- + mji)

—q¢?[3(mf —|—m —|—mk)—|—2(mm +m? mk+m “m3)] + mY +m +ms

2-(m,é +mk) mi(m + m; )+10m QOi,

—fm?(m‘7 —|—mk)—m‘7

Alq* + 2¢*(m? —m; —my) + (mF —mg)? + mi(2m? + 2mj — 3m])],

—i(d — 3)[Piji + Pjir + 20kij],

1
—§(d — 3)[miPijk + 2midri; — 2piik),

—(d — 3)[midjik + midri; — 4pijul.
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Bypassing kinematical singularities via other dimensions

In many interesting for physical application cases Gram determinants are zero. For example, in
the considered case

2

llg* = (my + m; — my)’]

Dije = lg* — (ms +m; +my,)

g = (mi — m; +mp)”

llg” = (ms — m; —my)*] = 0.

At the final stage of the application of the differential bases technique it cause problems

because Gram determinants are standing in denominators!!!,

We found quite unexpected solution of this problem.
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Key idea to solve the problem : choose another bases of master integrals- transform d

dimensional integrals to d — 2 dimensional integrals. In case of J?Ecgk integrals:
12(d — 1)q?02 1817 = —2(3A 46 + mZ(6m2 + 6m} — 26> — m?))d,J5 7,
+16m;(q° — mk)é’kj?gi?jk + 16m3(¢® — m?)@jjéiék
—2((7d = 17)¢? + (d — 3)(m2 — 5m3 — 5m3))Js %, — 2(d — 2)T, VT,
+(d —2)(1 - 3ZOTOTD 1 (d - 2)(1 - 32217,

J
mz mi

6¢*(d — 2)8i0jJ§fZ.f) = 2m7(q° — m; — Sm? + 3m2)8iJ3(fgk

+2m3(q* — 3m? — m? + 3m2)0; 30, — Ami(q* — m}) Oy,
+2((d = 2)¢* + (d — 3)(mZ +m?2 — 2m})) Js7,,
2l — TIT — (= T NT + T

] 1

Ajks = m? + mi +q* — Zqu? — ZQQm%C — QmZm?
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e There is no Gram determinant in the denominators at the r.h.s !l

e The number of terms at the right hand sides of the above relations decreased: - 24 in the
first case and - 40 in the second case (to be compared with 382 and 629 terms in
appropriate recurrence relations and 162 and 214 terms in the original DGB).

e Reduction to the generic dimension d can be done by using relations between d — 2 and d
dimensional integrals given at the previous transparencies.

e Differential GB transforming d dimensional into d — 2 dimensional integrals can be derived

for any type of integrals!
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Concluding remarks

e Differential Grobner bases technigue turns out to be useful tool: calculation
of two-loop vertex diagrams with massless particles and arbitrary external

momenta were done using this technique

e Fast methods and software is needed for reducing higher derivatives by
using Grobner bases to bases set of functions and their derivatives.

Relevant command in Maple dsubs works very slowly!

e It would be nice to find another method to bypass kinematical singularities!

e Efficient methods and packages are badly needed for finding differential

Grobner bases.
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