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Multiple-closed sets of monomials

M := Mon(z1,...,2,) == {2’ | i € (Z>0)"}
S CMis M-multiple-closed if

msesS VmeM, se€§
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Multiple-closed sets of monomials

Lemma. Every Mi-multiple-closed set S C M has a finite
generating set.
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Multiple-closed sets of monomials

Lemma. Every Mi-multiple-closed set S C M has a finite
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Cor. Every ascending sequence of M-multiple-closed sets
becomes stationary.

Apply to the M-multiple-closed set .S generated by
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Multiple-closed sets of monomials

Lemma. Every Mi-multiple-closed set S C M has a finite
generating set.

Cor. Every ascending sequence of M-multiple-closed sets
becomes stationary.

Apply to the M-multiple-closed set .S generated by

{Im(p1),...,lm(p,) } foragen.set{p:,...,p,}
of anideal I of k[zy, ..., z,]

= Termination of Janet’s and the involutive algorithms

Finally achieve S =Im(I) as in Buchberger’s algorithm
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Decomposition into disjoint cones

Letuscall (C,u)ePM)xP{x,...,x,}) a cone
If 3v € C suchthat C' = Mon(u)v ={mv | m € Mon(u)}.
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Decomposition into disjoint cones

Letuscall (C,u)ePM)xP{x,...,x,}) a cone
If 3v € C suchthat C' = Mon(u)v ={mv | m € Mon(u)}.

{ (Cla,ul)a ceey (Cl7 :ul) } C P(M) X 7)({5131, s 73771})
IS a decomposition of S into disjoint cones If

S=U._,C; and C;nC;=0 forall i#j.

10.05.2006 — p.5



Decomposition into disjoint cones

Letuscall (C,u)ePM)xP{x,...,x,}) a cone
If 3v € C suchthat C' = Mon(u)v ={mv | m € Mon(u)}.

{ (Cla,ul)a ceey (Cl7 :ul) } C P(M) X 7)({5131, s 73771})
IS a decomposition of S into disjoint cones If

S=U._,C; and C;nC;=0 forall i#j.

A

M-multiple-closed set
generated by x,x2, %15, i
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Janet division

The possible ways of decomposing M-multiple-closed sets
Into disjoint cones are studied as

iInvolutive divisions  (Gerdt, Blinkov et. al.)
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Janet division

The possible ways of decomposing M-multiple-closed sets
Into disjoint cones are studied as

iInvolutive divisions  (Gerdt, Blinkov et. al.)

Janet division:

Let M C M = Mon(zy,...,x,) be finite.
For a cone with vertex m =z{*--- 2% ¢ M

x; IS a multiplicative variable, i.e. x; € u, Iff

ai:max{bz-\a:bEM; bj:&j\V/j<i}.
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Janet reduction

NF(p, T, <)  p€klry,...,z,], T={(dy,p),...,(di,u)}

r <0
while p=#0 do
if 3(d, ) €T :1lm(p) € Mon(u)d then

Ic Im
p—=pr— 1CEZ§ lmgzg d

else
r <« r+lc(p) Im(p)
p — p — le(p) Im(p)
fi
od
return r
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Janet reduction

NF(p, T, <)  p€klry,...,z,], T={(dy,p),...,(di,u)}

r <0
while p=#0 do
if 3(d, ) €T :1lm(p) € Mon(u)d then

Ic Im
p—=pr— 1CEZ§ lmgzg d

else
r <« r+lc(p) Im(p)
p — p — le(p) Im(p)
fi
od
return r Disj. cones = course of Alg. is uniquely determined
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Janet’s algorithm

JanetBasis(F’, <) F C kl|xq,...,x,] finite
G—F
do
G «— auto-reduce G
J = {(d,p1),- -5 (dy ) } 84 (Im(dy), ), - oo, (Im(dy), ) }
decomp. into disj. cones of [Im(G)]
P —{NF(z-p,J)| (p,p) €, x & p}
G—{pl(ppeJ}upr
while P # {0}
return J
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Janet’s algorithm

Theorem. (a) Ak-basisof (F) isgivenbyJ, ., Mon(u)g.
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Theorem. (a) Ak-basisof (F) isgivenbyJ, ., Mon(u)g.
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Janet’s algorithm

Theorem. (a) Ak-basisof (F) isgivenbyJ, ., Mon(u)g.

L S S

e

(b) Let T" be a decomp. of Mon(R) — Im((F')) into digoint cones.

A k-basisof R/(F') isgiven by the cosets represented by
U(m,,u)ET Mon( ) m.
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e
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Janet’s algorithm

Theorem. (c) Given pq, p» € R, we have

p1+(F) =p2 +(F) < NF(p1,J) = NF(ps, J).
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Janet’s algorithm
Theorem. (c) Given pq, p» € R, we have
p1+ (F) =ps +(F) < NF(p1,J) = NF(ps, J).

(d) Let J = { (glnul)a SRR (g’l“?:u?“) }
Definern : RVl — R :e; — g;.
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Janet’s algorithm

Theorem. (c) Given pq, p» € R, we have
p1+(F) =p2 +(F) < NF(p1,J) = NF(ps, J).

(d) Let J = { (g1, p11)s - -+ (grs 1) }-
Definer : RVl — R :e; — g;. Thenthe

ZCjei— E ozi,j,lel, Zng,LLZ', Zzl,...,’l“,
[

forma Janet basisof kern for a suitable monomial ordering,
where Tjg; = Zl Q51 91
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Janet’s algorithm

Theorem. (c) Given pq, p» € R, we have
p1+(F) =p2 +(F) < NF(p1,J) = NF(ps, J).

(d) Let J = { (g1, p11)s - -+ (grs 1) }-
Definer : RVl — R :e; — g;. Thenthe

Lj€; — E ;451 €, Zng,LLZ', Zzl,...,’l“,
[

forma Janet basisof kern for a suitable monomial ordering,
where Tjg; = Zl Q51 91

~~ direct construction of a free resolution of R/(F’).
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Combinatorial tool
Let R := klzq,...,2,].

Generalized Hilbert series of S C Mon(R) is

Hs(x1,...,x,) = Zm

meS
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meS
Most important case: I <R, S = Mon(R) — Im(/)
Hgs(xq,...,x,) enumerates the k-basis of R/I

formed by the residue classes of the m € S
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Combinatorial tool
Let R := klzq,...,2,].

Generalized Hilbert series of S C Mon(R) is

Hs(x1,...,x,) = Zm

meS

Most important case: I <R, S = Mon(R) — Im(/)

Hgs(xq,...,x,) enumerates the k-basis of R/I
formed by the residue classes of the m € S

usual Hilbert series of R/{Im(I)) (with std. grading) is
Hg(A, ..., \)
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Parametric derivatives

Problem: Find all formal power series solutions of

([ 524 02w
022 — Yoz =0
< 2
07w __
\ 8y2_0

Janet basis ...
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Parametric derivatives

Problem: Find all formal power series solutions of

([ 52y 02u
. 022 ~ Yoz =0
0%u
\ gy =V
Janetbasis... see worksheet later on...

Generalized Hilbert series:

l+t+y+a+t2+yt+at+ay+ 2+ at® + oyt + ot
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Parametric derivatives

Problem: Find all formal power series solutions of

([ 52y 02u
. 022 ~ Yoz =0
0%u
\ gy =V
Janetbasis... see worksheet later on...

Generalized Hilbert series:

l+t+y+a+t2+yt+at+ay+ 2+ at® + oyt + ot

Formal power series solutions:

c—l—ctt+cyy—|—cxx+ct2t2—|—...+cy2y2+cxzx2+cytzyt2+...

free det.
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Involutive Basis Algorithm (Gerdt)

choose f e F withthe lowest Im(f) w.rt. <
G—{f}; Q— F\G
do
h «— 0
while Q #0 and h=0 do
choose p e @ with the lowest Im(p) w.rt. =<
Q= Q\{py; h—=NF({p,G,=)
If h#0 then
forall {g € G |lm(g) = 2" lm(h), |i| >0} do
Q —QU{gl; G—G\{g}
G — GU{h}
Q—QU{x-g|ge G, xnon-mult. for g }
while @ # 0

return (¢
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Janet-like Grobner Bases

ldea: do not store all
the prolongations

V. P. Gerdt, Y. A. Blinkov, Janet-like Monomial Division. Janet-like Grobner
Bases. CASC 2005, LNCS 3781, Springer, 2005
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Janet-like Grobner Bases

ldea: do not store all
the prolongations

~ Janet-like division

V. P. Gerdt, Y. A. Blinkov, Janet-like Monomial Division. Janet-like Grobner
Bases. CASC 2005, LNCS 3781, Springer, 2005
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Janet-like Grobner Bases

ldea: do not store all
the prolongations

~ Janet-like division

Note: In general, the minimal Grobner basis is still a proper
subset of the Janet-like Grobner basis.

V. P. Gerdt, Y. A. Blinkov, Janet-like Monomial Division. Janet-like Grobner
Bases. CASC 2005, LNCS 3781, Springer, 2005
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Maple packages...

...at Lehrstuhl B fur Mathematik, RWTH Aachen

Implementing the involutive basis technique:

| nvol uti1 ve / Janet
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Maple packages...

...at Lehrstuhl B fur Mathematik, RWTH Aachen

Implementing the involutive basis technique:

| nvol uti1 ve / Janet

Janet O e
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Maple packages...

...at Lehrstuhl B fur Mathematik, RWTH Aachen

Implementing the involutive basis technique:

| nvol uti1 ve / Janet
Janet O e

L DA (Linear Difference Algebra)

In cooperation with V. P. Gerdt & Y. A. Blinkov
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More Maple packages...
... at Lehrstuhl B fur Mathematik, RWTH Aachen:

homal g
# an abstract Maple package for homological algebra

Authors: M. Barakat, D. Robertz
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More Maple packages...
... at Lehrstuhl B fur Mathematik, RWTH Aachen:

homal g

# an abstract Maple package for homological algebra

Authors: M. Barakat, D. Robertz

jets
# jet calculus, formal differential geometry

Authors: M. Barakat, G. Hartjen, A. Lorenz
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Involutive

#® Janet (-like Grobner) bases for submodules of free
modules over a commutative polynomial ring

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Involutive
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® coefficients: rationals or finite fields and field extensions,
and rational integers

® Janet division, Janet-like division
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Involutive

#® Janet (-like Grobner) bases for submodules of free
modules over a commutative polynomial ring

® coefficients: rationals or finite fields and field extensions,
and rational integers

® Janet division, Janet-like division

#® term orderings:
degreviex, plex
TOP / POT
block / elimination orderings

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Involutive

#® Analogues of Buchberger’s criteria can be selected

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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® |Interface to C++:
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Involutive

#® Analogues of Buchberger’s criteria can be selected

® |Interface to C++:
call fast routines when needed or
switch to fast routines for the whole Maple session

® Syzygies, Hilbert series, etc.

#® For timings see Gerdt’s talk in Workshop B2

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Involutive

#® Analogues of Buchberger’s criteria can be selected

® |Interface to C++:
call fast routines when needed or
switch to fast routines for the whole Maple session

® Syzygies, Hilbert series, etc.
#® For timings see Gerdt’s talk in Workshop B2

#® Applications:
commutative algebra
solving systems of algebraic equations

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Main procedures of Involutive

| nvol uti veBasi s
compute Janet(-like Grobner) basis
Pol | nvReduce
iInvolutive reduction modulo Janet basis
Fact or Modul eBasi s
vector space basis of residue class module
Syzygi es
syzygies
Pol H | bert Seri es, Pol H | bert Pol ynom al , etc.
combinatorial devices

Pol M nPol y, Pol Repr es, etc.
computing in residue class rings
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

® Janet division, Janet-like division

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

® Janet division, Janet-like division

#® Analogues of Buchberger’s criteria can be selected

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

# Janet division, Janet-like division
#® Analogues of Buchberger’s criteria can be selected

#® Computational tools for differential operators

web: http://wwb. nat h. rwt h- aachen. de/ Janet

10.05.2006 — p.20



Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

Janet division, Janet-like division
Analogues of Buchberger’s criteria can be selected

Computational tools for differential operators

© o o o

Elementary divisor algorithm (Jacobson normal form)

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

Janet division, Janet-like division
Analogues of Buchberger’s criteria can be selected
Computational tools for differential operators

Elementary divisor algorithm (Jacobson normal form)

© o o o o

parametric derivatives

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Janet

#® Janet (-like Grobner) bases for linear systems of partial
differential equations

Janet division, Janet-like division

Analogues of Buchberger’s criteria can be selected
Computational tools for differential operators
Elementary divisor algorithm (Jacobson normal form)

parametric derivatives

© © o o o o

formal power series solutions, polynomial solutions

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Main procedures of Janet

Janet Basi s
compute Janet(-like Grobner) basis
| nvReduce
iInvolutive reduction modulo Janet basis
Par anDer i v
parametric derivatives
ConpCond
compatibility conditions (syzygies)
H | bert Seri es, H | bert Pol ynom al , etc.
combinatorial devices

Sol Ser i es, Pol ySol
formal power series / polynomial solutions
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ginv

# C++ module for Python

web: http://invo.jinr.ru
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ginv

# C++ module for Python

#® comp. of Grobner bases using involutive algorithms

web: http://invo.jinr.ru
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ginv

#® C++ module for Python
#® comp. of Grobner bases using involutive algorithms

#® polynomials, differential / difference equations

web: http://invo.jinr.ru
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ginv

C++ module for Python
comp. of Grobner bases using involutive algorithms

polynomials, differential / difference equations

© o o ©

open source software

web: http://invo.jinr.ru
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ginv

C++ module for Python

comp. of Grobner bases using involutive algorithms
polynomials, differential / difference equations
open source software

originated by V. P. Gerdt, Y. A. Blinkov

© o o o o

web: http://invo.jinr.ru
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ginv

C++ module for Python

comp. of Grobner bases using involutive algorithms
polynomials, differential / difference equations
open source software

originated by V. P. Gerdt, Y. A. Blinkov

© © o ©o o o

contributions by V. Brendt, S. Jambor, D. Robertz

web: http://invo.jinr.ru
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ginv

#® coefficients for the polynomial case up to now:
rationals or finite fields and some field extensions

web: http://invo.jinr.ru
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ginv
#® coefficients for the polynomial case up to now:

rationals or finite fields and some field extensions

#® term orderings:
degreviex, plex
TOP / POT
block / elimination orderings

web: http://invo.jinr.ru
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ginv

import ginv

st
im
iIC
Ip
O\
1D

ginv
ginv
ginv
ginv
ginv
ginv

.SystemType("'Polynomial'™)

-.Monomlnterface(''DegRevLex", st, [’X7,

.CoeffInterface("'GmpZ", st)

.PolylInterface("PolyList", st,
Wraplnterface(''CritPartially",

.Divisioninterface(''Janet",

eqs = ["'xX 2+y 2", ...}

basis

= ginv.basisBuild("TQ",

1w)

1D, eqgs)

im
i

P)

IC)

28 ),
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JanetOre

#® Janet (-like Grobner) bases for left submodules of free
modules over Ore algebras

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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JanetOre

#® Janet (-like Grobner) bases for left submodules of free
modules over Ore algebras

® coefficients: rationals or finite fields and field extensions,
and rational integers

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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JanetOre

#® Janet (-like Grobner) bases for left submodules of free
modules over Ore algebras

® coefficients: rationals or finite fields and field extensions,
and rational integers

® Janet division, Janet-like division

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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JanetOre

#® Janet (-like Grobner) bases for left submodules of free
modules over Ore algebras

® coefficients: rationals or finite fields and field extensions,
and rational integers

® Janet division, Janet-like division

#® term orderings:
degreviex, plex
TOP / POT
block / elimination orderings

web: http://wwb. nat h. rwt h- aachen. de/ Janet
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Main procedures of JanetOre

JBasi s
compute Janet(-like Grobner) basis
JI nvReduce
iInvolutive reduction modulo Janet basis
JFact or Modul eBasi s
vector space basis of residue class module
JSyzygi es
syzygies
JHi | bert Seri es, JH | bert Pol ynom al , etc.
combinatorial devices

JM nPol vy, JRepr es, etc.
computing in residue class rings
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LDA

Linear Difference Algebra

#® Janet (-like Grobner) bases for linear shift equations

Gerdt — R., A Maple Package for Computing Grobner Bases for Linear
Recurrence Relations, Nuclear Instruments and Methods in Physics
Research, Section A, 559 (1), 2006
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LDA

Linear Difference Algebra

#® Janet (-like Grobner) bases for linear shift equations

#® equations with non-constant coefficients

Gerdt — R., A Maple Package for Computing Grobner Bases for Linear
Recurrence Relations, Nuclear Instruments and Methods in Physics
Research, Section A, 559 (1), 2006
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LDA

Linear Difference Algebra

#® Janet (-like Grobner) bases for linear shift equations
#® equations with non-constant coefficients

#® can naturally be extended to quasilinear systems

Gerdt — R., A Maple Package for Computing Grobner Bases for Linear
Recurrence Relations, Nuclear Instruments and Methods in Physics
Research, Section A, 559 (1), 2006
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LDA

Linear Difference Algebra

Janet (-like Grobner) bases for linear shift equations
equations with non-constant coefficients

can naturally be extended to quasilinear systems

© o o ©

Applications:
difference schemes for PDEs
Feynman integrals (Tarasov, Smirnov et. al.)

Gerdt — R., A Maple Package for Computing Grobner Bases for Linear
Recurrence Relations, Nuclear Instruments and Methods in Physics
Research, Section A, 559 (1), 2006

10.05.2006 — p.27



Main procedures of LDA

Janet Basi s
compute Janet(-like Grobner) basis
| nvReduce
iInvolutive reduction modulo Janet basis
CompCond
compatibility conditions (syzyqgies)
Resi due(C assBasi s, Shi ft Repr es, etc.
residue class basis of factor module, etc.
H | bert Seri es, H | bert Pol ynom al , etc.
combinatorial devices

Pol 2Shi ft / Shift 2Pol
conversion between shift operators and eq’s
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Applications

| nvol uti ve:

# Invariant theory of finite groups
Plesken — R., Exp. Math., 2005

# Construction of matrix representations of groups
Plesken — R., J. Algebra, to appear
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Applications

| nvol uti ve:

# Invariant theory of finite groups
Plesken — R., Exp. Math., 2005

# Construction of matrix representations of groups
Plesken — R., J. Algebra, to appear

L DA:

® Constr. of finite difference schemes for PDEs
Gerdt, Blinkov, Mozzhilkin, SGMA, to appear

# Reduction of Feynman integrals ...
(ongoing work)
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homalg

# package is independent of ring

Barakat — R., homalg: An abstract package for homological algebra, in
preparation
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homalg

# package is independent of ring

# needs another Maple package which provides the
ring arithmetics

# (given a functor “on objects”, its part “on morphisms
IS provided by the package

o composition and left / right derivation of functors Is
automatic

Barakat — R., homalg: An abstract package for homological algebra, in
preparation
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homalg

# package is independent of ring

# needs another Maple package which provides the
ring arithmetics

# (given a functor “on objects”, its part “on morphisms
IS provided by the package

o composition and left / right derivation of functors Is
automatic

# easy to define new functors

Barakat — R., homalg: An abstract package for homological algebra, in
preparation
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Main procedures of homalg

Hom Ext, Tensor product, Tor
predefined (co-) functors (on objects)
HomMap, Ext Map, Tensor pr oduct Map, Tor Map
predefined (co-) functors (on morphisms)
| sHom Ker nel , | mage, Coker nel
homomorphisms
Resol veShor t Exact Seq, Connect i ngHom
snake lemma, etc.
Conposekunct ors
compose functors

Left Deri vedFunct or, Ri ght Deri vedCof unct or
derive functors
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OreModules

#® constructive module theory over Ore algebras

® syzygies, free resolutions, extension groups. ..
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OreModules

#® constructive module theory over Ore algebras

® syzygies, free resolutions, extension groups. ..
for multidimensional linear systems:

decide controllability and parametrizability,
construct (minimal) parametrizations,

compute Bezout identities,

© o o o

decide flatness (also n-freeness), etc.

web: wwwb. mat h. rwt h- aachen. de/ O eModul es

Authors: F. Chyzak, A. Quadrat, D. Robertz
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Main procedures of OreModules

Def 1 neOr eAl gebr a

define an Ore algebra for the current session
SyzygyModul e, Fr eeResol uti on, etc.

constructive module theory over Ore algebras
Ext |

compute a presentation of ext’, (M, D)
Paranetri zati on

construct a parametrization of a linear system
Leftl nverse, R ghtl nverse

compute left / right inverses of matrices

Brunovsky, Control l abilityMatri x, etc.
tools for linear control theory
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