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‘ Gianni, Trager, Zacharias | R A

Definition

® A maximal ideal M C K|z4,...,z,] IS called in general position
with respect to the lexicographical ordering with x; > --- > x,,, if
there exist g1, ..., 9, € K|x,]| with

M= (x1+g1(xn), - -, Tn-1+ gn-1(Tn), gn(zn)).

_
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i
‘ Gianni, Trager, Zacharias | R A

Definition

® A maximalideal M C K|x4,...,x,] IS called in general position
with respect to the lexicographical ordering with x; > --- > x,,, if
there exist g1, ..., 9, € K|x,]| with
M= (x1+g1(wn), s Tn1+ gn-1(Tn)s gn(Tn))-

® A zero—dimensionalideal I C K|z4,...,x,] IS called in general
position with respect to the lexicographical ordering with

x> -+ > x,, if all associated primes P, ..., P, are in general
position and if P, N K|z, # P; N K|z,] for ¢ # j.

_
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‘ Proposition | v

Let K be a field of characteristic 0, and let I C Klx|, z = (z1,..., %),
be a zero—dimensional ideal. Then there exists a non—empty, Zariski

open subset U ¢ K»~! such that forall a = (ay,...,a,-1) € U, the
coordinate change ¢, : K[z] — K|z]| defined by ¢, (x;) = z; if i <mn,
and

n—1
0a(Tn) = Tn + Z ALy
1=1

has the property that ¢, (1) is in general position with respect to the
lexicographical ordering defined by =1 > --- > x,,.

_
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‘ Proposition | v

Let I C K|z4,...,z,] be a zero—dimensional ideal. Let
() =INK|xy,],9g=9{"...97, gg monic and prime and g; # g, for
i # j. Then

® /= ﬂf:1<lag;'/i>'

_
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‘ Proposition | v

Let I C K|z4,...,z,] be a zero—dimensional ideal. Let
() =INK|xy,],9g=9{"...97, gg monic and prime and g; # g, for
i # j. Then

® /= ﬂf:1<[>g;/i>-

® If I is in general position with respect to the lexicographical
ordering with z1 > --- > z,,, then

(2) (I,q;") 1s a primary ideal for all :.

_
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Criterion | R

Let I C K|z1,...,xn] be a proper ideal. Then the following conditions are equivalent:
® | is zero—dimensional, primary and in general position with respect to the
lexicographical ordering with x1 > - -+ > x,.
® Thereexistgy,...,gn € K[z,] and positive integers v1, . .., v, such that

® N K[zxn] = (gn™), gn irreducible;
® for each j < n, I contains the element (z; + g;)"”.
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- - - .o,
Criterion | R

Let I C K|z1,...,xn] be a proper ideal. Then the following conditions are equivalent:

® | is zero—dimensional, primary and in general position with respect to the
lexicographical ordering with x1 > - -+ > x,.

® Thereexistgy,...,gn € K[z,] and positive integers v1, . .., v, such that
® N K[zxn] = (gn™), gn irreducible;
® for each j < n, I contains the element (z; + g;)"”.

® et S be areduced Grobner basis of I with respect to the lexicographical ordering
with x1 > ... > x,. Then there exist g1, ..., gn € K[x,]| and positive integers
vi,...,Un Such that
® g7 € S and g, is irreducible;
® (z; +g;)" iscongruentto an elementin SN Kz, ...,z,] modulo
(GnsTn—1+ Gn—1,---,Tjt1 +gj+1) C Klz]forj=1,...,n—1.
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® Input: A zero—dimensional ideal I := (f1,..., fx) C K[z], x = (z1,...,Tn).
® Output: /T if I is primary and in general position or < 0 > else.

® compute a reduced Grobner basis S of I with respect to the lexicographical
orderingwith x1 > - -+ > xp;

® factorize g € S, the element with smallest leading monomial,

® if (g = g, with g, irreducible) prim := (gn)

else return (0).
®» 1:=n;
while (i > 1)
v =1 — 1;

choose f € Swith LM (f) = =",
b := the coefficient of a?i”“_l In f considered as
polynomial in x;;

q:=x; +b/m;
if (™ = f mod prim) prim := prim + (q);
else return (0);

$ return prim.
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zeroDecomp(l) [ = et

® Input: a zero-dimensional ideal I := (f1,..., fi) C K[z], x = (z1,...,2n).
® Output: a set of pairs (Q;, P;) of ideals in K[x],i =1,...,r, such that
—I=Q1N---NQ,isaprimary decomposition of I, and
— P, =Q;,i=1,...,r.
® result := 0;
® choose arandom a € K™~1, and apply the coordinate change I’ := o, (I);
® compute a Grobner basis G of I’ with respect to the lexicographical ordering
with z1 > --- > x,, let g € G be the element with smallest leading monomial.
® factorizeg=g;' ... g5° € Klzn];
® fori=1tosdo
set Q) :=(I',g7") and Q; := (I, pa ' (9:)"%);
set P! := PRIMARYTEST(Q));
if P/ # (0)
set P; := g ' (P!);
result := result U{(Qi, P;)};

else
result := result U zeroDecomp (Q;);

® return result.
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‘ Proposition | v

Let ] C K|z] beanidealand u C z = {z4,...,z,} be a maximal

Independent set of variables with respect to 1.
(I N K[u] = {0} and #(u) = dim(K|[z]/I))

® [K(u)lz \u] C K(u)[xz \ u|is azero—dimensional ideal.

® letS=1{g1,...,9s} C I C K|z] be a Grobner basis of
[K(u)[z \ u], and let b := lcm(LC(g1), ...,LC(ygs)) € K[u], then

IK(u)z~ulNKlx]=1:(h>),

and this ideal is equidimensional of dimension dim(7).

_
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‘ Proposition | v

Let ] C K|z] beanidealand u C z = {z4,...,z,} be a maximal
Independent set of variables with respect to 1.
(I N K[u] = {0} and #(u) = dim(K|[z]/I))

® [K(u)lz \u] C K(u)[xz \ u|is azero—dimensional ideal.

® letS=1{g1,...,9s} C I C K|z] be a Grobner basis of
[K(u)[z \ u], and let b := lcm(LC(g1), ...,LC(ygs)) € K[u], then

IK(u)z~ulNKlx]=1:(h>),

and this ideal is equidimensional of dimension dim(7).

® let/Ku)z~u=Q1N---NQs be anirredundant primary
decomposition, then also

IK(w|x~uNKlz]=(@Q1NK|z])N---N(Qs N K|x])

IS an
iIrredundant primary decomposition. \
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reductionToZero(l) [ = sssvven

® Input: I:=(f1,...,fx) CKlz],z=(x1,...,2n).

® Output: Alist (u, G, h), where
— u C x iIs a maximal independent set with respect to I,
— G={g1,...,9s} C IisaGrobner basis of I K (u)[z ~ u],
— h € Ku] suchthat IK (u)[x ~u]| N K[z] =1:(h) =1: (h°).

¥
¥

compute a maximal independent set v C x with respect to I;

compute a Grobner basis G = {g1, ..., gs} of I with respect to the
lexicographical ordering with x ~ u > wu;

h:=1];_,LC(g:) € K[u], where the g; are considered as polynomials in
x ~ u with coefficients in K (u);

compute m such that {g1,...,gs) : (h™) = (g1,...,gs) : (K™ T1);
return w,{g1,...,9s}, h"™.

Primarv Decombposition — n. ]



—-
decomp(l) [ = et

® Input: I:=(f1,...,fx) CKlz],z=(x1,...,2n).

® Output: a set of pairs (Q;, P;) of ideals in K[x],i =1,...,r, such that
—I=Q1N---NQ,isaprimary decomposition of I, and
— P, = \/ZQi),izl,...,’r.
» (u, G, h) := REDUCTIONTOZERO (I);
#® changering to K(u)[x ~ u] and compute
gprimary := zeroDecomP ((G) K (u)[z~ u]);
#® change ring to K[z] and compute
primary := {(Q' N K[z]|, P N K[z]) | (Q’, P") € qprimary};
& primary := primary U pecomp ({1, h™));
® return primary.

_
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Definition | R

Let A be a Noetherian ring, let I ¢ A be an ideal, and let
I=0Q1Nn---NQ, be anirredundant primary decomposition.

® The equidimensional part E(I) is the intersection of all primary
Ideals @; with dim(Q;) = dim([]).

_
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Definition | R

Let A be a Noetherian ring, let I ¢ A be an ideal, and let
I=0Q1Nn---NQ, be anirredundant primary decomposition.

® The equidimensional part E(I) is the intersection of all primary
Ideals @; with dim(Q;) = dim([]).

® The ideal I (respectively the ring A/I) is called equidimensional
or pure dimensional if £(I) = I. In particular, the ring A is
called equidimensional if E£({0)) = (0).

_
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‘ equidimensional(l)

® Input: I :=(f1,...,fx) CKlz],z = (x1,...,Zn).
® Output: £(I) C K|z], the equidimensional part of 1.

» set (u,G, h) = REDUCTIONTOZERO (I);
o If (dim((I,h)) < dim(7))
return ((G) : (h));
else
return (((G) : (h)) N equipiMENSIONAL ((I, h))).

/
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‘ Proposition | v

Let/ C K[x1,...,z,] be azero—dimensional ideal and
INKlx;) =(f;) fori =1,...,n. Moreover, let g; be the squarefree

part of f;, then I =1+ (g1,...,qn).

_
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—-
proof | R

® Obviously, I c I+ {g1,...,9,) C V1. Hence, it remains to show
that o™ € I impliesthata € I + (g1,...,gn).

_
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proof | v

® Obviously, I c I+ {g1,...,9,) C V1. Hence, it remains to show
that o™ € I impliesthata € I + (g1,...,gn).

® |et K be the algebraic closure of K. We see that each g; is the
product of different linear factors of K[z;]. These linear factors

of the g; induce a splitting of the ideal (I + (g1, ..., 9,))K|x] INntO
an intersection of maximal ideals.

_
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proof | v

® Obviously, I c I+ {g1,...,9,) C V1. Hence, it remains to show
that o™ € I impliesthata € I + (g1,...,gn).

® |et K be the algebraic closure of K. We see that each g; is the
product of different linear factors of K[z;]. These linear factors

of the g; induce a splitting of the ideal (I + (g1, ..., 9,))K|x] INntO
an intersection of maximal ideals.

® Hence, (I + {g1,...,9,))K|x] Is radical. Now consider a € K|z]
with a™ € I + (g1, ..., 9,). We obtain

a€(I+{g1,....,9n))Klz]NKlz] =1+ (g1,--.,9n).

_
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‘ zeroradical(1) [ = st

® |nput: a zero—dimensional ideal I := (f1,..., fx) C K|x],
r=(T1,...,%p).

® Output: VI C K[z], the radical of I.

s fori=1,...,n, compute f; € K[x;] such that
INKlxi] = (fi);
® return I + (SQUAREFREE (f1), ..., SQUAREFREE (f)).

_
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_ —
radical(l) [ = wesstmmem

® Input: I :=(f1,...,fx) CKlz],z = (x1,...,Zn).
® Output: VI C K[z], the radical of I.

® (u,G,h) = RebucTiONTOZERO (I);
# change ring to K(u)[x ~ u| and compute
J := zeRORADICAL ({G));

# compute a Grobner basis {g1,...,9,} C K|[x| of J,;
s setp:=['_, LC(g:) € K[u;
# change ring to K|x] and compute

JN Kz ={g1,...,90) : (p*°);
® return (J N Klz]) NRrabicaL ({I, h)).

_
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‘ Hensel’s Lemma [ = woeine

Let A be one of the following rings:
7,721, Tnl,Qlx1, ..., 25|, Clx1, ..., T4s].

® let]/ C Abeanidealand f(x) € Alz] monic.

® Assume, gi1(x), hi(x) € A/I[x] are relatively prime and monic,
such that f(x) = g1(x) - h1(x) mod I.

_
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‘ Hensel’s Lemma [ = woeine

Let A be one of the following rings:
7,721, Tnl,Qlx1, ..., 25|, Clx1, ..., T4s].

® let]/ C Abeanidealand f(x) € Alz] monic.

® Assume, gi1(x), hi(x) € A/I[x] are relatively prime and monic,
such that f(x) = g1(x) - h1(x) mod I.

® Then there exist monic polynomials g,,, h,, € A/1™[x] such that
® f=g, -h, modI"
® g,=9g1 modI, h, =hy modI[

_
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‘ Hensel’s Lemma [ = woeine

Let A be one of the following rings:
7,721, Tnl,Qlx1, ..., 25|, Clx1, ..., T4s].

® let]/ C Abeanidealand f(x) € Alz] monic.

® Assume, gi1(x), hi(x) € A/I[x] are relatively prime and monic,
such that f(x) = g1(x) - h1(x) mod I.

® Then there exist monic polynomials g,,, h,, € A/1™[x] such that
® f=g, -h, modI"
® g,=9g1 modI, h, =hy modI[

® Furthermore, there exist unique polynomials G.he A [X] such
that
s f=3h

AN

® g=¢g; modI, h=hy mod ]I \
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‘ Lifting a factorization [ = v

feClzy,...,z,] I=(x3—as,...,z, —an),d; =deg, (f)

f(z) — f(x17...,xi7a47-"7an)

® @ =g -
Hensel's lemma in Afz1] (A = Clzo, 3], I = (z3 — a3))

_
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‘ Lifting a factorization [ = v

feClzy,...,z,] I=(x3—as,...,z, —an),d; =deg, (f)

f(z) — f(x17...,x@'7a/47-"7an)

o

9

°

]F(Z) = g1 - h1
Hensel's lemma in Afz1] (A = Clzo, 3], I = (z3 — a3))

]E(?,) — gd3+1hd3+1 mod <£B3 - a3>d3+1

if f=fi-f2and
fi(x1, 22,03, ...,an) = g1, fo(x1, 22,03, ...,0,) = h1
then
filzi, 2, 3,04 ... 0n) = gdz,, (1,72, 23)
fo(x1, 22, 23,04 ...an) = hay ,(21,%2,23)

by unicity of Hensel's lemma.

Restart with the next variable. \
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‘ Gao’s version of Bertini’s Theorem [ = woeine

Let K be a field of characteristic 0 and S ¢ K a finite subset.

® letfeKlry,...,z,], deg(f) =d and
fO(xay) :f(alx‘Fbly"‘Cl,---aanCU‘any"‘Cn)




i
‘ Gao’s version of Bertini’s Theorem | R

Let K be a field of characteristic 0 and S C K a finite subset.

® letfeKlry,...,z,], deg(f) =d and
folx,y) = flarx + by +c1, ..., anxT + by + cy)

® Then, for random choices of a;, b;, ¢; In S with probability at
least 1 — % all the absolute irreducible factors of f remain
absolutely irreducible factors of f;, in K|z, y].

_
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e Y
‘ Irreducibility Testing [ = e

® Let f € Z[x,y] be irreducible, if for some prime p
# fisirreducible in Z/pZ|z, y]
» there exists a simple point (a,b) € (Z/pZ)?* of V(f)
o the degree of f mod p is equal to the degree of f.




e Y
‘ Irreducibility Testing [ = e

® Let f € Z[x,y] be irreducible, if for some prime p
# fisirreducible in Z/pZ|z, y]
» there exists a simple point (a,b) € (Z/pZ)?* of V(f)
o the degree of f mod p is equal to the degree of f.

® The testis based on the following theorem:

o Letk be afield and (o, 8) € k? be a simple point of

f € klz,yl.
Then one absolute irreducible factor belongs to k|«, 5[z, y].

_
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‘ Splitting over C [ = woeine

Theorem: Gao/Ruppert Let f € Q|x, y| be irreducible of bidegree

(m,n).

Let G = {g € Qlz,y]l(m — 1,n) > deg(g), 3h € Qlz,y), 24 = 20103
The vector space G has the following properties
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i
‘ Splitting over C [ = woeine

Theorem: Gao/Ruppert Let f € Q|x, y| be irreducible of bidegree

(m,n).

Let G = {g € Qlz,y]l(m — 1,n) > deg(g), 3h € Qlz,y), 24 = 20103
The vector space G has the following properties

® fisirreducible in Clz,y] if and only if dimq(G) = 1.
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‘ Splitting over C [ = wesstmmem

Theorem: Gao/Ruppert Let f € Q|x, y| be irreducible of bidegree

(m,n).

Let G = {g € Qlz,y]l(m — 1,n) > deg(g), 3h € Qlz,y), 24 = 20103
The vector space G has the following properties

® fisirreducible in Clz,y] if and only if dimq(G) = 1.
® ¢Gc % Gmodfforallgecd.
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e Y
‘ Splitting over C [ = wesstmmem

Theorem: Gao/Ruppert Let f € Q|x, y| be irreducible of bidegree

(m,n).

Let G = {g € Qlz,y]l(m — 1,n) > deg(g), 3h € Qlz,y), 24 = 20103
The vector space G has the following properties

® fisirreducible in Clz,y] if and only if dimq(G) = 1.

® ¢Gc % Gmodfforallgecd.

9 Letgl,...,gaeGbeabasisandgeG\@%,

= ;9 5x 97 mod f.
Let x(¢) = det(tFE — (aij)) be the characteristic polynomial.

Then x is irreducible in Q[t].
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e Y
‘ Splitting over C [ = wesstmmem

Theorem: Gao/Ruppert Let f € Q|x, y| be irreducible of bidegree
(m, n).

Let G = {g € Qlz,y]l(m — 1,n) > deg(g), 3h € Qlz,y), 24 = 20103
The vector space G has the following properties

® fisirreducible in Clz,y] if and only if dimq(G) = 1.
® ¢Gc % Gmodfforallgecd.

9 Letgl,...,gaeGbeabasisandgeG\@%,

= ;9 5x 97 mod f.

Let x(¢) = det(tFE — (aij)) be the characteristic polynomial.
Then y is irreducible in Q[¢].

® = HcE(C,x(c)ZO ged(f, g — ca 1) is the decomposition of f into
irreducible factors in Clz, y]. \
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‘ Splitting over C: Example [ = e e

® f=at+y’



- . —-
‘ Splitting over C: Example [ = e e
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‘ Splitting over C: Example [ = e e

® f=a’+y
® G =<uz,y>q

® (t)=t*+1/4



i
‘ Splitting over C: Example [ = e e

® f=a’+y
® G =<uz,y>q

® (t)=t*+1/4
® ged(z? + y?, y—52x)ged(z? + y?, y+52z) = 22 + y?

_
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‘ How to compute the normalization? | R

® Let A be areduced ring, the normalization A is the integral
closure of A in the total ring of fractions Q(A).




i
‘ How to compute the normalization? | R

® Let A be areduced ring, the normalization A is the integral
closure of A in the total ring of fractions Q(A).

® |et A be areduced Noetherianring and J C A an ideal
containing a non—zerodivisor = of A. Then there are natural

Inclusions of rings

1
A C Homa(J,J) 2 —-(xJ:J) C A.

X

_
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proof [ = v

® Forac A letm,:J— Jdenote the multiplication with a. If m, = 0, then
mq(z) = ax = 0 and, hence, a = 0, since z is a non—zerodivisor. Thus, a — mq
defines an inclusion A C Homy (J, J).
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proof [ = v

® Forac A letm,:J— Jdenote the multiplication with a. If m, = 0, then
mq(z) = ax = 0 and, hence, a = 0, since z is a non—zerodivisor. Thus, a — mq
defines an inclusion A C Homy (J, J).

® |tis easyto see that for o € Hom 4(J, J) the element p(z)/x € Q(A) is
independent of z: for any a € J we have ¢(a) = (1/x) - p(xa) = a - p(x)/z, Since
p is A-linear.
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proof [ = st

® Forac A letm,:J— Jdenote the multiplication with a. If m, = 0, then
mq(z) = ax = 0 and, hence, a = 0, since z is a non—zerodivisor. Thus, a — mq
defines an inclusion A C Homy (J, J).

® |tis easyto see that for o € Hom 4(J, J) the element p(z)/x € Q(A) is
independent of z: for any a € J we have ¢(a) = (1/x) - p(xa) = a - p(x)/z, Since
p is A-linear.

® Hence, p — (x)/x defines an inclusion Homyu (J, J) C Q(A) mapping
x-Homy(J,J)intoxJ : J=4{be A|bJ C xJ}. The latter map is also
surjective, since any b € zJ : J defines, via multiplication with b/x, an element
@ € Hom 4(J, J) with p(x) = b. Since z is a non—zerodivisor, we obtain the
isomorphism Hom(J,J) & (1/x) - (xJ : J).
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proof [ = st

® Forac A letm,:J— Jdenote the multiplication with a. If m, = 0, then
mq(z) = ax = 0 and, hence, a = 0, since z is a non—zerodivisor. Thus, a — mq
defines an inclusion A C Homy (J, J).

® |tis easyto see that for o € Hom 4(J, J) the element p(z)/x € Q(A) is
independent of z: for any a € J we have ¢(a) = (1/x) - p(xa) = a - p(x)/z, Since
p is A-linear.

® Hence, p — (x)/x defines an inclusion Homyu (J, J) C Q(A) mapping
x-Homy(J,J)intoxJ : J=4{be A|bJ C xJ}. The latter map is also
surjective, since any b € zJ : J defines, via multiplication with b/x, an element
@ € Hom 4(J, J) with p(x) = b. Since z is a non—zerodivisor, we obtain the
isomorphism Hom(J,J) & (1/x) - (xJ : J).

® |t follows thatany b € zJ : J satisfies an integral relation

bP + a1bP~1 + ... + ag = 0 with a; € (x*). Hence, b/x is integral over A, showing
(1/x) - (xJ : J) C A.
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‘ non-normal locus [ = woeine

® The non—normal locus of A is defined as

N(A) ={P € SpecA | Ap is not normal} .

Let C = Anny(A/A) = {a € A|aA C A} be the conductor of A
in A. Then

N(A)=V(C)={P € SpecA| P D C}.

_

Primarv Decomposition — n. 2



i
‘ non-normal locus [ = woeine

® The non—normal locus of A is defined as

N(A) ={P € SpecA | Ap is not normal} .

Let C = Anny(A/A) = {a € A|aA C A} be the conductor of A
in A. Then

N(A)=V(C)={P € SpecA| P D C}.

® |[n particular, N(A) is closed in SpecA.

_
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Let J C A be an ideal containing a non—zerodivisor of A.

® There are natural inclusions of A—modules

Homa(J,J) € Homa(J,A)NA C Homa(J,VJ).

_
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Let J C A be an ideal containing a non—zerodivisor of A.

® There are natural inclusions of A—modules
Homa(J,J) € Homa(J,A)NA C Homa(J,VJ).

® IfN(A) cV(J)then J¢A c A for some d.

_
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® The embedding of Hom 4 (J, A) in Q(A) is given by ¢ — ¢(x)/z, where z is a
non—zerodivisor of J. With this identification we obtain

Homa(J,A) = A:ga) J={h € Q(A) | hJ C A}
and Hom 4 (J, J), respectively Hom 4 (J,+/J), is identified with those h € Q(A)
such that hJ C J, respectively hJ C v/J. Then the first inclusion follows.
For the second inclusion let h € A satisfy hJ C A. Consider an integral relation

h™ +a1h™ ! 4+ ...+ a, = 0with a; € A. Let g € J and multiply the above
equation with g™. Then

(hg)™ + ga1(hg)" ' + -+ g"an =0.

Since g € J, hg € A and, therefore, (hg)™ € J and hg € v/J. This shows the
second inclusion.
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® The embedding of Hom 4 (J, A) in Q(A) is given by ¢ — ¢(x)/z, where z is a
non—zerodivisor of J. With this identification we obtain

Homa(J,A) = A:ga) J={h € Q(A) | hJ C A}

and Hom 4 (J, J), respectively Hom 4(J,+/J), is identified with those h € Q(A)
such that hJ C J, respectively hJ C +/J. Then the first inclusion follows.

For the second inclusion let h € A satisfy hJ C A. Consider an integral relation
h™ +a1h™ ! 4+ ...+ a, = 0with a; € A. Let g € J and multiply the above
equation with g™. Then

(hg)™ + ga1(hg)" ' + -+ g"an =0.

Since g € J, hg € A and, therefore, (hg)™ € J and hg € v/J. This shows the
second inclusion.

® By assumption, we have V(C) c V(J) and, hence, J C v/C, thatis, J¢ C C for
some d which implies the claim.
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‘ Criterion for Normality | R

Let A be a Noetherian reduced ring and J C A an ideal satisfying

® J contains a non—zerodivisor of A,
® Jis aradical ideal,
® N(A) CV(J).

Primarv Decomposition — n. 2



ol
‘ Criterion for Normality | R

Let A be a Noetherian reduced ring and J C A an ideal satisfying

® J contains a non—zerodivisor of A,

J Is a radical ideal,

N(A) Cc V(J).

Then Ais normal if and only if A = Hom a(J, J).

o o @
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® If A= Athen Homu(J,J) = A. To see the converse, we choose

d > 0 minimal such that J¢A c A. If d > 0 then there exists
some a € J% ! and h € A such that ah & A.

_
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proof | v

® If A= Athen Homu(J,J) = A. To see the converse, we choose
d > 0 minimal such that J¢A c A. If d > 0 then there exists
some a € J% ! and h € A such that ah & A.

® Buteh c Aandah-J C hJ? C A, thatis, ah € Homy(J, A) N A,
which is equal to Hom 4(J, J), since J = +/J.

_
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proof | v

® If A= Athen Homu(J,J) = A. To see the converse, we choose

d > 0 minimal such that J¢A c A. If d > 0 then there exists
some a € J% ! and h € A such that ah & A.

® Buteh c Aandah-J C hJ? C A, thatis, ah € Homy(J, A) N A,
which is equal to Hom 4(J, J), since J = +/J.

® By assumption Hom(J,J) = A and, hence, ah € A, which is a
contradiction. We conclude that d = 0 and A = A.

_
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Let A be a reduced Noetherian ring, let J C A be an ideal and x € J a non—zerodivisor.
Then

O A=Homuy(J, J)ifandonlyifzJ : J = (z).
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Let A be a reduced Noetherian ring, let J C A be an ideal and x € J a non—zerodivisor.
Then

O A=Homuy(J, J)ifandonlyifzJ : J = (z).

® Moreover, let {ug = z, u1,...,us} be a system of generators for the A—module
xJ : J. Then we can write

S
® wi-uj =) x&u,withsuitable g7 € A,1<i<j<s.
k=0
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Let A be a reduced Noetherian ring, let J C A be an ideal and x € J a non—zerodivisor.
Then

O A=Homuy(J, J)ifandonlyifzJ : J = (z).

® Moreover, let {ug = z, u1,...,us} be a system of generators for the A—module
xJ : J. Then we can write

S
® wi-uj =) x&u,withsuitable g7 € A,1<i<j<s.
k=0

P et (nék), . .,ngk)) € AsTl k=1,...,m, generate syz(uo,...,us), and let
IC Alt1,...,ts] be the ideal (to := 1)
1<k< m}> ,
1

Alte, ... ts]/T — Homu(J,J) = = - (zJ : J).
X

S
I = <{titj - > &t
k=0

S
193738}, {Zn,ﬁ’%
vr=0

® t;—u;/x,i=1,..., s, defines an isomorphism
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Example [ = st

® letA:=Klx,y]/(z?>—y>)and J := (z,y) C A.

® Then x € J is a non—zerodivisor in A with
xJ :J=x(x,y) : {x,y) = (x,y?), therefore,

® Homy(J,J)= (1, y*/z).

® Setting ug := x, u; := y*, we obtain v? = y* = 22y, that is,
41 = 4. Hence, we obtain an isomorphism

_
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—-
Example [ = st

® letA:=Klx,y]/(z?>—y>)and J := (z,y) C A.

® Then x € J is a non—zerodivisor in A with
xJ :J=x(x,y) : {x,y) = (x,y?), therefore,

® Homy(J,J)= (1, y*/z).

® Setting ug := x, u; := y*, we obtain v? = y* = 22y, that is,
¢l = y. Hence, we obtain an isomorphism

A[t] /(2 =y, ot — y?, yt — ) — Homa(J,J).
of A—algebras. Note that A[t]/(t*>—y, xt —y?, yt — x) ~ K|[t].

_
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normalization(/) [ = oo

9
9

Input:1 := (f1,..., fr) C K[z]aprimeideal, z = (z1,...,2n).

Output: A polynomial ring K[t], t = (t1,...,tn), @aprime ideal P C K|t] and
7 : K|z] — K]t] such that the induced map = : K[z]/I — K]Jt|/P is the
normalization of K[z]/I.

»
»
»

°

if I = (0) then return (K|z], (0),id g [4);
compute r := dim([);
if we know that the singular locus of I is V(z1,...,xn)
J:={(x1,...,2n);
else
compute J := the ideal of the (n — r)—minors of the Jacobian matrix I;

J := RrabicaL(I + J);
choose a € J ~ {0};
ifaJ : J = (a) return (K[z], I, idg4);
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normalization(1) [ = oo

9

compute a generating system ug = a, u1,...,us foraJ : J;

°

compute a generating system {( 770 ). ,ngl)), o (ném), L ,nsm))}
for the module of syzygies syz(ug, ..., us) C (K|z]/I)$T1;

® compute ¢}’ suchthatu; -uj = S5 _ga-&lug, 4,5 =1,...s
® changeringto K[z1,...,2n,t1,...,ts], and set (with to :=1)

I == ({t;t; — 22205 tk}0<z<j<3: o= 0771/ tl/}1<k<m> + IK |z, t];

® return normAaLIZATION(]7).
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‘ non-normal locus [ = woeine

The ideal Anny(Homa(J, J)/A) C A defines the non—normal locus.
Moreover,

Anna(Homy(J,J)/A) = (z) : (xJ : J)

for any non—zerodivisor x € J.
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‘ non—normalLocus(I) [ = et

® Input: I :=(f1,...,fr) C K[z] aprimeideal, z = (z1,...,z,).

® Output: Anideal N C K|z], defining the non—normal locus in
V(I).
o If I =(0) then return (K|z]);
» compute r = dim(/);
» compute J the ideal of the (n — r)—minors of the Jacobian
matrix of I;
® J =rapicaL (I 4+ J);
# choose a € J ~\ {0};
s return ({a) : (aJ : J)).

_
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