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The inverse system of a polynomial
ideal

Let F' be a field,

F[s] := F[s1,...,sn] the algebra of n-variate
polynomials over F,

I an ideal in F[s].

The inverse system of [ is

I+ :={f € Homp(F[s],F) | fl; =0} .

An F-basis of I+ is a dual basis of I .

(Related: Implicit form of a subspace of a
vector-space).

Advantage of a dual basis e.qg.:
decide " f € I?" for f € Fs].



Note that

I = Homp(F[s]/I,F) .

I1 is a finite-dimensional F-vectorspace iff
the ideal I is zero-dimensional.



History

Macaulay(1915): inverse system

Grobner(1938): differential operators
associated to [

Oberst(1990): in the context of
multidimensional linear system theory

Marinari, Moéller, Mora(1991,1993,1996);
Moller, Tenberg(1999): GauB-basis

(set of zeroes of I is known and contained
in ')

Mourrain(1997); Mourrain, Ruatta(2002):
local inverse system (set of zeroes of I is
known and contained in F*), application
to interpolation

HeiB, Oberst, Pauer (2002, 2006): ap-
plication to square-free decomposition of
zero-dimensional ideals



Representation of elements of It

Let < be a term order on N"™ and
M= N"\deg(I) .
Then

Fls]=I1a@ Fs', h= (h—nf(h)) + nf(h).
yel

(nf(h) is the normal form of h with respect
to I and <).

Describe ¢ € I1 by:

(@(87))79— and  ¢[;=0.

Let h € F[s] and nf(h) =3 crcys?. Then

p(h) = @(nf(h)) = ) cyp(s?) .

yel



An F-Basis of I+ (if I is finite):

Let ey € I+ be defined by

ev(s7) = 1
ey(s¥) = 0 ifael,a® vy
eyl = O

The family (ey)~er is an F-basis of I-+.

For ¢ € I+ we have:

o= p(sNey .

yel

If we identify I+ and Homp(F|[s]/I, F),
then the basis (ey),er is dual to the F-basis

(m)yer-
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Example 1

4 3 2
Qlsy,s0] < 52, =52 1 5182,

323%, S:i) — s% + 5051 >

< gr. lex. term-order, s1 > so
{(0,0),(1,0),(0,1),
(2,0),(1,1),(0,2),(0,3)}

@ < ey |7 €{(0,0),(1,0),(0,1),
(2,0),(1,1),(0,2),(0,3)} >

The values of e(g 3):




Example 2

I = < 683%82 + sls% — s%,
35185 + 2818% — 255,
1253 — 12525 + 125551 — 553 + 55155,

383 — 48132 + 45% >C Q[Sla 32]

r = {(0,0),(1,0),(0,1),
(2,0),(1,1),(0,2),(1,2),(0,3)}

Computation of the normal forms nf(s®) for
a € N°\ T, |al = a1 + ay < 4 yields

s¢ s? 8%82 sg s‘lL S?SQ s%s% slsg’
e0)(s*) | O 0 O O 0 0 0
e10)(s*) | O 0 O O o) 0 o)
e.1)(s*) | O 0 O O 0 0 0
e0)(s*) | O 0 O O 0 0 0
er11)(s¥) | —1 0 O O 0 0 0
e0,2)(s%) 1 0 O O 0 o) 0
EENCORE-SEE - T T -
codD | 7§ 3 1§ 3 3



I+ as F[s]-module

Homp(F[s], F) is an F[s]-module by

(fop)(g) :=w(fg) , where f,g € F[s],
0 € Homp(F[s], F).

I is an ideal, hence I+ is an F[s]-submodule.

Let R := Rad(I). Compute V <p It with
V @& Rad(I) oIt =11,

If I is primary and F'-rational: each F'-basis
of V is a system of F[s]-generators of I+ of
minimal length (Nakayama’'s Lemma).

If the primary decomposition of I is known,
we can compute a system of F'[s]-generators
of It of minimal length for any zero-dimensi-
onal ideal I.



Example 3

1 =Q[s]< 5251 — 52,
s? — 53‘1L -+ 103:1)j — 103% + 551 — 1, 8% >
Rad(I) =< sp,81 — 1>

Q-basis of I+ :
{€(0,0):€(1,0),€(0,1) €(2,0) €(3,0): €(4,0) }

Q-basis of Rad(I)o I+t :
{€0,0) — €(4,0),€(1,0) T 4€(4,0)-
€(2,0) — 6€(4.0),€(3,0) T 4€(4.0)}

Q-basis of V:
E={e0) €01}
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Linear Systems of Partial Difference
Equations with Constant Coefficients

Given:

e a family

(R(1)) penn

of columns R(u) := (R;(p))1<i<k, in Fkx1
where only finitely many R(u) are # 0

e 2 mapv:(vl,...,vk):N”%ka,

where k,n are positive integers.

Wanted:

all maps (signal vectors) w : N* — F such
that

> R(mw(p+v) =v()
peEN” (1)
for all v € N" .
(" system of k partial difference equations with
constant coefficients for 1 unknown w')
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Questions

e How can we decide whether system (1)
IS solvable or not?

e How can we find a canonical subset
[ C N such that for every initial condi-
tion x : I — F there is exactly one solu-
tion w with w|lr = z7

e If w is such a solution, how can we com-
pute w(u) for any p € N*7

12



Represent data by polynomials

Fl[s] := F[s1,...,8n], st := 8?1852“°8%n.

For e N and w:N*"— F, v— w(v), let

(s ow)(v) . =w(u+v), forall veN"”
(left shift action).

By w(s*) := w(u) we consider w : N* — F
as an F-linear map w : F[s] — F.
Then (sfow)(v) = w(u +v) = w(sts?).

Hence
Y Ri(pw(p+v)= > Ri(p)w(shs”) =
peNn peNn
=w( Y Ri(p)sts”) = w(s"Ry),
peEN
where

R; = Z R;(u)s! € Fs] .
peN”
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Thus equation (1) gets the simple form
w(s"R;) = v;(v)
fort:=1,---,k and all v € N .

(2)
or
Riow=uw;,1<i<k.

In the homogeneous case (v = 0) this means

wGIJ‘,

where [ is the ideal generated by Rq,..., R.

14



Example 4
(compare Example 2)

Find w : N2 — Q such that for all v € N2:

6w((2,1) +v) +w((1,2) +v) —w((0,3)+v) =0
3w((1,3) +v) +2w((1,2) +v) — 2w((0,3) +v) =0
12w((3,0) +v)) — 12w((0,2) +v) + 12w((1,1) +v)—
—5w((0,3) +v) +5w((1,2) +v) =0
3w((0,4) +v) — 4w((1,2) +v) + 4w((0,3) +v) =0

A canonical subset is I :=
= {(0,0),(1,0),(0,1),(2,0),(1,1),(0,2),(1,2),(0,3)}

For u € N2:

w(p) = w(nf(s"))

(see Example 2).
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Non-homogeneous Case

Existence of Solutions
Compute a system of generators Lq,...
of the F[s]-submodule

k
{ue F[s]* | Y wR; =0} < F[s]" .
1=1

Then: A solution of (1) exists iff

k
Y Lijjovj=0,1<i<p.
j=1

Solutions

If solutions w exist:

w(pu) can be chosen arbitrarily, if pe .
For u =T compute

nf(s*) = X qer cas® and

st —nf(st) = 2 v dy,is" R;.

Then

w(p) = Y caw(@) + 3 dyvi(v) |

acl V1

16
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Represent signal vectors by power series

Let F[[z]] := F[[z1,...,2n]] be the F-algebra
of n-variate formal power-series over F,

ZH = zﬁbleQ oo ghm

We now write maps w : N®» — F' in the form
w= Y w)z” € F[]],
veNn

then sfow =3 cnnw(v + p)2".
In particular, sf o 2™ = 2™ H if 1 — u € N7,
and s# o 2™ = 0, otherwise.

17



Example5F=Q,n:2,k:2.

38182 + 2

_ 132% —+ Sz%zg
v.= 2 2.3
625 + 102725 + 152127

Here p =1 and

L=(—R>,R1) = (— 38182 2 23132 + 1),

L ov = 0, hence the system Row = v IS
solvable.

A Grobner basis of the ideal

U= (Ry, Ro) = (2s7sp + 1, 35155 + 2)

in F'[sq1,s>] with respect to the graded lexico-
graphic order (s1 > s5) is

{451 — 3s9p, 98% + 8}

and hence
r ={(0,0),(0,1),(0,2)} .

18



Let ©:= (2,3). Then
1

1 3 1
s%sg = —58%+(—15133)R1‘I'(ES%S%"_ZS%)RQ '

Hence
w(2,3) =
1 3 1 1
= —533(072)_1”1(174)4_5@2(273)+ZU2<O7 2) —

1 13
= —— 0,2 ~
52(0,2) +



Convergent power series

Let
C(z) :=C(z1,...,2n)

be the algebra of (locally) convergent power
series (i.e. power series 3 a(u)z# such that
there are ¢ > 0 and d1 > 0O,...,d, > 0 with
la(p)| < CdH for all p € N™).

Consider signal vectors as vectors of power
series. Then the solution of

Riow=wv;,1<i<k, wl' ==«

is convergent if the data = and v;,1 <1 <k,
are so.
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Differential equations

For u e N*, a € F[[z]] consider

olelg
8z‘1‘1 ceeQzhm

st eqa:= 0ta =

The map

(Cllz]l,0) — (C[[z]], o)
Y aGust - Y S
m M

is an isomorphism of the F[s]—modules
(F[[z]],0) and (F'[[z]],e) (Borel-isomorphism).

20



Let
O(C"; exp)

be the algebra of entire holomorphic func-
tions of exponential type (i.e. holomorphic
functions b = - cnn b(p)z# on C™ such that
there are ¢ > 0 and dy > 0O,...,dp > 0 with
b(p)| < Cexp(3i_q d;|p;]) for all p e N™).
The Borel isomorphism induces the isomor-
phism

(C(z),0) = (O(C"; exp), o) .

Thus results for the discrete case can be
translated to the continuous case.
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Extension to F[s]-Modules
Let U be an F[s]-submodule of F[s]¢.

The inverse system of U is

Ut :={f € Homp(F[s]",F) | fly =0} .

A system of k difference equations in ¢ un-
knowns is given by a family of k x /-matrices

(R(1)) penn

where only finitely many matrices
R(p) € F are # 0, and a map

(V1y...,VE) - Nn—>FkX1,

where k, /¢, n are positive integers.
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Wanted: all ~-columns w of functions (signal
vectors) w; : N* — 1 <4</ such that

0
> > Rij(wwi(p+v) =v((v),

J=1peNn
fori=1,--- ,k and all v € N,

Consider w as F-linear map w := F[s]{ — F
by w(0,...,0,8,0,...,0) :=w;(u).

1

Use Grobner bases for modules (instead of
ideals).
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Extension to signal vectors defined on
(a submonoid of) Z"

Consider signal vectors w : M — F', where
M is a finitely generated submonoid of Z"
(instead of M =N"), e.g. M = 7Z".

Then w induces

w: F[M] — F,

where F'[M] is a finitely generated subalgebra
of the algebra F[s,s~1] of Laurentpolynomi-
als, e.g. F[M] = F[s, s 1].

Hence: extend theory of Grobner bases to
Laurent polynomials.

Pauer, F., Unterkircher, A.: Groebner Bases
for Ideals in Laurent Polynomial Rings and
their Application to Systems of Difference
Equations. AAECC 9/4 (1999), 271-291.

Zerz, E., Oberst, U.: Acta Applicandae Math-
ematicae 31 (1993), 249-273.
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