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History since 1985: Stabilization of dis-
crete multidimensional transfer matrices
or input/output maps:

N.K. Bose, J.P.Guiver, Z. Lin, A. Quadrat,
S. Shankar, V.R. Sule, L. Xu, J.-Q. Ying,
E. Zerz, et.al.



DATA

C —algebra of operators

A=Cls]=C|sy, - ,s,] CC(s)

function spaces
CPR") =
{y:RT_)Cv 2= (Zlv'” 727“) |—>y(z>7
y infinitely often differentiable} C
D'(R") := {distributions}



C [s|]—module structure or action on D":

s,0y = 0y/0z,

y € D'(R") locally finite <
dime (Cs] oy) < o0

function space of polynomaial-exponential
functions:

F :={y € D'(R"); y locally finite } =
@recrClz, -+, 2] exp(A e 2)
Aoz = Nz + -+ ANz,



STABILITY DECOMPOSITION

arbitrary disjoint decomposition
C "= /\1 W) A2

Aq resp. Ay := stable resp. unstable region

Standard examples: 1.

r=1, A =C,:={xeC; R\ >0}
2.

r>1, Ay:=C, orAy:=C, xiR"!



direct decomposition
F=F1®F, Fi=DrenClzlexp(Nez)
F1 =: { stable functions}
Yy=uy1+ty
y1 =: negligible part of y
Yo =: steady state of y

Main motivation
r=1 Ay ={AeC; R(\) <0}
Fi={yeF; limy(z) =0}



multiplicatively closed set of
stable polynomaals :

T:={feCls]; VA€ Ay: f(N)#0} C
A=C|s]

Open problem : Decide f € T



Standard example: r =1
AN ={2€C; R(2) <0}
feR|s| C Cls|: Routh-Hurwitz test

algebra of stable rational functions or
SISO stable plants :

Ap = {{, feCls], teT} CC(s).
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Open problem:

ideal a :=Cls|fi + -+ C|s]f,, C C|s]
ap = {%; a€ateT}=ClslraC Cls|r

Decide and find constructively

(i) ar=C|[s]p, ie. anT #10
andteanT

(22) generators of the T' — closure
C [S] Nar =
{feCls];3t € T with tf € a}



11

Application to torsion modules :
c[s)M finitely generated

t(M) ={xeM; 30#f: fr=0}=
torsion submodule, via Grobner bases

0 # a ‘= anlg (4] (t(M)
via Grobner bases. Then

My = {%, x € M,t € T} torsionfree <
anNT #0
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INPUT/OUTPUT-SYSTEMS or
BEHAVIORS

ALGEBRA

matrices
R e Cls]™, p:=rank(R), m:=1—p
R = (P,—Q) € C[s]F*tm)
rank(P) =p =
4 HeC(s)™, PH=0(Q
H = transfer matrix

modules
U :=CJ[s]"* R c C[s]"*P+™) row module
M = C [s]"*?™™) /U factor module
rank(M) := dimg 5y C (s) @c g M =m

U’ -=C [s]leP c C [3]1Xp, MY .=C [s]lXp/UO
C(s) ®cs MY =0, ie. M = torsion module
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ANALYSIS
input/output (10-) behavior or
solution space

Bi={w= (y> e Frim.
Uu
RO’LU:OOI'POy:QOU}gHomC[S](M?f)

after B. Malgrange 1962

BY = {ye F¥; Poy=0} = HOTHC[SKMOJ'—)
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categorical duality

c [s) M =finitely generated polynomial module
«— B = Homcy(M,F) behavior

Exact sequence

0 — B n, B proy F =0
Yy = 3 = U
0 U

V inputu 3 outputy: Poy=Qou
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B autonomous : <
M = M torsion module <
rank(M) =0 <
40 # f € Cls] with fo B =0

B’ .= autonomous part ofB

B controllable : < M torsionfree <
3 monomorphism M — C[s]"" <
3 epimorphism ¢ : F"' — B
¢ =: parametrization (J.F. Pommaret) of B,
image representation (J.C. Willems) of B



t(M) = Ueons /U C M = C [s]>*PHm) /17

Ucont =C [S]1Xkcont(Pcont7 _Qcont>

via Grobner bases, P.ontH = Qcont

Bcont =
{(y> S fp+m; Peont © Yy = Qcont O U} —

u

least IO0-behavior with transfer matrix H =
largest controllable subbehavior of B =

unique controllable realization of H.
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ALGEBRAIC GEOMETRY

maximal ideal

my={feClsl: fA) =0}, \eC"

local ring
a

Am, = {5 1) #0} € ()

algebra of stable rational functions
AT — m/\EAQAm)\

variety of an ideal a C A :
Via) ={Ae€C": a(A) =0}
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Open problem: Decide constructively

V(G) M AQ = @

anT #0"2 Via)n Ay =0
tel & V(t)ﬂAQZ(Z)

Special case : a Krull zero-dimensional <
V (a) finite, via Buchberger’s algorithm =
V(a) N Ay finite, constructive

Ny tdeal-convex after S. Shankar, V. Sule :
S Va:Vie)NA=0 = anT #0.
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Examples
1. compact, polynomially convex =

ideal convex via theorems A and B
by H. Cartan, J.P. Serre!!
2. for instance closed unit polydisc U
U={2€C;|z|<1}
3. not ideal-convex :

Ny =C"\{AeC": Vp:R(\,) <0}

Open problem: Decide ideal convexity
constructively and find £ € T'N a.

solution for two-dimensional closed unit
polydisc by N.K. Bose, J.P. Guiver, Z. Lin,
L. Xu et al
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singular variety
of a behavior or module:

sing(B) = sing(M) :=
{Ae C"; rank(R()\)) < p =rank(R)}

characteristic variety
of an autonomous behavior:

char(B") := char(M") := sing(B") =
{A e C"; rank(P(X\)) < p = rank(P)
V(ann@ M(MO)) 2 Sil’lg(B).



21

Standard example

r=1, FeCr? P:=sid,—F

B'={xe€F" Pox=0}=

{r e F’; x = Fx}

char(B") = {eigenvalues of F'}
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STABILITY

Theorem and Definition 0.1. (1) Equiv-
alent:

(1) Analysis: B is stable, ie. (definition)
B’ C @yen, C 2] exp(A @ 2)

(ii) Geometry: char(B%) N Ay = 0.

(111) Algebra:
(a) H is stable, ie. H € AL,

(b) For each A € Ay the An,—module
My, s torsionfree.



Ifr=1 A ={AeC; R\ <0}:
(i) BY asymptotically stable, ie.
vy € BY zh—{go y(z) =0
(111)(b) sing(B) N Ay = ().
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(2) If B is stable then external stabil-
1ty
Fiy = Bren,C 2] exp(A @ 2) = Ap — module

BnFym e mn (i) —u, y=Hou

y = unique solution of Poy = ou in .7-"5
If
u = Z ux(2) exp(A o z)

uy € C 2], deg(uy) <d =
y := H owu has the same form

Analogue of BIBO-stability.
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STABILIZABILITY

output feedback connection of two 10-
behaviors By (plant) and By (compensator):

o Ul U2
Bl _.yl l 82 Y2

o d

where
B = {<z1> e FPM Proy; = Qrou}
1

BQ :{<ZQ> Efp—i—m; PQOyQZQQOUQ}
2
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P H = Ql, P, e C [S]kle, H, e C<S>pxm
Rl = (Pl, —Q1>, U1 =C [S]IXklRl.

feedback behavior

B = {(i) c FArm,

Yy = (y1>,u = (W) e Frem
Y2 Uy

Pioy; = Q0 (up + yo)
Pyoyy= Qo0 (ug+y1)}
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B stabilizable: < 4B, such that
B = stable I0-behavior
U
with input u = ( 2) c Frtm
Uy
By .= stabilizing compensator or controller
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GABRIEL LOCALIZATION
Ar = Myen, C Am,, A € Mo

standard localization Uy 7 = A;Xkl Ry C
Gabriel localization Uy z 1=

A Ay Uy =

AFT 0 My, AVER,

with respect to the linear topology
T = {a; ideal of A, VA € Ay : (A/a)m, =0}



A5 ideal-convex < VM : My = M«

Open problem
Construct via Grobner bases!?

R, € ARX(m) quch that
Ulg = AlTXkStRSt.

29
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Theorem 0.2. (Special cases) Compute
a; = anng [5(t(M;) via Grobner bases.
(1) Then
VA€ Ay My, torsionfree &
Via) N Ay =0,
and then Uiz = Ul cont,T
( constructive!)

(2)
M 7 torsionfree < aiNT 40 <
M7= M= AZPH, + AR
(Ap — lattice in C (s)7™)
and then Uy g = Uy cont,r = Urr
( constructive!)
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Theorem 0.3. (Stabilization)
(1) Equivalent for By:

(1) By stabilizable.
(ii) Upg = A Ry =

direct summand of AlTX (prm).

3G, € Agfrm)XkSt such that
Ry = Ry4G1Rs. Then
FEi =GRy = Ef = A§?+m)x(p+m) projection
Ups = AFWTE,

Computation via Buchberger’s algorithm
for Cls| and test an'T # ().
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(iv) With Gy and Ey from (iii):

41X € A§?+m)><k5t with R4 X Ry = 0 such that
E = By + XRy = B2 € AlrTmxm)
Ul,cg = AlTx(p+m)E and

rank((id,  — ) (1§m) ) = m.

(v) If M, 1 is torsionfree, in particular
iof B1 =unique controllable realization of
H1 N

My r(E M = A;Xpﬂl — AlTxm) projective or
Hy stabilizable as usual [A. Quadrat 2006].

(vi) If Ny ideal-convex :
My = M projective or sing(B) N Ay = 0.
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(2) Construction of one stabilizing com-
pensator By: With E' from (1)(iv) choose

t € T with tE € C [g]Ptm>@+m)
Ry = (—Q2, P) = t(idpsy, —F)

B, = {(ZQ) e FP Pyoys = Qa0 uy}
2

(8) Parametrization: Obtain all stabiliz-
ing compensators according to (1)(iv)
and (2) via Grobner bases.



