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Workshop D1: Gröbner Bases in Cryptography, Coding Theory, and
Algebraic Combinatorics

May 01 - May 06

Abstract

The Mattson-Solomon transform of a semisimple algebra has been a valu-
able tool both in the theory of commutative association schemes and cod-
ing theory. In this talk we will review the relation between the structure
of the Gröbner bases associated to these structures and some properties of
the semisimple algebra related to the combinatorics of association schemes
and codes.

Introduction

Eigenvalues of elements of semisimple finite-dimensional commutative algebras
have been extensively used in many areas, for example, values of characters of
finite groups, eigenvalues of generalized circulant matrices, Mattson-Solomon
coefficients of a codeword of a cyclic code [2], and elementary properties of
commutative association schemes [11, 12].

In this seminar we shall adopt an approach using the language of Gröbner
bases which, although not strictly necessary, leads to concise arguments and
gives a common background for dealing with these structures. Eigenvalue tech-
niques have been used already for solving zero-dimensional systems of equa-
tions (see, for example [16]). We take a different approach and translate the
eigenvalue problem into a system of equations. This allows us to define an
ideal I ⊂ F[x1, . . . , xn] such that the algebra being considered is isomorphic to
F[x1, . . . , xn]/I (since it is finite dimensional), and moreover we describe I in
terms of a Gröbner basis with respect to a total degree lexicographic ordering.
The reader is assumed to be familiar with tha basic definitions and facts of
association schemes, codes and Gröbner basis.

1 A primer in representation theory

Representation Theory is the study of concrete realizations (specially matrix
and permutation realizations) of axiomatic objects of abstract algebra, in par-
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ticular of groups and algebras. The theory of group representations was fully
established by Frobenius in the 19th century. In this section we will only con-
cern with the representation of separable commutative algebras. For an account
on classical representation theory see [3, 4].

Commutative separable semisimple algebras over a field

We will start with the basic theory of representations of commutative separable
semisimple finite dimensional algebras. Most of it can be found in classical
accounts on algebra and representation theory as [4] or [7]. A concise idea
about diagonalization can be found in [2].

In this section let F be a commutative field (in most of the cases it will be
a finite field as in the rest of the seminar).

Definition 1. An associative algebra A over the field F is a pair consisting on
a ring (A,+, ·) and a vector space A over F such that the addition is the same
in the ring and in the vector space and:

α(ab) = (αa)b = a(αb) ∀α ∈ F, a, b ∈ A (1)

If the dimension ofA over F is finite we say that it is finite dimensional. If the
operation · in the ring is commutative we say that the algebra A is commutative.

From now on A will be an n-dimensional commutative algebra with identity
1 over a field F. A map from an algebra A into an algebra B over the same
field is an homomorphism (of algebras) if it is both a ring homomorphism and
a linear mapping.

Let V be a vector space over F, and let EndF(V ) = Hom(V, V ) the set of
F-linear transformations of V into itself. EndF can be endowed with and algebra
structure given by the usual addition and product of linear transformations and
the multiplication by scalars in F. A homomorphism of an algebra A over F
into an algebra EndF(V ) of linear transformations of a vector space V is called
a representation of A.

For each element a ∈ A we have the linear mapping Ta given by

Ta : A −→ A
u 7→ au

(2)

The homomorphism
A −→ EndF(A)
a 7→ Ta

(3)

is called the regular representation of the algebra A.
If B = {b1, . . . , bn} is a basis of A as vector space over F then, for every

element a ∈ A, we define the n× n matrix

M(a;B) := (mi,j(a,B))n
i,j=1, abi =

n∑
j=1

mi,j(a,B)bj , mi,j(a,B) ∈ F, (4)

that is M(a;B)t is the matrix representing Ta with respect to the basis B.
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Theorem 1. M(A;B) := {M(a;B) | a ∈ A} is isomorphic to A as algebras
over F.

Proof. The proof is standard linear algebra. Indeed the map ρ : a 7→ Ta in
equation (3) is an algebra monomorphism of A into EndF(A). Clearly fixed a
basis B the transposes of the matrices in M(A;B) are isomorphic to the image
of ρ. Thus the isomorphism we wanted is just ρ followed by the isomorphism
L 7→ LT where L ∈ EndF(A).

Let p(X) = α0 + · · · + αnXn ∈ F[X], by p(a) where a ∈ A we denote
p(a) = α0 + · · · + αnan ∈ A. For each a ∈ A, let ma(x) be the minimal
polynomial of Ta, that is, the unique monic polynomial of minimum degree such
that ma(a) = 0. In our discusion below the concept of separability will play a
central role:

Definition 2 (Separable algebra).
1. An element a ∈ A is called separable if the irreducible factors of ma(x)

over F do not have multiple roots in the splitting field of ma(x) over F.

2. We say that the algebra A is separable if every element of A is separable.

If F is a perfect field then the irreducible factors of any polynomial have no
multiple root, therefore the following result holds

Proposition 1. If the field F is perfect then all algebras with 1 over F are
separable.

Definition 3 (Semisimple algebra). An algebra A is simple if its only ideals
as a ring are {0} and A. An algebra A is called semisimple if it is a direct sum
of simple algebras.

The following theorem is a particular instance of Schur’s lemma (see for
example [5, 2.4])

Theorem 2 (Weiertrass-Dedekind). If A is semisimple, commutative alge-
bra over a field F then A is a direct sum of finite extensions of F.

Theorem 3 ([2]). If A is a separable, semisimple, finite-dimensional commuta-
tive algebra over a field F and B a basis of A, then all the elements of M(A;B)
can be simultaneously diagonalized over some finite extension field of F.

Proof. From the definition in equation (4) is easy to check that

M(a · b;B) = M(a;B) ·M(b;B) a, b ∈ A

and and the fact that the algebra is commutative a · b = b · a then the matrices
commute. Moreover, from the proof of theorem 1 follows that if B is a basis of
the algebra A then {M(a;B) | a ∈ B} is a basis of M(A;B). Thus M(A;B) is
a finite dimensional set of commuting matrices, therefore there is a n×n matrix
X over some extension field of F such that (see [6])

X−1M(a;B)X = diagonal ∀a ∈ A
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From now on SFCA will stand for semisimple finite-dimensional commutative
algebra.

2 SFCA’s and Gröbner basis.

The results in this section can be found in [13]. We will make use of the following
examples of SFCA’s during this section:

Example 1. Consider the matrix algebra A1 over C generated by the base
B1 = {D0, D1, D2} of symmetric 9× 9 matrices given by

Dk(i, j) =
{

1 if i− j ∈ Ok mod 9
0 elsewhere

where
O0 = {0}, O1 = {±3}, O2 = {±1,±2,±4}.

A1 is an SFCA, and following the notation above, we have

X−1M(D0;B1)X = diag(1, 1, 1) X−1M(D1;B1)X = diag(2, 2,−1)

X−1M(D2;B1)X = diag(6,−3, 0)

X =

 1 1 1
2 2 −1
6 −3 0


This algebra arises as the Bose-Mesner algebra of a commutative association
scheme. See [11, 12] for a detailed treatment of commutative association schemes
using Gröbner basis techniques.

Example 2. Let A2 = Q(
√

2,
√

3). Then it is a SFCA of dimension 4 over Q.
Let B2 = {b1 = 1, b2 =

√
2, b3 =

√
3, b4 =

√
6}. We have the following:

X−1M(b1;B2)X = diag(1, 1, 1, 1)
X−1M(b2;B2)X = diag(−

√
2,−
√

2,
√

2,
√

2)
X−1M(b3;B2)X = diag(−

√
3,
√

3,−
√

3,
√

3)
X−1M(b4;B2)X = diag(

√
6,−
√

6,−
√

6,
√

6)

(5)

X =


1 1 1 1

−
√

2 −
√

2
√

2
√

2
−
√

3
√

3 −
√

3
√

3√
6 −

√
6 −

√
6
√

6


See [2] for more details about this example.

Let A be a SFCA over F of dimension n, and let B = {b1, b2, . . . , bn} be a
basis of A. We have that for each pair 1 ≤ i, j ≤ n:

bibj =
n∑

k=1

mi,k(bj ,B)bk . (6)
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We call equations in (6) the multiplication table of the algebra A with
respect to the base B. It is easy to see that any other multiplication table
M(a;B) can be derived from this one just by linearity. Note also that only the
products 1 ≤ i ≤ j ≤ n are needed since A is a commutative algebra.

Consider now the set of polynomials in F[x1, . . . , xn] given by

xixj −
n∑

k=1

mi,k(bj ,B)xk 1 ≤ i ≤ j ≤ n . (7)

We call these the structure polynomials of the algebra A. For the sake of
simplicity, since a SFCA always contains 1 (see [2]), we shall let b1 = 1 the unit
of F, so the polynomials in (7) become1

F :=

{
xixj −mi,1(bj ,B)−

n∑
k=2

mi,k(bj ,B)xk

}
2≤i≤j≤n

∪ {x1 − 1} . (8)

We shall denote I = 〈F 〉 ⊆ F[x1, . . . , xn] the ideal generated by F .

Proposition 2. F is a reduced Gröbner basis of the ideal I with respect to a
total degree lexicographic ordering.

Proof. This can be shown by computing the S-polynomial for each pair of poly-
nomials in F and checking that it reduces to 0. Let Fij = xixj − fij where
fij = mi,1(bj ,B) +

∑n
k=2 mi,k(bj ,B)xk, 2 ≤ i ≤ j ≤ n.

1. If i, j, k are pairwise distinct we have

S(Fij , Fjk) = xifjk − xkfij
(?)
=

n∑
l=2

mj,l(bk,B)Fli −
n∑

p=2

mi,p(bj ,B)Fpk+

+(ximj,1(bk,B)− xkmi,1(bj ,B))(x1 − 1)

Hence, S(Fij , Fjk)→F 0.

Note that equality (?) holds because the algebra is associative, and hence

n∑
l=1

mj,l(bk,B)mi,s(bl,B) =
n∑

p=1

mi,p(bj ,B)mp,s(bk,B) 1 ≤ i, j, k, s ≤ n .

2. In the case k, l are different from i and j, we have

S(Fij , Fkl) = xixjfkl−xkxlfij = (Fij−fij)fkl−(Fkl−fkl)fij = Fijfkl−Fklfij

and therefore S(Fij , Fkl)→F 0.

3. Finally, S(Fij , x1 − 1) = Fij + fij(x1 − 1), hence S(Fij , x1 − 1)→F 0.

1The discussion with any other basis can be done the same manner, see Remark 3.
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It is straightforward that the Gröbner basis in (8) is a reduced basis since
no leading term of any of the polynomials in the basis divides any monomial
appearing in the other polynomials in (8).

By Proposition 2 we can reproduce most of the material in section before in
a Gröbner setting. Fixing a monomial ordering < on the terms in F[x1, . . . , xn],
as usual, we will denote by lt(f), where f ∈ F[x1, . . . , xn], to the leading term
of f with respect to the ordering <. The set of terms will be denoted by

T =
{
xi1

1 . . . xin
n | i1, . . . , in ∈ N0

}
.

Let us define the normal set of F in a total degree monomial ordering (<tdeg)
as

N(F ;<tdeg) = {t ∈ T | @f ∈ F such that lt(f)|t} = {xi}ni=1 . (9)

This is a basis of F[x1, x2, . . . , xn]/I and its cardinality is just the number of
roots of the system of equations given by the polynomials in the set F in a
adequate field extension of F, say K. Therefore, if we let V (F ) = {~z ∈ Kn |
f(~z) = 0 and f ∈ I} be the variety in Kn defined by the ideal I, then V (F ) is
zero-dimensional.

We can describe the effect of multiplying an arbitrary element by f ∈
F[x1, x2, . . . , xn]/I just by multiplying f by each term in N(F ;<tdeg). Let-
ting nf(f ;<tdeg) denote the normal form with respect F , we have that:

nf(f · xi;<tdeg) =
∑

aij(f) · xi i = 1, . . . , n . (10)

As usual, the matrix A(f ;<tdeg) = (aij(f))n
i,j=1 is the multiplication matrix of

f in F[x1, x2, . . . , xn]/I. Hence it is clear that we can rebuild any multiplication
table from the matrices in the set {A(xi;<tdeg)}ni=1. The following lemma is a
modified version of a theorem in [16].

Lemma 1. Let F be the Gröbner basis given above with respect to a total de-
gree monomial ordering, and let M1, . . . Mn be the multiplication tables for the
normal set N(F ;<tdeg). Let X be the n×n matrix whose entries are in some ex-
tension K of F such that X−1MiX = Fi is diagonal. Then the diagonal entries
of the matrices Fi are the points of V (F ) in Kn.

Proof. Suppose that ~z = (z1, z2, . . . , zn) ∈ Kn is a root of the system given by
F . We have that f(~z) · xi =

∑n
j=1 aij(f) · zj . Therefore we have

(A(f ;<tdeg)− f(~z)Id)~z t = ~0 . (11)

Note that ~z 6= ~0 since z1 = 1, thus zi is an eigenvalue of Mj .
To prove that all eigenvalues are roots is straightforward since for any p(~x) ∈

K[x1, x2, . . . , xn] we have that X−1p(M1,M2, . . . ,Mn)X is diagonal and the
conclusion follows from the fact that for all p ∈ I the result is ~0.

Remark 1 (Eigenvectors). Note that from equation (11) we have that the
vector given by the diagonal entries of the diagonal matrices is also an eigen-
vector.
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This gives the following straightforward consequence:

Theorem 4. Given a SFCA A over F of dimension n, and B = {b1 =
1, b2, . . . , bn} a basis of A, the eigenvalues of the matrices M(bi;B) in some
extension field K of F are given by the variety V (I).

Example 3. Recalling the examples above:

• Let A1 be the SFCA in Example 1. Let F1 = {x2
2 − 6− 6x1 − 3x2, x0 −

1, x1
2 − x1 − 2, x1x2 − 2x2}. Then V (F1) is the variety in Lemma 1.

• Let A2 be as in Example 2. The variety V (F2) defined by

F2 =
{
x1 − 1, x2

2 − 2, x2
3 − 3, x2

4 − 6, x2x3 − x4, x2x4 − 2x3, x3x4 − 3x3

}
consist of the eigenvalues of the multiplication matrices corresponding to
the given basis.

Remark 2 (On ordering the solutions). Let A be a SFCA over F of dimen-
sion n, let B = {b1, b2, . . . , bn} be a basis of A, and let X be a diagonalizing
matrix of A with respect to B. Let X−1M(bi;B)X = diag(bi(1), . . . , bi(n)) and
Y = (bi(j))). Then

X−1M(bi;B)X = Y −1M(bi;B)Y .

See Theorem 2.3 in [2] for non Gröbner basis proof. This result can also be
directly obtained from Remark 1. It therefore gives us a set of common right
eigenvectors.

Theorem 5. The ideal I ⊆ K[x1, . . . , xn], where K is an extension field where
the algebra diagonalizes, is radical.

Proof. The algebra A is commutative and semisimple, hence it contains no
nilpotent elements (see [5], Corollary 2.2.7), and the elements in the radical of
I correspond to nilpotent elements in the algebra.

From the discussion above we have constructed – directly from the struc-
ture of a SFCA A of dimension n over a field F – a Gröbner basis with re-
spect to a total degree monomial ordering for a radical ideal I such that
A ' F[x1, x2, . . . , xn]/I as F-algebras.

Remark 3 (Change of base). Let A be a SFCA over F of dimension n, and
let B = {b1, b2, . . . , bn} be a basis of A, and F its associated Gröbner basis
with respect to a total degree monomial ordering. Let 0 6= u =

∑n
i=1 aibi

be an element of A. If ai1 6= 0 we can easily rebuild a Gröbner basis F ′ for

B′ = {b1, b2, . . . ,

i0︷︸︸︷
u , . . . , bn}, just by replacing xi0 = 1

ai0

(
u−

∑n
i=1,i 6=i0

aixi

)
and reducing the degree 2 terms. This is illustrated in the next example.
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Example 4. In the same setting as Example 2, let u =
√

2 +
√

3, and consider
the base B′

2 = {1,
√

2, u,
√

6} of A2. Taking x3 = y − x2 in the equations in
Example 3 we get:

{x1 − 1, x2
2 − 2, y2 + x2

2 − 2yx2 − 3,
x2

4 − 6, x2y − x2
2 − x4, x2x4 − 2y + 2x2, yx4 − x2x4 − 3x2}

and thus we have the Gröbner basis:

F ′
2 = {x1 − 1, x2

2 − 2, y2 − 2x4 − 5, x2
4 − 6,

x2y − x4 − 2, x2x4 − 2y + 2x2, yx4 − x2 − 2y} . (12)

Some other examples and relations between subalgebras and partitions can
be found in [13]

3 Applications to association schemes

For a complete account of the results and ideas in this section see [11, 12].
Anyone familiar with association schemes can see a classical example of a Bose-
Mesner algebra in Example 1. As an example we will show how our setting can
be use to sove the following problem: to know whether an association scheme is
P-polynomial or not.

Definition 4. An association scheme S = (X, {Ri}di=0) is P-polynomial if we
can reorder the relations Ri so that the corresponding Di is a polynomial pi in
D1 with degree i.

Clearly, if S is a P-polynomial scheme we have that the set:

{x0 − 1, p(xi1), xi2 − p2(xi1), . . . xid
− pd(xi1)} (13)

is a reduced Gröbner basis for I for a pure lexicographical order where xi1 <
xij

, j = 2, . . . , d ands p(xi1) is a polynomial in xi1 whose roots are the eigen-
values of Di1 . It follows that next proposition holds:

Proposition 3. Let S = (X, {Ri}di=0) be an association scheme and I its
associated ideal. S is a P-polynomial scheme if and only if there is an pure
lexicographical ordering for the variables xij

with xi0 = x0, xi1 < xij
, j > 1 such

that
{x0 − 1, p(xi1), xi2 − p2(xi1), . . . xid

− pd(xi1)} (14)

is a Gröbner basis for I for that ordering, and the following conditions on the
degree of the polynomials p, p1, . . . , pd are satisfied:

degree(pi) = i ∀i = 2, . . . , d degree(p) = d + 1 (15)

Note that for an association scheme to be P-polynomial its Bose-Mesner
algebra is the minimal algebra containing one of the relations but the converse
is not true in general. The reason for this fact is that maybe that a relation
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generates the whole algebra but we can not achieve the conditions on the degree
of the polynomials pi given in 15 (i.e., do not fullfil definition 5). This is the case
of the following example taken from [11, ex.19] where any Di, i > 0 generate
the Bose-Mesner algebra but the scheme is not P-polynomial:

Example 5. Consider X = Zm,m, r ∈ N and r < m . The subgroup of
Z∗m generated by r and −1 acts on X by multiplication with orbits Ok. The
following relation defines an association scheme (2-orbit association scheme) on
X:

xRky ⇔ x− y ∈ Ok

When m = 31, r = 2 the orbits are:

O0 = {0}, O1 = {±1,±2,±4,±8,±15}
O2 = {±3,±6,±7± 12,±14},O3 = {±5,±9,±10,±11,±13}

The ideal I is given by:

{x2
2 − 2x1 − 3x2 − 4x3 − 10, x2x3 − 4x1 − 4x2 − 2x3, x0 − 1,

x1x3 − 2x1 − 4x2 − 4x3, x1x2 − 4x1 − 2x2 − 4x3,

x1
2 − 3x1 − 4x2 − 2x3 − 10, x3

2 − 4x1 − 2x2 − 3x3 − 10}

Let the plex. order xi < xj , xk, (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}, the re-
duced Gröbner basis arises to the following expressions:

x0 = 1,

xj =
1
32

(
−xi

3 − 6 xi + 15xi
2 − 120

)
,

xk =
1
16

(
xi

3 − 18 xi − 7 xi
2 + 40

)
,

0 = 80− 20 xi
2 + 92 xi − 9 xi

3 + xi
4

(16)

Therefore, equations in (16), do not fulfill the conditions (on the degree of the
polynomials) stated in the definition and hence the scheme is not P-polynomial.

Note also that in the case when the algebra is generated by one of the
relations the resulting univariate polynomial is squarefree and it is just the
characteristic polynomial of the relation that ”spans” the whole algebra2. The
main profit we get from proposition above is an algorithmic way of checking the
P-polynomiality of an association scheme:

Algorithm 1 (Checking P-polynomiality).

• Input F Structure equations of S,
2This means that any element in the algebra can be expressed by a formula of the generator

and J , using the addition, the ordinary multiplication and the Hadamard product.
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• For i from 1 to d do
Compute a reduced Gröbner basis for 〈F〉 for a pure lexicographical
monomial ordering where xi < xj j 6= i
Check the conditions on proposition above.
If the conditions are fulfilled then Stop and
Return The scheme is P-polynomial and the Gröbner basis computed fi
od
Stop Return The scheme is not P-polynomial

Complexity of the algorithm is placed in the Gröbner basis computation,
but since we are dealing 0-dimensional ideals and F is already a Gröbner basis,
these computations can be done by FGLM techniques. Clearly the complexity
is at most the same as d FGLM Gröbner basis computations. The algorithm can
be easily modified to check whether the scheme is P-polynomial with respect to
more than one relation or to check the minimal number of relations spanning
the whole algebra. This last fact is important in coding theory for computing
the Lloyd polynomials and metric properties of the scheme [11]. In that paper
can be found many examples of how to apply this algorithm, we recall just two
of them for showing the computations underlying the algorithm.

4 Applications to coding theory

For a complete account of the results and ideas in this section see [14]. The
following definition of a code over a SFCA is motivated by the classical definition
of cyclic codes. Cyclic codes are one of the classes of codes because they are easy
to encode and decode due to their algebraic structure. Moreover, they are use as
building blocks of many other codes such that Kerdock, Preparata, Justensen,
quasy-cyclic codes and recently as blocks of Low Density Parity Check Codes.

Definition 5 (Code over a SFCA). Let A be a SFCA. We define a code C
over A as a subalgebra of A.

Example 6 (Cyclic codes). A cyclic code is just the ideal 〈g(x)〉 in R =
Fq[x]/〈xn − 1〉 where g(x) ∈ Fq[x] and g(x)|xn − 1.

Example 7 (Generalized cyclic codes). Let f(x) ∈ F[x] a monic polynomial
with no repeated roots in the splitting field over F. An f(x)-code is an ideal of
the quotien ring F[x]/〈f(x)〉.

• If f(x) = xn− 1 and (char(F), n) = 1 3 we are in the case of a cyclic code.

• If f(x) = xn − c we are in the constan-cyclic case.

• Etc.
3Condition of the Maschke theorem. Means that the representation is completely reducible.

See for example [3]
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The Mattson-Solomon transform

In this section we will generalize the Mattson-Solomon transform. In their pa-
per (see [15] or the book [10]) their defined a sort of “unnatural” multiplication
? on the quotient ring F[x]/〈xn− 1〉 in order to compute with the idempotents.
Chillag [2] remark that ? is equivalent to the multiplication rule in the diago-
nalization of the algebra A = F[x]/〈xn − 1〉. We will generalize this approach
to a general SFCA.

Given a SFCA A over F and fixed a basis B = {b1, . . . , bn} we can consider
the following isomorphism of algebras (Is a result of theorems 1 and 3) :

A ∼←→M(A;B) := {M(a;B) | a ∈ A} ∼←→ diag(A) (17)

Definition 6 (Mattson-Solomon transform). Let A be a n-dimensional
SFCA over F and B = {b1, . . . , bn} a basis of A. We define the Mattson-
Solomon polynomial of an element a ∈ A as

MS(a) +
n∑

i=1

diag(a)ix
i−1

where diag(a)i is the i-th entry of the diagonalization of M(a;B).

Let Fn[x] + {f(x) ∈ F[x] | deg(f(x)) < n} and consider the algebra MS =
(Fn[x],+, ?) where + is the usual addition on F[x] and ? is the componentwise
multiplication.

Remark 4. In the cyclic case the diagonalizing matrix of the algebra is X =
Vandermonde(1, ξ, ξ2, . . . , ξn−1) where ξn = 1. Thus

MS(a(x)) +
n∑

i=1

a(ξi−1)xi−1

i.e. The Fourier Transform.

Proposition 4. A is isomorphic to MS

Proof. It is a direct consecuence of the discusion above.

Characterization of the codes

The following result is similar to the well known case of cyclic codes (see for
example [10]) and the case of f -circulant codes.

Theorem 6. Let A be a SFCA and C a code over A generated by g1, . . . , gs.

• C is a separable, semisimple, s-dimensional, commutative algebra over F

• There exist a matrix X over an extension K of F such that

X−1M(c,B)X =
s∑

i=1

diag(gi)

11



• In particular if C = F[g1] then c ∈ C iff T (c) ≤ T (g1).

Remark 5. The properties in the theorem above can be checked easily with
the Gröbner basis setting in 2.

Remark 6. Last point in the theorem is just the classical characterization of
the cyclic codes where A = F[x]/xn − 1, C = 〈g(x)〉 where g|xn − 1. Clearly
c ∈ C iff c(αi) = 0 for all αi such that g(αi) = 0.

Remark 7. If we choose G = {g1, . . . , gs} to be a basis of C and choose G′ so
that A = 〈G〉

⊕
〈G′〉 and B = G

⋃
G′ then

M(a,B) =
(

M(a,G) 0
0 M(a,G′)

)

5 What next?

Here we just point some further lines of research.

• Association schemes.
We can also consider non-commutative association schemes. In that case
we can consider the (right and left) multiplication tables, i.e. the (right
and left) structure constants and rewrite a simmilar Gröbner structure for
a non-commutative setting using border basis. The tools on [1] can be
useful.

• Coding theory.

§ Product codes
Product codes are defined as the Kroneker product of two codes.
Clearly, they will be diagonalized by the diagonal matrix whose di-
agonal entries are the diagonalizing matrices of each code. So their
Mattson Solomon transform can be easily determined.
Is there a translation of theorem 4, page 573 in [10] for codes over
SFCA’s?

§ Quasi-cyclic and quasi f circulant codes
The construction in [8] based in the Smith normal form and the
transform approach in [9] allows us to develop a characterization of
quasi f circulant codes.
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