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Abstract

This work has been done in collaboration with Sonia Fliss (POEMS)
and Antoine Tonnoir (INSA Rouen). Our objective is to develop a new
method to solve time harmonic diffraction problems in unbounded do-
mains. The motivation comes from two particular problems which still
raise open questions. The first one, which arises in the context of ul-
trasonic non-destructive testing, concerns the diffraction by some defect
(crack, corrosion, etc...) in an anisotropic elastic plate. Due to the ma-
terial anisotropy and to the dispersive nature of guided waves, Perfectly
Matched Layers do not work in general, so that an alternative numerical
method is required. The second one concerns the junction of open waveg-
uides (optical fibers, photonic waveguides etc...). For such problems, it
is even not clear how to derive a mathematical formulation, because the
definition of radiation conditions is not straightforward.

Our idea is inspired by the work of Patrick Joly and Sonia Fliss for
periodic media. In the 2D case, the whole domain is covered by several
subdomains: a bounded one that surrounds the defect and several half-
spaces which do not intersect the defect. We suppose that in each half-
plane, a separation of variables applies, so that the field can be explicitely
expressed by an integral representation, as a function of its trace on the
boundary. For instance, in a homogeneous anisotropic half-space, this
representation is provided by the partial Fourier transform parallel to the
edge of the half-space.

Then the unknowns of the formulation are the 2D unknown in the
bounded domain and several 1D unknowns, which are the traces of the
solution on the boundaries of the half-spaces. These unknowns are cou-
pled by unsual integral equations, which ensure the compatibility between
the different representations, in the areas where the subdomains overlap.
This leads to a formulation, involving a traditional variational part in the
bounded domain and Fourier integral operators defined on infinite straight
lines. Assuming a dissipative medium, we proved under quite general hy-
potheses that this formulation is coercive plus compact. The compactness
is a simple consequence of Hilbert-Schmidt theory but the coerciveness is
less straightforward, and can be proved by using the Mellin transform.
Extension to the non-dissipative case is still an open issue.

Finally, this provides a numerical method, where finite elements are
used, 2D elements in the 2D bounded domain, and 1D elements on the
infinite lines, which are first truncated. The Fourier integrals are approxi-
mated by a classical quadrature formula. The method has been validated
successfully in the case of 2D isotropic and anisotropic acoustic or elas-
tic media. Moreover, it has been extended by Julian Ott from Karlsruhe
Institute for Technology to several examples of junctions of open waveg-
uides.
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