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Introduction

Here we consider wave equations with highly oscillatory velocity
fields, which vary at a scale ε much smaller than the scales of interest.

The analytic treatment of such problems usually relies on
homogenization theory where the highly oscillatory velocity field aε is
replaced by a properly averaged (homogenized) field a0 that captures
the essential macroscopic features in the limit ε→ 0.

Unfortunately, explicit formulas for a0 are rarely available so that
numerical methods that circumvent those restrictions are needed.

Here we propose a multiscale FEM for the numerical homogenization
of the wave equation with heterogeneous coefficients.
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Notations

Let Ω ⊂ Rd be open, and denote byWs,p(Ω) the standard Sobolev space.
For p = 2, we use the notationHs(Ω) andH1

0(Ω), and we denote by

W1
per (Y ) = {v ∈ H1

per (Y );

∫
Y

vdx = 0},

whereHs
per (Y ) is defined as the closure of C∞per (Y ) (the subset of C∞(R) of

periodic functions in the unit cube Y =]0,1[d ) with respect to theHs norm.
For a domain D ⊂ Ω, |D| denotes the measure of D. The derivatives

∂
∂t ,

∂2

∂t2 , ... are sometimes written as ∂t , ∂tt , ... or alternatively as ∂k
t .

For T > 0 and B a Banach space with norm ||.||B , we denote by
Lp(0,T ; B) = Lp(B),1 ≤ p ≤ ∞, the Bochner space of functions
v : (0,T ) −→ B. Equipped with the norm

||v ||Lp(0,T ;B) = (

∫ T

0
||v(t)||pBdt)

1
p .
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Model Problem

We consider the wave equation

∂ttuε −∇.(aε∇uε) = F in Ω × ]0,T [

uε = 0 on ]0,T [ × ∂Ω

uε(x ,0) = f (x), ∂tuε(x ,0) = g(x) in Ω,

(1)

where aε is symmetric, satisfied aε(x) ∈ (L∞(Ω))d×d , and is uniformly
elliptic and bounded, i.e.,

∃λ,Λ > 0 such that λ|ξ|2 ≤ aε(x)ξ.ξ ≤ Λ|ξ|2

∀ ξ ∈ Rd and ∀ ε.
(2)

Here ε represents a small scale in the problem, which characterizes the
multiscale nature of the tensor aε(x).
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We make the following standard regularity assumptions:

F ∈ L2(0,T ;L2(Ω)),

g ∈ L2(Ω),

f ∈ H1
0(Ω).

Let E denote the Hilbert space,

E = {v : v ∈ L2(0,T ;H1
0(Ω)), ∂tv ∈ L2(0,T ;L2(Ω))},

equipped with the norm

||v ||E = ||v ||L2(0,T ;H1
0(Ω)) + ||∂tv ||L2(0,T ;L2(Ω)).

Under the above regularity assumption, the weak form of (1) has a unique
solution uε ∈ E .
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Homogenization Theory

Consider first the elliptic problem associated to (1), that is,

−∇.(aε∇vε) = ψ in Ω, vε = 0 on ∂Ω,

with ψ ∈ H−1(Ω). From the uniform ellipticity and boundedness of aε, we
obtain by the Lax–Milgram theorem a family of solutions {vε} (uniformly
bounded independently of ε) inH1

0(Ω).
Due to the reflexivity ofH1

0(Ω) there exists a subsequence of {vε} that
weakly converges (inH1

0(Ω)) to a function v0. However, this procedure does
not yield a limiting equation for v0. To prove that v0 is the solution of some
limiting equation, one usually relies on the notion of G-convergence.
A sequence of matrices {aε} is said to G-convergent to a matrix a0 (which
also satisfies (2) if, for any ψ ∈ H−1(Ω), the sequence of solution {vε} of
the above elliptic problem converges weakly inH1

0(Ω) to the solution v0 of

−∇.(a0∇v0) = ψ in Ω, v0 = 0 on ∂Ω.

This convergence is denoted aε ⇀ a0.
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Homogenization Theory

Consider now the wave equation (1), and assume that aε satisfied (2) and
that aε ⇀ a0. Then the following convergence result holds:

uε ⇀ u0 in L∞(0,T ;H1
0(Ω)), ∂tuε ⇀ ∂tu0 in L∞(0,T ;L2(Ω)),

where u0 is the solution of the homogenized problem

∂ttu0 −∇.(a0∇u0) = F in Ω × ]0,T [

u0 = 0 on ]0,T [ × ∂Ω

u0(x ,0) = f (x), ∂tu0(x ,0) = g(x) in Ω.

(3)

Strong error estimates between the solutions of second order elleptic equation and its homogenized form are
available.

||uε − u0||L2(Ω)
≤ Cε.

V.V. Jikov, S.M. Kozlov and O.A. Oleinik, “Homogenization of differential Operators and Integral functionals”,

Springer- Verlag, Berlin, Heidelberg, 1994.
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Macro Finite Element Space

Let TH be be a (macro) partition of Ω in simplicial or quadrilateral elements
K of diameter HK with H = maxK∈TH HK ; here, for simplicity, we assume
that Ω is a convex polygon. By macro partition we mean that H >> ε is
allowed.

For this partition we define a macro FE space

S l
0(Ω, TH) = {vH ∈ H1

0(Ω); vH |K ∈ Rl (K )∀K ∈ TH},

whereRl (K ) is the space P l (K ) of polynomials on K of total degree at
most l if K is a simplex or the space Ql (K ) of polynomials on K of degree
at most l in each variable if K a rectangle.

Inside each macro element K ∈ TH we consider the following for
j = 1,2, ...., J:
? integration point xKj ∈ K ,
? sampling domain Kδj = xKj + δI, where I = (− 1

2 ,
1
2 )d and δ ≥ ε,

? quadrature weights ωKj .
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Micro Finite Element Space

Consider a (micro) partition Th of each sampling domain Kδj in simplicial or
quadrilateral elements Q of diameter hQ , and let h = maxQ∈TH hQ . For this
partition we define a micro FE space

Sq(Kδ, Th) = {zh ∈ W(Kδj ); zh|Q ∈ Rq(Q)∀Q ∈ Th},

whereW(Kδj ) is a Sobolev space whose choice sets the boundary
conditions for the micro problems and thus determines the type of coupling
between micro and macro problems.

W(Kδj ) =W1
per (Kδj ) periodic coupling,

W(Kδj ) = H1
0(Kδj ) coupling through Dirichlet BC.
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Micro Solver

For every macro element K , we determine the additive contribution to the
macro stiffness matrix by computing the solutions to the micro problems,
uh

Kj
, on each sampling domain Kδj : find uh

Kj
such that

uh
Kj
− uH

lin,Kj
∈ Sq(Kδj , Th) and

∫
Kδj

aε(x)∇uh
Kj
· ∇zhdx = 0 ∀zh ∈ Sq(Kδj , Th), (4)

where
uH

lin,Kj
= uH(xKj ) + (x − xKj ) · ∇uH(xKj )

is a piecewise linear approximation of uH ∈ S l
0(Ω, TH) about the integration

point xKj .
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Multiscale FE Method

Find uH ∈ [0,T ]× S l
0(Ω, TH)→ R such that

(∂ttuH , vH) + BH(uH , vH) = (F , vH) ∀vH ∈ S l
0(Ω, TH),

uH = 0 on ∂Ω×]0,T [,

uH(x ,0) = fH(x), ∂tuH(x ,0) = gH(x) in Ω,

where BH(uH , vH) =
∑

K∈TH

J∑
j=1

ωKj

|Kδj |

∫
Kδj

aε(x)∇uh
Kj
· ∇vh

Kj
dx .

(5)

Here fH(x), and gH(x) are suitable approximations of the initial conditions
f (x) and g(x) in the FE space S l

0(Ω, TH), and uh
Kj

, vh
Kj

are micro functions
defined on the sampling domains Kδj through (4).
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Semidiscrete Multiscale FE Method

Find ūH ∈ [0,T ]× S l
0(Ω, TH)→ R such that

(∂tt ūH , vH) + B̄H(ūH , vH) = (F , vH) ∀vH ∈ S l
0(Ω, TH),

ūH = 0 on ∂Ω×]0,T [,

ūH(x ,0) = fH(x), ∂t ūH(x ,0) = gH(x) in Ω,

where B̄H(vH ,wH) =
∑

K∈TH

J∑
j=1

ωKj

|Kδj |

∫
Kδj

aε(x)∇v · ∇wdx ,

(6)

where the micro functions v ,w are not obtained through FE discretization
but instead are the solutions of the continuous counterpart to (4): find v such
that

v − vH
lin,Kj
∈ W(Kδj ) and

∫
Kδj

aε(x)∇v · ∇zdx = 0 ∀z ∈ W(Kδj ). (7)
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Coercivity of the FE-HMM Bilinear Form

Lemma (1)

Let vH ∈ S l
0(Ω, TH) and vh as defined in (4), consider the piecewise

linear approximation vH
lin of vH as defined above. Then we have

||∇vH
lin||L2(Kδ) ≤ ||∇vh||L2(Kδ) ≤

√
Λ

λ
||∇vH

lin||L2(Kδ).

The above result implies the following lemma.

Lemma (2)

The bilinear form BH(., .) defined in (5) is elliptic and bounded,

γ||vH ||2H1(Ω) ≤ BH(vH , vH),

|BH(vH ,wH)| ≤ Γ||vH ||H1(Ω)||wH ||H1(Ω).
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Reformulation of the FE-HMM

Under assumptions on the small scale such as periodicity, explicit equations
are available to compute the homogenized tensor given by

a0
K (xKj ) =

1
|Kδj |

∫
Kδj

aε(x)(I + JT
Ψh

Kδj
(x))dx , (8)

where Ψi,h
Kδj

are defined to be the unique solutions of the cell problems, and

JΨh
Kδj

(x) is a d × d matrix with entries (JΨh
Kδj

(x))il =
∂Ψi,h

Kδj
∂xl

.

We also define the continuous counterpart of above as

ā0
K (xKj ) =

1
|Kδj |

∫
Kδj

aε(x)(I + JT
ΨKδj

(x))dx , (9)

where JΨKδj
(x) is defined similarly as JΨh

Kδj
(x) but with Ψi,h

Kδj
replaced by

Ψi
Kδj

.
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Reformulation of the FE-HMM

By the above two equations (8) and (9) The FE-HMM bilinear form BH(., .)
in (5) and the semidiscrete bilinear form B̄(., .) in (6) can be rewritten as

BH(vH ,wH) =
∑

K∈TH

J∑
j=1

ωKj a
0
K (xKj )∇vH

xKj
∇wH

xKj
, (10)

and

B̄H(vH ,wH) =
∑

K∈TH

J∑
j=1

ωKj ā
0
K (xKj )∇vH

xKj
∇wH

xKj
. (11)

respectively.
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Convergence Analysis

We drive a priori estimates by decomposing the error as

||u0 − uH || ≤ ||u0 − uH
0 ||+ ||uH

0 − ūH ||+ ||ūH − uH ||.

The first term on the right-hand side represents the so-called macro error
and involves the standard FEM solution for the following homogenized
wave equation

Find uH
0 ∈ [0,T ]× S l

0(Ω, TH)→ R such that

(∂ttuH
0 , v

H) + B0,H(uH
0 , v

H) = (F , vH) ∀vH ∈ S l
0(Ω, TH),

uH
0 = 0 on ∂Ω×]0,T [,

uH
0 (x ,0) = fH(x), ∂tuH

0 (x ,0) = gH(x) in Ω,

where B0,H(vH ,wH) =
∑

K∈TH

J∑
j=1

ωKj a
0(xKj )∇vH

xKj
∇wH

xKj
.

(12)
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Convergence Analysis

We drive a priori estimates by decomposing the error as

||u0 − uH || ≤ ||u0 − uH
0 ||+ ||uH

0 − ūH ||+ ||ūH − uH ||.

The second term on the right-hand side represents the so-called modeling
error and involves the solution ūH of (6).

Finally, the last term represents the so-called micro error and involves the
solution uH of (5), that is, the numerical solution of FE-HMM method.
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Convergence Analysis

Assumptions:

a0
i,j ∈ W l+1,∞(Ω), i , j = 1, ...,d ,

∂k
t F ∈ L2(0,T ;W l+1,q(Ω)), k = 0,1,2,

∂k
t u0 ∈ L2(0,T ;W l+1,q(Ω)), k = 0,1, ...,4,

||f − fH ||L2(Ω) ≤ CH l+1,

||f − fH ||H1(Ω) + ||g − gH ||L2(Ω) ≤ CH l .
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Convergence Analysis

Theorem (1)

Let uH be the solution of (5) with periodic or Dirichlet boundary
conditions for the micro problems (Sq(Kδ.Th) is a subset ofW(Kδj ) or
H1

0(Kδj )). Let u0 be the solution of homogenized wave equation (3).
Under the above regularity assumptions, for the error eH = u0 − uH ,
we have the following estimates:

||∂teH ||L∞(0,T ;L2(Ω)) + ||eH ||L∞(0,T ;H1(Ω))) ≤
C1H l (max0≤k≤4||∂k

t u0||L2(0,T ;W l+1,q(Ω)))+

C2supK∈TH ,xKj∈K ||a0(xKj )− a0
K (xKj )||F ,

||eH ||L∞(0,T ;L2(Ω)) ≤ C1H l+1(max0≤k≤3||∂k
t u0||L2(0,T ;W l+1,q(Ω)))+

C2supK∈TH ,xKj∈K ||a0(xKj )− a0
K (xKj )||F .

Here || · ||F denotes the Frobenius norm, and the constants C1 and
C2 depend on λ,Λ,T ,F , f ,g but not on H,h, and ε.
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Convergence Analysis

Lemma (3)

Let uH
0 and u0 be the FE solution and exact solution of homogenized

wave equation respectively. Let the following assumptions hold

a0
i,j ∈ W l+1,∞(Ω), i , j = 1, ...,d ,

∂k
t F ∈ L2(0,T ;W l+1,q(Ω)), k = 0,1,2,

∂k
t u0 ∈ L2(0,T ;W l+1,q(Ω)), k = 0,1, ...,4,

then the error e0 = u0 − uH
0 satisfied the estimates

||e0||L∞(0,T ;L2(Ω)) ≤ C(||f − fH ||L2(Ω)+

H l+1(max0≤k≤3||∂k
t u0||L2(0,T ;W l+1,q(Ω)))),

and

||∂te0||L∞(0,T ;L2(Ω)) + ||e0||L∞(0,T ;H1(Ω)) ≤ C(||f − fH ||H1(Ω)+

||g − gH ||L2(Ω) + H l (max0≤k≤4||∂k
t u0||L2(0,T ;W l+1,q(Ω)))).
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Convergence Analysis

Lemma (4)

Let V be a closed subset of H1
0 (Ω), f̂ , ĝ ∈ V, F , ∂tF ∈ L2(0,T ;L2(Ω)),

T > 0, and for i = 1,2; ui be the solutions of

(∂ttui , v) + BH(ui , v) = (F , v) ∀v ∈ V ,
ui = 0 on ∂Ω×]0,T [,

ui (x ,0) = f̂ (x), ∂tui (x ,0) = ĝ(x) in Ω,

(13)

where the bilinear forms Bi (·, ·) are elliptic and bounded. Assume
that

∂k
t ui ∈ L2(0,T ;H1(Ω)), k = 0,1,2, and
|B1(v ,w)− B2(v ,w)| ≤ η||v ||H1(Ω)||w ||H1(Ω).

Then

||∂t (u1 − u2)||L∞(0,T ;L2(Ω)) + ||(u1 − u2)||L∞(0,T ;H1(Ω)) ≤ Cη.
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Convergence Analysis

Theorem implies optimal convergence rates in the L2 andH1 norms with
respect to the macro mesh size H . In both estimates the second term in right
hand side, that is

C2supK∈TH ,xKj∈K ||a0(xKj )− a0
K (xKj )||F ,

does not appear in standard FEM and stems from the modeling and micro
errors mentioned in above. To clarify that connection, we further decompose
it as

||a0(xKj )− a0
K (xKj )||F ≤ ||a

0(xKj )− ā0
K (xKj )||F + ||ā0(xKj )− a0

K (xKj )||F .

The first term of the right-hand side of the above inequality is modeling
error and the second term describes the error due to the micro FEM (micro
error).
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Conclusion

We have discussed a multiscale FE method for wave propagation in
heterogeneous media.

It is based on an FE discretization of an effective wave equation at the
macro scale, whose a priori unknown effective coefficients are
computed on sampling domains at the micro scale within each macro
FE.

Optimal error estimates in the energy norm and the L2 norm and
convergence to the homogenized solution are proved when both the
macro and micro scales are refined simultaneously.

Because FE-HMM approach leads to a standard Galerkin finite
element formulation at the macro scale, it immediately applies to
higher-dimensional problems, complex geometry, or high-order
discretizations.

Thank you.
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