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The Model

The Classical Risk Model

Lundberg (1903) intruduced the model

N
St = Z \/I'a
i=1

X?:X“Fctfst.

x: Initial capital.

c: Rate of the linear income, premium rate.

{N;}: Poisson process with rate A.

{Y;}: iid sequence, distribution function G(y), G(0) = 0.
{N;} and {Y;} are independent.
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The Model

Proportional Reinsurance

The insurer can buy proportional reinsurance, i.e. the insurer pays
bY, the reinsurer pays (1 — b)Y of a claim of size Y.

There is a premium at rate ¢ — c(b) the insurer has to pay. We
assume

c(b) continuous.
c(b) increasing.
c(l)=c.
c(0) <O.
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The Model

Proportional Reinsurance

The insurer can at any time choose the retention level b; € [0, 1].
Then the surplus process becomes

t Ni
th:x—i—/ c(bs)ds— > br,_Y;.
0 i=1
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The Model

Investment

The insurer can invest the surplus into a risky asset (Black-Scholes
model)

Zy = exp{(m — 30°)t + oW, }.

{W;} and {S;} are independent.
Choosing a strategy {A:} the surplus process becomes

dXA = (c+ Aim) dt + oA, AW, —dS,, X =x
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The Model

Proportional Reinsurance and Investment

If the insurer can buy reinsurance and invest the surplus process
fulfils

AXPP = (c(bt) + Aem) At + g A AW, — be_dS:,  XJP =x
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Large Claims

Heavy-Tailed Claims

We say a distribution function F is heavy-tailed (F € H) if

Me(r) = / e™ dF(x) = o0
0
for all r > 0.

We say a distribution function F is long-tailed (F € L) if

lim m

=1
x—oo 1 — F(x)

for all y € R.
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Large Claims

Subexponential Distributions

A distribution function F(x) with F(0) = 0 is called
subexponential (F € S) if

. 1= F*(x)
lim — ")
e 1 F(x)
for some (and therefore all) n > 2.
The definition can be interpreted as

IP[ZX,- > x} ~ P[max{ X1, ..., Xo} > x] .
i=1
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Large Claims

The Class S*

A distribution function F(x) is in S if it has finite mean pf and

: (1= F(x—=y))(1—F(y))
lim /0 1= F(x)

dy =2ur .

X—00
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Large Claims

Regularly Varying Tail

A distribution function F(x) has a regularly varying tail with index
—a (FeR_,)if

im L= P

x—oo 1 — F(x)

—Q

R_oCS" " CcSCLCH.

Moreover, the log-normal and the heavy-tailed Weibull
distributions belong to $*. Thus &* contains all heavy-tailed
distribution functions of interest.
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The Optimisation Problem

The Optimisation Problem

AP .= inf{t > 0: X/’ < 0}: time of ruin
PAP(x) := P[7AP < o0]: ruin probability

Goal: Minimisation of the ruin probability

0() = inf vA(x)

The problem is connected to the Hamilton-Jacobi-Bellman (HJB)
equation

, ei?ofll c(b)y'(x) + AE[¢(x — bY) — p(x)] = 0.
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The Optimisation Problem

Verification Theorem

Theorem (Hipp and Plum, S.)

Suppose there is an increasing (and twice continuously
differentiable) function f(x) such that 1 — f(x)/f(oc0) solves HJB.
Then f(x) is bounded and f(x) = f(o0)(1 — ¥(x)). Moreover,

(A(Xt), b(Xt))

is an optimal strategy, where A(x), b(x) are the arguments where
the minimum in the HJB is taken.
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The Optimisation Problem

Sketch of Proof

Case with investment:
The process

tAT 0.2
) = [ { RO + (e mA)r (X
0
FAB[f(XA = V) = F(X] | ds

is a local martingale. Using the HJB it follows that f(X/,) is a
supermartingale.
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The Optimisation Problem

Sketch of Proof

Proof (continued).

Thus f(x) > IE[f(X{\,)]. Choosing a strategy for which ruin is not
certain shows that f(x) is bounded. Thus

f(x) > f(00)IP[r = o00] = f(00)(1 — ¥ (x)) -

Choosing the optimal strategy gives that f(X*,;) is a bounded
martingale. Thus

f(x) = E[f(X7)] = f(o0)(1 — 9" (x)) -

Ol

v
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The Optimisation Problem

Existence of a Solution

Suppose G(x) is continuous. Then 1)(x) solves the HJB.

Theorem (Hipp and Plum, S.)

Suppose G(x) is absolutely continuous with a bounded density.
Then 1(x) is twice continuously differentiable and solves the HJB.

Contraction arguments. Ol
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Optimal Reinsuance

Claim Sizes with a Regularly Varying Tail

Suppose that the tail of the claim size distribution is regularly
varying with index cc. Then

lim w(X) inf ALY
i inf —————
x—oo [*°( dz be(0,1] (c(b) — A\ub)*

If there is a unique value b* for which the infimum is taken we also

have convergence of the strategy limy_. b(x) = b*.
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Optimal Reinsuance

Choose b; = b constant such that c(b) > \ub.
b b (o
lim 7/) ( ) = lim dj (X)b
x=00 fL5 ) dz x=eo [X(1— G(z/b)) dz
Y
= ¢(b) — b
Thus
- ¥(x) . Ab®
I < £ -~
TP T~ G(2)) dz — be(o. (c(b) — Aub) T

Hanspeter Schmidli University of Cologne

Controlled Risk Processes and Large Claims



sation Problem Asymptotic Proper
00@00000000O

| Reinsuance

Proof (continued).
Let g(x) = —¢/(x)/(1 — G(x)). Then for b = b(x)

[ el CDi= /b

0 1-G(x)
+5(0)11__G&£)b) —c(b)e(x) = 0.

go = liminfy_ o g(x) > 0.
Take a sequence {x,} such that g(x,) — go.
Take a subsequence such that b(x,) — bp.
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Optimal Reinsuance

Proof (continued).

1 — G((xa = 2)/b(xn))

Xn/2
| e - e 2l o

Xn /2
<-C Y (2) dz .
0

Xn/2 1— G((xn — 2)/b(xn)) a
/0 g(2)(1 - G(2)— "z dz — b§(0) .
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Optimal Reinsuance

Proof (continued).

The second part of the integral is

Xn /2 - P
f etn e G - ot e

Zg0—¢€ >1

liminf bounded from below by gybg .

Aby + Aubogo — c(bo)go < 0.

a ara 2
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Optimal Reinsuance

Proof (continued).

Thus (%) \b
lim inf > L :
e 1= G(x) = c(bo) — Mibo
Integration yields
" (%) Abg
lim inf | > .
oo [X(1— G(z)) dz = c(bo) — Mbo
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Proof (continued).

From

* A= 6(2))A = G((x = 2)/bo))
A[/O g(2) 1- G(x) — dz
4 5(0)11__G(GX(/X’;°)} —c(bo)g(x) > 0.
we conclude that g(x) is bounded.

Let g1 = limsup, .. g(x) and choose a sequence {x,} such that
g(xn) — &1

In the limit we get Ab§ + Aubogi — c(bo)g1 > 0.
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Optimal Reinsuance

Proof (continued).

_ g
&= ¢(bo) — Aubo

Thus g(x) — go converges.

Choose a sequence {x,} such that b(x,) — bs.
)\b% + A\ubi1go — C(bl)go =0.
Abg

C(bl) — )\,u/bl i
If b* = by is unique then b; = b*. O

80 =
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Asymptotic Properties

Optimal Reinsuance

Claim Sizes with a Rapidly Varying Tail

Suppose that

. [(A-6(2)(1-G(x—2))
I|m/0 - G0 dx = 2u

X—00

and that the distribution tail 1 — G(x) is of rapid variation. Let
= inf{b: c(b) > Aub}. Then for any b > by

i w(x) _
X—00 f Z/b)) dz

For the strategy we obtain that limsup,_, ., b(x) = bo.

<
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Optimal Reinsuance

Comparision Rapid and Regular Variation

Regularly varying tails are more dangerous. But one chooses more
reinsurance for rapidly varying tails. Strange?

Reinsurance makes tail considerably smaller for rapid variation
whereas the premium is more important in the regular varying case.
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Optimal Reinsuance

Proof.

Let b > bg.
Choose by < b; < b such that c(by) > Aubs.

Note that
lim f 1-— Z/bl) dz .
XI—>oo f 1—G(Z/b) dZ

Thus we can assume that c(b) > Aub.
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Proof (continued).
Let g(x) = —/(x)/(1 — G(x/b)).

[ st Sl 2y,

1-G(x/b)
+5(0)11__GG((’(X//[;31))}—c(b1)g(x) > 0.

We start showing that g(x) is bounded.
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Optimal Reinsuance

Proof (continued).

Otherwise there is a sequence {x,} such that
g(Xn) = SUPogxgxn g(X)

/X"/z g(z) (1 - 6(z/b))(1 ~ 6((xn — 2)/b1)) .
0

g(xn) 1= G0a/b)
/2 (1 - G(z/b))(1 — G((x, — 2)/b))
< 5/0 1 — G(xn/b) 1z
- /(2b) (1 — G(2))(1 = G(xn/b — 2))
= ab/o 1 — G(x,/b) dz

dz— 0.

/xn/2 g(2) (1 - G(z/b))(1 — G((xa — 2)/b1))
0o &(x) L= G(xa/b)

.
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Proof (continued).

The other part of the integral is

/X"/2 g0 —2) (1= 6((xn —2)/b))(1 ~ G(z/b1)) .
0

g(xn) 1 - G(xn/b)
/2 (1 — G((xa — 2)/b))(1 — G(z/b))
= /O 1-— G(Xn/b) o
— by .

We find A\ub — ¢(b) > 0.
Thus g(x) must be bounded.
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Proof (continued).

Let go = limsup,_, ., g(x).
In the limit we get (Aub — c(b))go > 0.
X

Thus gop = 0. Integration over (x, cc) gives the result.
Suppose b(xp) — b1 > by. by = (2by + b1)/3, b3 = (bo + 2b1)/3.
g(x) = —¢'(x)/(1 — G(x/bz)) — 0. But

1-— G(Xn/b3)

- 1 — G(xn/b(xn)) : _
A SO TG 0nrbe) = e O TG nf2) = °

Thus limsup b(x) < by.
limsup b(x) < by would imply ¥(x) = 1. O
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Optimal Investment

The HJB Equation

We suppose now that t(x) solves HJB.
Taking the infimum, i.e. inserting

A(x) = (:ZZ((XX))

yields

m?y'(x)?

202¢//( )+ Qb( )

A 9= 1) 4600 +1- 66— ()] =0
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Optimal Investment

The HJB Equation

Integration by parts yields

—T@ﬁﬁi+cwuy+mmx1_cu»
202¢”(X)
[ )= 6 dy =0
0

5(0) = 1 — (0) € (0,1).
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Optimal Investment

Regularly Varying Tail

Let

P(x) a—i—l.

XHOO]_—G(X) - «Q

Complicated proof.
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Asymptotic Properties
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Optimal Investment

Subexponential Claim Sizes

One could now expect that

P(x) ~ C(1-G(x))

for some C > 0 and all subexponential claims.

This is 'almost’ true.
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Optimal Investment

Asymptotics: Strong Conditions

If G(x) is absolutely continuous we define the hazard rate

_ G'(x)
=1"600

Suppose G € §* and limy_. ¢(x) = 0.

Let g(x) = —¢'(x)/(1 — G(x)). (stupid choice?)
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Optimal Investment

Asymptotics: Strong Conditions

HJB divided by 1 — G(x)

m2

—Mg(xg), — cg(x) + A(0)

0(x) — (x)

g(x)
* (I-G6x=—y)A-6G)) . _
+)\/O g(X_Y) 1—G(X) dy—

It follows that lim,_.. g(x) = 0.
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Optimal Investment

Asymptotics: Strong Conditions

Integral

x/2 _ X — _
/0 g(x_y)(l G(x—y))(A-6G(y))

1- G(x)
.

K g(x —Y)(
/x:«) g(x — )/)(1 — G(Xl__yG))(il)_ =) dy

dy — 0

G- -60)
1-G(x)

y small

B /ox0 g(y)(1 = G(y)) dy = ¥(0) — ¥(x0)

Hanspeter Schmidli University of Cologne
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Optimal Investment

Asymptotics: Strong Conditions

. (1- G~ )1~ ()
PR dy — w(0)
lim V() = 20°A =K

x=oo ) (x) (1= G(x)) — m?
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Optimal Investment

Asymptotics: &*

Integration yields

'l/’(><)’v’<°'/OC y
Jx /0

dy

1
1
1= G(r)

By tail equivalence the result holds for all G € S*.

Some sort of smothed version of the tail.
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Optimal Investment

Asymptotics: Regularly Varying Tail

1-G(x) € R
’ 1 dzeR
o0 1
/X % 1 ] dy e R_,
| e
im P(x) a+1
x—><>01—G(X)7K/ «

Hanspeter Schmidli University of Cologne

Controlled Risk Processes and Large Claims



Asymptotic Properties
000000000 0@000000

Optimal Investment

Asymptotics: MDA (exp{—e*})

Suppose that G(y) € MDA (exp{—e *}). Then G(x) has the
representation

1—G(x) =c(x) exp{— /OX a(z) dz} ,

c(x) — 1, a(x) > 0 absolutely continuous such that the density of
1/a(x) tends to zero. Because G(y) € S*, a(x) tends to zero.
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Optimal Investment

Asymptotics: MDA (exp{—e*})

Tail equivalent to

From L'Hospital's rule we conclude that

lim M:H.

x—oo 1 — G(x)
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Optimal Investment

h(x) ~ C(1 = G(x))?

Suppose G(y) € S and that ¥(x) ~ C(1 — G(x)) for some C > 0.
Then

: ' (x) Y(x = 1) —9Y(x)
MSUP = G0) S ™ 126G

Analogously as before

*Y(x—y)
Thus
i V' (x)? _20°X
o SR ) B

K.
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Optimal Investment

h(x) ~ C(1 = G(x))?

We conclude that either 1 — G(x) € R_, or
G(y) € MDA(exp{—e*}). Thus C = k(a+ 1)/ or C = k.
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Optimal Investment

Asymptotics of A(x)

Integration of

/ 2 22
lim Vix) = a)\:/@

X—00 '(ﬁ”(X)(]. — G(X)) m?

yields

OO Y (FET

a2 P"(x) o2

In particular, A(x) — oc.

Hanspeter Schmidli University of Cologne

Controlled Risk Processes and Large Claims



Asymptotic Properties

0000000000000 00e0

Optimal Investment

Asymptotics of A(x)

If G€R_n, a>1, ug < oo then

. A(x) m
lim = .
X—00 X (Oé + 1)0’2

The strategy A(x) = mx/((a + 1)o?) yields an asymptotically
optimal ruin probability.
Proof is analogously.

University of Cologne
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Optimal Investment

Asymptotics of A(x)

If G(y) € S* N MDA(exp{—e™*}) then

A(x) ~ (Tz/oxexp{—/yx a(z) dz} dy ~ %(X) .

In particular, A(x)/x — 0.

Also here, the strategy A: = m/(c?a(X;)) yields asymptotically the
optimal ruin probability.

University of Cologne
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Optimal Investment and Reinsurance

Investment and Reinsurance

It is possible to reinsure the whole portfolio and then to speculate
on the market.

Thus the ruin probability is basically the ruin probability of a
Brownian motion with drift.

In particular, 1(x) is decreasing exponentially fast.

We assume that no exponential moments exist, i.e. [E[e”] = oo
for all r > 0.
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Optimal Investment and Reinsurance

The Adjustment Coefficient

Let b* = 0. For a constant strategy A > —c(0)/m the adjustment

coefficient is

(A 0) = 2APAE<0)

R(A,0) becomes maximal for A* = —2¢(0)/m, thus
R = R(A*,0) = —m?/(252¢(0)).

We find 4(x) < 40(x) = e Fx.
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Optimal Investment and Reinsurance

The HJB Equation

Let f(x) = 1(x)ef* and g(x) = —¢/(x)ef = Rf(x) — f/(x). The
HJB equation can be written as
m g(x)
202 Rg(x) — &'(x)
2 [ glx =yl = Gly /bl dy
0

+AS(0)[1 — G(x/b(x))]eR* =0 .

— c(b(x))g(x)

Hanspeter Schmidli University of Cologne

Controlled Risk Processes and Large Claims



Asymptotic Properties

000800000000

Optimal Investment and Reinsurance

Asymptotics

Replacing b(x) by 0

This is equivalent to
2 2 /
c.m__Rel) gy m &)
20% Rg(x) — g'(x) 20% Rg(x) — g'(x)
We see that g’(x) < 0, that is g(x) is decreasing. But then also
f'(x) <0, that is f(x) is decreasing.
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Optimal Investment and Reinsurance

Asymptotics

We have proved

Proposition

The functions y(x)e® and —/(x)eR* are decreasing. In
particular, there is a constant ¢ € [0,1(0)) such that

lim (x)e™ =¢.

X—0Q0
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Optimal Investment and Reinsurance

Asymptotics of b(x)

Suppose b(x) > b > 0.
A / T e(x— YL - Gly/be))IeR dy
0
> 2 / g(x — y)[1 - G(y/b)]e® dy
0

> /o "L Gly/b)eR dy g(x)

Hanspeter Schmidli University of Cologne
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Optimal Investment and Reinsurance

Asymptotics of b(x)

Thus

3 [ ex =)l = G/ dy
+A(0)[1 — G(x/b(x))]e™ — c(b(x))g(x)
X - e dy — ¢ .
> (A [ 11 Gly/Ble® dy
For x large enough this is larger than —c(0)g(x).

Thus b(x) < b for x large enough.

We have proved that
lim b(x)=0.

X—00

Hanspeter Schmidli University of Cologne
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Optimal Investment and Reinsurance

Asymptotics of A(x)

The definition of R gives
2

m
(c(0) + 5,55 )80 =0.
Adding this to the HJB equation

™ g(x)g(x) et
B R g i~ (B0 — <08 ()

/0 g(x — y)[L - G(y/b(x))]e? dy
T A0V — G(x/b(x))]e® = 0.

The only negative part is

—(c(b(x)) — c(0))g(x) -

Hanspeter Schmidli University of Cologne
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Optimal Investment and Reinsurance

Is R the Correct Exponent?

We know that b(x) — 0. Choose by such that c(bg) < 0. There is
X0, such that b(x) < by for all x > xo.

Consider the following risk process:

b _{b(Xt), if x < xo,
e 0, if x > xg.

C[e(b(X), ifx < x,
clx) = { c(bo) , if x > xo.

The investment A; is chosen in an optimal way, in particular,
A(x) = —2c(bg)/m for x > xp.

Then ) (x) < 1b(x).

Hanspeter Schmidli University of Cologne
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Optimal Investment and Reinsurance

Is R the Correct Exponent?

If x > xp, ruin occurs by passing the capital xg. Thus
2

0(x) > 06) = D) ep{ 53 (= 0)

for x > xg.

This means )
im log 1(x) <_ 2m .
X—00 X 202¢(bo)

This holds for all by, thus

im —log ¥(x) - 2m?

— =R.
X—00 X ~  202¢(0)

Hanspeter Schmidli University of Cologne
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Optimal Investment and Reinsurance

Positive Limit

Proposition
Suppose that there exists K > 0 such that c(b) — ¢(0) < Kb.
Suppose, moreover, that there are constants a > 0 and 0 < v < %

such that
1—G(y) > aexp{—x"}.

Then ¢ = limy_.o0 1(x)ef > 0.
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Full Reinsurance

QIf i 0
lim supM > AE[Y],
b10 b
then b(x) > 0 for all x.
Q If
b) —
jimsup S =€) _ AE[Y],
b10 b

then b(x) = 0 for all x large enough.
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