Models with time-dependent parameters
using transform methods:
Application to Heston’s model

Alberto Elices

Model Validation Group

Risk Division

Grupo Santander
Kick-off-Workshop
Special Semester on Stochastics with empphasis on Finance
Johann Radon Institute for Computational and Applied
Mathematics (RICAM)
September 8-12th 2008, Linz, Austria

Grupo
Santander




Outline of the presentation
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Introduction

= Exotic valuation: usually carried out with Monte Carlo.

= Calibration: fast analytic models are needed for
valuation of vanilla products.

= Analytic models depend on just a few parameters
which cannot fit the whole set of market parameters.

= More degrees of freedom are needed in order to
calibrate the market across all maturities.

* The most natural way of introducing more parameters
IS to let them depend on time.
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Characteristic functions of models with time-dependent parameters

= Characteristic function methods:
s Useful when the characteristic function is analytic.

m The Inversion of the characteristic function is carried out
through the inverse Fourier transform.

= Characteristic function:

0w (X/%,) =E[€7* )= [™1,,(X/x,)dX,
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Introduction

= Family of characteristic functions for which the
methodology can be applied:

Ou (X/X,) = exp(C,, (X) + D, (X) - X, )
X(t):(xl(t)""’XN(t)) x:(xl"“’xN)

Duv (X) — (Duv,l (X)1 T Duv,N (X))

* The method proposed introduces time-dependent
parameters for a wide variety of models which admit
analytic characteristic function:

= Merton jump model. o (G/gu) — exp(Cuv (G) + iGgu)

J, : sum of all Poisson distributed jumps up to time tu :
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Introduction

s Cox Ingersoll Ross model.

0w (R/T,) =exp(C,, (R) +iD,, (R)T,)

I, : short rate interest rate at time tu.

m Heston stochastic volatility model.

¢UV(X ’V/XU ’VU) — eXp(CUV(X ’V) T DUV(X ’V)VU + iXXU)

Xy - logarithm of underlying. Vu': variance process.

s Hybrids with jumps, stochastic interest rates and volatility.

. IG
(DUV(X,V,R,G/XU RAMERH ) € CuvtBuy 21+ Dy 1y XX, +1Gg,
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Characteristic functions of models with time-dependent parameters

= All relevant information of a Markov process with
independent increments at an instant t, is given by the
joint probability distribution: ¢, (X/Xo)

Doy (X/Xo)
O (X/X,)
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Characteristic functions of models with time-dependent parameters

= Characteristic function under search:
ngV(X/X jdX e f0v (X /Xo)

= Joint density 1 —>'[V in terms of densities Ty =1,
and t, >t (mdependentlncrements)

fou (X, /%0) = j dx, fo, (X, /%o) fuu (%, /X,)
= Subtituting  To, (X, / Xo) in @ou(X/X,):
¢Ov (X/XO) — Idxu 1:Ou (Xu /XO) j‘dxveix.xv 1:uv (Xv /Xu)

J/

Puv (X/Xu ):eXp(CZv (X)+Dyy (X)-xy )

Grupo
Santander




Characteristic functions of models with time-dependent parameters

= After substituting @, (X/Xu) :
¢Ov (X/XO) — jqu 1’-Ou (Xu /XO) eXp(Cuv (X) + Duv (X) ' Xu)
RN

= exp(C,,, (X)) [ dx, fo, (X, /%) expli(i D, (X)) X, )

-

Poy (i _1D;\f/ (X)/Xo )

[ A
= exp| C,, (X) +Cy, 17Dy, (X) J+ Dy, (1D, (X)) X,

\ CO\T(X) Do\;r(x) Y,
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Characteristic functions of models with time-dependent parameters

» |dentifying terms:

Doy (X/XO) — eXp(COv (X) T DOv (X) ) XO)

(COV (X) = Cuv (X) T C:Ou (I _1Duv (X))
kDOV (X) = DOu (I _1Duv (X))

| C01’D01 ClZ’D12 | |CM—1,M’DM—1,M|

|
| 0 | 0 | | VEERY |
0 01 t 12 t, " , t,
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Application to Heston’s model

» Heston process:

dS, = 4S,dt + /v, S,dW,
dv, = k(6 —v, )t + o/v, dY,

(

d<Wt’Yt> — pdt

* The two state variables for Heston’s process are the
logarithm of the stock price X, =10g(S,) and the

variance process V
= (x(t,), v(t,))

» These two state variables translate into X and V for
the characteristic function:

X =(X,V)
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Application to Heston’s model

= Joint characteristic function for Heston process:

0 (X V/X(t,),V(t,))= e oY) P2 OBl X
uv \ 7N WIAACTY ) A

D

uv,2

2 1— ge—dr

: ~ —dr
xv)- AL 8D, )i

N A-d7
CUV(X,V)= i,uXr+K—f[—2ln[l_ge~ j+(l{—p0Xi —d)Tj
o

K — poXi—d —iVo’ g= Kk — poXi—d
kK —poXi+d—iVo’ K — poXi+d

d =/(x — poXif + X (i + X)
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Application to Heston’s model

= Characteristic function with time-dependent
parameters at maturity t, :

0oy (XY /X(,), V(L )) = 500X Povz X)) Dy a (X V()
Ov ] 0/ 0l)—

Coy(X.V)=C,, (X.V)+Cy, (X,i™D,, ,(X.V))
DoV,z(X Vv ) = DOU,Z(X ’ i_lDuv,Z (X ’V))
Dy, 1 (X,V) = iX

L e el

(l) Touy = tu tul Tw = tv B tu tlv
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Application to Heston’s model

» Valuation of vanilla options:

( |
C =Dk E((ST - K)+)= DF; F(eXT 1{XT>|nK}) KE(l{x >InK})
K Assetoanothing Cash or nothlng )

» Characteristic function for cash or nothing option:
X Xg
%T (X/Xo) Por (X O/Xo) jel T for (XT,VT/XO)CIX dv;

* [nversion formula: cummulative density in terms of
characteristic function.

P(x>a)=£+ 17 Lx ((ﬂ(x) o(- X)jdX

2 T iXa e—lXa
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Application to Heston’s model

= Characteristic function for asset or nothing option:

0 0 10x) | E) gl

AN
T o (-1,0/%,)  E(eF) E(S;)
foArN(XT’XT/Xo’Vo)
IXX; eXT
%ATN(X/XO,VO):ieX dei fOT(xT,vT/xo,vo)E(ST)dvT

* Final expression of vanillas:

C = DF, (E(S; P (%, > InK)—KP(x, > InK))
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Application to Heston’s model

= Valuation of FX quanto op(tions (S; in USD per EUR):

\
C = DRFE((S; ~K)* Sy )= DFF| E(€”7 1y, i)~ KEE 1y, )
\\ Asset"2<\)frnothing ’ ) Asseto?fnothing ’ )

» Characteristic function for asset™2 or nothing option:

¢A2N (X/X ) _ @ot (X — Zi/XO) _ E(ei(X—Zi)xT ) _ E(eiXxTezxT )
oT 0 @7 (—2i/X,) E(eZXT) E(STZ)

* Final expression for FX quanto vanillas:

C-= DFT$(E(ST2)PA2N(XT > InK)—KE(S; )PV (%, > In K))
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Calibration

* A bootstrapping algorithm is proposed.:

m Periods in between vanilla maturities are chosen to let
parameters change.

ml.n=1

= 2. Search model parameters (8, x, o, p) from Ti—l to Ti to
fit vanillas at T. minimizing the following objective function:

model market )2

FO = Z (prlce — price]
ZW
N.B. Wi chosen to give more weight to options closer to ATM.
= 3. The parameters up to 1, are fixed
m 4. n=n+1
m 5. Return to step 2
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Case study: Calibration to Eurostoxx 50.

* Time dependent Heston model is calibrated to the following
Eurostoxx 50 volatility surface:

K\ Mat 1m 3m 6m 9m ly 2y 3y 4y 5y 10y
0.85 23.0 18.7 18.5 18.6 19.1 19.7 20.6 215 22.2 25.8
0.90 18.9 16.7 17.0 17.2 17.8 18.8 19.8 20.8 21.5 25.3
0.95 15.2 14.7 15.5 16.0 16.6 17.8 19.0 20.0 20.8 24.7
1.00 12.2 13.2 14.1 14.8 15.5 16.9 18.2 19.3 20.2 24.2
1.05 11.6 12.3 13.1 13.9 14.4 16.1 17.5 18.7 19.5 23.7
1.10 13.3 12.3 12.6 13.2 13.7 15.4 16.9 18.1 19.0 23.2
1.15 15.6 12.9 12.4 12.7 13.2 14.8 16.3 17.5 18.5 22.7

* To avoid problems with discrete dividend payments, what is
calibrated is the forward delivered at the last maturity rather than the
underlying itself.

= Two calibrations are carried out:
m Left: constrained calibration (esp. with respectto O and K').
= Right: unconstrained calibration

Vg6 0 x o p| v 0 K o p
max | 1 1 20 15 1| 100 100 100 100 1
mn| 0 0 O 0 -1 0 0 0 0 -1
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Case study: Calibration to Eurostoxx 50.

= Maximum error for both calibrations: 8 bp for most OTM options.
= Both calibrations are equivalent from a qualitative point of view:

s Market is pricing in increasing uncertainty of volatility: ¢ is constant
while k¥ reduces (left) vs k¥ is constant while o increases (right).

s Market is pricing in increasing volatility (from 11% to around 45% at
10y) and increasing skew.

Calibration of STOXX50E: ATM + 3 vanillas around. vay = 0.0174 Calibration of STOXX50E: ATM + 3 vanillas around. vay = 0.0175
8r 8r
o theta o theta
7t > kappa| 7 > kappal
© sigma ¢ sigma
6 v rho 6 v rho
5
3 g 4
= =
S g 3
2
1
Qeee —°
_1% Y 1 I Y _1%_M—?—V\V‘ﬁ 1 r =74
0 2 4 6 8 10 0 2 4 6 8 10
Maturity in years (Moneyness weights: ATM: 100; Rest: 45, 35, 5) Maturity in years (Moneyness weights: ATM: 100; Rest: 45, 35, 5)
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Application to Forward start options.

* Forward start option:
p = P(0,t,)E((e* — Ke*)")=P(0.t,)Ele* (™ —K)")

= Applying the tower law:
p=P(0.t,)El*E|e*™ - K)" /x,)=P(O.t,)E

* The expectation E can be calculated integrating over
the state variables X, and X, attimes !, and {, .

E — |:u F_Q[dxu 1:Ou (Xu /XO )eFi j(exv_xu o K)+ 1:uv (Xv /Xu )dXv

u R?
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Application to Forward start options.

~

* The increment X, =X, —X, depends on V, but not on X;:

1:uv(Xv’Vv/Xu’Vu) — 1:uv(Xv _Xu’Vv/O’Vu) — fuv(;(v/o’vu)
= Doing the change of variable X, =X, — X, :

eX“ 3 + ~ ~
E = F, [dx, fo, (%, /o) = [ (€% ~K) £,,(%,/0,v, )%,
RZ FU R2

* Exchanging the order of integration, the expectation E
can be calculated as a regular vanilla with respect to a
new measure f .

£~ F, [aR (6" —K) T(%,/%,)= RE(E* —K)")
R? X,

(R0 /%0)= [ Tou 0t /%) (R, /0,0, )k,

R? " U
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Application to Forward start options.

= Definition of the characteristic function of T :
P(X/xo) = [€X"F (X, /%,)dX,
R2
= Substituting f and exchanging the order of integration:

&(X/XO) = jqu eF_u fOu (Xu /XO) J‘eiiv.x fuv (;(v/o’vu )j;(v
R’ R’

u

o

Duy (X/O’Vu )=exp((5;, (X)+Duv,2 (X)\;u )
* Replacing the definition of @, (X/0,v,) and reordering:

Cu (X)

€

P(X/%q)= [[dx, o, (x, /%, Jexpli(i)x, +i(=iD,, , (X)1,))

u R?
o

Pou (_i ,—i1Dyy 2 (X)/Xo ):eXp(C()u (_i ’_“Buv,z (X))'*X0+D0u,2 (_i ,—1Dyy 2 (X))Vo)
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Application to Forward start options.

= Final expression obtained for @(X/x,):
5(X/Xo): eXp(é(X)+ Xo T IS(X)‘/o)

E(X)=~In(F, )+ Cy (X)+ o, (-i,-iD,,,00)

~

\D(X) = DOu 2(_ I’_IDuv 2 (X))

* The marginal distribution of the underlying x IS
obtained by setting V =0 in X=(X,V) .

* The final forward start option price is:

p=PO.t,)FE(E* —K)")
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Forward skew of Heston’s model.

= Consider the price of the forward start option when the
underlying X, Is driven by BS process with constant vol:

p=DF, E((e~ ~ Ke*)")= DF, Ele* JE((e* ~K)")

X, = (,u —%GBszjdt + o AW,

* |t is understood by forward skew the implied volatility
surface that results when the forward start option price
above, equals the price of the same forward start option

when X, Is a Heston process.
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Forward skew of Heston’s model.

= Lower maturity options are more sensitive to the
variance distribution as the forward start term increases.

3m option for different forward start terms (constrained calib) 3m option for different forward start terms (unconstrained calib)

0.35¢ 0.35r
o 5y © 5y
= " 4y - D + 4y
'€ 0.3 o 3y S 0.3° o
> o 2y 2 i
() Qo i
o A v 1y o v
£ 0.25¢ * 6m £ 0.25¢ *
2 ] ¢« 3m =) ] @
© * © *
S 02 g 02
© ©
£ g
£0.15- £0.15-
T s ST TR
0.17 I I L 1 L ] 0.17 I i | RN L |
0.85 0.9 0.95 1 1.05 1.1 1.15 0.85 0.9 0.95 1 1.05 1.1 1.15

Moneyness Moneyness

= Constrained calibration (left) seems a lot more
reasonable than unconstrained calibration (right).
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Forward skew of Heston’s model.

= Longer maturity options are less sensitive to the
variance distribution as the forward start term increases.

5y option for different forward start terms (constrained calib) 5y option for different forward start terms (unconstrained calib).

0.35¢ 0.35r
o By ° 9y

- 4y - 4y
€ 03 5 3y € 03 5 3y
s ~ o 2y S - o2y
o v 1y o v 1y
i * 6m i ) * 6m
£ so——- = 3m £ s-———-| * 3m
T | + spotl: ks * spott
(@] Y [e) =9
> >
© ©
g 3
£ 0.15/ £ 0.15/

0.17 I i I 1 L ] 017 I i I i L i

0.85 0.9 0.95 1 1.05 1.1 1.15 0.85 0.9 0.95 1 1.05 1.1 1.15
Moneyness Moneyness

= Constrained and unconstrained calibrations seem to
agree a lot more for longer maturity options.
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Forward skew of Heston’s model.

= Between both calibrations: big difference for short maturity
forward start options.

m Both calibrations fit the marginal distribution of the underlying but,
m the variance distribution is not specifically calibrated in either case.

. Market volatility Surface: 100, 3m option for different forward starting terms
. . o B
= Gives info about the 0 N
marginal distribution of the g N
underlying. 7 60 - om
o e * 6m
= No info is given about the @ 40 s em
distribution of the variance ©
(this info could be givenby £ %9
forward start or cliquet S g
option quotes). R

“Mes 09 o5 1 1.05 11 115
Moneyness
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Forward skew of Heston’s model.

= What's different from both calibrations?

= Consider the instantaneous volatility &, =4/V,
(obtained applying I1t0):

2
d5, = | 2020 Kz g+ 1oy,
8o, 2 2

= Calibrations with O greater than one can lead to very
negative drift:

s Constrained: O cannot be higher than 1.5.

s Unconstrained: O far exceeds 1 at higher maturities:
— Variance is biased towards values near zero at long maturities.

— Forward implied volatility is lower and forward skew does not
make sense.
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Forward skew of Heston’s model.

= Calibration of the uncertainty of volatility ( K and o ):

m Left: constraining O to moderate values and calibrating K
seems to provide a better forward skew.

s Right: fixing KX and calibrating & may bias the forward
skew towards artificially lower implied volatilities.

Calibration of STOXX50E: ATM + 3 vanillas around. vay = 0.0174 Calibration of STOXX50E: ATM + 3 vanillas around. vay = 0.0175
8 8r
o theta o theta
7r o kappa| - 7r ° kappa|
© sigma ¢ sigma
6 v rho 6 rho
5
3 g 4
=) =)
S S 3
2
1
Qeee —°
_1% Y 1 I Y _1%_M—?—V\V‘ﬁ 1 r =74
0 2 4 6 8 10 0 2 4 6 8 10

Maturity in years (Moneyness weights: ATM: 100; Rest: 45, 35, 5) Maturity in years (Moneyness weights: ATM: 100; Rest: 45, 35, 5)
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Conclusions

= A new method to introduce piecewise constant time-
dependent parameters using transform methods is
presented:

s The characteristic function of the underlying for a time
horizon is calculated in terms of the characteristic functions
of the sub-periods where the parameters change.

= Analytic tractability is preserved for a wide family of models
such as hybrids with stochastic vol, interest rates an jumps.

* The method has been applied to Heston’s model.
= Two calibrations were carried out on the Eurostoxx 50.

* The method has also been applied to valuation of
forward start options.

* The forward skew of both calibrations is explored.
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