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Problem

A fund manager detains an initial capital x and can

Invest θ in a risky asset: dSt = σSt(dWt + λdt)

Consume C: give dividends to investors
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Problem

A fund manager detains an initial capital x and can

Invest θ in a risky asset: dSt = σSt(dWt + λdt)

Consume C: give dividends to investors

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

To convince the investors, he imposes a

Drawdown constraint : Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

What is the optimal strategy (C, θ) ?

Is there any admissible strategy (C, θ) ?
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Drawdown Constraint

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t
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Admissible strategies

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Strategy: (Ct, θt) = (ct, πt)
[

Xx,C,θ
t − α

(
Xx,C,θ

)∗

t

]

with
∫ T
0 (ct + πt

2)dt < ∞
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∫ t
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[

Xx,C,θ
t − α

(
Xx,C,θ
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]

with
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0 (ct + πt
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Xx,C,θ
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(
Xx,C,θ
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t
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[
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(
Xx,C,θ
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Xx,C,θ

)∗

t

]α/(1−α)

dMt = Mt[(λσπt − ct)dt + σπtdWt]
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Admissible strategies

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
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Xx,C,θ

)∗
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]α/(1−α)

dMt = Mt[(λσπt − ct)dt + σπtdWt] ⇒ M exists and is positive
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t = (1 − α)

[(
Xx,C,θ

)∗
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⇒ Xx,C,θ exists
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Literature on Drawdown

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t
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Literature on Drawdown

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Long term growth rate [GZ93] [CK95]

u(x) = sup
θ∈AD

lim sup
t→∞

1

t
log E

[(

Xx,C,θ
t

)p]
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Literature on Drawdown

Wealth: Xx,C,θ
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∫ t
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Literature on Drawdown

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Long term growth rate [GZ93] [CK95]

u(x) = sup
θ∈AD

lim sup
t→∞

1

t
log E

[(

Xx,C,θ
t

)p]

⇒ Investment θt = π
(

Xx,C,θ
t − α

(
Xx,C,θ

)∗

t

)

Intertemporal power utility [R06]

u(x) = sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt Ct

pdt

]
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Our Problem

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Intertemporal general utility function

u(x) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]
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Our Problem

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Intertemporal general utility function

u(x) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]

Extra dependence on current maximum

Drawdown constraint: Xx,C,θ
t ≥ α Zx,z,C,θ

t

with Zx,z,C,θ
t := z ∨

(

Xx,C,θ
t

)∗

u(x, z) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]
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Properties

u(x, z) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]
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Properties

u(x, z) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2
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Properties

u(x, z) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Properties of the value function:

u is defined for {αz ≤ x ≤ z}

u(., z) is concave and increasing

u(x, .) is decreasing

u(x, z) ≤ u0(x)≤ K(1 + xp)

Optimal consumption-investment strategy under drawdown constraint – p.7/22



Properties

u(x, z) := sup
(C,θ)∈AD

E

[∫ ∞

0
e−βt U(Ct)dt

]

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β
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Properties of the value function:

u is defined for {αz ≤ x ≤ z}

u(., z) is concave and increasing

u(x, .) is decreasing

u(x, z) ≤ u0(x)≤ K(1 + xp)
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Dynamic Programming

u(x, z) = sup
(C,θ)[0,h]

E

[∫ h

0
e−βtU(Ct)dt

]

+ E

[

e−βhu (Xx,C,θ
h , Zx,z,C,θ

h )
]

︸ ︷︷ ︸

Ib
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Dynamic Programming

u(x, z) = sup
(C,θ)[0,h]

E

[∫ h

0
e−βtU(Ct)dt

]

+ E

[

e−βhu (Xx,C,θ
h , Zx,z,C,θ

h )
]

︸ ︷︷ ︸

IbIf u is regular,

u(x, z) + E

[∫ h

0
. . . dt

]

+ E

[∫ h

0
e−βtuz(Xt, Zt)dZt

]
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Dynamic Programming

u(x, z) = sup
(C,θ)[0,h]

E

[∫ h

0
e−βtU(Ct)dt

]

+ E

[

e−βhu (Xx,C,θ
h , Zx,z,C,θ

h )
]

︸ ︷︷ ︸

IbIf u is regular,

u(x, z) + E

[∫ h

0
. . . dt

]

+ E

[∫ h

0
e−βtuz(Xt, Zt)dZt

]

Term in "dt"⇒ sup
C≥0,θ

{U(C) + (σλθ − C)ux + σ2θ2uxx/2 − βu} = 0
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Dynamic Programming

u(x, z) = sup
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[
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Term in "dt"⇒
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⇒ HJB: βu − V (ux) +
λ2

2

u2
x

uxx
= 0
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Dynamic Programming
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]
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]
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]
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= 0

Term in "dZt" ⇒ uz(Zt, Zt)dZt = 0
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Dynamic Programming

u(x, z) = sup
(C,θ)[0,h]

E

[∫ h

0
e−βtU(Ct)dt

]

+ E

[

e−βhu (Xx,C,θ
h , Zx,z,C,θ

h )
]

︸ ︷︷ ︸

IbIf u is regular,

u(x, z) + E

[∫ h

0
. . . dt

]

+ E

[∫ h

0
e−βtuz(Xt, Zt)dZt

]

Term in "dt"⇒ sup
C≥0,θ

{U(C) + (σλθ − C)ux + σ2θ2uxx/2 − βu} = 0

Term in "dt"⇒
C∗ = −V ′(ux)
θ∗ = −λux/σuxx

⇒ HJB: βu − V (ux) +
λ2

2

u2
x

uxx
= 0

Term in "dZt" ⇒ uz(Zt, Zt)dZt = 0 or
uz

= 0 uz(z, z) = 0

dZ
t = 0 θ(z, z) = 0
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Dynamic Programming

u(x, z) = sup
(C,θ)[0,h]

E

[∫ h

0
e−βtU(Ct)dt

]

+ E

[

e−βhu (Xx,C,θ
h , Zx,z,C,θ

h )
]

︸ ︷︷ ︸

IbIf u is regular,

u(x, z) + E

[∫ h

0
. . . dt

]

+ E

[∫ h

0
e−βtuz(Xt, Zt)dZt

]

Term in "dt"⇒ sup
C≥0,θ

{U(C) + (σλθ − C)ux + σ2θ2uxx/2 − βu} = 0

Term in "dt"⇒
C∗ = −V ′(ux)
θ∗ = −λux/σuxx

⇒ HJB: βu − V (ux) +
λ2

2

u2
x

uxx
= 0

Term in "dZt" ⇒ uz(Zt, Zt)dZt = 0 or
uz

= 0 uz(z, z) = 0

dZ
t = 0 θ(z, z) = 0

⇒ Boundary condition: [−uz] ∧ [ux/uxx](z, z) = 0
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
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2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)

[−vz] ∧ [yvyy](ϕ(z), z) = 0

vy(ϕ(z), z) = −z

vy(ϕα(z), z) = −αz
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)

[−vz] ∧ [yvyy](ϕ(z), z) = 0

vy(ϕ(z), z) = −z

vy(ϕα(z), z) = −αz

Generic form to v
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Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)

[−vz] ∧ [yvyy](ϕ(z), z) = 0

vy(ϕ(z), z) = −z

vy(ϕα(z), z) = −αz

Generic form to v

ϕα = ∞ gives v in terms of ϕ
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)

[−vz] ∧ [yvyy](ϕ(z), z) = 0

vy(ϕ(z), z) = −z

vy(ϕα(z), z) = −αz

Generic form to v

ϕα = ∞ gives v in terms of ϕ

ϕ determined implicitly at the boundary or
α < 1/(1 + γ) uz(z, z) = 0

α > 1/(1 + γ)
θ(z, z) = 0
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Duality v(y, z) := supx≥0[u(x, z) − xy]

Primal PDE

αz < x < z

βu − V (ux) +
λ2

2

u2
x

uxx
= 0

[−uz] ∧ [ux/uxx](z, z) = 0

Dual PDE

βv − βyvy −
λ2

2
y2vyy = V (y)

ϕ(z) < y < ϕα(z)

ϕ(z) := ux(z, z)

ϕα(z) := ux(αz, z)

[−vz] ∧ [yvyy](ϕ(z), z) = 0

vy(ϕ(z), z) = −z

vy(ϕα(z), z) = −αz

Generic form to v

ϕα = ∞ gives v in terms of ϕ

ϕ determined implicitly at the boundary or
α < 1/(1 + γ) uz(z, z) = 0

α > 1/(1 + γ)
θ(z, z) = 0

u determined implicitly
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Verification theorem

u ∈ C0
(
Dα

)
∩ C2,1 (Dα) with Dα := {(x, z) : αz < x < z}
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Verification theorem

u ∈ C0
(
Dα

)
∩ C2,1 (Dα) with Dα := {(x, z) : αz < x < z}

u is solution of the primal PDE
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Verification theorem

u ∈ C0
(
Dα

)
∩ C2,1 (Dα) with Dα := {(x, z) : αz < x < z}

u is solution of the primal PDE

Unique sol. to the SDE of the wealth for the optimal strategy
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Verification theorem

u ∈ C0
(
Dα

)
∩ C2,1 (Dα) with Dα := {(x, z) : αz < x < z}

u is solution of the primal PDE

Unique sol. to the SDE of the wealth for the optimal strategy

u(x, z) ≤ K
(
1 + zαp(x − αz)(1−α)p

)
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Verification

Assumptions: U is C1, increasing, concave, satisf. Inada, U(0) = 0,

and p := lim sup
x→∞

xU ′(x)

U(x)
< 1 ∧

γ

(1 − α)(1 + γ)
, with γ :=

2β

λ2

Verification theorem

u ∈ C0
(
Dα

)
∩ C2,1 (Dα) with Dα := {(x, z) : αz < x < z}

u is solution of the primal PDE

Unique sol. to the SDE of the wealth for the optimal strategy

u(x, z) ≤ K
(
1 + zαp(x − αz)(1−α)p

)

Azema-Yor martingale, non-linear constraint ? [EM06]

Optimal consumption-investment strategy under drawdown constraint – p.10/22



Explicit solution

Define δ := γ
(1−α)(1+γ) and ϕ as the inverse on R

+ of

g(ζ) := δ
β(1+δ)

(
∫ ζ
0

−V ′(s)
s

(
s
ζ

)1+δ
ds +

∫ ∞

ζ
−V ′(s)

s ds

)

.

Define f(., z) as the inverse on (ϕ(z),∞) of

h(y, z) := αz + γ
β(1+γ)

(
ϕ(z)

y

)1+γ ∫ ϕ(z)
0

−V ′(s)
s

(
s

ϕ(z)

)1+δ
ds

+ γ
β(1+γ)

{
∫ y
ϕ(z)

−V ′(s)
s

(
s
y

)1+γ
ds +

∫ ∞

y
−V ′(s)

s ds

}

Optimal strategy: C(x, z) = −[V ′ ◦ f ](x, z) and

θ(x, z) = λ
σ

(

(γ + 1)(x − αz) − γ
β

∫ ∞

f(x,z)
−V ′(s)

s ds
)

Value function: u(x, z) = f(x, z)
(

γ+1
γ (x − αz) + 1

β

∫ ∞

f(x,z)
V (s)
s2 ds

)
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Value function u(x, 1)

U(x) = xp + xq

0
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Value function u(x, 1) Vs x for different values of α.
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Optimal Strategy

U(x) = xp + xq
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Optimal strategy Vs x for different values of α.
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Finite horizon

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t
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Finite horizon

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α

(
Xx,C,θ

)∗

t

Maximization with fixed horizon T

u(x) := sup
(C,θ)∈AD

E

[∫ T

0
e−βs U(Cs)ds

]
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Finite horizon

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α Zx,z,C,θ

t

with Zx,z,C,θ
t := z ∨

(

Xx,C,θ
t

)∗

Maximization with fixed horizon T

u(x, z) := sup
(C,θ)∈AD

E

[∫ T

0
e−βs U(Cs)ds

]
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Finite horizon

Wealth: Xx,C,θ
t = x −

∫ t
0 Crdr +

∫ t
0 σθr (dWr + λdr)

Drawdown constraint: Xx,C,θ
t ≥ α Zx,z,C,θ

t

with Zx,z,C,θ
t := z ∨

(

Xx,C,θ
t

)∗

Maximization with fixed horizon T

u(x, z) := sup
(C,θ)∈AD

E

[∫ T

0
e−βs U(Cs)ds

]

Temporal dependence of the value function

u(t, x, z) := sup
(C,θ)∈AD

E

[∫ T

t
e−βs U(Cs)ds

]
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Domain and properties

z

x

x = αz

x = z

b

0

Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Optimal consumption-investment strategy under drawdown constraint – p.15/22



Domain and properties

z

x

x = αz

x = z

b

0

Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց)
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Domain and properties
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x = αz

x = z
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Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)
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Domain and properties

z

x

x = αz

x = z

b

0

Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)

u = 0 on BT ∪ B0 ∪ Bα
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Domain and properties

z

x

x = αz

x = z

b

0

Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)

u = 0 on BT ∪ B0 ∪ Bα uz = 0 on B1

Optimal consumption-investment strategy under drawdown constraint – p.15/22



Domain and properties
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x = αz

x = z
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Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)

u = 0 on BT ∪ B0 ∪ Bα uz = 0 on B1

h 7→ u[y + h−→e ] is concave on R+ with −→e := (0, 1, 1)

−→e
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Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)

u = 0 on BT ∪ B0 ∪ Bα uz = 0 on B1

h 7→ u[y + h−→e ] is concave on R+ with −→e := (0, 1, 1)

−→e

⇒ u is right-continuous in the direction −→e on Oα ∪ BT ∪ B1
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Domain and properties

z

x

x = αz

x = z

b

0

Oα

Domain of definition Oα of u is decomposed in
Oα := [0, T ) × {(x, z) : 0 < αz < x < z} ,

B0 := [0, T ] × {(0, 0)} ,

Bα := [0, T ] × {(αz, z) : z > 0} ,

B1 := [0, T ) × {(z, z) : z > 0} ,

BT := {T} × {(x, z) : 0 < αz ≤ x ≤ z} .

Properties of the value function

u(t ց, x ր, z ց) 0 ≤ u(t, x, z) ≤ K(1 + xp)

u = 0 on BT ∪ B0 ∪ Bα uz = 0 on B1

h 7→ u[y + h−→e ] is concave on R+ with −→e := (0, 1, 1)

−→e

⇒ u is right-continuous in the direction −→e on Oα ∪ BT ∪ B1

0 ≤ u(t, x, z) ≤ u∞(x, z) ⇒ true on Oα
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Viscosity solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0
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Viscosity solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

u is a constrained viscosity solution of (E)
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Viscosity solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

u is a constrained viscosity solution of (E), i.e.

su
pe

r-
so

lu
tio

n

• u∗ ≥ 0 on BT ∪ B0 ,

• ∀ y0 ∈ Oα , ϕ ∈ C1,2,1(Oα) satisf. 0 = (u∗ − ϕ)(y0) = infOα
(u∗ − ϕ):

−Lϕ(y0) ≥ 0 if y0 ∈ Oα and −ϕz(y0) ≥ 0 if y0 ∈ B1 .
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Viscosity solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

u is a constrained viscosity solution of (E), i.e.

su
pe

r-
so

lu
tio

n

• u∗ ≥ 0 on BT ∪ B0 ,

• ∀ y0 ∈ Oα , ϕ ∈ C1,2,1(Oα) satisf. 0 = (u∗ − ϕ)(y0) = infOα
(u∗ − ϕ):

−Lϕ(y0) ≥ 0 if y0 ∈ Oα and −ϕz(y0) ≥ 0 if y0 ∈ B1 .

su
b-

so
lu

tio
n • u∗ ≤ 0 on BT ∪ B0 ,

• ∀ y0 ∈ Oα , ϕ ∈ C1,2,1(Oα) satisf. 0 = (u∗ − ϕ)(y0) = supOα
(u∗ − ϕ):

−Lϕ(y0) ≤ 0 if y0 ∈ Oα ∪ Bα and min{−Lϕ,−ϕz}(y0) ≤ 0 if y0 ∈ B1
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Unicity of the solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem
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Unicity of the solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα
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Unicity of the solution
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−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα

−→e

v is right-continuous in the direction −→e on Oα ∪ B1 ∪ Bα
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Unicity of the solution
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−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα

−→e

v is right-continuous in the direction −→e on Oα ∪ B1 ∪ Bα

w ≤ v on B0 ∪ BT
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Unicity of the solution
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Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
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ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα

−→e

v is right-continuous in the direction −→e on Oα ∪ B1 ∪ Bα

w ≤ v on B0 ∪ BT
Then w ≤ v on Oα.
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Unicity of the solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα

−→e

v is right-continuous in the direction −→e on Oα ∪ B1 ∪ Bα

w ≤ v on B0 ∪ BT
Then w ≤ v on Oα.

⇒ u characterized as unique viscosity solution of (E)
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Unicity of the solution

z

x

x = αz

x = z

b

0

Oα

Lϕ := ϕt − βϕ + V (ϕx) − λ2

2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Comparison theorem [Z94]

Let w u.s.c. sub-solution and v l.s.c. super-solution of (E) s.t.

([w]+ + [v]−)(t, x, z) ≤ K(1 + xp) on Oα

−→e

v is right-continuous in the direction −→e on Oα ∪ B1 ∪ Bα

w ≤ v on B0 ∪ BT
Then w ≤ v on Oα.

⇒ u characterized as unique viscosity solution of (E)

⇒ Numerical approximation [BS91] [BDR94]
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Finite difference scheme
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2
ϕ2

x

ϕxx

(E)







−Lϕ = 0 on Oα

−ϕz = 0 on B1

ϕ = 0 on BT ∪ B0

Numerical Approximation
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Numerical Approximation [BS91] [BDR94]

Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]
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Numerical Approximation [BS91] [BDR94]

Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]

⇒ matrix (xj
i )i≤Nz ,j≤Nx

with [x0
i , x

Nx

i ] = [αzi, zi]
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Finite difference scheme
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Numerical Approximation [BS91] [BDR94]

Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]

⇒ matrix (xj
i )i≤Nz ,j≤Nx

with [x0
i , x

Nx

i ] = [αzi, zi]

⊲ Initialization û(T, ., .) := 0
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Finite difference scheme
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Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]

⇒ matrix (xj
i )i≤Nz ,j≤Nx

with [x0
i , x

Nx

i ] = [αzi, zi]

⊲ Initialization û(T, ., .) := 0

⊲ tn+1 ⇒ tn ũ(tn+1, x
0
i , zi) := 0
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Finite difference scheme
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Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]

⇒ matrix (xj
i )i≤Nz ,j≤Nx

with [x0
i , x

Nx

i ] = [αzi, zi]

⊲ Initialization û(T, ., .) := 0

⊲ tn+1 ⇒ tn ũ(tn+1, x
0
i , zi) := 0 and, for j > 0,

ũ(tn, xi
j , zi) := (1 − β∆t)û(tn+1, x

j
i , zi) + V

(

û(tn+1,xj+1
i ,zi)−û(tn+1,xj

i ,zi)

∆ix

)

∆t

− λ2

2
[u(tn+1,xj+1

i ,zi)−u(tn+1,xj
i ,zi)]

2

u(tn+1,xj+1
i ,zi)+2u(tn,xj

i ,zi)−u(tn+1,xj−1
i ,zi)

∆t .
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Pt of interest z0 ⇒ regular grid (zi)i≤Nz of [0, 2z0]

⇒ matrix (xj
i )i≤Nz ,j≤Nx

with [x0
i , x

Nx

i ] = [αzi, zi]

⊲ Initialization û(T, ., .) := 0

⊲ tn+1 ⇒ tn ũ(tn+1, x
0
i , zi) := 0 and, for j > 0,

ũ(tn, xi
j , zi) := (1 − β∆t)û(tn+1, x

j
i , zi) + V

(

û(tn+1,xj+1
i ,zi)−û(tn+1,xj

i ,zi)

∆ix

)

∆t

− λ2

2
[u(tn+1,xj+1

i ,zi)−u(tn+1,xj
i ,zi)]

2

u(tn+1,xj+1
i ,zi)+2u(tn,xj

i ,zi)−u(tn+1,xj−1
i ,zi)

∆t .

û(tn, xj
i , zi) := ũ(tn, xj

i , zi)1xj
i≤zi

+ ũ(tn, xj
i , x

j
i )1xj

i >zi
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Value Function u(T, x, 1)
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Value function u(T, x, 1) Vs x for different horizons T
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Optimal strategy
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Optimal strategy Vs x for different horizons T .
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Conclusion

If α is too big, no interest in increasing the maximum wealth

Resolution by the linear dual PDE with "nice" boundary
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Conclusion

If α is too big, no interest in increasing the maximum wealth

Resolution by the linear dual PDE with "nice" boundary

Open questions

Direct resolution of the primal non linear PDE ?

Probabilistic resolution of the stochastic control problem ?

Non linear constraints ?

Utility of final wealth criterion ?

Interest rate influence ?
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Thanks !
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