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I. Problem formulation and examples



Problem Formulation

e Dynamics:
ST = s—l—/t.,u(SW(u),wu) du—l—/t-a(SW(u),wu) dWy,
XT = a;+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬂ(u),m)qu



Problem Formulation

e Dynamics:
ST = s—l—/t.,u(SW(u),wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = a;+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬁ(u),m)qu

e Loss function: 7 : (s,z) € R x R — R, non-decreasing in z.



Problem Formulation

e Dynamics:
ST = s—l—/t.,u(SW(u),Wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = x+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(swu),x”(u),m)dwu

e Loss function: 7 : (s,z) € R x R — R, non-decreasing in z.

e Non standard control problem : Given p € Im(¥),

v(t,s;p) = inf{ze€R : IreAst E[£(ST(T), X[, :(D))| >p} .



Problem Formulation

e Dynamics:
ST = s+ /t w(S™(u), ) du + /t o (S™(u), ™) dWy
X" = a4 [ p(ST(w), X" (), ma) dut [ B(S7(w), X" (), mu) dWu
t t
e Loss function: 7 : (s,z) € R x R — R, non-decreasing in z.
e Non standard control problem : Given p € Im(¥),

v(t,s;p) = inf{ze€R : IreAst E[£(ST(T), X[, :(D))| >p} .

e Aim: Provide a PDE characterization of v(-; p).



Examples in Finance Super Hedging

e Model specification
- S™. stocks (possibly influenced by a large investor's strategy ).

- X™:. portfolio process of the (large) investor.

- U(s,x) = Kz > g(s)}

v(t,s;1) = inf{x eR: IreAst. P [XZ}C’S(T) > g(sgs(T))} — 1}




Examples in Finance Quantile Hedging

e Model specification
- S™. stocks (possibly influenced by a large investor's strategy ).

- X™:. portfolio process of the (large) investor.

- U(s,x) = Kz > g(s)}

v(t,s;p) 1= inf {:13 eR: IneAs.t. P [ng,S(T) > g(sgs(T))] > p}




Examples in Finance Loss Functions

e Model specification
- S™. stocks (possibly influenced by a large investor's strategy ).
- X™:. portfolio process of the (large) investor.

- l(s,z) = —V([x — g(s)]7) with V convex non decreasing

o(t,si—p) i=inf{z e R: 3me Ast. B V(X (T) - g(ST,(M)] D] <p}




Examples in Finance Indifference price

e Model specification

- S™. stocks (possibly influenced by a large investor's strategy ).

- X™:. portfolio process of the (large) investor.

- (s,z) = U(x — g(s)) with U concave non decreasing

v(t,s;p) ;= inf {af; cR: dneAs.t. E [U(ngo+x,s(T) — g(Sgs(T))} > p}




II. A toy financial model



Model

e Stock price:
dS(u)
S(u)

= u(u,S(u), ) du—+ o (u,S(uw), ) dWy,

e Wealth process:

AXT(u) = X"(u) 7o (p (u, S(w), 70) du + o (u, S(u), mu) AWD)

v(t,s;p) ;= inf {:r; eER: dmneAst. P [Xgm,S(T) > g(SZfS(T))] > p}




The case p = 1: super-hedging

1. Dual approach when S is independent of r:

v(t,s;1) = inf {:13 >0: I3re As.t. P [ng,x(T) > g (St,S(T))} — 1}
= sup E%|g(Ses(D))]
QeM(S)

= Standard dynamic programming and PDE derivation.

Problem: specific to “linear” problems, not robust to general specifi-
cation (e.g. large investors,....).



The case p = 1: super-hedging

2. Direct approach of Soner and Touzi:

- (DP1): z >wv(t,s;1) = 3 me As.t. for all stopping time 7+ < T
ng,x(T) > v(T, Sgs(T); 1)
- (DP2): z <wv(t,s; 1) = for all stopping timer<T andrmec A

P X[ (7)) > v(r, STe(r); 1] < 1

= Non-standard dynamic programming but sufficient for PDE deriva-
tion.



The case p = 1: super-hedging

2. Direct approach of Soner and Touzi:
- (DP1): z >v(t,s;1) = d 7 e As.t. for all stopping time < T

ng,x(T) > v(T, Sgs<7_); 1)

e Take z = v(¢,s;1). Thereis m € Ast. X[, (1) = v(r, ST (7); 1).
Then,

ngs,a:(u) = mu [p (u, S™(u), mu) du + o (u, S™(u), Tu) W]
> dv(u, S{4(u); 1)
= L"v(u, St s(u); 1)du
+ Dsv(u, S{s(u); 1)o (u, S™(u), ) dWy
This leads to
max 7w (t,s,m) — L v(t,s;1) >0
weG(t,s)

where G(t,s) :={n: wo (t,s,7) = Dsv(t,s;1)o (t,s,m)}



The case p = 1: super-hedging

2. Direct approach of Soner and Touzi:

- (DP2): z <wv(t,s;1) = for all stopping time r<T and € A

P [ngij(f) > o(T, ST,(7); 1)} <1

e Take z = v(t,s;1) — e and assume that there is

w(t,s) € G(t,s) :={n: wo (t,s,7) = Dsv(t,s;1)o (t,s,7)}
S.t.

w(t,s)u (t,s, ™) — Eﬂ(t’s)'v(t, s;1)>mn ( “locally”) .

Take my, := 7 (u, Szfs(u)) Then,

dX{ s x(u) —dv(u, Sfg(u); 1) > ndu .

This leads to X[, (1) > v(7, S[((7); 1) for 7 well chosen.



The case p = 1: super-hedging

2. Direct approach of Soner and Touzi:

- (DP1): z >wv(t,s;1) = 3 me As.t. for all stopping time 7+ < T
ng,x(T) > v(T, Sgs(T); 1)
- (DP2): z <wv(t,s; 1) = for all stopping timer<T andrmec A

P X[ (7)) > v(r, STe(r); 1] < 1

= Non-standard dynamic programming but sufficient for PDE deriva-
tion.



The case p = 1: super-hedging

2. Direct approach of Soner and Touzi:

- (DP1): z >wv(t,s;1) = 3 me As.t. for all stopping time 7+ < T
XZ(,-S,ZC(T) > v(T, Sgs(T); 1)
- (DP2): z <wv(t,s; 1) = for all stopping timer<T andrmec A

P X[ (7)) > v(r, STe(r); 1] < 1

= Non-standard dynamic programming but sufficient for PDE deriva-
tion.

e Robust to the model specification !l See e.g. B. (2002) for applica-
tion in Insurance.



The case p < 1: quantile hedging

v(t,s;p) ;= inf {ac ceR: dneAs.t. P [ng,S(T) > g(SZfS(T))} > p}
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1. Dual formulation of Foellmer and Leukert:
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The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

e Stock price under the (unique) Risk Neutral Measure Q:
dS(u)
S(u)

= a(u,S(u))dW,,fE2 (independent on )

e \Wealth process:

dX™(u) = X"(u) myo (u,S(u)) dVVéLQ

e Problem Reformulation:
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The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

max P X[ 2(T) > g (Sts(T))]
& (set formally A = {XT, .(T) > g (Sis(T))})

TS%IP’ [A] under EQ [g (St,S(T)> 1A] <z



The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

7T
max P X[ 2(T) > g (Sts(T))]
& (set formally A = {XT, .(T) > g (Sis(T))})
Q
TS%(P[A] under E [g (St,S(T)> 1A] <z
e Foellmer and Leukert’s solution:

g (St,s(T)) 1
50 [y (s1.())]

X

= B2y (50a(D)]

maxP[4] under PI[A] :=EY




The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

max P X[ 2(T) > g (Sts(T))]

& (set formally A = {XT, .(T) > g (Sis(T))})

TS%IP’ [A] under EQ [g (St,S(T)> 1A] < x

e Foellmer and Leukert’s solution:

g (St,s(T)) 1 < T
EQ [9 (St,s(T>>} 4= EQ [9 (St,s<T))] |
Solved by using Neyman-Pearson’'s Lemma: test P9 against P

maxP[4] under PI[A] :=EY

= A= {X], (T)>g (st,S(T))}.



The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

max P X[ 2(T) > g (Sts(T))]

& (set formally A = {XT, .(T) > g (Sis(T))})

maxP[A] under EQ [g (St,S(T)> 1A} < x

AeF
e Foellmer and Leukert’s solution:
g (St,s(T)
maxP[A] under PI[A] :=EY ( ° ) &

EQ g (S0a(T))] ] = BQ[g (S0a(1))]

Solved by using Neyman-Pearson’'s Lemma: test P9 against P
= A= {X], (T) 2 g (515(D))}.

1. Find A(z) and #(z) so that X7&)(T) > ¢ (St»s(T)) LA(a)

t,s,x



The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

max P X[ 2(T) > g (Sts(T))]

& (set formally A = {XT, .(T) > g (Sis(T))})

maxP[A] under EQ [g (St,S(T)> 1A} < x

AeF
e Foellmer and Leukert’s solution:
g (St,s(T)
maxP[A] under PI[A] :=EY ( ° ) &

1 .
EQ[g (505(1)] | = BQ[g (51.:(D))]
Solved by using Neyman-Pearson’'s Lemma: test P9 against P

= A= {X], (T)>g (st,S(T))}.

1. Find A(z) and #(z) so that X7&)(T) > ¢ (St»s(T)) LA(a)

t,s,x

2. Find z(p) so that P [A(f(p))] =p



The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

e Pros:
- Explicit solution in some simple (but important) cases.
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- Explicit solution not known in general (need a way to compute it

numerically...)
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1. Dual formulation of Foellmer and Leukert:

e Pros:

- Explicit solution in some simple (but important) cases.

- Generic solution of the form: X[, .(T) =g (st,S(T)) 14 or X7, (T) =
g (St,s(T)) ¢ with ¢ € LO[0, 1].

- Similar structure in incomplete markets.

e Cons:
- Explicit solution not known in general (need a way to compute it

numerically...)
- Dual problem in incomplete markets is a control problem: how to

solve it 7



The case p < 1: quantile hedging

1. Dual formulation of Foellmer and Leukert:

e Pros:

- Explicit solution in some simple (but important) cases.

- Generic solution of the form: X[, .(T) =g (st,S(T)) 14 or X7, (T) =
g (St,s(T)) ¢ with ¢ € LO[0, 1].

- Similar structure in incomplete markets.

e Cons:

- Explicit solution not known in general (need a way to compute it
numerically...)

- Dual problem in incomplete markets is a control problem: how to
solve it 7?7

- Relies heavily on the duality between super-hedgeable claims and risk
neutral measures. How to extend this to large investor’'s problems, non
financial problems,... 7



The case p < 1: quantile hedging

2. Direct approach of Soner and Touzi ?
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The case p < 1: quantile hedging

2. Direct approach of Soner and Touzi ?
e Formal DP:
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ng,az('r) > v(T, SZSS(T); P)
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2. Direct approach of Soner and Touzi ?

e Formal DP:

x>v(t,s;p) A~Ire A s.t. ng’x(T) > (T, Sgs(T);p)

e Correction of the formal DP: =z > v(¢,s;p) = 3 7€ A s.t.
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The case p < 1: quantile hedging

2. Direct approach of Soner and Touzi ?

e Formal DP:

x>v(t,s;p) A~Ire A s.t. ng’x(T) > (T, Sgs(T);p)

e Correction of the formal DP: =z > v(¢,s;p) = 3 7€ A s.t.
ng,a:(T) > (T, Sgs('r); P) where P :=1DP [ng,:c(T) > g(Sgs(T)) | ng,a:(T)]
and E[P] =p i.e.

T
P:p—l—/ audWa
t



The case p < 1: quantile hedging

2. Direct approach as in Soner and Touzi

e Dynamic Programming: Set Pt’p = p+ [, audWy.
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2. Direct approach as in Soner and Touzi
e Dynamic Programming: Set Pt’p = p+ [, audWy.
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for all stopping time 7 < T.



The case p < 1: quantile hedging

2. Direct approach as in Soner and Touzi
e Dynamic Programming: Set Pt’p = p+ [, audWy.

- (DP1): z>wv(t,s;p) = I 7€ Aand a € L?(dt x dP) s.t.
ng,a:(T) > (T, SES(T); PtO,ép(7_>)
for all stopping time 7 < T.
- (DP2): z < v(t,s;p) = for all stopping time + < T, = € A and
a € L2(dt x dP)

P X7, 1(7) > v(r, SE(7); Py())] < 1



III. PDE derivation for stochastic target
problems with controlled probability



PDE derivation (formally)

e Take z = v(t,s;p). Thereis 7 € A and a € L2(dt x dP) s.t.

ng,x(T) > v(T, Sgs(T); Pt?ép(T))



PDE derivation (formally)

e Take z = v(t,s;p). Thereis 7 € A and a € L2(dt x dP) s.t.

ng,x(T) > v(T, Sgs(T); Pt?ép(T))
T hus,

dXZTs x(u)

1<)

oy [ (u, S™(u), ) du + o (u, S™(u), my) dWy]
dv(u, ST (w); PE(w))

L% (u, S¢ s(u); Prp(u))du

Dsv(u, S{s(u); Pry(u))o (u, S™(u), mu) dWy
Dpv(u, S{ s(u); Prp(u))audWy

+ + Il v



PDE derivation (formally)

e Take z = v(t,s;p). Thereis 7 € A and a € L2(dt x dP) s.t.

ng,x(T) > v(T, Sgs(T); Pt?ép(T))

Thus,
dXZ‘,—S,:U(u) — Tu [,LL (’LL, Sﬂ—(u)a 7T’UJ) du + g (’U,, Sﬂ-(u)a WU) dWU]
> dv(u, S{s(u); Prp(u))
= L"%(u, S{s(u); Prp(u))du
+ DS’U(’U,, SZSS(’U,), Pt?ép(u))o- (’U,, Sﬂ-(u)a WU) dWU
+ Dpv(u, S§o(u); Prp(u))audWy
This leads to

max wu(t,s,m) — LT (t,s;p) =0
(m,0)€G(1,s,p) { )

where G(t,s,p) ;= {(m, ) : wo (t,s,m) = Dsv(t,s;p)o (t,s,m) + Dpv(t,s; p)a}



Verification in the quantile hedging problem

e T he Problem:

v(t,s;p) = inf {af: cRy : ImrcAst. P [ng,S(T) > g(St,S(T))} > p} .

where

dSt,s(r) = Sts(r) (udt + odWy) and dX{, (r) = mpdSt s(r)



Verification in the quantile hedging problem

e T he Problem:
v(t,s;p) = inf {af: cRy : ImrcAst. P [ng,S(T) > g(St,S(T))} > p} :
where

dSt,s(r) = Sts(r) (udt + odWy) and dX{, (r) = mpdSt s(r)

e Associated PDE:

_ 1 595 2
0= sup TUS — USVs — =08 Vgs — O SVsp — O~ Upp
TOS=0SVUs+QUp 2



Verification in the quantile hedging problem

e The Problem:
v(t,s;p) = inf{z eRy : IreAst. P|X[, (T) > g(Ss(T))| > p} -

where

dSt s(r) = St s(r) (udt + cdW,) and dXfoys(r) = mrdSt (1)

e Associated PDE:

_ 1 55 2
0= sup TUS — USVs — =08 Vgs — O SVsp — O~ Upp
TOS=0SVs+QUp 2

e T his implies that vpy, > 0 and

1
O = sup (H avp — Ut — —0'282’033 — QO SVgp — a2vpp>
(@ o) 2
y 2
1 1 <—'Up — O'S’Usp)
— —Ut — _0232’038 = ?
2 2 Upp



Verification in the quantile hedging problem

Mo 2
e Associated PDE (bis): 0 = —uv; — %0232%9 + %(U’Up UZ;”SP)

e Boundary conditions: v(7T—,s,1) = g(s), v(T'—,s,0) = 0 and v
concave in p = v(T—,s,p) = pg(s)
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e Boundary conditions: v(7T—,s,1) = g(s), v(T'—,s,0) = 0 and v
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e Legendre-Fenchel transform of v with respect to the p—variable:
U(t, S q) .= SquE[O,l] {pq — ’U(t, S7p)} :



Verification in the quantile hedging problem

Mo 2
e Associated PDE (bis): 0 = —uv; — %0282%9 + %(U’Up Ugjvsp)

e Boundary conditions: v(7T—,s,1) = g(s), v(T'—,s,0) = 0 and v
concave in p = v(T—,s,p) = pg(s)

e Legendre-Fenchel transform of v with respect to the p—variable:
U(t, S q) .= SquE[O,l] {pq — ’U(t, S7p)} :

a- Boundary conditions: u(T—,s,q) = (q — g(s))+



Verification in the quantile hedging problem

Mo 2
e Associated PDE (bis): 0 = —uv; — %0282%9 + %(U’Up Ugjvsp)

e Boundary conditions: v(7T—,s,1) = g(s), v(T'—,s,0) = 0 and v

concave in p = v(T—,s,p) = pg(s)

e Legendre-Fenchel transform of v with respect to the p—variable:
U(t, S q) .= SquE[O,l] {pq — ’U(t, S7p)} :

a- Boundary conditions: u(T—,s,q) = (q — g(s))+

b- Associated PDE:

1 1
—Up — EJQUSS — (u/0)qosusq — E(u/a)zqzuqq =0



Verification in the quantile hedging problem

[ 2
e Associated PDE (bis): 0 = —v; — %02821)33 + %(va U‘;;’Usp)

e Boundary conditions: v(7T—,s,1) = ¢(s), v(T'—,s5,0) = 0 and v
concave in p = v(T—,s,p) = pg(s)

e Legendre-Fenchel transform of v with respect to the p—variable:
U(t, S Q) L= SUppe[O,l] {pq — ’U(t, Sap)} .

a- Boundary conditions: u(T—,s,q) = (q — g(s))+

b- Associated PDE:

1 1
—Uup — EO'QUSS — (u/o)qosusq — E(u/a)zqzuqq =0

c- Feynman-Kac:

dQ(r)
Q(r)

ut,s, @) =EQ|(Quq(T) = g (St.s(1)) ™| where = (u/o)aw ]



Verification in the quantile hedging problem

e Optimal controls: solution to

1
O = sup <7T/,LS — USVsg — —0'282'033 — OéO'S’USP — ()(Q'Upp)
TOS=0sVs+Qvp 2
IS given by
& H’Up — O'S'Usp
~ . ~ .__ O
T I=vs+ —vp , Qi=




Verification in the quantile hedging problem

e Optimal controls: solution to

1
O = sup <7T/,LS — USVsg — —0'282'033 — OéO'S’USP — ()(Q'Upp)
TOS=0sVs+Qvp 2
IS given by
& E’Up — O'S'Usp
~ .__ ~ .__ O
T I=vs+ —vp , Qi=
SO 'Upp

= Retrieve also the dynamics of the probability of hedging Po




IV. General results
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General framework

e Dynamics:
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General framework

e Dynamics:
ST = s—l—/t.,u(SW(u),wu) du—l—/t.a(SW(u),wu) dWy,
XT = x+/t'p(s7f(u),x7f(u),m)du+/t'ﬁ(SW(u),XW(u),m)qu

e Problems: Given ¢ from R¢ x R into R and p € Im(¥) (assumed to be
convex),

v(t,s;p) = inf{fL'ER_l_ . dme A s.t. E[E(SES(T),XE%S(T)H Zp}.

e DP based on the reformulation:

v(t,s:p) = inf {:r; cRy: I(ma)e AxL?st. ¢ (sgS(T),ng,S(T)) > ng(T)}

= Back to Stochastic Target Problems !!!

= Main difficulty: unbounded controls (new technics...)



Results

e Viscosity characterization for stochastic target problems with un-
bounded controls (with minimal assumptions)

e Derivation of the boundary conditions for stochastic target problems
with controlled probability of loss.



Optimal Control with Stochastic Target
Constraints

B. Bouchard, R. Elie and C. Imbert?
2008

ICrest and Ceremade, Paris-Dauphine



I. Problem Formulation and Examples



General framework

e Dynamics:
ST = s—l—/t.,u(SW(u),Wu) du—l—/t-a(SW(u),ﬂu) dWy,
XT = x+/t'p(SW(u),Xﬁ(u),wu)du+/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R% x R into R:

V(t,s,2) = sup E|F(SF(T), X[, (D))
weﬂg

t,s,x

where

Al opi={m € Ast. T(S[(T),X],(T)) >0} .



Example 1: Index tracking constraint

o F(s,z) = U(x): utility function. S™!: an index. X™: wealth process.

e Portfolio optimization problem

V(t,s,z) = sup E[U(ngx,s(T))]
7r€/_l£

t,s,x

where
ia N T 0 m,1 1

Here, #(s,z) := x/zg — 90% x s1/s}.



Example 2: Moment constraints

e Problems: Given F,¢ from R% x R into R:

V(t,s,a;p) = sup E|F(ST(T), X[, s(T))]

14
WEAt?‘s?x?p

where Af ;.= {r € Ast. E[f(ST(T), X[, :(T))| >p} .



Example 2: Moment constraints

e Problems: Given F,¢ from R% x R into R:

V(t,s,a;p) = sup E|F(ST(T), X[, s(T))]

14
WE‘At7s’x,p

where Af ;.= {r € Ast. E[f(ST(T), X[, :(T))| >p} .

e Reformulation: We have

Al sop={m€Ast JaeL? st ((ST(T), X[, (1)) > PA(T)}

where P2 (r) :==p+ [ audWy, .



Example 2: Moment constraints

e Problems: Given F,¢ from R% x R into R:

V(ts@ip) = sup E|F (S7o(T), X{y o(T))]

WEAtsa;p

where Af ;.= {r € Ast. E[f(ST(T), X[, :(T))| >p} .

e Reformulation: We have

Afsop={r€Ast JaecL?st. £(ST,(T), X[, s(T)) > PE(T)} .

e Set /(s,z,p) :=¥4(s,z) —p and

Al o wp=1{(m,a) € Ax L2 s.t. T(ST,(T), X o(T), PE(T)) > 0}

7p

then V(t,s,2;p) = sup. E[F (SQS(T),XQZ.,S(T)H .

(m, oz)E.At s.1.p



Example 2: Moment constraints (special case)

e Problems: Given F,¢ from R% x R into R:

V(t,s,z;p) =  sup E[F (SQS(T),XZ%S(T))}

14
7-‘-E./4t787:1:729

where Af,s%p = {77 cAst P [ng,S(T) > g((SZfS(T))} > p} :

for E(S,CIZ) L= 1:132g(w)'

(see Boyle and Tian 07 for dual approach in complete market)



II. PDE Derivation



e Dynamics:
ST = s+ /t wu(S™(u), my) du + /t o (S™(u),my) dWy,

X7 — x+/t'p(SW(u),XW(u),m)dqu/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R? x R into R:

V(t,s,x) == sup E|F(SE(T), X[, (D))
re AL

t,s,x

where Af, = {re Ast. 7(ST(T), X[, (T)) >0} .



e Dynamics:
ST o= s—l—/t.,u(SW(u),wu) du—l—/t.a(SW(u),wu) dWy,
XT = x+/t'p(SW(u),XW(u),m)dqu/t'ﬁ(SW(u),Xﬂ(u),m)qu

e Problems: Given F,? from R? x R into R:

V(t,s,x) == sup E|F(SE(T), X[, (D))
re Al

t,s,x

where A%, = {re Ast I(ST(T), X[, (T)) >0} .

e Set v(t,s) :=inf{x e R : tsx#@}andD—{(tsaf;) ; tsx;é@}
It ¢ is non-decreasing in z, then cl(D) = int,D U 8,D U d7pD with

int,D :={t<T, x>v"(ts)}, D :={t<T, x€ vt s),v*(t,s)],
orD :={t=T, x> w«(T,s)} .



PDE In the domain int,D

e Recall that

intyD = {t<T, z>v*(t,s)} with wv(ts) =inflseR : AL, 0}

oz >v*(t,s) = X[, (1) >v*(r, S5 ,(7)) for 7 >t well chosen and 7 € A
given.

e Locally can choose any control |

e Associated PDE

inf

weA( (SX)V(t s x))



PDE on the spacial boundary 0,D

e Recall that

opD = {t < T, x € [vs(t, 5), 0" (¢, 8)]} with v(t,s) 1= inf{z € R: A, , # 0}

e Assume v is smooth.
If © =v(t,s), we should have dX[, .(t) > dv(t, ST,(t)).

T his implies that

w(t) e N(t,s,z,v) = {me€ A . B(s,x,m) =o0(s,m)Duv(t,s),
p(s,z,m) — L5v(t,s) > 0} .

e PDE on 0pD

WENi(rt];,x’U) (_[’7{8 X)V(ta S, :C)) = 0.



On the boundary orD

e Recall that

orD = {t=T, z>uv(ts)} with o(t,s):=inflzeR : A, #0}

e \We have the natural boundary condition: V(T—,s,x) = F(s,x).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (~£{s )V (ts,2)) =
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inf (_/j(TS,X)V(t’ s,:v)) =0
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PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (—LTgx)V (¢t s,2)) =0.

e On 9D :={t < T, z € [vx(t,5),v*(t,5)]}
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e Already proved:
On int,D after relaxing the operator (A may be unbounded).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf

weA( (S X)V(t S :1:))

e On OpD ={t < T, x € [v(t,s),v*(2,s)]}
el oy (TEls )V (69:0)) =
with N(¢,s,z,v) =
{me A B(s,z,m) =o(s,m)Dv(l,s), p(s,z,m) — LGv(t,s) > 0}.

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,z) = F(s,x).

e Already proved:
On 9,D when v is continuous (need to express the constraint N in
terms of test functions for v).



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf

weA( (S X)V(t S :1:))

e On OpD ={t < T, x € [v(t,s),v*(2,s)]}
el oy (TEls )V (69:0)) =
with N(¢,s,z,v) =
{me A B(s,z,m) =o(s,m)Dv(l,s), p(s,z,m) — LGv(t,s) > 0}.

e ON OpD :={t=T, x> v(t,s)}: V(T—,s,z) = F(s,x).

e Already proved:
On 0,D when v is not continuous: the constraints does not appear in
the subsolution property.



PDE formulation: sum up

e On intyD ={t< T, x>v*(t,s)}:

inf (—LTgx)V (¢t s,2)) =0.

e On 9D :={t < T, z € [vx(t,5),v*(t,5)]}

inf — L7« V(8 s, =0.
meN (t,s,x,v) ( (5,%X) ( > .CC))
with N(¢,s,z,v) =

{me A B(s,z,m) =o(s,m)Dv(t,s), p(s,z,m) — LTv(t,s) > 0}.
e ON OpD :={t=T, x> v(t,s)}: V(T—,s,z) = F(s,x).

e Already proved:
On opD after relaxing the operator (A may be unbounded).



Remaining points to study

1. Comparison principle

2. Numerical schemes

3. Examples



