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Abstract

We present a method to reconstruct the dielectric susceptibility (scattering potential) of an inhomogeneous
scattering medium, based on the solution to the inverse scattering problem with internal sources. We
consider a scalar model of light propagation in the medium. We employ the theory of reproducing kernel
Hilbert spaces, together with regularization to recover the susceptibility of two- and three-dimensional
scattering media. Numerical examples illustrate the effectiveness of the proposed reconstruction method.

1. Introduction

The inverse scattering problem is concerned with determining the structure of a scattering medium from
measurements of the scattered field. Such problems have numerous applications including medical imaging,
nondestructive testing, remote and radar sensing, ocean acoustics and geophysical exploration; see e.g.
[13, 7, 22, 4], and the references therein.

In this paper, we investigate an inverse scattering problem with internal sources and show that it is possible
to recover the dielectric susceptibility (scattering potential) of an inhomogeneous scattering medium.
Suitable internal sources take the form of photoactivated fluorophores, which are used in superresolution
microscopy [2, 10], and subwavelength bubbles, which are used in ultrasound localization microscopy [8].
The considered inverse problem is ill-posed. We apply the theory of reproducing kernel Hilbert spaces
(RKHS) [1, 12] accompanied by tools from regularization theory (see e.g. [21, 6]) to reconstruct the
susceptibility.

In [9], a similar inverse problem is considered, also using an integral equation approach. The integral
equation is converted into a linear system of algebraic equations, which is solved by means of a regularized
pseudoinverse to recover the susceptibility. Instead, here we use the RKHS approach, which yields
reconstructed images of higher quality compared to [9].

This paper is organized as follows. In Section 2, we formulate the forward problem and the associated
inverse scattering problem. We also briefly recall some tools from the theory of regularization and RKHS,
which we need for our reconstruction method. In addition, we present the method for both two- and
three-dimensional inverse problems. In Section 3, we present the results obtained by applying the RKHS
reconstruction method to three numerical experiments. We also present some comparison results to [9], as
shown in Table 1. Finally, in Section 4, we present our concluding remarks.
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2. Inverse scattering problem with internal sources

We consider an experiment in which light from a monochromatic source propagates in an inhomogeneous
medium in two dimensions. The three-dimensional case is taken up in Section 2.3. The source is taken to
be located in the interior of the medium and to consist of a single photoactivated fluorescent molecule.
The scattered light is then registered by a detector in the far field for each source. For simplicity, we
consider a scalar model of the optical field, in the form of the time-harmonic wave equation,

△U(r) + k2(1 + η(r))U(r) = −a(r1)δ(r− r1), (2.1)

where U is the field, η(r) is the susceptibility of the medium at the position r, and k is the wave number.
Since the source consists of a single molecule, it is taken to be a point source with position r1 and
amplitude a(r1). This model does not account for the transversality of the electric field and is often
used in physical optics [3]. A vector theory of the electromagnetic field, which allows for the effects of
polarization, will be explored in future work.

The total field may be decomposed into the incident field Ui and scattered field Us. Following standard
procedure [4, 3], the total field satisfies the integral equation

U(r) = Ui(r) + k2
∫
G(r, r′)η(r′)U(r′)d r′, (2.2)

where
G(r, r′) :=

i

4
H

(1)
0 (k| r− r′ |) (2.3)

is the two-dimensional Green’s function, with H(1)
0 being the Hankel function of first kind [5]. The Green’s

function satisfies the equation

△rG(r, r
′) + k2G(r, r′) = −δ(r− r′), (2.4)

together with the Sommerfeld radiation condition [5].

In the far-zone, the Hankel function has the asymptotic form, see e.g. [5, Section 3.4 (3.59)]:

i

4
H

(1)
0 (kR) ∼ ei

π
2

4

√
2

πkR
e−

π
4 ieikR =

ei
π
4

√
8πk

eikR√
R
, (2.5)

which propagates as a cylindrical wave with amplitude R−1/2. Thus, in the far field, we obtain the
asymptotic formula for the two-dimensional Green’s function,

G (r, r′) =
i

4
H

(1)
0 (k |r− r′|) ∼ ei

π
4

√
8πk

eik|r−r′|√
|r− r′|

≃ ei
π
4

√
8πk

eik|r|√
|r|
e−ikr̂·r′

(
1 +

1

2

r̂ · r′

|r|

)
. (2.6)

Since the incident field is given by Ui(r) = a (r1)G (r, r1), we derive by using (2.6) the asymptotic behavior
of the total field,

U(r) = a (r1)G (r, r1) + k2
∫
G (r, r′) η (r′)U (r′) dr′

∼ ei
π
4

√
8π

eik|r|√
|r|

(
e−ikr̂·r1 a (r1)√

k
+ k

3
2

∫
e−ikr̂·r′η (r′)U (r′) dr′

)
.

Thus, in the far zone of the scatterer, the field behaves as an outgoing cylindrical wave:

U(r) ∼ ei
π
4

√
8π

eik|r|√
|r|

(
a(r1)√
k
e−ik ˆr·r1 +A(r)

)
, (2.7)

where the scattering amplitude A is defined by

A(r) := k
3
2

∫
Ω

e−ikr̂·r′η (r′)U (r′) dr′, (2.8)

and Ω is the volume of the scatterer.
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In the weak-scattering approximation, the scattering amplitude can be calculated by replacing U with Ui.
Since the scattering amplitude A is recorded in the far zone at the point r2, the scattering amplitude can
be rewritten as:

A(r1, r2) = a(r1)k
3
2

∫
Ω

e−ikr̂2·rη(r)G(r, r1)d r, (2.9)

where the dependence of the scattering amplitude A(r1, r2) on the source position r1 and the detector
position r2 has been made explicit. The inverse problem thus consists of solving the integral equation
(2.9) to recover the susceptibility η.

If we differentiate (2.9) with respect to r1, use (2.4) and assume the sources have unit amplitude, we
obtain

△r1A(r1, r2) + k2A(r1, r2) = k
3
2

∫
Ω

e−ikr̂2·rη(r)
(
△r1G(r, r1) + k2G(r, r1)

)
d r

= k
3
2

∫
Ω

e−ikr̂2·rη(r) (−δ(r− r1)) d r = −k 3
2 e−ikr̂2·r1η(r1).

We thus obtain an inversion formula for η of the form

η(r1; r2) = −e
ikr̂2·r1

k
3
2

(
△r1A(r1, r2) + k2A(r1, r2)

)
. (2.10)

Theoretically, the susceptibility η depends only on the position of the sources r1 and is independent of the
position of the detectors r2. Thus, a single detector is sufficient for the reconstruction. However, due to
the noise in numerical simulations, multiple detectors are often used to capture the scattering amplitude,
leading to multiple reconstructions of η. To distinguish these, we denote them as η(r1; r2). Next, we
determine the dependence of η solely on the source positions r1 by averaging the reconstructions:

η(r1) =

∑
r2
η(r1; r2)

nd
, (2.11)

where nd represents the number of detectors.

We illustrate the proposed reconstruction method in both two-dimensional and three-dimensional scattering
media (see subsection 2.3 below). To avoid any ambiguity, we call the inversion of the susceptibility
in a two-dimensional medium as the two-dimensional reconstruction method, while the inversion in a
three-dimensional medium is called the three-dimensional reconstruction method.

2.1. Numerical analysis of the forward problem. We begin with the numerical analysis of the
forward problem. Since the scattering amplitude is computed from (2.9) and there is a logarithmic
singularity in the two-dimensional Green’s function, a careful evaluation of the integral is required. To
proceed, we discretize Ω into pixels Cm (m = 1, 2, · · ·Nν) of area h2, where Nν is the total number of
pixels. Assuming unit amplitude a = 1 for all sources, we split the integral of (2.9) into singular- and
non-singular parts:∫

Ω

e−ikr̂2·rη(r)G(r, r1)d r =

Nν∑
m=1

∫
Cm\Cn

e−ikr̂2·rη(r)G(r, r1)d r+

∫
Cn

e−ikr̂2·rη(r)G(r, r1)d r, (2.12)

where Cn is the pixel containing the singularity. We assume that kh≪ 1. As the non-singular part can
be computed directly, the singular part remains to be estimated.

The Green’s function G (r, r′) is weakly singular at r = r′. We will approximate the two-dimensional
Green’s function near the singularity using its asymptotic form:

G (r, r′) =
1

2π
ln

1

|r− r′|
+

i

4
− γ

2π
− 1

2π
ln
k

2
+O

(
|r− r′|2 ln 1

|r− r′|

)
, (2.13)

for |r− r′| → 0, where γ = 0.5772156 is the Euler-Mascheroni constant. Thus, the singular part in (2.12)
can be computed as ∫

Cn

η(r)e−ikr̂2·rG (r, r1) dr ≈ η(r̃)e−ikr̂2 ·̃r h
2

2π

(
ξ − ln

hk

2

)
,

where ξ =
1

2
(3 + ln 2)− π

4
− γ +

iπ

2
and r̃ is the central point in pixel Cn.
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2.2. Numerical analysis of the inverse problem. Next, we focus on estimating the susceptibility
through differentiation of the measured scattering amplitude A using (2.10). We apply the theory of
RKHS [1, 12], to carry out the indicated differentiation, which allows for an explicit formulation of a
functional by means of a reproducing kernel [20, 18].

To ensure the necessary smoothness, we choose the standard Sobolev space W =W s
2 (Rd), where d = 4

and s = 3. In this case, the Sobolev embedding theorem is satisfied for s > d/2. This condition implies
that W is a space of continuous functions, and the function values are continuous linear functionals,
indicating that it is a reproducing kernel Hilbert space. The reproducing kernel of the Sobolev space
W 3

2 (R4) is given by [17]:

κ(x, t) =

∫
R4

∏4
j=1 cos (2π (xj − tj)uj)

(1 +
∑

0<|α|1≤3

∏4
j=1(2πuj)

2αj )
du, (2.14)

for all x = (x1, . . . , x4), t = (t1, . . . , t4) ∈ R4, where |α|1 =
∑4
j=1 αj with non-negative integers αj .

The reproducing kernel we use from [17] is in a real Sobolev space W. To approximate the scattering
amplitude A which is complex-valued, we can identify a complex functional in H := W ⊕ iW, a complex
linear space. It follows that we must show that H is a RKHS space, which entails proving that the
evaluation functionals are continuous. We can then make use of the result that a Hilbert space is a RKHS
if and only if the evaluation functional is continuous. To proceed, we separate A into its real and imaginary
parts and approximate the real and imaginary parts separately. We must then identify real functionals
f ≈ ℜeA and ψ ≈ ℑmA in the real RKHS W. In turn we then approximate A by a functional in H by
A ≈ F := f + iψ. This approach makes it possible to use a reproducing kernel for the real Sobolev space
W, circumventing the above issue.

Let D be the set of all of the possible (r1, r2), where r1 and r2 denote the positions of the sources and
detectors, respectively, and let x = (r1, r2) ∈ R4. In the setting of our problem, let Āi = ℜeA(xi) and
Âi = ℑmA(xi) for every xi ∈ D, then it follows that we need to find f(xi) to approximate Āi and ψ(xi)
to approximate Âi separately. This leads to the following two optimization problems:

argmin
f

1

n

n∑
i=1

|Āi − f(xi)|2 + λ1∥f∥2W , (2.15)

argmin
ψ

1

n

n∑
i=1

|Âi − ψ(xi)|2 + λ2∥ψ∥2W , (2.16)

where n = ns×nd, with ns the number of sources, nd the number of detectors, and 0 < λ1, λ2 are suitable
regularization parameters.

The optimization problems (2.15) and (2.16) have the same form. For convenience, we only describe the
analysis of (2.15).

The following result (commonly referred as the representer theorem [12, 11]) demonstrates that the
minimizer of problem (2.15) still lies in the space W under certain conditions. This result effectively
reduces the original infinite-dimensional minimization problem (2.15) to a finite-dimensional one for the
scalar coefficients. More precisely, if the space W has a reproducing kernel κ : X ×X → R, then the
minimizer f∗ of the problem (2.15) lies in a finite-dimensional subspace of the infinite-dimensional space
W, where

f∗(·) =
n∑
i=1

c∗i κ(xi, ·), c∗i ∈ R, (2.17)

and xi ∈ D is the known input.

Let K be the Gram matrix, with Ki,j = κ(xi,xj), where xi,xj ∈ D. Then any functional f ∈
span{κ(xi, ·), i = 1, 2, . . . , n}, can be written as f =

∑n
i=1 ciκ(xi, ·). Thus the vector (f(x1), . . . , f(xn)) =

c̄K, where c̄ = (c1, · · · , cn). The components of (2.15) can be rewritten in terms of the Gram matrix K
and the coefficient c̄ as

n−1
n∑
i=1

|Āi − f(xi)|2 = n−1∥Ā− c̄K∥2Rn ,
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and

λ1∥f∥2W = λ1⟨
n∑
i=1

ciκ(xi, ·),
n∑
j=1

cjκ(xj , ·)⟩W

= λ1

n∑
i,j=1

cicjκ(xi,xj) = λ1⟨c̄K, c̄⟩Rn ,

where Ā = (Ā1, · · · , Ān) and we have used the symmetry property of the kernel function. This allows us
to consider the optimization problem (2.15) as a function of c̄ admitting a representation,

M(c̄) := n−1
n∑
i=1

|Āi − f(xi)|2 + λ1∥f∥2W = n−1∥Ā− c̄K∥2Rn + λ1⟨c̄K, c̄⟩Rn

= n−1∥Ā∥2Rn − 2n−1⟨c̄, ĀK⟩Rn + ⟨c̄, c̄(λ1K + n−1K2)⟩Rn ,

(2.18)

where in the last equality we use the fact that K is a symmetric matrix. By the representer theorem, if
the minimizer of the problem (2.15) has the form of the equation (2.17), then the vector c̄∗ = (c∗1, . . . , c

∗
n)

satisfies
∇c̄M(c̄) = −2n−1ĀK + 2c̄K(λ1I + n−1K) = 0, (2.19)

for c̄ = c̄∗. Since the kernel function κ is a positive semidefinite function, then the Gram matrix K is a
singular matrix. Thus, we obtain the formula for c̄∗:

c̄∗ = ĀK[K(nλ1I +K)]†, (2.20)

where [K(nλ1I +K)]† is the generalized inverse of the matrix [K(nλ1I +K)].

Analogously, the minimizer of problem (2.16) is given by ψ∗(·) =
∑n
i=1 ē

∗
i κ(xi, ·), and

ē∗ = ÂK[K(nλ2I +K)]†, Â = (Â1, · · · , Ân). (2.21)

We have now gathered all the ingredients needed to approximate the scattering amplitude A. Then for a
random point t = (t1, t2, t3, t4) in R4, we approximate A by

F (t) = f(t) + iψ(t) =

n∑
i=1

β̄∗
i κ(xi, t), (2.22)

where xi ∈ D, and
β̄∗ := c̄∗ + iē∗, (2.23)

with c̄∗, ē∗ are as in (2.20) and (2.21). The reconstruction of the susceptibility η via (2.10) requires
differentiation of A(r1, r2) with respect to r1, which in turn requires differentiation of F (t1, t2, t3, t4) with
respect to the first two components t1 and t2, yielding

△t1,t2F (t) =

n∑
i=1

β̄∗
i κ

′′(xi, t), (2.24)

where κ′′(x, t) is given by

κ′′(x, t) = −4π2

∫
R4

(u21 + u22)
∏4
j=1 cos (2π (xj − tj)uj)

(1 +
∑

0<|α|1≤3

∏4
j=1(2πuj)

2αj )
du.

2.3. Three dimensional problem. We consider next the case of a three-dimensional medium. The
total field U still satisfies the time-harmonic wave equation (2.1) and the integral equation (2.2), but the
three-dimensional Green’s function is given by

G(r, r′) =
eik| r− r′ |

4π| r− r′ |
.
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In the far field, the Green’s function takes the asymptotic form for r ≫ r′ given by,

G (r, r′) =
eik|r|

4π |r|

(
e−ikr̂·r′ +O

(
1

|r|

))
. (2.25)

It follows that the asymptotic behavior of the total field is given by,

U(r) = a (r1)G (r, r1) + k2
∫
G (r, r′) η (r′)U (r′) dr′

∼ eik|r|

4π |r|

(
a(r1)e

−ikr̂·r1 + k2
∫
e−ikr̂·r′η (r′)U (r′) dr′

)
.

In the far-zone of the scatterer, the field behaves as an outgoing spherical wave:

U(r) ∼ eik|r|

4π |r|

(
a(r1)e

−ik ˆr·r1 +A(r)
)
, (2.26)

where the scattering amplitude A is defined by

A(r) = k2
∫
Ω

e−ikr̂·r′η(r′)U(r′)dr′. (2.27)

Following the same procedure as before, the scattering amplitude in three dimensions is rewritten as,

A(r1, r2) = a(r1)k
2

∫
Ω

e−ikr̂2·rη(r)G(r, r1)d r, (2.28)

where we assume that the sources have unit amplitude. The inversion formula for η is thus given by,

η(r1; r2) = −e
ikr̂2·r1

k2
(
△r1A(r1, r2) + k2A(r1, r2)

)
. (2.29)

The three-dimensional inverse problems are also considered in [9], where (2.28) is converted into a linear
system and then a regularized pseudoinverse solution is used to recover the susceptibility. In addition, the
number of sources, detectors, and volume elements in Ω was chosen so that the resulting linear system is
overdetermined. Moreover, the two-dimensional case was not considered in [9].

The forward problem of solving (2.28) was carried out by using the coupled-dipole method [14, 19]. We
discretized the three-dimensional domain Ω into voxels Cm (m = 1, 2, · · ·Nν) of volume h3, where Nν is
the total number of voxels. We make the following approximation:

η(r) = η(r̃m), if r ∈ Cm,

where r̃m is the central point of the respective voxels Cm. We split the integral of (2.28) into singular-
and non-singular parts according to∫

Ω

e−ikr̂2·rη(r)G(r, r1)d r =

Nν∑
m=1

∫
Cm\Cn

e−ikr̂2·rη(r)G(r, r1)d r+

∫
Cn

e−ikr̂2·rη(r)G(r, r1)d r, (2.30)

where Cn is the voxel containing the singularity. We assume that kh ≪ 1. Combining the fact that
eik|r− r1| ≈ 1 + ik |r− r1|, the singular part of (2.30) is computed as∫
r∈Cn

e−ikr̂2·rη(r)G (r, r1) dr ≈ 1

4π
η(r̃n)e

−ikr̂2 ·̃rn
∫ h

2

−h
2

∫ h
2

−h
2

∫ h
2

−h
2

(
1

|r− r1|
+ ik

)
dr =

1

4π
η(r̃n)e

−ikr̂2 ·̃rnζ,

(2.31)
where ζ = h2(ξ + ikh) with ξ = ln(26 + 15

√
3)− π

2 ≈ 2.38, and r̃n is the central point in Cn.

For the non-singular part of (2.30), we have for m ̸= n:∫
r∈Cm

e−ikr̂2·rη(r)G(r, r1)d r ≈ h3η(r̃m)e−ikr̂2 ·̃rmG (r̃m, r1) ,

where r̃m is the central point in voxel Cm (m ̸= n).
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Following along similar lines as in the previous subsection, we reconstruct the three-dimensional suscepti-
bility η based on (2.29). We consider the optimization problems (2.15) and (2.16) in the Sobolev space
W s

2 (Rd), where d = 6 and s = 4, which is a RKHS. The space W 4
2 (R6) has the reproducing kernel given

by [17]:

κ(x, t) =

∫
R6

∏6
j=1 cos (2π (xj − tj)uj)

(1 +
∑

0<|α|1≤4

∏6
j=1(2πuj)

2αj )
du, (2.32)

where x = (r1, r2) ∈ R6 with r1 and r2 are the source and detector positions, respectively, and |α|1 =∑6
j=1 αj with non-negative integers αj . Similarly, we identify functionals f and ψ in the RKHS W 4

2 (R6)
that approximate the real part and the imaginary part of the scattering amplitude A, respectively. Thus,
we approximate the scattering amplitude A by F (t) =

∑n
i=1 β̄

∗
i κ(xi, t), where t = (t1, t2, t3, t4, t5, t6)

is a random point in R6, xi ∈ D and β̄∗ as in (2.23). The reconstruction of η from (2.29) requires
differentiation of A(r1, r2) with respect to r1, which in turn requires differentiation of F (t1, t2, t3, t4, t5, t6)
with respect to t1, t2 and t3, yielding

△t1,t2,t3F (t) =

n∑
i=1

β̄∗
i κ

′′(xi, t), (2.33)

where κ′′(x, t) is given by

κ′′(x, t) =

∫
R6

−4π2(
∑3
i=1 u

2
i )

∏6
j=1 cos (2π (xj − tj)uj)

(1 +
∑

0<|α|1≤4

∏6
j=1(2πuj)

2αj )
du.

Finally, following the same procedure as in the previous subsection, we reconstruct η using (2.29).

For three-dimensional reconstructions, we present two methods. First we perform two-dimensional
reconstructions using (2.10) for each slice, and then make a three-dimensional reconstruction by assembling
these cross-sectional reconstructions together. The second, is to directly use (2.29) for three-dimensional
reconstruction.

3. numerical experiments

In this section, we present the numerical reconstruction of the susceptibility. To better illustrate the
method we consider the two-dimensional case as an example.

For a random point t = (t1, t2, t3, t4) ∈ R4, let (t1, t2) = r′1 and (t3, t4) = r′2, we approximate the scattering
amplitude A(t) by A(t) ≈

∑n
i=1 β̄

∗
i κ(xi, t), where xi ∈ D, κ is the reproducing kernel in (2.14), and

β̄∗ as in (2.23). Then by (2.24), the differentiation of A(t) with respect to r′1 = (t1, t2) is given by
△r′1

A(t) ≈
∑n
i=1 β̄

∗
i κ

′′(xi, t). Thus by (2.10), we derive one susceptibility reconstruction at r′1 = (t1, t2)
of the medium:

η(r′1; r
′
2) = −e

ikr̂′2·r
′
1

k
3
2

(
△r′1

A(r′1, r
′
2) + k2A(r′1, r

′
2)
)
≈ −e

ikr̂′2·r
′
1

k
3
2

n∑
i=1

β̄∗
i (κ

′′(xi, t) + κ(xi, t)) .

If we have multiple r′2 = (t3, t4) for the above susceptibility reconstruction, we take the average of the
reconstructions according to (2.11).

With these preparations, we present three numerical experiments.

3.1. Reconstructions of a three-ball model. We consider reconstructing a three-ball model [9]. The
model system consists of a volume of dimensions 70 nm × 70 nm × 40 nm. Three spherical scatterers
of radius 12 nm are placed so their lowest point is 3 nm from the bottom of the sample. The minimum
distance between any two spheres is 5 nm. The susceptibility of two of the spheres is set to 1.275, while
the remaining sphere has a susceptibility of 1.885. The background has a susceptibility of 0. The wave
number is given by k = 2π/500 = 0.0126. We divide the system into 19 layers, with each layer being a
two-dimensional medium. We solve the forward problem on each layer with a discretization of 35×35.
Gaussian noise at the 1% level is then added to the scattering amplitude and the positions of the sources.
Then the susceptibility for each layer is subsequently reconstructed on a grid of size 31×31 by (2.10). The
regularization parameters for calculating (2.23) are set to be 10−10 for each layer. This model system is
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Positions of 150 Sources for Each Layer
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Figure 1. Susceptibility reconstruction of three spherical scatterers on each layer by
the two-dimensional method.

similar to what is considered in [9]. We use 150 randomly placed sources and 7 detectors of L shape in
this experiment, for each layer, to show the feasibility of the two-dimensional reconstruction method.

Figure 1 shows the position of the sources and the reconstructions for each layer. Due to the symmetry of
the medium and the source positions for each layer being the same, some layer reconstructions are also
identical. In our three-ball model, layer 10 is the central layer, so layers 8 & 12, and layers 9 & 11 (see
Figure 1 (d) & (e)) yield identical reconstructions. Thus, one can reconstruct either of the two layers,
hence reducing the reconstruction time. It is also worth noting that the Gram matrix K for each layer is
the same since the positions of the sources, detectors and the reconstruction grid are the same for each
layer. This also applies to subsection 3.2.1.

3.2. Reconstructions of a neuron. We consider a neuron from a rat brain, of size 3.928 µm×5.44µm
×2.248µm. The image was obtained from the experiment and manually segmented [15, 16]. The main
trunk of the neuron has a susceptibility of η = 0.25 and the branches spines have a susceptibility of
η = 0.38, while the background has susceptibility η = 0. Once again, 1% Gaussian noise is added to the
scattering amplitude and the positions of the sources. Both two-dimensional method and three-dimensional
methods were tested.

3.2.1 Two-dimensional reconstruction method

We manually segmented the neuron into a grid of size 33×46×18, then we calculated the forward problem
on 18 layers with each layer of size 33×46. Subsequently, we reconstructed each of these 18 layers onto a
31×44 grid, denoted as G := {(gi, gj)}, with i = 1, . . . , 31, and j = 1, . . . , 44. For each layer, 500 randomly
spaced sources and 7 detectors were employed. The regularization parameters for calculating (2.23) are
set to be 5× 10−10 for each layer.

Since we approximate the scattering amplitude A by F (t) via (2.22), for t = (t1, t2, t3, t4) ∈ R4, we can
approximate the value at grid points by letting (t1, t2) = (gi, gj) and randomly set (t3, t4). In Figure 2,
we only set one (t3, t4), which is the coordinate of one detector, yielding one susceptibility reconstruction
for each grid point.

Then putting all of the layers together, we obtain the reconstruction shown in Figure 3. To better display
the three-dimensional colour map, we add transparency to the points of value less than 0.085.

Let us define the relative error for A:

χ2 =

∑
r1,r2

|A (r1, r2)− F (r1, r2)|2∑
r1,r2

|A (r1, r2)|2
,

where F (r1, r2) is the reconstructed scattering amplitude at (r1, r2) ∈ D. We define the mean relative
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Figure 2. Neuron model and susceptibility reconstructions on each layer by the two-
dimensional method.

Figure 3. Neuron reconstructions by two-dimensional method compared to the groundtruth.

error of the susceptibility at grid G as

δ =

∑31
i=1

∑44
j=1 |η{gi, gj} − ηrec{gi, gj}|

31× 44
,

where, η{gi, gj} is the groundtruth susceptibility at grid point (gi, gj), and ηrec is the reconstructed
susceptibility.

It is important to determine the optimal number of detectors, sources and (t3, t4) for a given experiment.
In Figure 4 we employ 7 detectors and show the behavior of the error with different numbers of sources
on the reconstructions of layer 9. We set (t3, t4) equal to the coordinates of 7 detectors, which leads to
multiple reconstructions of susceptibility. Then the mean of the multiple reconstructions compared to the
single (t3, t4) reconstruction is plotted. We see that using 500 sources almost reaches the minimum of the
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Figure 4. Error behavior with different numbers of sources

susceptibility error. Moreover, the reconstructed susceptibility error by a single (t3, t4) is comparable to
multiple detectors. Thus, Figure 4 shows that one can choose 500 sources and single (t3, t4).

Next, in Figure 5, we fix 500 sources and choose a single (t3, t4) reconstruction for each grid point, we
then test the impact of different numbers of detectors on the reconstructions. We find that the number
of detectors does not significantly affect the susceptibility reconstructions. In all settings (Figure 4 and
Figure 5), the scattering amplitude error is on the order of 10−6. This shows good performance of using
the RKHS method. Note that the reconstructions depicted in Figure 2 have been obtained using the same
configuration of 500 sources, 7 detectors, and single (t3, t4) as those also utilized in Figure 4 and Figure 5.
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Figure 5. Error behavior using different numbers of detectors

3.2.2 Three-dimensional reconstruction method

Here we show the feasibility of our three-dimensional reconstruction method and compare the recon-
structions with known results. We segment the neuron into a grid of size 33×46×19, and then we solve
the forward problem on this grid with 500 randomly spaced sources and 7 detectors. Subsequently,
we reconstruct the model on the grid 31×44×18, thus, avoiding an inverse crime. The regularization
parameters for calculating (2.23) are set to be 10−11. The susceptibility reconstruction is shown in Figure
6, where the purple dots indicate the positions of the sources. Once again, we add transparency to the
points of value less than 0.08 to better display the color map.

We next compared our RKHS method with the method in [9]. We consider the same problem setting as
in [9] and compute the corresponding scattering amplitude error results in Table 1. The regularization
parameters for our RKHS method are all set to be 10−11. We see that for setup in [9], the scattering
amplitude error by the proposed method is less than reported in [9]. Moreover, one can reduce the number
of detectors from 225 to 7 and still obtain the same scattering amplitude error. Thus the proposed RKHS
method is superior to the method presented in [9].

Furthermore, Table 1 also contains the susceptibility error computed from our RKHS method. We observe
that the susceptibility error for the 225 detectors case is comparable with the case of 7 detectors. Thus
one can reduce the number of detectors from 225 to 7 and still reach the same level of susceptibility error.

Table 1. Comparison between our RKHS method and the one reported in [9].
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Figure 6. Neuron reconstructions by the three-dimensional method compared to groundtruth.

Linear system [9] RKHS method RKHS method
Number of sources 500 500 500

Number of detectors 225 225 7
Discretization of the forward problem 33×46×19 33×46×19 33×46×19

Scattering amplitude error 1× 10−2 1.3× 10−4 1.2× 10−4

Susceptibility error Not provided 5.8× 10−2 6.0× 10−2

The source code is available on Gitlab at the following link: https://gitlab.com/csc1/cisis-rkhs/
-/tree/master/ISP_RKHS_YDong_code?ref_type=heads. The discrete three-ball model and discrete
neuron model are presented at the following link: https://phaidra.univie.ac.at/o:2085789.

4. Conclusion

We have developed a method to reconstruct the dielectric susceptibility of an inhomogeneous scattering
medium from internal sources using a RKHS approach. Our numerical results in two- and three-dimensional
problems exhibit better performance compared to previous work in [9]. We note that the approach we
have presented is quite general and applicable to imaging with any scalar wave field with internal sources.
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