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Representing Piecewise-Linear Functions by
Functions with Minimal Arity

Christoph Koutschan, Anton Ponomarchuk, Josef Schicho

Abstract

Any continuous piecewise-linear function F': R™ — R can be represented as a linear combination of maxima of at most
n + 1 affine-linear functions. It is well-known that this upper bound is sharp, that is, for every n there exists a function that is
no linear combination of maxima of at most n arguments. In this paper, we give a method to determine, for each F', the minimal
number £ such that F' can be written as a linear combination of maxima of at most k£ arguments.

Index Terms

Continuous piecewise linear functions, neural networks, machine learning, ReLU activation function.

I. INTRODUCTION

A continuous piecewise-linear (CPWL) function F': R™ — R can be represented in various ways: as a difference between two
convex CPWL functions [1]], as a lattice polynomial [2]]-[4]], or in some cases by a canonical piecewise-linear representation [5].
These representations are interchangeable. The function F' represented as a lattice polynomial can be transformed into a
difference of two convex CPWL functions, see [6]]. Let ¢ € N be the number of polyhedral regions in the tesselation defined
by F. By [7], the function F' can be represented as a ReLU-based neural network with at most [log,(n + 1)] + 1 layers.
Another bound is given in [[8]], F' can be written as a ReLU-based neural network with at most [2log, ¢| + 1 layers, where
g € N is the number of polyhedral regions in the tesselation defined by F. In [9]], it was shown that the function F' can be
represented as a linear combination of max functions with at most n + 1 affine-linear functions as arguments, i.e., for a finite
set of indices / we have:

F = Zei max(Fj 1, ..., Fis), (1)

i€l

where s <n+1 and F; ;: R® — R are affine-linear functions, and e; = +1 Moreover, a set of operations was introduced [9]
that transform a lattice polynomial into a decomposition of the form (I). In the rest of this paper, an affine-linear function
inside a max function will be called an argument. The upper bound of arguments for max functions in Eq. is tight,
in the sense that there exist functions which do not allow a representation as a linear combination of maxima with fewer
arguments. This result was obtained independently by two different research groups [10], [11]]. Both give the witness function
max(0, z1, ..., z,), which cannot be represented as a linear combination of maxima with less than n + 1 arguments. However,
Example the function max (0, z1, x2) + max(0, —x1, —x2) can be represented as a linear combination of maxima with two
arguments — see Example The representation is not unique. This leads to the question: For a given CPWL function F,
what is the minimal number of arguments of maxima that is necessary to represent the function F' as in Eq. (I)? This paper
gives an answer to the question above.

This paper is structured as follows. In Section [, we provide basic information from polyhedral geometry, see [12]. Also, we
introduce and expand the notion of piecewise-constant functions necessary to formulate and prove Theorem [[IL.3] In Section
we develop the set of conditions in which a CPWL function F' can be represented as a linear combination of max functions
with at most £ < n + 1 arguments. Also, we prove that k is minimal for the given decomposition of the function F'.

Example I.1. We consider the two functions G1(x1,x2) = max(0,z1,z2) and Go(z1,z2) = max(0, —x1, —x2), that are
defined on R?, see Fig. [1} For the functions G; and G the following equality holds:

max (0, 1, z2) + max(0, —z1, —z2) = max(0, 1, T2, —T1, —T2,T1 — Ta,Ta2 — T1). 2)
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Fig. 1. Two CPWL functions, G1(x,y) = max(0, z, y) (first row), and G2(z,y) = max(0, —x, —y) (second row). Each row shows the function R? — R
as a three-dimensional plot (first column) and the function’s tessellation as a contour plot (second column). For a hyperplane H1 = {(z,y) € R? | = = y},

the delta functions Ay, ((H1)) and Ay, ((H1)) are non-constant.

By [10], [11], the functions G; and G cannot be represented as a linear combination of max functions with at most two
arguments. However, the function G; + G, see Fig. [2] can be represented as a linear combination of max of at most two

arguments. The function G; 4+ G> is decomposed as follows:
(G1 + G2)(z1, x2) = max(x1, x2) + max(—x2,r1 — T2) + max(—z1, T2 — T1). 3)

It is sufficient to show that the right side in Eq. (EI) is equivalent to the function max(0, 1,9, —x1, —Ta2,T1 — Ta, Ty — T1).
By applying basic algebraic transformations, we get:
max(z1, x2) + max(—xs, x1 — 29) + max(—xzy, 29 — 1) =
max(—x1, e — 1) + max(0, 1, 2x1 — T, 21 — Xg) =
max (0, 21, T2, —T1, —T2, T1 — Tz, Ty — T1). 4)

Thus, Eq 2) and Eq. @) imply that Eq. (3) holds. Theorem [[IT.3] shows why the function G; + G2 can be represented as a
linear combination of max with at most two arguments, and the functions G; and G2 cannot.

II. PIECEWISE-CONSTANT FUNCTIONS
Before formulating the main theorem of the paper, we first provide supplementary notions from polyhedral geometry and

piecewise-constant functions.
Definition IL.1. Let X C R”™ be a subset of R™. The relative interior relint(X) is the interior of X with respect to the

embedding of X into its affine hull. A polyhedron is a connected subset P C R™ which is relatively open, i.e., it is equal to
its relative interior, and such that its closure P is a finite union of convex polyhedra (a convex polyhedron is a the convex hull

of a finite set of points). The set P \ relint(P) is called the relative boundary relbd(P) of P.
In general, a CPWL function splits the input space into a finite set of polyhedra, but this tesselation is not necessarily a
polyhedral complex. However, it always defines a stratified family, in the sense of the following definition.

Definition II.2. Let P be a family of polyhedra in R™. We say that P is stratified if it satisfies the following set of properties:
(a) P is finite.

(b) P is relatively open, for all P € P.
(©) PlﬁPQ;é(Z):>P2§P1 for all P, P, € P.
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Fig. 2. Two CPWL functions, G3(z,y) = max(0, z,y) + max(0, —z, —y) (first row), and G4(z,y) = 6 max(0, z,y) + max(0, —x, —y) (second row).
Each row shows the function R? — R as a three-dimensional plot (first column) and the function’s tessellation as a contour plot (second column). For any flag
H of length 1, the delta function Ay, (#) is constant. For a hyperplane H1 = {(z,y) € R? | z = y}, the delta function Ay, ((H1)) is non-constant.

(d) The polyhedra are disjoint, and their union is an affine linear subspace H C R™. This affine subspace is called support
and it is denoted by |P|.

Definition IL.3. Let P be a stratified family of polyhedra. We say that a point = € |P| is generic with respect to P if the
unique polyhedron containing  has maximal dimension & := dim(|P]).

Note that the k-dimensional polyhedra P € P cover “almost” the whole affine subspace H because there are only finitely
many polyhedra of smaller dimension that are not included in the union of k-dimensional ones.

The concept of piecewise-constant function was applied to analyse convex CPWL functions and their underlying polyhedral
complexes [10]. We extend this notion to the general case of CPWL functions.

Definition II.4. Let P be a finite set of n-dimensional polyhedra that are open, pairwise disjoint, and the union of which is
dense in R™. Let G be an abelian group. A function f: (JP — G is called a piecewise-constant (PC) if it is constant in
every polyhedron in P. We assume that there are no two polyhedra in P*(f) with the same value that share a boundary of
dimension n — 1 — in this case, we may simply replace the union of these two polyhedra by the relative interior of the closure
of the union (which is the union of the two plus the shared boundary).

The function f does not need to be defined everywhere in R™. By P°(f), we denote the family of n-dimensional polyhedra
on which the function f is defined. For any index i € {1,...,n}, the family of (n —i)-dimensional polyhedra P*(f) is defined
as follows:

P(f) = {relint(PL N Py) | P, P, € P*7H(f), dim(PyNPy) =n—i}.

Then, any PC function f induces a stratified family of polyhedra P*(f) in the following way:
P*(f) ={P | P eP(f), forallic{0,...,n}}.

The input space R™ is the support of the stratified family of polyhedra P*(f). The union of all generic points forms with
respect to P*(f) is equal to the domain of definition def(f) of f. It has the following form:

def(f)= |J P

PePO(f)
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The closure of all generic points 2z € R™ in which the PC function f is non-zero is called the support supp(f) of f, i.e., it
has the following form:

supp(f) = U P.
PeP(f),f(P)#0

Later in the paper, we will show that supp(f) contains information about possible representations of the PC function f.
Another helpful notion will be the lineality space of the PC function f.

Definition IL.5. Let f be a PC function. The lineality space L(f) of the function f is the following set of points:
L(f) ={y e R" | f(z +y) = f(z) for all generic z € R"}.
Lemma IL6. Let f be a PC function. The lineality space L(f) C R™ of f is a linear subspace.
Proof. Note that for any non-trivial vectors vy, vy € L(f) and for any point = € def(f) the following equality holds:
f(@+vi+v2) = flz+v1) = f(),

i.e., v1 +v2 € L(f) and L(f) is closed under addition. Obviously, the vector 0 belongs to L(f). For non-zero v € L(f) also
—v is in L(f). The last thing to show is that if v € L(f), then also Av € L(f) for any A € R>( . Without loss of generality,
we assume that there exists a non-trivial vector v € L(f) and A" € (0,1) such that:

fl@+ Nv) # f(a).

It follows that there exist disjoint polyhedra P;, P> € P(f) such that x € Py, and 2 + \N'v € P,. Because P(f) is finite there
exists a polyhedron P5 € P(f) and Ag € N such that for any A € [A\g,0), z + Av € P3 and the following equality holds:

Fla+ ) = f(x).
Thus for the scalar A" + Ao, the point z + (A" 4+ A\g)v belongs to P5 and the following equality holds:
fl@+ N +Xo)v) = f(a).
By definition of the lineality space L(f), we get
Flx+ N+ X)) = flz+ \Nv).

As a result, f(x + Nv) = f(z), which contradicts our assumption. So, our assumption is incorrect, and if v is in L(f), then
for any A € R>¢, the vector Av belongs to L(f), from which it follows that the lineality space L(f) is a linear subspace. [

The dimension of the lineality space is denoted by Inum(f) := dim(L(f)) and is called the lineality number of f. In a
special case, when f is a PC function such that P(f) is a family of cones, the following lemma holds:

Lemma IL7. Let f be a PC function such that every P € P(f) is a cone. Assume, without loss of generality, that zero is the
common vertex of all cones. For the lineality space L(f) C R™ the following equality holds:

L(f) = [ {relbd(P) | P € P°(f)}.
Proof. Let X = (N{relbd(P) | P € P°(f)}. The goal is to show that for X, the following equality holds:
L(f) = X.

Firstly, we show that X C L(f). Let P € P°(f) be an n-dimensional cone. For every z € X and zp € relint(P), the point
x + zp is in relint(P) as well. The PC function f is defined on x + xp and its value is equal to f(x 4+ xp) = f(xzp). This
equality holds for every polyhedron in P°(f) which implies that z € L(f) and X C L(f).

Secondly, we show that L(f) C X. The inclusion is proven by contradiction. Let P, P’ € PY(f) be distinct cones such that

relint(P) NL(f) # 0.

For any two points x € relint(P) N L(f) and 2’ € relint(P’), there exists A € (0,1) such that the point y = Az + (1 — )z’
belongs to relint(P). Thus, the PC function f is defined on y and f(y) # f(z), which contradicts the definition of L(f).
So, our assumption is incorrect and L(f) C relbd(P). Furthermore, by the same set of arguments, it follows that the lineality
space L(f) C relbd(P) for every P € P(f), and L(f) C X. As a result, X C L(f) and L(f) C X that leads to the equality
L(f)=X. O

To define PC functions for a subspace H C R™, such that codim(H) =4 and ¢ € {1,...,n}, we introduce the notion of
flags.
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Definition IL8. A flag H = (Hy,..., Hy) of length k € {1,...,n} is a sequence of affine subspaces H; D Hy D -+ D Hy,
where dim(H;) =n — 4, for all s € {1,...,k}.

Definition I1.9. For a given flag H of length & and a PC function f, we define the family of polyhedra P (f), as follows:
Pu(f) = {HxNP|PecPulf), H.NP #0},
where H' .= (Hy,...,H_1) is a flag of length k — 1. If H = (H;), the family of polyhedra Py (f) is defined as follows:
Pu(f)={HiNP|PeP(f), HHNP #0}.
Note that all polyhedra P in Py (f) are open, pairwise disjoint and at most of dimension n — k.

Lemma I1.10. Ler f be a PC function, and let H = (Hy, ..., Hy) be a flag of length k € {1, ... ,n}. The family of polyhedra
P (f) is stratified.

Proof. The proof is done by induction.

Base: Let k = 1, i.e., H = (H;). Our goal is to show that Py (f) is stratified. From Definition it follows that Py (f)
is finite, every polyhedron P € Py(f) is open and H; = | pepy,(f) L+ To finish the base case, one has to show that the
property [(¢)| from Definition is also satisfied for all polyhedra in Py (f). Let Q1,Q2 € Px(f) be polyhedra such that

Q1NQ2#0. (&)
There exist polyhedra Py, P» € P*(f) such that (3) can be rewritten as follows:
PNHNP,NH#0.

Because the intersection P; N H is non-empty and open, it follows that P, N H = P, N H. From P,NH C P, N H it follows
that:
PNHCP NH.

Thus, the family of polyhedra Py (f) poses all four properties and is stratified.

Step: Let k > 1 and H = (Hy,. .., Hy). Without loss of generality, we may assume that for the flag H' = (Hy,..., Hg_1),
the family of polyhedra Py (f) is stratified. Because Hy, is a hyperplane for Hj_1, with the same set of arguments as in the
base case, one can show that the family of polyhedra Py (f) is stratified. O

By Lemmalll.10] all polyhedra from Py (f) cover the affine subspace Hy, from the flag 1. Because Py (f) is finite, it follows
that there are a finite number of polyhedra P with dimension < n — k — 1. Any hyperplane H = {z € R" | a’'x = b}, where
a € R™, splits the input space R™ into two open half-spaces Ht := {x € R" | a2 > b} and H~ == {z € R" | a2 < b}.

Lemma IL.11. Let f be a PC function and let H C R™ be a hyperplane. Then for any generic x € H and two vectors
v1,v9 € R™ such that both x + vy and x + vy are in H, the following equality holds:

gig(l)(f(a:vstl) — flz —ev)) :gig%(f(x+svg) — fz —evg)).

Proof. By Lemma the hyperplane H is covered by a finite family Py (f) of (n — 1)-dimensional polyhedra, where
‘H = (H). For every generic point € H, there exists a unique polyhedron Q € Py(f), that contains the point z. We
distinguish two cases.

Case 1: If Q C P for some n-dimensional polyhedron P € P(f), then there exists € > 0 such that {z +ev |v € R"} C P
and the function f is constant on this e-neighborhood of x. Therefore, for any two vectors v1,v2 € R™ we have

gig%f(sc+£v1) = gig%f(a:+avg). (6)

Case 2: Otherwise, there exist P, P, € P(f) such that Q = relint(P; N P). Without loss of generality, we may assume
that P, N Ht = P;. Let v1,v3 € R™ be two vectors such that x + v1,z + vo € H™T. Then there exists € > 0 for which
T+ evy,x + evg € Py. Since f is constant on P, it follows that (@) holds in this case as well.

With the same set of arguments, one can show that the following equality holds:

gg%f(xfsvl) :;I_I)I(l)f(l'*é'UQ). (7

By combining (6) and (7), we receive the desired equality. O
For a flag H = (H1,..., Hy) we say that a collection of vectors V := (v1,...,vg) is a directional with respect to H, if
every vector v;, where i € {1,...,k} satisfies two properties: v; is non-parallel to H; and for every point x € H;, the sum

v; + x belongs to H;_;.
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Definition IL.12. Let f be a PC function, let H = (Hq,..., Hy) be a flag of length k € {1,...,n}, and let V = (vy,...,v%)
be a directional with respect to . For any generic point x € Hj, we define the delta function A ;(H,V): H, — G recursively
as follows:

Ar(H,V)(z) = iﬂ% (Ap(H V) (@ + evg) — Ap(H V') (@ — evy)),

where H' .= (Hy,...,Hi—1) and V' := (v1,...,0k—1).
When H = (H;) and V = (v1), the delta function Ay(H,V): H; — G is defined as follows:

Af(H,V)(x) = 21_1% (f(z +evr) — f(x —ev1)).

The delta function Ay(#,V) is a PC function with respect to the pair (#, V). From Lemma [[L.11}] it follows that the delta
function is invariant under the choice of the directional V — it just depends on the orientation of each hyperplane, i.e., a the
specification of the two components H;_; \ H; as positive or negative. This means that V) can be omitted in the definition of
the delta function, and in the rest of the paper, we, therefore, write A¢(#) instead of A¢(#,V). By definition, the flag
should contain at least one affine subspace of codimension 1. For the sake of generality, we say that the flag H is of length 0,
if it contains the input space R, i.e., H = (R™). The delta function A ;(7{) for the flag () of length zero is the PC function

frie. Ap0) = f.

Lemma IL.13. Ler f be a PC function. If supp(f) is non-empty and does not contain any dffine space of dimension k, then
there exists a hyperplane H for which the support of Ay(H), where 1 = (H) is non-empty and does not contain any affine
space of dimension k.

Proof. This holds because supp(Af(H)) C supp(f). O

Lemma IL.14. Let f be a PC function, and let 1 be a flag of length k € {0,...,n — 1} such that Ay(H) is non-constant.
Then, for any affine subspace Hy11 C Hy, of codimension k + 1, where Hj, € H, the inequality holds:

Inum(Af(H) U (Hgy1)) > Inum(A ¢ (H)). (8)

Proof. Let H be a flag of fixed length k, where k € {0,...,n—1} such that A;(#) is non-constant. Without loss of generality,
we may assume that 0 € Hy, where Hy € H. The affine subspace Hj, is isomorphic to R™ . Let ¢: H, — R™* be a
bijection between Hj and R"~* and let Hy, 1 C Hj be an affine subspace of codimension k + 1. The mapping ¢ translates
Hj.q into a set H C R"* as follows: H := {¢~!(z) | * € Hj41}. The set H is a hyperplane in R"~*. Also, the mapping
¢ defines the PC function g: R"* — G as follows:

g=A;(H)op t.

The functions g and A ¢(#) have the lineality spaces of the same dimension. Moreover, the mapping ¢ establishes a one-to-one
correspondence between Ay (H U (Hp41)) and Ay ((H)) as follows:

Ap(HU (Hiy1)) = Ag((H)).

As a result, the functions Ay(H U (Hy11)) and Ay((H)) have the lineality spaces of the same dimension as well. To finish
the proof, we have to show that for a hyperplane H € R"*, the following inequality holds:

Inum(A,((H))) > Inum(g).

We distinguish two cases.
Case 1: Let L(g) be parallel to H. There exists non-trivial y € L(g) that is non-parallel to H and is picked as the direction
vector for A, ((H)). Then for every x € def(A,((H))) holds:

Ay((H))(z) = lim g(z + ey) — g(z — ey) = lim g(z) — g(z) = 0.

So, the function Ay((H)) = 0 with Inum(Ay((H))) =n — k — 1, and Eq. (§) holds.
Case 2: Let L(g) be parallel to H. For every y € L(g) and x € def(A,((H))), the point = + y belongs to H and A, ((H))
for x + y has the following form:

Ag((H))(x +y) = lim g(z +y +ev) — g(z +y —cv). ©)
Because y € L(g), the summands in (@) can be transformed as follows:

g(z+y+ev) =gz +ev),
gz +y —ev) = gla — ev).

By substituting the summands in (9, one receives the equality:

Ag((H))(z +y) = Ag((H))(2).
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So, y € L(A4((H))) from which follows that L(g) € L(A,((H))) and (8) holds. O
Lemma IL15. Let f: R™ — G be a PC function such that:

f201f1+"'+0'pfp7

where f; is a PC function, for which L(f;) contains a k-affine subspace and o; € {—1,1} for all i € {1,...,p}. Then,
supp(f) is either the empty set or contains an affine space of dimension k.

Proof. The proof is done by induction.

Base: Let n = k. Then for every i € {1,...,p}, L(f;) contains an n-dimensional affine subspace. It is possible only when
fi is a constant function on def(f;). So, a linear combination of constant functions is also a constant function, and L(f)
contains the n-affine subspace.

Step: Assume that n > k and supp(f) # () does not contain an affine k-space. By Lemma there is a hyperplane H
such that the support of Af(7{) is non-empty and does not contain an affine subspace of dimension k. By Lemma for
every i € {1,...,p}, if f; is not constant, then the following inequality holds:

Inum(Ay, (H)) > k.

Note, that for f = o1 f1 + -+ 04fqg + 0g41fq+1 + -+ 0pfp, Where fi, ..., f, are constant and f,y1, ..., f, are not,
the function Ay (#) is represented as follows:

Af(H) = 0q1185,0 (H) + -+ 0pAp, (H),

where the lineality space L(Ay, (7)) contains a k-linear space, for all ¢ € {g+1,...,p}. By induction hypothesis, supp(A ¢(#))
contains a k-affine subspace. But it contradicts our assumption, so our assumption is incorrect, and supp(f) contains a k-affine
subspace. O

Lemma I1.16. Let H' be a flag of length k, where k € {0,...,n — 1}, and let f: R™ — G be a PC function such that for
all flags H = H' U (Hy1) of length k + 1, the delta function A¢(H) is equal to 0, i.e., Ay(H) = 0. Then the delta function
A¢(H') is constant.

Proof. Let H' be a fixed flag of length k, where & € {0,...,n — 1}, and let f be a PC function such that for any flag
H = H'U(Hgy1) of length £+ 1, the delta function Ay(#) = 0. We aim to show that the delta function A ¢(#') is constant.

Without loss of generality, we may assume that 0 € Hy. Thus, H, is a linear subspace of codimension % and is isomorphic
to R"*. Let ¢: Hj, — R™* be a bijection between H);, and R"* and let a function g: R*~* — G be defined as follows:

g=A0;(H)op™".

The function g is a PC function on R"~%. A point z € R"* is generic if the point ¢~!(x) is generic in Hj with respect to
Ay(H'). Let H C R"* be a hyperplane. By the mapping ¢, the hyperplane H translates to a set of points Hy41 = {¢~*(z) |
x € H}. The set Hiy1 is an affine subspace of Hj, of codimension k + 1. Additionally, for the flag (H), the function g defines
the delta function Ay ((H)) such that:

Ag((H)) = Af(H) =0,

where H = H' U (Hy1).
Therefore, ¢ is the PC function such that for any flag (H) of length 1, the delta function Ay((H)) is equal to 0. It is
possible only in a case when ¢ is constant. So, Ay(?’) is constant as well.
O

Lemma IL.17. Let f be a PC function. Then the delta function Ay(H) equals O for all but a finite number of flags H.

Proof. Let F be the family of all flags such that for any flag # € F, the delta function Ay(#) is non-zero. Our goal is to
show that |F| < oo. For any k, let F* be the family of flags of length k, such that for every H € F*, A;(H) is non-zero.
The family of all flags F is a union of families of flags of fixed length, i.e., the following equality holds:

F= 7 (10)
k=1

Any two families in the union in (T0) are pairwise disjoint, from which follows that the equality holds between the sizes of

the families of flags:
n
Fl =D IF.
k=1
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Let k =1 and let H = (H;) such that H € F'. The delta function A () is non-zero, i.e, there exists z € R™ such that
Af(H)(z) # 0. As, Ap(H) is a PC function on H; and is non-zero on the point z it follows that there exists P € P*(f)
such that x € P, P C H; and for every y € P holds:

Ap(H)(y) = Ap(H)(x) #0.

The polyhedron P has dimension n— 1. It implies the existence of a unique hyperplane H for which P C H and the hyperplane
H coincide with H;. As a result, for any flag 7 € F! there exists at least one polyhedron P € PI(f) such that P C H,
from which the following inequality holds:

[P < [PYHS)I-

Let £ > 2 and let H' = (Hi,...,Hy_1) be a flag of length k£ — 1. If A;(#') is constant, by Lemma it follows
that for every flag % = (Hu,...,Hy), where Hj, C Hj_1, holds Ay(H) = 0 . Thus, if for the flag 7 of length k the delta
function A(#) is non-zero, it follows that the delta function A(H’) for the flag H’ is non-constant. To finish this proof,
one has to show that if ' € F*~!, then it has finitely many affine subspaces H) of codimension % such that the function
A¢((Hi,...,Hy)) is non-zero.

Let ' € F*~! be a flag for which the function A #(H’) is non-constant. Without loss of generality, we may assume that the
affine subspace Hj_1 contains 0. The affine subspace Hj_; is isomorphic to a linear space R 5+l Let ¢: Hj_; — R*F+1
be a bijection between Hy,_; and R"~*+1. The composition of ¢ and A;(H’) defines a function g: R"~*+1 — G as follows:

g=ApH)op L

The function g is PC and splits the linear space R"~**1 into a finite family of polyhedra P"~*+1(g) of codimension k — 1.
The function ¢ transforms any affine subspace Hy C Hy_1 of codimension k to a set of points ¢(Hy) C R *+1 ag follows:

¢(Hy) = {d(z) | © € Hy}.

The set of points ¢(Hy) is a hyperplane in R"~**1. Moreover, the function Af((Hq, ..., Hy)) is non-zero if and only
if Ay((¢(Hy))) is non-zero as well. By the same motivation as for the case k = 1, there are finitely many hyperplanes
H C R"*+1 for which A,((H)) is non-zero. Thus, there are finitely many affine subspaces Hj, of codimension & for which
Ay((Hy,...,Hy)) is non-zero as well. This holds for any flag in %=1, and it follows that |F*| < co. Therefore, for any
ke {1,...,n}, |F*| is finite which implies that |F| is finite as well.

O

III. MINIMAL DECOMPOSITION

We are interested in the case when G = R", for n € N. Let F': R™ — R be a CPWL function. The PC function f for a
given CPWL function F' is defined as follows:
f=VF.

We are also interested in the connection between the possible decomposition of the function F' as a linear combination of max
functions and the properties of the corresponding PC functions.

Lemma IIL1. Ler F := max(g1,...,9x), where k < n + 1, be a CPWL function such that g;: R" — R be an affine-
linear function for i € {1,...,k}. Then, the lineality space for the function f = VF has at most codimension k — 1, i.e.,
codim(L(f)) <k — 1

Proof. Since the following equality holds:
F'=max(g1,...,gx) = max(0,92 — g1,.... 95 — 91) + 91,
we also have the correspondent equality for the derivatives:
f=Vmax(0,gy,...,95_1) +¢
where ¢ := V(g1), Gi == git1 — g1, for all i € {2, ...,k — 1}. Thus, the equality holds for the correspondent lineality spaces:
Inum(f) = lnum(V max(0,gy,...,95_1))- (11)
Let A € R*=Ux" be a matrix, whose rows are Vg,,...,Vg,_;. The kernel ker(A) of the matrix A is a subset of
L(Vmax(0,4y,...,09;x_1))- For any z € R” and y € ker(A), the following equality holds:
max(0,gy, ... gy_1)(z +y) = max(0,7y,...,G5_1)(2).

Since, the matrix A has (k—1)-rows, it follows that dim(ker(A)) > n—k+1. By the eqaulity codim(ker(A)) = n—dim(ker(A))
and equality in (TI), it follows that codim(L(f)) < k — 1. O
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Example IIL.2. Let us to consider two functions G5(z,y) = max(0,z,y) + max(0, —z, —y) and G4 = 6 max(0,z,y) +
max(0, —z, —y). These functions are defined on R?, see Fig. [2| The functions G3 and G split the input space into the same
family of polyhedra. In Example we have shown that G3 can be represented as a linear combination of max with at most
two arguments. One may think that since G35 and G4 tessellate the input space identically, it implies the function G4 can be
represented in the form of Eq. (I) with at most two arguments as well. However, the function G4 cannot be represented as
a linear combination of max with at most two arguments. To show this, let us assume the opposite, that for a finite set of
indices I, the following equality holds:
Gy = Zm&X(Fi,,hFi,z)-
i€l

Because the function G4 = G5 4+ 5max(0, z,y), we get that for max(0, z,y) holds:
1
max (0, x,y) = 5(G4 - Gjs),

where G4 — (i3 is a linear combination of max with at most two arguments. This leads to the contradiction because the
function max (0, x, y) cannot be represented in this form. So, the function G4 cannot be represented as a linear combination of
max with at most two arguments. Although the functions G5 and G4 split the input space into the same family of polyhedra,
their tessellations are still different with respect to their delta functions. To show this, we define two PC functions g3 := VG3
and g4 = VG4. For any flag H of length 1, the delta function A, (#) is constant. At the same time, for the hyperplane
Hy = {(z,y) € R? | x = y}, the delta function Ay, ((H;)) is non-constant.

Eventually, the fact that in Example [[IL2| for any flag H of length 1, the delta function Ay, (#) is constant has a direct
implication on the existence of the decomposition of the function G as a linear combination of max with at most two
arguments. The observations made in Example lead to the following theorem:

Theorem IIL.3. Let F': R™ — R be a CPWL, let f = VF. The function F can be represented as a linear combination of
max with at most k € N arguments if and only if for any flag H = (Hy,...,Hi_1) of length k — 1 holds that the delta
function Ay(H) is constant.

Proof. By [9], it was shown that the function F' can be represented as a linear combination of max with at most n + 1
arguments. Thus, without loss of generality, we may assume that £ < n + 1.

Firstly, we show (=) implication. Let F' be a CPWL function that can be represented as a linear combination of max of
at most k arguments, i.e., there exists a finite set of indices I/ C N for which the following equality holds:

F=> oF;, (12)

icl
where 0; € {—1,1}, F; = max(g;1,---, i p, ). such that p; < k and g; ;: R™ — R is an affine-linear function j € {1,...,p;},
for all ¢ € I. For every i € I, we denote f; := VF;. The function f is a PC function and by (I2)), it is decomposed as follows:

f=> oaifi
i€l
Let ¢ be the family of all flags for which the function A¢(#) is not equal to 0. By Lemma the family of flags F
is finite. Our goal is to show that for every flag A € F, the function A,(.A) is constant.
The proof is done by contradiction. Assume there exists a flag H € Fy of length & — 1 such that the function Ay(H) is
non-constant. The function A;(7{) is decomposed as follows:

Af(H) = Z O-iA.f'i (H)7 (13)
icl
where o; € {—1,1}, for all i € I. Due to the assumption that As(#) is non-constant, in Eq. (I3) exists at least one f; for
which Ay, (H) is non-constant. It implies that there exists a flag /" € F7, of length k —2 such that the delta function Ay, (H')
is non-constant as well. By Lemma [[IL.1} the following chain of inequalities holds:

n—k+1<Ilnum(f;) <lnum(Ay, (H')) < Inum(Ay, (H)).

Since, the function Ay, (7{) is defined on an affine subspace of dimension n—k+1, it implies that the dimension of L(Ay, (H))
is n — k + 1. It is possible when the function Ay, (#) is constant, which contradicts our assumption. So, our assumption is
incorrect and A¢(#) is constant on every flag A € Fy.

Secondly, we show (<) implication. Assume that the PC function f = VF has the property that for all flags H of fixed
length k, the delta function Ay(7{) is constant. By Lemma [[.17] there exists a finite family of flags Fy = {H1,...,H,} for
which the function A f(H) is non-zero. Our goal is to construct a CPWL function G;: R" — R with ¢g; := VG, for which
the following properties hold:
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(a) The function (G; is a linear combination of maxima of at most k£ + 1 affine-linear functions.
(b) The function Ay, (H) is zero for all flags # that do not belong to Fy.
(c) There exists at least one flag # € F; for which Ay, (H) = Ay(#H) holds.
(d) The lineality space of g; has codimension k£ and contains the vector space parallel to Hj, where Hy, is the last element
in H.
Before proving the existence of a function G; with the declared properties, let us assume that such a function exists. We
define a CPWL function F;: R® — R as follows:

L =F -G
The PC function f; := VF} satisfies the following equality:
fi=f—-o.
Thus, for any flag A of length s € {1,...,n}, the delta function Ay, (A) satisfies the following equality:
Ap(A) =Ap(A) = Ay, (A). (14)

Property and Eq. (T4) now imply that for any flag A ¢ Fy, the delta function Ay, (A) is zero. Thus, it follows that
Fr C Fy,. By property [(c)] of G1, there exists a flag H € Fy such that:
Afl (H) = Af(H> - Agl (H) =0. (15)

By Eq. (13), the flag H does not belong to F,, and therefore Ff, C F;. For the function F}, there exists a CPWL function
Go: R™ — R with the properties |(a) as well. By repeating this procedure a finite number of times p < |F|, one generates
the function F*: R™ — R as follows:

P
F*=F-Y G (16)

i=1
where for all ¢ € {1,...,p}, the function G; is a linear combination of max of at most k + 1 arguments. For the PC function

VF*, the family of flags Fyp~ is empty, which implies that the function VF™* is constant. This is only possible when the
function F* is affine-linear. By Eq. (16), the function F is the sum of max of at most k& + 1 arguments.

To finish the proof, one is left to show that the function Gy exists. The function F' is a CPWL function such that f is a
PC function with codim(L(f)) = k. By Lemma for any flag A of length k, the delta function Af(.A) is constant. Let
H = (Hi,...,Hy) such that H € Fy, and let 9 € Hy, such that Ay(H)(xo) # 0. Let U C R™ be an n-dimensional ball with
the center in xy with the following property:

Ucl|J{P|PeP'(F)xcP}.

For the sake of simplicity and without loss of generality, we assume that 2o = 0 and F'(0) = 0. In two steps, we define the
function G: R™" — R.

Step 1: For every point « € U, we define G(x) := F(z). Because F(0) = 0, the function F, restricted to the ball U, is
positively homogeneous.

Step 2: For any point x € R™, there exists A > 0 and y € U, such that x = Ay. In this case, we define G(z) = A\G(y).

The function G is a CPWL function. It defines a PC function ¢ = VG. From the definition of G, it follows that the linear
regions of G are cones. These cones generate a stratified family of polyhedra P(g). The rest of the proof shows that the
functions G and g satisfy properties Let H = (Hy,..., Hy,) be the flag used to define G.

Property The family of flags F, is a subset of the family flags F; of the PC function f. Let i € {1,...,k} and let
A= (Ay,...,A;) be a flag such that A € F,. For the flag A the delta function A,(.A) is non-zero, from which follows that
A; contains a face P € P(g) of codimension 4. The face P is a cone, so the closure of P contains 0 and the intersection with
the ball U is non-empty. Because P N U # () and g coincides with f in U, it follows that Af(A)(z) = Ay(A)(z) # 0 for
every point € PN U. As a result, A € Fy and F, C Fy.

Property Because H € F; it follows that A () is constant and 0 € supp(A;(#)). Since f and g coincide in U, the
equality holds:

A, (H)(0) = Af(H)(0) # 0. (17)

Eq. implies H € F,. The family of flags F, contains flags of length at most k, from which follows that for any flag
H' = (Hy,...,Hy, Hiy1) holds Ag(H') = 0. By Lemma [[1.16] this is only possible when Ay (%) is constant. Thus, the delta
function A, () is constant and by Eq. implies Ay (H) = Af(H).

Property By property |(b)| the flag H belongs to F,. This is possible only when the delta function Agy((Hy, ..., Hi_1))
is non-constant. Thus, by Lemma the codimension of the lineality space L(g) satisfies the following inequality:

codim(L(g)) > k.
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Let us assume that codim(L(g)) > k+ 1, which is only possible when there exists a flag A’ of length & such that the function
A,4(A’) is non-constant. By property [(b)] for any flag A of length > k + 1 holds:

A, (A) =0. (18)

Eq. (I8) and Lemma imply that the delta function Ag4(A’) is constant. This is a contradiction. So, our assumption is
incorrect, and the codimension of L(g) is k.

Property [(a)f We have to show that the function G can be represented as a linear combination of max with at most k + 1
arguments. Let W C R”™ be a linear subspace of dimension k, that is complement to L(g). Let us fix a point € R™. For
the point x, there exists a unique pair of points z, € L(g) and x,, € W such that x = xy + x,,. There exist two linear maps
we: R™ — L(g) and p,: R™ — W that map the point x to its xy and x,, parts, respectively.

Let P € P°(g) be a cone for which 2 € P and let G(): R™ — R be the linear function that defines G on the cone P.
Then, the value of G in x is computed as follows:

G(z) = el (x) = G(P)(mg + ) = (G(P) o pe)(z) + (G(P) 0 iy ) (). (19)

Eq. suggests that the function G can be decomposed as a sum of two functions: Gy: R — R and G,,: R — R. We
define the function G, for the point = as follows:

Go(z) == (G o py) ().

By Lemma the lineality space L(g) belongs to the boundary of every cone P’ € P°(g), which implies that G, =
(G o ). Therefore, Gy is not only CPWL but also a linear function.
We define the function G, for a point x € P as follows:

Gu(z) == (GP) oy ().

Because the set of points {z +y | y € L(g)} is a subset of P it follows that x,, belongs to P as well, which implies the
following equalities:

Gu(r) = (G(P) o fiw) () = G(P)(xw) = G(zw).

Therefore, we can restrict the function G,, on the linear subspace W without losing any information. The restricted G, on
W function is denoted as G, |w. The linear subspace W is isomorphic to the k-dimensional vector space R*. We denote the
isomorphism between W and R¥ by ¢: W — RF,

By using ¢, we define a function 7': R* — R as follows:

T:= Gw|W O¢71'

The function 7" is a CPWL function defined on R¥. By [9], T' can be represented as a linear combination of max with at most
k + 1 arguments i.e., the following equality holds:

T = Zai maX(Fi,lv s 7Fi,s)7
iel
where s < k + 1. By composing the isomorphism ¢ and the function 7" the following equality holds:
Gw‘W = ZO'Z‘ maX(FM, ey Fi,s) o ¢
iel
Moreover, by composing G, |w and ., the function G, |w is extended to R™ such that:
Gw :Zgima’X(Fi,l O(bo/iwy”'aFi,s O¢0Mw)
iel
=Y oymax(Fy,,..., F,), (20)
iel

where F, := F; ;o ¢ o pu,, for every j < s and ¢ € I. The functions ¢ and p,, are linear mappings. Their composition
generates a new linear function, which implies that F}"; is linear for every ¢ € I and j < s. Consequently, the function G, is
decomposed as a linear combination of max with at most k& + 1 arguments. Thus from Eq. (T9) and Eq. (20) follow that the
function G is represented as a linear combination of max with at most k + 1 arguments and the following equality holds:

G = G@ —+ ZO‘i maX(Fifl, cee 7Fi>‘:s)'
el
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Let K C {0,...,n} be the set of all indices such that, for any flag H of length i € K, the delta function Ay p(H) is
constant. By Theorem the minimal arguments k* € N necessary to represent the function F' as in Eq. (I) is calculated
as follows:

E* :=min{k | k € K} + 1.

Theorem [[II.3] has the implication for different representations as well. For instance, it shows that the knowledge about the
number of linear regions in the decomposition of the input space and the number of unique linear affine-linear functions
provided by a CPWL function F' are not enough to get optimal representations as a neural network or as a linear combination
of max functions as in Eq. (I). By applying Theorem to the results from [7]], we get the following corollary:

Corollary II1.4. A CPWL function F: R™ — R can be represented as a ReLU-based neural network with depth at most
[logy (k)] + 1, where k < n + 1, if for any flag H of length k — 1, the delta function Ay r(H) is constant.

Proof. The statement holds by applying Theorem [[IL.3] in Theorem 2.1 from [7]. O
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