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DETERMINANT EVALUATIONS INSPIRED BY DI FRANCESCO’S
DETERMINANT FOR TWENTY-VERTEX CONFIGURATIONS

C. KOUTSCHAN, C. KRATTENTHALER, AND M. J. SCHLOSSER

Dedicated to the memory of Marko Petkovsek,
who had a keen interest in computer algebra and determinants

ABSTRACT. In his work on the twenty vertex model, Di Francesco [Electron. J. Com-
bin. 28(4) (2021), Paper No. 4.38] found a determinant formula for the number of
configurations in a specific such model, and he conjectured a closed form product for-
mula for the evaluation of this determinant. We prove this conjecture here. Moreover,
we actually generalize this determinant evaluation to a one-parameter family of de-
terminant evaluations, and we present many more determinant evaluations of similar
type — some proved, some left open as conjectures.

1. Introduction

In [4, 3], Di Francesco and Guitter undertook an enumerative study of configurations
in the twenty vertex model and set it in relation to an analogous enumerative study of
domino tilings of certain regions. Particular such regions that Di Francesco considered
in [3] were coined by him “Aztec triangles”. He found that certain twenty vertex config-
urations were equinumerous with domino tilings of such “Aztec triangles”. Moreover,
he established a determinantal formula for these common numbers, and he observed
that this determinant had apparently an evaluation given by a closed form product.*

Conjecture 1 (D1 FRANCESCO [3, Conj. 8.1 + Th. 8.2]). For all positive integers n,

we have
(i+25+1 i—1 m2il (44 — 2)!
det (2 - —2[——% 1.1
og@-fgm( < 2 + 1 > (2j+1>) g(n+2z’—1)!’ (L)

1
where the binomial coefficient is defined by

a(a—1)-(a—p+1) .
(05) _ ! ) pr > 07 (12)
p 0, if p < 0.
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!There is a small subtlety that needs to be pointed out here: our definition of binomial coefficients
is not the same as Di Francesco’s. To be precise, his convention is to put (z) =0 for -1 < a <p.
Thus, according to this convention, all the entries in row 0 of the matrix of which the determinant is
taken in (1.1) would equal 1, while, with our convention (1.2), they are all equal to 2. Consequently,
our right-hand side in (1.1) has an additional factor 2 compared to [3, Eq. (8.1)].
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This caught the attention of the second author. Since he prefers parameters in deter-
minants in order to facilitate their evaluation, he searched for a parametric generaliza-
tion of (1.1). He successfully found such a generalization, and in addition a companion
identity.

Conjecture 2 (CKy). For all positive integers n, we have

- L+ 25+ 1 —1+25+1
dot i x+z-+ ]+ n x Z.+ J +
0<i,j<n—1 2]+ 1 27 +1

ol il [n/2] l(n—1)/2]
= 2(2)+1 H m H (LE + 47 + 1>n72i H (]} — 21+ gn)nfgifl, (13)
i=0 T =0 i=0
and
(T +i+2 T —1+2j
det 2
Ogi,j%n—l ( ( 27 ) + ( 2 ))
NG L(n—1)/2] [(n—2)/2]
_o(3)+ H w H (x +4i+3)p—2i1 H (x—2i+3n—1),99, (1.4)
i=0 T =0 i=0

with the Pochhammer symbol («), defined by a(a +1)---(a+p—1) forp > 1 and
(@) :=1.

Indeed, the special case x = 0 of (1.3) is equivalent with (1.1). However, this did
not help: neither was the second author able to prove Conjecture 1 nor was he able to
prove Conjecture 2 at the time.

In an unrelated development, during the 9th International Conference on “Lattice
Path Combinatorics and Applications” that took place June 21-25, 2021 at the CIRM
in Luminy, the first author? received the following e-mail from Doron Zeilberger. More
precisely, the e-mail arrived on June 23 at 13:49 (European time) and had the subject
“challenge”:

Dear Christoph,

Philippe Di Francesco just gave a great talk at the Lattice
path conference mentioning, inter alia, a certain
conjectured determinant. It is

Conj. 8.1 (combined with Th. 8.2) in
https://arxiv.org/pdf/2102.02920.pdf

I am curious if you can prove it by the
Koutschan-Zeilberger—-Aek holonomic ansatz method. If you
can do it before Friday, June 25, 2021, 17:00 Paris time, I
will mention it in my talk in that conference.

Best wishes
Doron

2who did not participate in the conference; the second and third author did (via zoom).
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It turned out that the conjectured determinant evaluation in question — namely (1.1)
— was indeed routinely provable by the so-called holonomic Ansatz. Consequently, the
challenge was met and the result was announced by Zeilberger in his talk on the last
day of the conference.

Obviously, the second author immediately contacted the first. However, the deter-
minant evaluations in Conjecture 2 could not be proved by the holonomic Ansatz.

On the other hand, the third author initiated a “hunt” for further determinant eval-
uations of similar kind. As a result, together we came up with many variations of the
determinant identities in Conjectures 1 and 2, some of which could be proved by the
holonomic Ansatz while others resisted to this method. On the other hand, at least in
one case a different — non-algorithmic — method led to success.

Again in an unrelated development, at the Workshop on “Enumerative Combina-
torics” in Oberwolfach in December 2022, Sylvie Corteel asked the second author how
to enumerate certain tableaux that were a mixture of symplectic and supersymmetric
tableaux; she and her student Frederick Huang had observed that their number seemed
to be given by a nice product formula. The second author asked for a bit of time,
and answered on the next day: “Calculer un déterminant !” That was actually not new
for Corteel and Huang, they already knew that ... In any case, a month later this
determinant (and a related one) was indeed evaluated; see [2].> The second author
noticed that, up to a simple parameter transformation, the result of that determinant
evaluation seemed to be the same as the right-hand side of (1.3) (and the result of the
related determinant evaluation seemed to be the same as the right-hand side of (1.4)).
It did not take for long to rigorously relate this determinant to the one on the left-hand
side of (1.3) (and the related determinant to the one on the left-hand side of (1.4)).
Thus, also Conjecture 2 became a theorem.

The purpose of this paper is to collect all these results and conjectures, together
with our proofs (in case we found one). More precisely, in the next section we review
Zeilberger’s holonomic Ansatz. Then follows a “warmup” section, in which we prove
a variation of (1.3) in which the terms 2j in the binomial coefficients get “replaced”
by j and the power 2¢ is replaced by an arbitrary power a'. We actually provide two
proofs: one using the holonomic Ansatz, the other using constant term calculus. Here,
in this simple case, we are able to display the results of the intermediate calculations
when using the holonomic Ansatz, while, due to their size, this is not possible anymore
for the subsequent applications of the holonomic Ansatz in this paper.* In this sense,
this proof also serves pedagogical purposes.

Section 4 is devoted to the earlier mentioned computer proof of Conjecture 1 due to
the first author that was announced by Zeilberger during the 9th Lattice Path Confer-
ence. The proof of Conjecture 2 is the subject of Section 5. As indicated above, the
idea of the proof is to relate the two determinants in (1.3) and (1.4) to two determinants
that had been evaluated in [2].

The subsequent sections discuss variations of these determinant evaluations. We
begin in Section 6 with determinants of the kind as in Conjecture 2 where we allow
more general shifts at several places; see the definition of D, s, s(n) at the beginning

3As it turned out, the tableau enumeration problem was not so unrelated: the actual goal of Corteel
and Huang was to count the number of domino tilings of regions that generalized Di Francesco’s Aztec
triangles; the “super-symplectic” tableaux were in bijection with these domino tilings.

“Instead, we provide details of these calculations in the accompanying electronic material [12].
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of the section. A computer search led to the discovery of many (more) corresponding
determinant evaluations; see Theorem 10.

In Section 7, we consider variations of the determinants in Conjecture 2 in which 2j
gets “replaced” by 3j and the power 2! is replaced by 3!, again allowing more general
shifts. Also in this case, we found many corresponding determinant evaluations; see
Theorem 12. Moreover, it seems that there are three one-parameter families of closed-
form determinant evaluations of this type; see Conjecture 13.

Section 8 is dedicated to variations of the determinants in Conjecture 2 in which the
power 2! gets “replaced” by 4%, with the 2j in the binomial coefficients being retained,
again allowing shifts. The “sporadic” determinant evaluations that we found are listed
(and proved) in Theorem 14. There is also a one-parameter family of such evaluations;
see Theorem 15. Moreover, we discovered a second one-parameter family. However,
in that case the result of the determinant evaluation does not factor completely. Our
result in Theorem 16 identifies all factors but one, apparently, irreducible factor. While
we failed to find an explicit formula for that factor, we found a recurrence that it
seems to satisfy; see Conjecture 17. Since our (non-algorithmic) proof of Theorem 16
is somewhat lengthy, it is given separately in Section 9.

Section 10 contains yet further variations of the determinants in Conjecture 2: here,
the power 2 remains untouched, but 2j gets “replaced” by 44, and we allow more
general shifts. We present our corresponding findings in Conjecture 21, Proposition 22,
and Conjecture 23. Again, we are confident that the holonomic Ansatz is able to prove
all these results. However, at this point in time the capacity of the available computers
is not sufficient to actually carry out the necessary computations.

In the final section, Section 11, we list several problems left open or posed by this
work.

2. The Holonomic Ansatz

The holonomic Ansatz [24] is a computer-algebra-based approach to find and/or
prove the evaluation of a symbolic determinant det(A,), where the dimension of the
square matrix A, := (a;;)o<ij<n 15 given by a symbolic parameter n. The method is
only applicable to non-singular matrices whose entries a; ; are holonomic sequences (see
below) in the index variables i and j. Moreover, the entries a; ; must not depend on n,
i.e., A,_1 is an upper-left submatrix of A,,.

The holonomic Ansatz works as follows: define the quantity

Mo
- _1 n—14j n—1,j
i ( ) Mn—l,n—l

where M; ; denotes the (7, j)-minor of the matrix A, (where the indexing starts at 0).
In other words, ¢, ; is the (n—1, j) cofactor of A, divided by det(A,_;). Using Laplace
expansion with respect to the last row, one can write

L det(A,
Zan 1jCnj = det(1(4 )) (H3)

(2.1)

Under the assumptions that (i ) the bivariate sequence ¢, ; is holonomic and that (ii) its
holonomic definition is known, the symbolic sum on the left-hand side of (H3) can be
tackled with creative telescoping [23, 20], yielding a linear recurrence in n for the sum. If
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a conjectured evaluation b,, for the determinant of A,, is available, then one can prove it
by verifying that b,,/b,_1 satisfies the obtained recurrence and by comparing a sufficient
number of initial values. If in contrast such a conjecture has not been formulated, then
one may succeed to find (and at the same time: prove) an evaluation of det(A,,) by
solving the recurrence, thus obtaining an expression for det(A,)/det(A,_1), and by
taking the product.

What can be said about the two assumptions? There is no general theorem that
implies that ¢, ; is always holonomic, and in fact, there are many examples where it
is not. If (i) is not satisfied, i.e., if ¢, ; is not holonomic, then the method fails (not
necessarily; in some situations one may succeed to overcome the problem by applying
a mild reformulation; see [14]). Concerning (ii): by a holonomic definition we mean
a set of linear recurrence equations whose coefficients are polynomials in the sequence
indices n and j, together with finitely many initial values, such that the entire bivariate
sequence (cy j)1<n,0<j<n can be produced by unrolling the recurrences and by using the
initial values. The question now is how the original definition (2.1) can be converted
into a holonomic definition.

Clearly, (2.1) allows one to compute the values of ¢, ; for concrete integers n and j
in a certain, finite range. From these data, candidate recurrences can be constructed
by the method of guessing (i.e., employing an Ansatz with undetermined coefficients;
cf. [10]). It remains to prove that these recurrences, constructed from finite, and there-
fore incomplete data, are correct, i.e., are valid for all n > 1 and 0 < j < n. For this
purpose, we show that ¢, ; is the unique solution of a certain system of linear equations,
and then we prove that the sequence defined by the guessed recurrences (and appropri-
ate initial conditions) also satisfies the same system. By uniqueness, it follows that the
two sequences agree, i.e., that the guessed recurrences define the desired sequence c,, ;.

Suppose that the last row of A, is replaced by its i-th row; the resulting matrix is
clearly singular, turning (H3) into
-1

Q;5Cpj = 0 (0 S 1< n— 1) (H2)
=0

3

<

For each n € N the above equation (H2) represents a system of n— 1 linear equations in
the n “unknowns” ¢, ..., Cpn—1, whose coefficient matrix (a; ;)o<i<n—1,0<j<n has full
rank because det(A,_1) # 0 (if the latter is not known a priori, it can be argued by
induction on n). Hence the homogeneous system (H2) has a one-dimensional kernel.
The solution is made unique by normalizing with respect to its last component, that is,
by imposing a condition that is obvious from (2.1), namely

Chn—1 = 1. (Hl)

Hence, (H1) and (H2) together define ¢, ; uniquely. On the other hand, given a holo-
nomic definition of ¢, ;, creative telescoping and holonomic closure properties can be
applied to prove (H1) and (H2), respectively. If these proofs succeed, then it follows
that the guessed recurrences are correct.

The holonomic Ansatz has already been applied in many different contexts [13, 16, 5].
Variations of it have been described in [9, 15, 14].

We conclude this introduction to the holonomic Ansatz with some remarks concerning
its concrete implementation. For computing the data, i.e., the values of ¢, ;, it is usually
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more efficient to employ their definition via (H1) and (H2), rather than computing
determinants in the spirit of (2.1). We used the Mathematica packages Guess.m [10]
for the guessing of the recurrences, and HolonomicFunctions.m [11] for the creative-
telescoping proofs.

3. A warmup exercise

Before we dedicate ourselves to the proofs of the conjectured determinant evalua-
tions of the introduction, we begin with a variation of the determinants appearing in
Conjecture 2. The variation consists in “replacing” 2j in the binomial coefficients by j
and the power 2¢ by a’ where a is an indeterminate. It turns out that a proof of the
evaluation of this latter determinant is much simpler. We provide actually two proofs:
one using the holonomic Ansatz, and the other using constant term calculus. (If one
wishes: a computer proof and a computer-free proof.) We will use this determinant
evaluation later in the proof of Theorem 16 in Section 9.

Theorem 3. For all non-negative integers n, we have

det (ai(m—i_zf‘] _1> + <x—2f‘] _1>> :2(a—1)(g).
0<7,7<n—1 J 7

First proof. We compute the data for ¢, ;, as defined in (2.1), for 1 <n < 11:

C1o0 = 17
Co0 = —T, Co1 = 1,
ax2+am—x2+x —ar —a—+x
€3,0 2(a—1) ) €31 a—1 ) 3,2 ) (3.3)
362880z + - - - + a’z'° —azr — 9a + x .
C = ..., C = c = 1.
11,0 3628800(@ — 1)9 3 » C11,9 a—1 ) 11,10

Then we use the Guess.m package [10] to find plausible candidates for bivariate recur-
rences that ¢, ; may satisfy:

g = GuessMultRE[data, {c[n,j], c[n,j+1], c[n+1,j], cln+1l,j+1]},
{n, j}, 2, StartPoint -> {1, 0}, Comstraints -> (j < n)];

In order to have a canonical set of generators for the infinite set of such recurrences,
which is a left ideal in the corresponding operator algebra, also called the annihilator
of the sequence ¢, ;, we compute a (left) Grobner basis annc of the previous output:

OreGroebnerBasis[NormalizeCoefficients /@ ToOrePolynomiall[g, c[n,jll];

As a result, we obtain the following two recurrences, which, in contrast to the recur-
rences in later sections, are small enough to be displayed here, albeit too unhandy to
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process them by pencil and paper:
(1 —a)n(j —n)(aj® + 2ajz + aj + az® + ax — 2° — x)cpi1
— (G —n+2+2)(aj® — 2a5°n + 2a5%x + aj® — dajnz
+ ajz® + ajr — 2anx® — j2* + jr + 2nx2)cn7j+1
+ (a2j2n2 + a*j*nx — a*5*n + 2d%jn’x + a®jn® + 2a*jna’® — a*jnx — a*jn
+ a’n?2® + a*n’x + a®na® — a®nx + ajt — 4ajin + 2053z + 4aj® + 3a5*n?
— 9aj’nx — 9aj’n + aj’z® + Saj’r + 5aj® + 6ajn’y + 3ajn® — 6ajnz?
2 2

— 1lajnz — 5ajn + ajz® + 3ajx + 2aj + 2an’z* — 2ana® — 4ana® — j*x

+ 722 + 4jna® — j2 + jo — 3nPx? — nPx + na® + dna? + m:)cw- =0,

(a7 + 2ajz + aj + az® + ax — 2® — 2)(j =1+ x + 3)cn 40
+ (a5 + 3a%%x + 3a%)% + 3a%ja® + 6a%jx + 20%) + a*a® + 3a%2® + 2a°x — 2a5°
+ 2aj%*n — 5aj*x — 8aj? + dajnx + dajn — Sajx® — ldajx — 8aj + 2anz® + 2anx
— 2ax® — Sax® — 6ax + 2jx2 + 2jx — 2na® — 2nx + 2® + 5a? + 4£U)Cn,j+1
—(a—1)(j —n+1)(aj® + 2ajz + 3aj + az® + 3azx + 2a — 2° — z)c, ; = 0.
Next, we have to prove the identities (H1) and (H2), in order to justify that ¢, ;, as

defined in (2.1), agrees with the unique solution of the above recurrences, or in other
words, that these guessed recurrences are correct. The command

DFiniteSubstitute[annc, {j -> n-1}]
delivers the following, second-order recurrence for ¢, ,,_1:

(n+1)(an® + 2anz — an + az® — ax — ¥ + T)Cot2,n41

+ (a2n3 + 3a’n’x + 3a®nx? — a®*n + a®2® — a’x — 2an® — ban’x — banx?

+ 2an — 2ax® + ax® + ax + 2na? — 2nx + 22 — x2)cn+17n
—(a—1)(n+z— 1)(cm2 + 2anz + an + az® + ax — 2% + as)cn,n_l = 0.

It is easy to check that the constant solution ¢,,_1 = 1 is a solution to the above
recurrence, which, together with the initial conditions from (3.1) and (3.2), implies (H1).

In order to prove (H2), we view ¢, ; as a trivariate sequence in n, 4, j, and compute
the annihilator of (x_i;fj _1) - Cp,j Via closure properties:

sl = DFiniteTimes[Annihilator[Binomial [x-i+j-1,j], {S[n], S[jl1, S[il}],
OreGroebnerBasis[Append[annc, S[i]-1], OreAlgebralS[n], S[jl, S[ill]];

Since we have a recursive definition of the summand, we can employ creative telescoping
to find a set of recurrences that is satisfied by the sum SSE = Zﬁ:(} (et *1) “Cnj
’ J= J ’

ctl = FindCreativeTelescoping[sl, S[j]l-1];

—1 i
n CLZ(QH_H._] 1

i=0 ; )+ ¢pj. Combining the two results

and similarly for the other sum sffz =53
via the command

DFinitePlus[ct1[[1]], ct2[[1]]1];
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n,

(a—1)(i+1)nsps1; —2i(t —n+2)sp 41+ (a+ 1)+ 1)(i+n—1)s,, =0,

yields recurrences for the sum s,,; = sgz + 5% on the left-hand side of (H2):

2i(i +1)(i —n+4)(ai® + ai — 2a — 2> — ) Sy 443
— i(2a2z’4 +10a%3 + 1062 — 10a%i — 124> + ai® — ai*n — ai*x + 8ai* + ai*nx — 3ai®n

— 5aix + 18ai® + 2ai*nx + ai*n — 2ai2 2 _ 5ai’x + 4ai® — 3ainz + 3ain — Saix?

3 2.3 6222

+ aiz — 19ai — 6ax® — 6ax — 12a — i32% — ®x + i*na® + i’nx + i’z Ti’x

—ina® 4+ inx® + 2inz + 4ix® — 11ix® — 15ix — nz® + nx + 32° — 622 — 995) Spit+2

+ z(a225 a’i*x + Ta?i* + 2a%Pn — 4a’3x + 13a%1% + 8a%i*n — a®i*x — 3a%i® + 2ad%in

3 2

+ 6a%ix — 18a%i — 12a*n + ai® — ai*z + 5ai* — ai*x? — 5aix + 5ai® + ai’x® — bailx

— Tai*z — 5ai® — 2ainz® — 2ainz + 3aiz® — 8aix? — Sair — 6ai — 6ana? + 2ax® — 2x
— 6anz — 2ax — i3x% — Px + 22 — 3i%x? — 4%z + 3ix® — 2ix? — Six + 2x3)sm+1
—a(i+2)(i+n—1)(i — 2 +1)(ai’® + 2ai* — 3ai — iz® — iz — 2* — x)s,,; = 0.

The sequence s,,; is restricted to 0 < ¢ < n — 1, and thus the support of the above
recurrences prohibits one to use them for computing sq, S3.0, 53,1, 54,1, 54,2, S5,2; these
have to be given as initial values. Moreover, one cannot use the second recurrence for
computing s, 3 due to the factor ¢ in its leading coefficient. This forces us to also include
s53 and Sg 3 into the initial conditions (note that s, 3 for n > 7 can be computed using
the first recurrence). It is not difficult to verify that all eight initial conditions are zero,
and by virtue of the recurrences satisfied by s, ;, it follows that s, ; = 0 for all n, 7 with
0<i<n-—1.

Identity (H3) is proven in a similar way. The sum on its left-hand side is split into
two sums. A recurrence for the first one is obtained by calling

ctl = FindCreativeTelescoping[DFiniteTimes[
Annihilator[Binomial [x-n+j,j], {S[n], S[j1}], anncl, S[jl1-1];

An analogous computation is done for the second sum. Combining the two results via
the command

DFinitePlus[ct1[[1]], ct2[[1]]1];

. . -1
yields the following recurrence for the sum s, = Y77 ay jcn ;:

(a — 1)ns,yo — (a®n — 6an + 2a +n)s, 11 — 2(a — 1)a(2n — 1)s,, = 0.

It is readily checked that (a — 1)@)7(”51) = (a — 1) ! is a solution of this recurrence,
and that the necessary initial values are correct (i.e., that the asserted determinant
evaluation holds for n < 3). This concludes the proof of (H3), and therefore the proof

of the whole theorem. O
Second proof. We use that (1) = CT.(1+z)Y27*, where CT, f(z) denotes the constant
term in z in the Laurent series f(z). Furthermore, for a Laurent aeries f(zo, 21, .., Zn_1)
in zg,21,...,2,-1, we shall use the short notation

CT, f(20, 21, -5 2Zn—1)
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to denote the constant term in this Laurent series.
Using these notations, our determinant can be written as

‘ . 1 o 1
det (a2<x“+,] )+<x 't ))
0<7,5<n—1 7 i

(ai (1 + zj)a:—i—i-l—j—l N (1 + Zj):r—i—i—j—l)

j j
“j j

— (1 yeti—t , 4 , ,
a2 (H +Z ) det  (a”?(1+z) +a (1 +2)7).

0<i,j<n—1

The determinant can be evaluated by means of [18, Eq. (2.5)]. Thus, we obtain

:E+z—|—j—1 n r—i+75—1
0<'L]<n1 ]
% (n—l 1+Z T+j— n)

=0 j

CTQ(ﬁW)( 11 (zi_zj)((1—a)—a(zi+zj+zizj))).

0<i<j<n—1

Since this is a constant term, we get the same value if we permute the variables
200 215 - - -5 Zn_1- S0, let us symmetrize the last expression, meaning that we sum this
expression over all possible permutations of the variables. Obviously, in order to get
the same value again, we must divide the result by n!. This leads to

‘ . 1 o 1
(a@(””“” )
0<i,j<n—1 i i

(ﬂl—i—z] ”)( 11 (Zi—zj)((1—a)—a(zi+zj+zizj))>

0<i<j<n—1
1+2\’
x  det (( + Z) )

0<i,j<n—1 Z
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The determinant can be evaluated by means of the evaluation of the Vandermonde
determinant, so that

det (ai<x+l—|?]—1)+(l’—l—i'-]—1)>
0<i,j<n—1 j j

= %CTZ (E(l + zj)x_") ( [I G-z (-0 —alz+z+ Zizj)))

0<i<j<n—1

H 1+Zj 1+Zz
>< —
( ( Zj % )

0<i<j<n—1

- Zor, (ﬁ %) ( T -2 ((1—a)—alz+ 2+ zizj))).

§=0 J 0<i<j<n—1

Now, the square of the Vandermonde product, [],.,. i<no1 (2 — zj)Q, is a homogeneous
polynomial of degree n(n—1). Moreover, it is not very difficult to see that the coefficient

n—1

of (z0z1 -+ 2,—1)"" " in it equals (—1)(75)77,!. This implies that

' i1 a1
det (a’(aH—HT] )+(x Z—ijj ))
0<i,j<n—1 j j

—2(-1)®) ¢T, (ﬁ(l + zj)””‘”) ( I[I (-0 —aCz+z+ Zizj)))

§=0 0<i<j<n—1

as desired. O

4. Proof of Conjecture 1
Here we prove Conjecture 1 using the holonomic Ansatz.

Theorem 4. For all positive integers n, we have

i+25+1 i—1 o2l
det 2 — 4.1
O<i,je<n1( ( 27 +1 > (2j—|—1>) 1;[ n—i—2z— 1 (4.1)

where the binomial coefficient is defined as in (1.2).

Proof. We apply the holonomic Ansatz, described in Section 2. Computational details
can be found in the accompanying electronic material [12].

We are able to guess three recurrence relations for the quantities ¢, ;, as defined
n (2.1), whose shape suggests that they indeed form a holonomic sequence. The recur-
rences are too big to be displayed here (they would require approximately one page),
so we give only their supports instead:

{Cnjt2, Cnt1gy Crgr1s Cug s {Cnt1441s Crtigs Crjit1s Cnig by {Cn42,4s Cat 1 Cajb s Cog -

When translated into operator notation — .S,, denoting the forward shift operator n
n + 1 — their supports can be written more compactly as

{SjQ)Snv‘S’ja]-}7 {Snsjjasnvsjvl}a {Szasna‘sj]al} (42)
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The corresponding operators form a (left) Grébner basis, which is a useful property,
as we will see later. During the guessing process, we have taken care that the final
operators will have this property. Also for later use, we denote by J the annihilator
ideal they generate.

We want to show that the guessed recurrences (represented by J) produce the correct
values of ¢, ; for all 7 with 0 < j < n. For this purpose, we introduce another sequence
Cn,j that is defined via J, and we show that it actually agrees with the sequence c, ;.
The latter will be done by verifying that (H1) and (H2) hold when ¢, ; is replaced
by 6n,j~

From the leading monomials S7?, S,S;, Sy in (4.2) one can deduce, using the theory
of Grobner bases, that the holonomic rank of J is three. Stated differently, the three
irreducible monomials 1, S;, S, necessitate to specify initial values ¢ g, 1,1, C2,0 in order
to fix a particular solution of the annihilator J. Hence, we define ¢, ; to be the unique
solution of J whose three initial values agree with ¢, ;.

From this definition of &, ; one can derive algorithmically a (univariate) recurrence
for the almost-diagonal sequence ¢, ,—1. This recurrence has order 3, which is equal to
the holonomic rank of J, as expected. The corresponding operator has the right factor
S, — 1, and more precisely, it can be written in the form

(9(n +4)(2n +5)(3n + 2)(3n + 4)(3n + 5)(3n + T)p1(n)S;
+12(3n +2)(3n + 4)(4n + 3)(4n + 5)pa(n) S,
—16n(2n+1)(4n — 1)(4n+ 1)(4n+ 3)(4n + 5)pi(n + 1)) - (S, — 1),

where p(n) and py(n) are irreducible polynomials of degree 9 and 11, respectively.
It follows that any constant sequence is a solution of this recurrence. Together with
the initial conditions ¢; ¢ = €21 = ¢32 = 1, which are easy to check, this proves that
Cnn—1 = 1 holds for all n > 1.

The proof of the summation identity (H2) is achieved by the method of creative
telescoping, which delivers a set of recurrence equations (in n and i) that are satisfied
by the sum. For reasons of efficiency, we split the sum in (H2) into two sums as follows:

n—1 n—1 . . n—1 .
N it 27+ 1) t—1 Y\
St = 2 (52 e =X (5 e
= = 25 +1 = 25 +1
For each of the two sums, we obtain an annihilator ideal that is generated by four
operators whose supports are as follows:

{Slg 52 Sns’n 81'27 Snv Si7 1}7 {Si2sn7 537 STLS’LJ 81'27 Sn7 Si7 1}7

{5152 52 SnSi751'27Sn75i71}7 {53 52 SnSi75i27Sn75i71}'

n»~n’ n~n?

Actually, the two sums are annihilated by the very same operators, hence these opera-
tors constitute an annihilator for the left-hand side of (H2). The leading terms of the
operators have the form:

12(i — 1)i(i +1)(3n + 1)(3n +4)(4n — 1)(dn + 1)(i —n +3)(i —n + 4)q1(i,n) S},
—9i(3n — 1)(3n + 1)(3n + 4)q2(1,1n) S, S?,

—18(i — 1)i(n + 1)(2n + 3)(3n — 1)(3n + 1)*(3n + 2)(3n + 4) (i + 2n + 5)q3(i,n) S2S;,
—54(n+1)(n +2)(2n +3)(2n +5)(3n — 1)(3n + 1)%(i — 2n — 6)(i — 2n — 5)qu(i,n)S2,
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where q1, ¢, q3, g4 are (not necessarily irreducible) polynomials in n and 7. It remains
to check a finite set of initial values. The shape of this set is determined by the support
displayed above, by the condition ¢ < n — 1, and by the zeros of the leading coefficients
of the operators. More precisely we have to verify that Z?:_Ol ; jCp,j = 0 for

(i,n) € {(0,2),(0,3),(0,4),(0,5),(0,6), (1,3), (1,4), (1,5), (2, 4),
(1,6),(1,7),(2,5),(2,6),(2,7),(2,8),(3,5), (4,6)}

(where the points in the first line are determined by the support, and the second line is
determined by the zeros of the leading coefficients). This verification is successful, and
hence it follows that ¢, ; = ¢, ; for all 7 with 0 < j < n, which allows us to use J as a
holonomic definition of ¢, ;.

In order to derive a recurrence for the left-hand side of (H3) we split the sum into
two sums, as before:

n—1 n—1 . n—1
nfn+27+1 n—1

E Un,jCn,j = E 2 ( - )Cn,j— E :( : )Cw‘-

= = 2741 = 2741

Then we compute, for each of the two sums, a recurrence by creative telescoping.
In both cases, the output is a recurrence of order 6 with polynomial coefficients of
degree approximately 52. Actually one finds that both sums satisfy the same order-6
recurrence, and hence so does their sum. One now has to verify that b, /b, 1 satisfies
this order-6 recurrence, where b,, denotes the right-hand side of (4.1). We have

by, (4n — 2)!

bot  (Bn—DI(EE)

2

Note that this expression is hypergeometric in n/2 and hence satisfies a second-order
recurrence whose operator has support {S2,1}. Right-dividing the operator of the
order-6 recurrence, call it P, by this second-order operator yields 0, hence P annihilates
by /bn—1. The leading term of the operator P is

4374n+7)2n+9)(2n+11)(3n —1)(3n+1)(3n+2)(3n +4)(3n + 5)(3n + 7)
x (3n 4 8)(3n 4 10)(3n + 11)(3n + 13)*(3n + 14)(3n 4 16)(3n + 17)p(n)SY,

where p(n) is an irreducible polynomial of degree 35. Obviously this leading coefficient
does not vanish for any positive integer n, hence it suffices to verify

deto<; j<n—1(a5) _ by

deto<j<n—2(aij)  bu_i
for n = 2,...,7. On both sides, one calculates the values 4, 15, 832/15, 204, 9728/13,
16445/6, respectively. By virtue of the recurrence P, the asserted identity (4.1) holds
for all integers n > 1. [

5. Proof of Conjecture 2

In this section, we present our proofs of (1.3) and (1.4). As was mentioned in the
introduction, it turned out that the capacity of today’s computers is not sufficient for
the holonomic Ansatz to produce proofs of theses two identities, although it very likely
applies. Instead, the starting point for our proofs is determinant evaluations that have
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been established in [2]. In their statements, there appears the Delannoy number D(i, j),
which by definition is the number of paths from (0,0) to (4, j) consisting of right-steps
(1,0), up-steps (0,1), and diagonal steps (1,1). Their generating function is given by
(cf. [1, Ex. 21 in Ch. IJ)

1

l—u—v—uwv’

D(i,j) = <uivj>

where (u'v’) g(u,v) denotes the coefficient of u‘v’ in the formal power series (in the
variables u and v) g(u,v). The following result is [2, Th. 5.1, in combination with
Egs. (4.3)—(4.5) and paragraph above and including Eq. (4.6)]

(5.1)

Theorem 5. For all positive integers k and n, we have

Dy(k;n) == det (D(2j—i,i+n—k—1))

1<i,j<k
—k+2:¢ 2k—4i—2 k—1
=11 ( [T @u+s) JT @+ s)) [+ (52
120 \s=—2k+4i+1 s=k—21 =1

We are now prepared for the proof of (1.3), which we restate below with a modified,
but equivalent, right-hand side.

Theorem 6. For all positive integers n, we have

. 425+ 1 —1+27+1
Dy(nyz) = det 2" x+2'+]+ (7 z.+ I+
0<i,j<n—1 25 +1 27 +1

T Y (n-1)/2]
= 2(2)+1 I{[ m ]i([ (.I‘ + 47 + 1)71_21' 110 (ZE — 21+ 372,)”_21'_1,

T 2Pr() P(2i 4 ) D(4i 42 — 1) T (35=2)
_QH [(20) T (3i+2) D (3i+ o —2)T(5%2) 7 (5:3)

where the binomial coefficients have to be interpreted according to (1.2).

The theorem will, up to some routine manipulations, immediately follow from the
relation below.

Lemma 7. For all positive integers k, we have
Di(k;y + k) = 3 Da(k; 2y). (5.4)

Proof. We follow — and extend — Di Francesco’s arguments in [3, Proofs of Ths 3.3,
4.3, and 8.2]. His idea is to work with determinants of the form det A(n) where A(n) =
(@;j)o<ij<n—1, with the entries a; ; given by a two-variable generating function,

The determinant will be unchanged if the matrix is multiplied (from the right or from the
left) by a triangular matrix with 1s on the diagonal. Tt is easy to see that multiplication
of a(u,v) by a power series in u or by a power series in v with constant coefficient 1
will result in the multiplication of A(n) by such a triangular matrix, and thus the
determinant of the new matrix is still the same. The same property holds if in a(u,v)
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we replace u by a power series in u with zero constant coefficient and coefficient of u
equal to 1. Di Francesco argues with the help of complex integrals, but this is not
necessary.

We start with expressing D;(n; k) in the above form. By shifting the row and column
indices 7 and j by 1, we have

Di(k;n)= det (D(2j—i+1,i+n—k)).

0<i,j<k-1
By (5.1) (with the roles of u and v interchanged), we have

1
l—u—v—uv

D2j—i+1l,n—k+i)= <un—k‘+iv2j—i+1>

By replacing u by uv, we see that

1

D(2j —i+1,n—k+i)= (u'*Hpr Tt . -
— UV —Uv —uv

From here on, we write N for n — k for short, so that

1
1—v—uv —uv?’

D(2j —i+1,N +i) = (u" TN

If we denote the coefficient of u'v? in 1/(1 — v — uv — uv?) by «; j, then

1) —
E a; ! =
7 1—v—uv — uv?

Z uv1+v 1
a 1—v 1—v

s>0

Consequently,

o wv(l 4 v) 1
Z&HN,J'HVU’UJ (uv) NZ( - > —

i,7>0 s>N

1\ 1
C\1—-vw 1—v—uv—uv?

We have shown that

. 1o\ 1
D(zj_i+1’N+i>_<uzvzﬁl>(l—v) 1—v—uv—uv?
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By 2-section (in v) of the series on the right-hand side, we finally obtain

DEj—i+1,N +i) = (ur?) — ((Hﬁ) T !

2/v \ \1—+v — u\/v — uv

-(58) )
1+vv) 14+ Vv+u/v—uv
— [afayd 1

—<uv>2\/5(1—U—4uv—u2v+u2v2)

. <(1t\\;_%)]v(1—uv+\/5(l+u)— G;g)N(l—uv—ﬁ(Hu))-
(5.5)

We have reached our first intermediate goal to express the determinant D;(k;n) in the
form det B(n), where B(n) = (b;;)o<ij<n—1 with b(u,v) = 37, ., biju'v’ the double
series on the right-hand side of (5.5). (Recall that N =n —k.)

Now we transform our determinant by multiplying b(u,v) by (1 —v)~. (The latter
is indeed a power series in v with constant coefficient equal to 1.°) Thus we see that
D1<k,n) = det C(Tl), where C(n) = (Ci,j)()gi,jgnfl with

o 1
- i) —
() ”Zm Cugti v 2/v(1 — v — duv — v?v + u?v?)
x (1= vo) M (1 —uwv+Vo(l+u) — (1+vo) N (1 —uww—Vo(l+u)).
We transform this series (and thus the corresponding matrix) by performing the substi-
tution u — m, followed by multiplication by %.6 As a result, we obtain

that Dl(l{?, n) = det D(Tl), where D(n) = (di,j)OSi,jgnfl with

i 1 —2u?
L e S N (I (erry

x (1= v0) M (1 —u)(1 = 2u) — uv + Vo(l — 2u + 2u?))
—(1+ Vo) 2 (1= u)(1 = 2u) —uwv — Vo(l — 2u+2u?))). (5.6)

We turn our attention to the determinant in (5.3). We have

Z(’”*?”)vﬂ':(l—v)“l and Z(“”_?”)vj:(l—v)”“, (5.7)

j>0 J Jj=0 J

SThis step was not necessary in [3] since there N =n — k = 0.
6Di Francesco does this transformation in two steps. First, he does the substitution u — uiE% and

1—u
he multiplies the resulting generating function by W (At this point, he has shown the equality

of the domino tilings partition function with the 20-vertex partition function.) Subsequently, he does
the substitution v ~— 1%, which leads him to the determinant in (5.3) with 2 = 0. (A subtlety is that
he does not arrive exactly at the determinant in (5.3) but rather at the matrix that arises from ours
by dividing all entries in the 0-th row by 2 because his binomial coefficient (213_-5-11) must be interpreted
as 0 for ¢ = 0 — as opposed to our convention concerning the binomial coefficient.) We have combined
these two steps here into one.
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and therefore, again by a 2-section,

B R L N T S Y

= 2j+1 NG

and

2 ( i 1>vﬂ‘ = 577 (L= VO™ = (Ve =) (59

Consequently, we have Dy(n;z) = det E(n), where E(n) = (€; j)o<i,j<n—1 With

e(u,v) = Z eiju'v! = ((1 V)T e — (L V)

1_1—ﬁ 1_1+ﬁ

+(1 = Vo) : —(1+ Vo) ! )

1 —u(l— /) 1 —u(l++/)
(L v7x1—2u—|—\/5_ v,ml—zu—\/{}
_2\/5((1 V) (1—2u)?—wv (1+ ) (1—2u)2—v

TN e B e LR Y S U+M)

(1 —u)?—u?v (1—u)?—u?v
(5.10)

In order to explain the factor 3 in (5.4), we now want to divide all entries in row 0
of the current matrix F(n) by 2. In terms of generating functions, we achieve this by
subtracting half of the generating function for the entries in row 0,

3 2ot = 2% (A =Vo)™ = (Vo) ™),
from e(u,v). We are; led to the conclusion that 3D (n;x) = det F(n), where F(n) =
(fi,j)ogi,jgn_1 with

1= 2ut VY Ll=2u— o
<(1—\/5) m—(l—i—x/@) 0207 o
YT R, s

(1 —u)?—u?v
_ a1 Ul — ut uyo)(1 + V)
(1+\/_) (1—’LL)2—U21) )

1 B fol—Zu—l—\/E_ fol—Qu—\/E
_2\/5((1 V) (1—2u)? —v (1+v) (1 —2u)? —

(1= o) ((1_u)2 u;/;) (1+ o) xu((ll—u)Jru\/;))‘

One can now readily verify that f(u,v) with x = 2N is equal to d(u, v) as given in (5.6).
In view of N = n — k, this establishes the relationship (5.4). This completes the proof
of the theorem. O

Now we prove (1.4), restated again with a modified, but equivalent, right-hand side.
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Theorem 8. For all positive integers n, we have

L T +1+2) T—1+2)
Ds(m;) '_093‘%51(2( 2 >+< 2 >)

n=1 . ln=1)/2| L(n=2)/2]

=20 ] s [T @+ 4i+3)uain J[ (2 —2i+3n— 1) ois,

p (21)! Pl i=0
- 2ﬁ 22720 (i) T (20 + ) I'(4i + o — 3) D(2H1) (5.11)
ST IBit e - 1) D(3i+a —2) D(HgH) |

where the binomial coefficients have to be interpreted according to (1.2).

Again, the theorem will, up to some routine manipulations, immediately follow from
a relation between the above determinant and the earlier determinant D, (k;n) defined
in (5.2).

Lemma 9. For all positive integers k, we have
Di(k — 1,y + k) = $Ds(k; 2y). (5.12)

Proof. Here we start with Ds(n;x). From 2-section of the binomial series in (5.7), we
obtain that Ds(n;z) = det H(n), where H(n) = (h;j)o<i j<n—1 With

1

2u
1— 2,

1 .
— T+ V)
v

—z—1 1
*“+ﬁ>1—m+ﬁ9

(0= VO g (Vo

(1 —=2u)?2—vw

o L —u—u/v o L—u+uv
=) (1—u)?—u?v + 1+ V) (1—u)2—u2v> '
It should be noted that the only differences with (5.10) are that, here, the prefactor is %
instead of ﬁ, and that there are plus-signs in front of the terms involving (1+ +/v)~*.
Hence, if we proceed from here as in the proof of Lemma 7 — that is, we divide the 0-th
row of H(n) by 2, and then do the transformations described in the proof of Lemma 7
“in reverse” — then we obtain

1 . .
§D3(l~c, 2y) = Oggitkil (D(2j — i,y +1)).
Here we see that all entries in column 0 of the last matrix are zero except for the entry
in row 0 which is equal to D(0,y) = 1. By expanding the determinant of this matrix
along the first column, we see that
1
§D3(k:; 2y)= det (D(2j—i+1ly+i+1))=Di(k—1Ly+k).

0<i,j<k—2

This is exactly (5.12). O
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6. Variations on the theme, I

There exist numerous variations of Theorem 4 in which the exponent in the expo-
nential 2¢ is shifted. In this section, we report our corresponding findings. Let

_ s (125 —i+2j+6
Dopavaln) =, 3¢, (2 <2j+a “\2ita ))

Note that, in this notation, the determinants from Theorems 6 and 8 read

Dy(n;x) = D1 g gt12+1(0),
Ds(n;x) = Dogzr(n),

respectively.

In an automated search in the parameter space —6 < o, f < 9 and =9 < ~,6 <9, we
have identified 26 cases of determinants that factor completely, and which are not special
instances of Do(n;x) or D3(n;x). All of these 26 cases can be proven automatically by
the holonomic Ansatz, but some of them can also easily be related to each other.

Theorem 10. The following determinant evaluations hold for alln > 1:

D_50-1-1(n

21—[822—3 z—1))r(4z 5) (%) (6.3)

P il(3i —2) (%2 ’
Dozs,-1(n) = lj ?:1((3: )T (zgjfl:))))rr( i(”;%: )) (6:4)
s == 1[5y o
Diiia(n) = ﬁ F(;légz)lr) 1;(2?)1) : (6.6)
Dyys0(n) = ﬁ % (6.7)
Doy11(n) =3 f[ s (1;)@(?5 r%”) . (6.8)

2
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Moreover, some related determinants can be expressed in terms of these; the following
identities hold (at least) for all n > 4:

1 1 1
D =—-Di1_1_ 1)=—D 2 —————Dig_4_ 2
2,1,2,0(n) g Y- s(n+1) = 10 04, s(n+2) = 24576 L2 g(n +2),
(6.9)
1 1
Diy1,-1(n) =Dy11-1(n) = 3 Doy—9_4(n+1)= 35 Diy_9_4(n+1)
1 1
:—@Dlg -2, 6(n+1):—ﬁD01 -5, 7(71"‘2)
1
=——D 2 Dis_5_ 2 6.10
3696 025, o(n+2)= T 337920 L 120 o(n +2), (6.10)
1 1
D1,1707_2(n) 5 Do 1,-3, 5(” + 1) = m D1 12,-3, 7(7’L + 1) (611)
D72,1,0,72(n) DO 2,3,— 1(7’L - 1) (612)
D271’17_1(TL) D4 2,4 O(TZ — 1) (613)
16 64

D1,1,—2,—4(n) —= D3 2,1, 3(n—1) = 3 D5 3.4, —o(n—2)=-128 D7,4,7,—1(n -3),
(6.14)
D171,_17_3(n) = —4 D37272,_2(7’L — ]_) =16 D57375,_1(7’L — 2), (615)
DLLO’,Q(n) = -2 D3,2’3’,1(n - 1) (616)

Proof. Identities (6.3)—(6.11) can be proven by the holonomic Ansatz. More precisely,
we prove a closed-form evaluation for each of the mentioned determinants, similar to
those in (6.3)—(6.8), but find that some of these are related to each other. In order to
make these relations explicit, and in order to save some space, we display in (6.9)—(6.11)
only the relations, not the closed forms themselves. The detailed proofs can be found
in the accompanying electronic material [12], some computational data are given in
Table 1.

Identities (6.12)—(6.16) can easily be established by exploiting the structure of the
corresponding matrices: the matrices of the determinants on the right-hand sides take
the block form (¢ ) or (§ %) where in each case C' is a fixed matrix of dimension 1 x 1,
or 2 x 2, or 3 x 3, and where A is the matrix of the determinant on the correspondmg
right-hand side. The latter follows from the fact that the transformation («, 3,7, d) —
(a+2,64+ 1,7+ 3,0+ 1) is equivalent to shifting (i,5) — (i + 1,75+ 1). O

By looking at (6.9)—(6.11) one is tempted to prove these relations directly, without
taking the detour via the closed-form evaluations. We demonstrate with one example
how this can work. Let L, be the lower-triangular (n x n)-matrix with entries 20771 —1
and R, be the (n xn)-matrix with 1’s on the main diagonal, —1’s on the upper diagonal,
and 0 elsewhere, i.e.,

1 000 1 -1 0 0

3 1 00 0O 1 -1 0
L,=17 3 10 and R,=10 0 1 -1
7T 3 1 0O 0 0 1

.u'_A
ot
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Then, for example, we claim that

2 0
Ln . A271’270(n) . Rn = <* A57375,_1(n o 1)) 5 (617)

where A, g 5(n) denotes the matrix from the definition of D, s s(n). Equation (6.17)
immediately implies the identity Dsj20(n) = 2Ds535_1(n — 1), which has already
been stated (implicitly; it is obtained by combining (6.9) with (6.15)). It remains to
show (6.17), which boils down to proving the binomial sum identity

Sa-en (752 ()
o (3 - (050)

o L
:< ' ‘7)+22+3(5“+ J). (6.18)

2 +5 2] +5
This can be achieved by observing that

atk\ [(a+k+1 B a+k
b )\ b+1 b+ 1
+ k a+k+2 a+k+1 a+k
ok (¢ _ — _ok+l ok
(( b ) ( b+ 2 )) ( b+ 2 )+ <b+2)’

so that all sums in (6.18) are telescoping sums. The identity can also be automatically
proved by Zeilberger’s algorithm [22, 20].

nd’

Similarly to (6.9)—(6.16) one can connect the determinants from Theorem 10 to the
determinants Dsy(n;x) and Ds(n;z), whose evaluations have already been proven in
Theorems 6 and 8, respectively.

Corollary 11. The following identities hold for all integers n > 2:

2D1,171,,1(n) = Dg(n —+ 1, —2) = Dg(n, 1) = DQ(TL, O) = DQ(TL — 1, 3), (619)
2Ds120(n) = D3(n+ 1;—1) = Da(n; 1), (6.20)
—D110-2(n) = D3(n;0) = Do(n — 1;2). (6.21)

7. Variations on the theme, 11

In this section we present — and prove — several determinant evaluations in which,
compared with Theorem 4, the power 2! gets replaced by 3‘, and the terms 2j in
the binomials are replaced by 3j. As it turns out, there are even more variations
of Theorem 4 associated with the modulus 3 if one also shifts the exponent in the
exponential 3¢. For brevity, let us denote

_ s (135 +7 —i+3j+0
Bopira(n) Mﬂgwlcg <£ﬁ+a * 3+ a '

"We found this relation by means of Gosper’s algorithm [8], using the implementation [19].
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An automated search in the parameter space

{(Oé7ﬁ7776):_6<045<6and —SS’Y,(SSS}
U{(a,8,7,6):6<a<10and 0 < <10 and —10 < 4,5 < 10}

delivered 26 cases of determinants that factor completely. All of these 26 cases can
be proven automatically by the holonomic Ansatz (see the accompanying electronic
material [12]), but some of them can also easily be related to each other.

Finally, we have discovered three parametric families of determinant evaluations of
this kind, in addition to the other, (seemingly) sporadic ones. The parametric families
are presented in Conjecture 13 below. Here, it seems difficult to apply the holonomic
Ansatz, but purely because of the computational complexity that is added by the pa-
rameter x. We are absolutely convinced that it should work in principle, since we
observed that it works for specific values of z without much difficulty. We admit that
we do not know a different method that would work here.

Theorem 12. The following determinant evaluations hold for all n > 1:

o 220 —-1)D(4i —5) T(22)
Boao-1(n) = QE i(i+1)T(3i—5)T (L) (7.1)

S22 — 1) D (4 —4) T(2)

E_510-2(n) = _21-1;! i+ 1)2F(3@ TR T(E ;’) : (7.2)

SN g e O T
o) = [T e }?éfﬁ), 7.
Erizo(n) = ﬁl 3 ?i(;(él—i)lg(rﬁél) ’ (7.5)
e IR
)
Eyoaa(n) =2 H 203 r (4i + 1) I(42) 78)
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Moreover, some related determinants can be expressed in terms of these; the following
identities hold (at least) for all n > 3:

1 1

Eo,o,o,o(n) = 5 Eo,1,—1,—3(n) = g E0,2,—2,—6(”)a (7-9)
1 6
E1,0,1,1(n) = Y — Ei3_9 8( ) = 2E4,2,4,0(n - 1) = 5 E, 3,3,—3(n - 1)7 (7-10)

162
2E5251(7’L-1) = 18E8480(7’L—2) = TE857 3(7’L—2)

E12 1,—5\1 —12E433 3(71—1)——180E747 1(71—2)

E211 —1\n :E5251(TL—1> 716
EQQO 4N —E534 2(%-1) —45E848,0(n—2), 7.17
13608
E2,37,17,7(n) =36 E574737,5(n — 1) = —T Eg 5.7, 3(7’L — 2) (718)

Proof. Identities (7.1)—(7.11) can be proven by the holonomic Ansatz, see [12] for the
details. Some computational data are given in Table 1. Identities (7.12)—(7.18) can
easily be established by exploiting the block structure of the corresponding matrices:
the larger matrices in each formula have a block of zeros, and the smaller matrices from
the same formula in the lower right corner. |

Conjecture 13. Let

_ S 30()T(4i — 3)T'(4i — 2) 2, if 3| (x—m),
E(x) = d m(T) ==
) g 2T(3i —2)21(3i — 1) o tim () 1, otherwise.
Then, for all non-negative integers x and for all n > x, we have
9i—1 F 4i — (z—H)

[I]

EO,m,—z,—?)x (TL) = 2/11(

HH 5 =3 ( R (7.19)

. 22T (4i — 1) T (%)
Eigipi-ss(n) =2 =(z) (—1)L% 3 7.20
l,z,1-z,1-3 (n> /L2($) H 3F 3 _ 1 ( 1) ) ( )
po(z) _ e p 27T+ )T ()
Fyvo o 30 — = —1\53 7.21
2,x,2—x,2—3 (n) n (x)( ) e 9F(3Z) 1’\(413—2) ( )

Remark. Identity (7.19) generalizes (7.9) (their closed forms are obtained by combining
(7.13) with (7.6)). Identity (7.20) generalizes some determinants given in (7.10), (7.14),
and (7.15). Identity (7.21) generalizes some determinants given in (7.11), (7.16), (7.17),
and (7.18).

8. Variations on the theme, II1

In this section, we present several variations of the determinant evaluations in Sec-
tion 5 in which the power 2' gets replaced by 4°. As in the previous sections, we start
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by identifying some sporadic cases, which were found in an automated search inside the
parameter space —6 < o, < 9 and —9 < 7,6 < 9, before we turn to two parametric
families. We are able to prove one of them using the holonomic Ansatz; see Theorem 15.
The second, Theorem 16, does not seem suitable for the application of the holonomic
Ansatz. On the other hand, the application of a — non-algorithmic — method is fea-
sible: identification of factors. Due to its length, we provide the corresponding proof
separately in the next section. Still, this second result must be considered as incomplete
as we are not able to identify one factor in the determinant evaluation; we are only able
to provide a conjectural recurrence that this factor seems to satisfy; see Conjecture 17.

Let us introduce the following notation for the determinants in question:

‘ e i 0ias
Fopos(n) = det (ait#( T2 7Y (TEEATON)
e 0<i,j<n—1 2]+« 2]+

Theorem 14. The following determinant evaluations hold for alln > 1:

"3 (3i — 1) I(HE)

Fip11(n) =2 - , (8.1)
o) =2 e
3 1F 32 L
Fip22(n 2H 2F 22 3(23) (8.2)
3 — 1 r
Fio33(n 2H ! 3Z (1)2 ) (8.3)
2

Moreover, some related determinants can be expressed in terms of these; the following
identities hold (at least) for alln > 4:

Fipi1(n) = 3 Fii-1-3(n) = o1 Fio._3_7(n), (8.4)
2
F1,0,2,2(n) = -2 F1,1707,2(n) = ? F1,27,27,6(n), (8-5)
2 1
F17033(n) :2F111_1(n) = 55,2,—1,—5(”) = 99 F13 -3, 9( ) (8-6)
F1717_17_3(n) =—0 F372727_2(n - 1) =24 F573757_1<7”L - 2), (87)
Fiip —2(71) = -2 F3,2,3 1(” - 1)

Proof. Identities (8.1)—(8.6) can be proven, quite effortlessly, by the holonomic Ansatz,
see [12]. For the determinants on the right-hand sides of (8.4)—(8.6) we have established
closed forms, from which the displayed relations follow. Identities (8.7)—(8.8) can easily
be established by exploiting the block structure of the matrices Fi ;1 1 —3(n) respectively
F399 _9(n) and Fy 1 0_2(n), which have a block of zeros (of size 2 x (n — 2) respectively
1 X (n—1)) in their upper right corner. O

The parameters of the determinants in (8.1)—(8.3) follow an obvious pattern (in con-
trast to their right-hand sides). Indeed, the determinants Fiy g 44(n), ..., Fi099(n) were
also found to factor nicely, and in fact one can come up with a general closed form.
Note that the determinant below corresponds to F o z1.2+41(n).
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Theorem 15. Let x be an indeterminate. Then, for all integers n > 1, we have:

' 91 L i49ia1 n92i-1gi-1(;) T ( 3tz
qo (a(TTITH I (et 2 oy (i) (*5*)
0<i,j<n—1 27+ 1 2741 ['(2i) D(22)

i=1

n—

n . 1
("2 4130 H 'H T+ 3i+ 1)y (8.9)

i=1 1=0

Proof. The proof is analogous to the proof of Theorem 14, with the only difference that
the computations are heavier, due to the additional parameter x. Since among all deter-
minants in this paper, the ones stated in Theorem 14 require the least computational
effort, their parameterized version (8.9) is still doable, while all other parameterized
determinants resisted a proof via the holonomic Ansatz, due to their computational
complexity (compare the data given in Table 1). [

Theorem 16. For all positive integers n, we have

. L+ 25+ 3 —1+25+3
dot 4i :c+z‘+ ]+ n x zf J +
0<i,j<n—1 2]+ 3 2]+ 3

( 1:[ 21+3 ><x+2 x +3) I:Ix—i-?n—i—l Z) x Pol,(z), (8.10)

i=0
where Pol,,(x) is a monic polynomial in x of degree 2n — 2.

The proof of this theorem is given in the next section.
As already mentioned, we do not know an explicit formula for the polynomials Pol,, (x)
but, experimentally, we found a recurrence that they seem to satisfy.

Conjecture 17. The polynomial Pol,,(x) in Theorem 16 is given by the recurrence
3Pol,3(x) — 2(18n* 4 9nx + 72n — 32” — 3z + 49) Pol,,42(2)
+ (1350 4+ 108n’z + 810n” — 54n°z* + 108n*z + 1395n* — 52na® — 510na?

— 1100nz 4 120n — 92 — 1522® — 8552° — 1780z — 1020) Pol,, 1 (z)
—6(n+1l)n—z—-2)(n+2+2)Bn+x+3)Bn+x+5)(3n+x+7)Pol,(x) =0

and initial values

POll( ) =

Poly(z) = (393 + 31z + 60),

Poly(z) = — (92" + 2342° + 20612 + 6956 + 7680).

@IHO&I»—* =

9. Proof of Theorem 16

We now provide our proof of Theorem 16. Essential parts of it are based on several
auxiliary results that, for the sake of better readability, are stated and proved separately
in Lemmas 18-20 further below.
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Proof of Theorem 16. Let us denote the matrix on the left-hand side of (8.10) of which
we take the determinant by D, (z).

We proceed in several steps. First we show that the linear factors that appear on
the right-hand side of (8.10) are indeed polynomial factors of det D, (z); see
Steps 1-6 below. In Step 7, we show that the degree of det D, (x) as a polynomial

in z is bounded above by ("}') 4 2n. Since the prefactor of Pol,(z) on the right-hand

side of (8.10) has degree 2+ 31" (n — i) = 2 + ("11), this implies that the degree of
Pol,,(x) is at most 2n — 2. We complete the proof by Step 8 in which we compute the

coefficient of 2("2 )27 in the determinant det D, (), and thus the leading coefficient of

both det D,,(z) and Pol,(z).

Below, we use the truth function x which is defined by y(A) = 1 if A is true and
X(A) = 0 otherwise.

We start with some simple divisibility properties of det D,,(z).

STEP 1. (z + 1) is a factor of det D,(x). This is seen by noting that (x + 1) is a
factor of each entry in row 0 of D,,(z).

STEP 2. (z + 2)1*X("22) js q factor of det D,(x). On the one hand, (z + 2) is also
a factor of each entry in row 0 of D, (x). Moreover, (x + 2) is a factor of each entry in
row 1.

STEP 3. (x + 3)1™X("=3) 4s g factor of det D,(z). Similarly, also (x + 3) is a factor
of each entry in row 0 of D,(z). On the other hand, (z + 3) is also a factor of each
entry in row 1 and row 2, except for the entries in column 0, which are 4(9”;4) + (’”;2)

and 16("”;5) + (’”;1), respectively. Omne can check that 4 times the first expression
minus the second yields a polynomial that is divisible by (x + 3). By an elementary
row operation, this implies that, as soon as n > 3, another term (z + 3) divides the

determinant det D,,(x).

Before we continue with the “general” case, we need a few preparations. By inspection
of the right-hand side of (8.10), we see that it remains to show that for 4 < 5 < 3n —2
the term

(2 + BYFUZOBHISBEN2} _ (1 | g)L(8-1)/3)—max{0,[(8=n)/2}+1
— (2 4 B)min{LE+2)/3),L(8+2)/3)~[(8-n) 2]} (9.1)

divides det D,(z). We are going to do this by applying the idea of “identification of
factors” as described in Section 2.4 of [18]. To be precise, in order to prove that (x+ 3)%
is a factor of det D,,(x), we find E linear combinations of rows of D,,(x) that vanish and
that are linearly independent. (In other words, we find F linearly independent vectors
in the left kernel of the matrix D, (x). That the latter is indeed sufficient to infer the
claimed divisibility is argued in [17, Sec. 2].)

Our description of these linear combinations of rows of D,,(z) is in terms of generating
functions, in complete analogy to the calculus that we applied in Section 5. Namely,
by (5.8) and (5.9) the generating function for the entries in row ¢ of our matrix D, (x)
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By ()
:4i1( 1(0—V@>xit41+¢axi1f—@+w)

is

v\ 2y

et )
1

= g (4 (A= Vo = (v

(=TT = (V) ) - % (#(@ +4) + (z = 14).
(9.2)

In view of this expression, Lemma 19 says that, for non-negative real numbers s and ¢
with ¢ < s such that all of s 4 2t, 2s + ¢, 3s, and 3t are integers, we have

Sf(—l)izsm—i@(z’) (i (it> (S f‘; t*_t ;]J_ Z)) (row i of Dy(—3s — 1)) = 0,

i=0 §=0
(9.3)
1

where a(i) = 1if i > 0 and o(0) = 5. Indeed, Lemma 19 implies that, when we

apply generating function calculus to prove (9.3) using (9.2), all powers of (1 —/v) and
(1 4+ \/v) cancel out. On the other hand, it seems that we would have to check that
also the terms that result from the expressions < (4(z + i) 4 (z — 7)) on the right-hand
side of (9.2) cancel out. That could certainly be done by computing the corresponding
binomial sums. However, it comes for free: we use the generating function in (9.2) with

xr = —3s — 1 and 7 in the range 0 < 7 < 2s + t; this implies that

r+i1=-3s—14+1<-3s—1+2s+t=—-s+t—-1<-1

by one of the assumptions of Lemma 19. Therefore, with these choices of x and i, both
binomial coefficients in the sum on left-hand side of (9.2) vanish for large enough j. In
other words: the generating function in (9.2) is always a polynomial in v. Hence, terms
involving negative powers of v must automatically cancel out.

We now discuss the divisibility of det D,,(z) by the power in (9.1) for the congruence
classes of 8 modulo 3 separately.

STEP 4. (z+3s+4 1)min{s+lst1=[Bs+1=n)/21} 45 g factor of det D, (x) for1 < s < n—1.
The linear combinations of rows of D,,(—3s — 1) given in (9.3) vanish for 0 < ¢ < s.
They are linearly independent since the highest row number involved is s + 2¢, which
is different for different . Another restriction that must be taken into account is
that we may only use actually existing rows of D, (x), meaning that we must have
s+2t <n—1. In summary, the number of vanishing linear combinations (9.3) of rows,
or, equivalently, the number of integers ¢t with 0 < ¢ < s and s+ 2t < n — 1, equals
min{s + 1, |(n — 1 — s)/2| + 1}, which agrees with the claimed exponent.

STEP 5. (x+3s+2)mindstlst1=[@s+2-n)/2] s ¢ factor of det D, (x) for1 < s <n-—2.
We use (9.3) with s replaced by s + % and t replaced by ¢ + % The conclusion is that
the linear combinations of rows of D,,(—3s — 2) given by (9.3) vanish for 0 < ¢ < s.
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They are linearly independent since the highest row number involved is s + 2t + 1,
which is different for different ¢. Another restriction that must be taken into account
is that we may only use actually existing rows of D, (z), meaning that we must have
s+2t+1<n—1. In summary, the number of vanishing linear combinations (9.3) of
rows, or, equivalently, the number of integers ¢t with 0 <t <sand s+2t+1<n—1,
equals min{s + 1, [(n — 2 — s)/2] + 1}, which agrees with the claimed exponent.

STEP 6. (z+3s+3)min{stlst1=[Bs+3=n)/21} 45 g factor of det D, (x) for1 < s <n—2.
We use (9.3) with s replaced by s + % and ¢ replaced by ¢ + 2. The conclusion is that
the linear combinations of rows of D,,(—3s — 3) given in (9.3) vanish for 0 < ¢ < s.
They are linearly independent since the highest row number involved is s + 2t + 2,
which is different for different . Another restriction that must be taken into account
is that we may only use actually existing rows of D, (x), meaning that we must have
s+ 2t +2 <n—1. In summary, the number of vanishing linear combinations (9.3) of
rows, or, equivalently, the number of integers ¢t with 0 <t <sand s+2t+2<n—1,
equals min{s + 1, | (n — 3 — s)/2| + 1}, which agrees with the claimed exponent.

STEP 7. det D,(z) is a polynomial in x of degree at most ("+1) + 2n. To see this,
we replace column j of the matrix by

J

Z ( ) (2k +3)! (—x)2j_ak - (column k of the matrix).

=0

Clearly, this can be achieved by elementary column operations. Thereby, the j-th
column is multiplied by (25 + 3)!, and therefore the new determinant equals det D,,(x)
multiplied by

I1m+3 (9.4)
=0
Let M(n) denote the new matrix. Th (1, 7)-entry of M(n) then is

i(—l)jk<k)(2k+3) (—2)2j—2k <4(x+;;f§+3) + <x_;/:f§+3>)

k=0

Using the standard hypergeometric notation

A1y ..., Qp - (al)l"'(ar)l l
rFs 7 - LN /1N Y
[bl,. b Z] ; (b (ba)i

c s Us

we have
j .
. +14+2k+3
1R () 2k !
> (1) @kt 30 oy (2 )
2 L5 —i+3

5
2
_|_
To this 3Fy-series we apply the transformation formula (see [7, Eq. (3.1.1)])

a,b,—n | (e—="Db)n n,b,d
3F2{ d,e ’1} (e) 3F2{d1+b—e—n1}’

n
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where n is a non-negative integer. Thus, we obtain

55@4y*(é>@k+3ﬂFﬁbf%<x+;;fz+3)

: @i D) (=2)y (=) - 5 - 3);
- (5-7+3);
=27 (@+i+Ds(=5—3-3);

(G E A D) G52k~ h

<0 ()) i |

—5§+5+2-i—5-13
5o JtLgts

3F2[

We see that this is a polynomial in = of degree j + 3, with leading coefficient

29 (—j—4—3); ) (—1y* (i) e ((—j;;); 2

k=0 2

The o Fj-series can be evaluated by means of the Chu—Vandermonde summation (see

21, Eq. (1.7.7); Appendix (I11.4)])

R[] < e

¢ (n

where n is a non-negative integer. After simplification, we see that (9.5) is a polynomial
in x of degree j + 3 with leading coefficient

2(i+j+4);.

In its turn, this implies that the (7, j)-entry of M (n) is a polynomial in z of degree j +3
with leading coefficient

(A ++4);+ (—i+j+4);). (9.6)

Consequently, the determinant det M (n) is a polynomial in = of degree at most

nz_i(j+3): (";1) +2n.

j=0

Since det D,(z) is a scalar multiple of det M (n), the same degree bound holds for
det D, ().

STEP 8. Computation of the leading coefficient of Pol,(x). In the previous step we
found that the degree of det D, (x) as a polynomial in x is at most (";1) + 2n. We
are now going to show that this is the exact degree, by computing the coefficient of

22420 i det D, (x), which then is at the same time the leading coefficient of Pol,(z).

In order to compute this coefficient of x(n;1)+2n7 we should recall from the previous

step, that we transformed our original determinant det D, (z) into (cf. the sentence
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containing (9.4))
n—1
1
—— | det M 9.7
where the (i, j)-entry of M (n) is a polynomial in x of degree j+3 with leading coefficient

given by (9.6). Hence, the leading coefficient of det M (n) (the coefficient of x(n;rl)”")
equals

20) det  (4(i+j+2);+ (—i++2);).

0<i,j<n—1

By applying column operations, this expression can be reduced to

2() det (4% + (—i)).

0<i,j<n—1

By the same argument, this expression equals

2(3)  det (4'p;(4) + ps(=1))

0<i,j<n—1

where p;(t) is any monic polynomial in ¢ of degree j. We choose p;(t) = (¢);, so that
we need to evaluate

2(5) et (4(0); + (=1);)

0<i,j<n—1
n—1 . . . .
n , -1 _ 1
—20) (T 5! _det 1(4%(”‘7, )+( P )) (9.8)
o) osigsns J J

If we now combine (9.7) and (9.8), and subsequently evaluate the last determinant by
means of Theorem 3 with a = 4 and z = 0, then we obtain the first expression in
parentheses on the right-hand side of (8.10) for the leading coefficient of our determi-
nant det D, ().

This completes the proof of the theorem modulo Lemmas 18-20 which are stated and
proved separately below. O

Lemma 18. For all non-negative integers s, we have

>0 (3) (- v - v <o

- 1
=0

Proof. By the binomial theorem, we get

XS:(_U@ (S) (1= Vo) = (1 +Vv)>7)

e e ()

e () o ()

=0,
as desired. O



30 C. KOUTSCHAN, C. KRATTENTHALER, AND M. J. SCHLOSSER

Lemma 19. Let

S(y.) = 4 (L= Vol ™ — (L Vol ™) + (L= Vol — (L4 Vo)) . (9.9)

Then, for all non-negative real numbers s and t with t < s such that all of s+ 2t, 2s+t,
3s, and 3t are integers, we have

%(—Dizswt—ia(z‘) (i (3t) (S fz:j 2‘3?_ Z)) S(3s,1) =0, (9.10)

i=0 =0 \J

where (i) =1 if i > 0 and a(0) = 1.

Remarks. (1) The integrality conditions on the parameters s and t may seem a bit
contrived. Indeed, these conditions are equivalent to saying that the pair (s, t) is of the
form (s; + %, %1 + %), where all of s1,;, u are non-negative integers. It is exactly in this
form in which the lemma is used in Steps 4-6 of the proof of Theorem 16. On the other
hand, for the proof of the lemma it is more convenient to have these conditions in this
“contrived” form.

(2) The condition ¢ < s is needed to make sure that the range of the summation
index ¢ on the left-hand side of (9.10) does not extend beyond 3s. The latter would
yield negative powers of (1 — y/v) and (1 + /v) in the definition of S(3s,4), for which
the below application of Lemma 18 is not possible.

Proof of Lemma 19. By the definition of S(y,7) in (9.9), the left-hand side in (9.10)
equals

S (-1 eiag (Z (5 ))

i=0 §=0

(VP = V) (VP = (V)
_ Z(_l)i28+2t+i@<i) <Z <3t (S fz;‘_t ;jj_ Z)) ((1 _ \/‘)35 i <1+ \/‘)33 z)

= \J
Sevzeran (S 5050)
] (1= Vo) = (14 Vo)™™)
-3 v (3 (3) (sf’;ff;j_z))<u—f>3sZ—<1+f )

=0

0 3t .
’ 3t 25+t —7
-1 z2s+2t+z
3 e (S () (B0

i=—s—2t 7=0

_(1_ Uszi_(l_i_\/E)?;sfi).
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Now we use Lemma 20 to replace the term —¢ in the first sum over j by +:. Having
done this, the two sums over ¢ can now be “concatenated” into one sum,

3 (Z )50 )) (1= Vo)™ = (L vay~)

i=—s—2t 7=0 J
s5+2t .
, , 2s+t—7 i —i
1 ’L28+2t+’b 1 — 35—1 1 3s5—1
E ( )Z_ES zt( ) (s+2t—2j+z’> ((1 =) (1+V)*™)

-y (%) PaEIte () @ v o g e,

1
7=0 =0

where we performed the shift of index ¢ — ¢ — s — 2t + 2j to obtain the last line. For
fixed 7, the inner sum over ¢ vanishes due to Lemma 18 with s replaced by 2s +t — j.
This proves the assertion of the lemma. [

Lemma 20. For all non-negative integers s, t, and i, the sum
3t .
3t 25+t —
55
NI/ \s +2t—-25—1
18 1tnvariant under the replacement © — —i.
Proof. We write the sum in (9.11) in terms of a complex contour integral. We have

3t 3t 25+t—] B 1+y3t 1+$)25+tjdd
Z j s+2t—2j—i) (27i)2 e, y3lItl s +2t=2j—itl yat,

J=0

where C, and C, are contours encn"chng the origin once in positive direction. We
assume in both cases that the contours are strictly contained in the unit disk which has
the origin as centre. In the formula above, i stands for v/—1.

We may extend the sum to all non-negative j because this only adds vanishing terms.
Moreover, since we assumed that along the contours the moduli of  and y are always
strictly less than 1, we may interchange integrals and sum and then evaluate the arising
geometric series. The conclusion is that the sum in (9.11) is equal to

1_|_y3t 1+1’)2S+t 1 dd
27’(’1 3t+1 l»s+2t i+1 1 — yax.

1+£E

Now we may blow up the contour C,. We will pick up a residue at the singularity
y = 5. On the other hand, since (for fixed z) the integrand is of the order O(y~?) as
ly| = o0, the limit of the integral as the contour tends to infinity vanishes. In summary,
this leads to the expression

1 (1 + 1+x) (1 + x)25+t+1 e 1 (1 4+ 332)3'5 (1 + x)2s—2t ;
27 o (L) i YT o /e RSV T
22

for the sum in (9.11).

Our task is to show that the last expression is invariant under the replacement
1 — —i. Indeed, the substitution z % turns this expression into itself with +¢
in place of —i. This completes the proof of the lemma. OJ
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Remark. Tt would be possible, using Lemmas 18-20, to provide an alternative proof of
Theorem 15. We are also convinced that proofs in a similar style of Theorems 6 and 8
are possible. In its turn, via the determinantal relations established in Lemmas 7 and 9,
this would yield new proofs of the enumerative results in [2].

10. Variations on the theme, IV

We conclude with further variations of Theorem 4. Here, the power 2' remains
unchanged, but the terms 25 in the binomials are replaced by 4j. Conjecture 21 contains
the determinant evaluation of this type that we found experimentally which does not
contain any shifts. We applied the holonomic Ansatz, and we are confident that it
would go through once our computers are “strong” enough to carry out the necessary
calculations. At this point in time, however, we must leave the determinant evaluation
as a conjecture. Moreover, we performed again an automated search for determinant
evaluations where shifts are allowed. This led to the — again conjectural — discovery
of many more determinant evaluations; see Proposition 22 and Conjecture 23. The
same remark applies here: we are confident that all of these could be proved by the
holonomic Ansatz once our computers dispose of sufficient computational power.

Conjecture 21. For all positive integers n, we have

(1+45+ 3 —1+45+3
det 2 Z+,j+ + Z+. N
0<i,j<n—1 47 4+ 3 47 4+ 3

n

n2—n e —5n24 5y (61 —4)!
gn*—ntigzng =it in(on)1 (2), ]| G
_ i=1 '
= le+9)/4] [(n+2)/4] [(n+2)/4] [(n+2)/4]
H ()n+s-ai H (3)nt2-ai H (2)nt1-ai H (2)n—ai
i=1 i=1 i=1 i=1
538 forn =4m — 3,
1 =4m — 2
SR forn=Am=2, "4
577/° form=4m — 1,
1, forn = 4m,

As in previous sections, we performed a systematic search for determinants of the
same form. Let us denote

_ g (145 +7 —i4+4j+6
Capma(mn) 09 (2 ( 45 + * 45 4 « '

In the parameter space —6 < «, 5 < 9 and —9 < v, < 9, we have identified 18 cases
of determinants that factor completely. Unfortunately, we were not able to prove their
conjectured evaluations, but at least we can state some simple relationships.

Proposition 22. For all integers n > 2 we have the following relations:
Go1,-2,-4(n) =3Ga23-1(n —1) =3Gg352(n — 2), (10.2)
Gl,l,o,—z(n) = —2G5251(n — 1), (10.3)
Gs32-4(n) = —20G747-1(n —1). (10.4)
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Proof. These identities can easily be established by exploiting the block structure of the
matrices Go1,—2_4(n) respectively Gyo3_1(n), G110-2(n), Gsz2_4(n), which have a
block of zeros (of size 2 x (n—2) respectively 1x (n—1)) in their upper right corner.

Conjecture 23. The following determinant evaluations hold for allmn > 1:

Gozaa(n) = ﬁ Z(EQj I> 8 (;122)_(333 (—421)_r1 ()51; (—621))Fr< (Z;) ’ (105)
Graooln) = ﬁ 8(2@113)((2;: 21))(22'(f 3_)(1{41)4;(51 56;)4}2() : 2;72) ’ (10.6)
Gi10-2(n) = —4}1 (3i;F2()53§(_61)_ ;();)(i) , (10.7)
Gs033(n) = 2§ F(me__ 1r) I%?;) , (10.8)
Gaazol lj 2(2i — 162 _51)55)})(%) ' (10.9)

Moreover, the following identities are conjectured to hold for all n > 3:

2 1

Gs033(n) = 3 Gop,—2—4(n+1) = ~67 Gi3,-2-s(n+1)

1 4 8
-5 Gsa3-5(n) = 1002001 Ge,6,3-9(n) = 5 Gops,—2(n—1), (10.10)

1 2 4
Gi1,0,—2(n) = 19 G230,-6(n) = —? Geap—3(n—1)= “Eern Gres-7(n—1),

(10.11)
Ga120(n) =2Gra7,-1(n —1). (10.12)

Note that (10.8) is the same determinant as in (10.1).

11. Open questions

In this paper, we have proven 68 determinant evaluations that are inspired by Di
Francesco’s determinant for twenty-vertex configurations (Theorems 3, 4, 6, 8, 10, 12,
14, 15, 16). We found another 21 determinants that seem to have a nice closed form,
which we unfortunately were not able to prove (Conjectures 13, 21, 23, and Proposi-
tion 22). Also the precise description of the polynomial factor in F3 ;43 .13(n) is left as
an open problem (Conjecture 17). Most of these determinants were found by computer
search in certain ranges, and some of them were found to belong to infinite families.
It would be interesting to study whether the remaining ones, which at the moment
seem to be “sporadic” and unsystematic cases, can be explained and characterized, and
whether there are more examples outside of our search ranges.

Another intriguing question concerns the existence of g-analogues of the presented
determinant formulas. Indeed, Theorem 3 seems to have the following g-analogue.
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Theorem ‘ 3 4 6 8 10 12 13 14 15 23
hol. rank 2 3 3 3 3 4 4 3 3 5
5 degree in n 2 11 14 14 10-14 -8 7 5 5 14-19
degree in j 4 11 12 12 7-11 8-17 9-11 5-8 9 10-15
ByteCount 0.03 0.16 2.12 1.94 0.08-0.17 0.06-0.23 0.26-0.51 0.03-0.05 0.26 0.24-0.52
(H1) order of rec. 2 3 3 3 3 4 4 3 3 5
degree in n 3 15 25 25 1221 1826 21-23 6-10 11 49-59
time 1. sum | 0.006 0.67 - - 0.18-0.74 2.26-24.6 - 0.01-0.03 2.54 -
(H2) time 2. sum | 0.009 0.71 - - 0.19-0.83 3.36—20.8 - 0.01-0.04 7.18 -
hol. rank 3 6 - - 6 10 - 7 7 -
ByteCount 0.03 1.32 - - 0.71-1.62 0.47-2.51 - 0.04-0.19 2.08 -
time 1. sum | 0.005 0.77 21.7 17.0 0.47-0.92 7.39-12.2 - 0.02-0.04 0.35 -
(H3) time 2. sum | 0.011 0.6 - 65.7 0.35-0.71 3.81-8.42 - 0.01-0.03 0.97 -
order of rec. 2 6 - 6 6 10 - 5 5 -
degree in n 1 52 - 75 45-57 74-93 - 14-22 24 -

TABLE 1. Computational data from the proofs by holonomic Ansatz;
if there is more than a single determinant in a theorem, the range of
values over all instances is displayed; if in such a situation only a single
value appears, it means that all instances had the same value. ByteCount
refers to the homonymous Mathematica command (applied to the final
annihilator, not the intermediate creative telescoping results) and the
values are given in MB. All timings are given in hours.

Conjecture 24. For all non-negative integers n, we have

|
—

n
n

(a'(2q"*; q); + (2" 1 q);) = 2¢ () () (®)

det

0<ij<n—1 (¢:9)i (aq"; q)s,

@
Il
o

where (a;q), == (1 —a)(1 —ga)--- (1 —¢*'a) for p > 1 and (a;q)o := 1.

However, (so far?) we were not able to find g-analogues of any of the other determi-
nant evaluations proved or conjectured in this paper.

Since Di Francesco’s original determinant arose in combinatorics, we propose as a
future research direction to come up with combinatorial interpretations of our “varia-
tions on the theme”. In this regard, we report two compelling coincidences, where some
of our product formulas appear in a seemingly unrelated — combinatorial — context.
These may hint at where to look for such combinatorial interpretations.

Namely, in [6], Fischer and Schreier-Aigner consider the (—1)-enumeration of arrowed
Gelfand—Tsetlin patterns. These are intimately related to alternating sign matrices, and
thus to configurations in the six-vertex model. The main results in [6] “overlap” with
two of our results. However, what the exact relationship is, is mysterious to us, as we
now explain.

In Theorem 1 of [6] it is shown that a certain (—1)-enumeration of arrowed Gelfand-
Tsetlin patterns is given by

n

o (m—n+3i+1) (m—n+i+1),
H (m—n+z‘+2) (Z) )
2 i—1 \)i

It is not difficult to see that, if in this expression we replace m by x +n — 1, then
we obtain exactly the right-hand side of (1.3) multiplied by 2"~!. Although Fischer

i=1
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and Schreier-Aigner also obtain the above formula by a determinant evaluation, the
relationship with our determinant and the enumeration of domino tilings of generalized
Aztec triangles (cf. the proof of Theorem 6 in Section 5) eludes us.

On the other hand, in Theorem 2 of [6] Fischer and Schreier-Aigner consider another
(—1)-enumeration of arrowed Gelfand-Tsetlin patterns and find that it is given by

=1 (Z)Z B i=1 (l)’b
Here, visibly, if in this expression we replace m by x +n — 1, then we obtain the right-

hand side of (8.9) multiplied by 9-(5)-13n, Again, Fischer and Schreier-Aigner obtain
this formula by a determinant evaluation, which however does not help us to understand
what this has to do with our determinant.

wiy 1 (2 +m 42 — 34); nety v (M — 1+ 30+ 2),_
33T 3] ,
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