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MODELING LARGE SPOT PRICE DEVIATIONS
IN ELECTRICITY MARKETS

CHRISTIAN LAUDAGE*, FLORIAN AICHINGER'!, AND SASCHA DESMETTRE?!

ABSTRACT. Increased insecurities on the energy markets have caused massive fluctuations of
the electricity spot price within the past two years. In this work, we investigate the fit of a
classical 3-factor model with a Gaussian base signal as well as one positive and one negative
jump signal in this new market environment. We also study the influence of adding a second
Gaussian base signal to the model. For the calibration of our model we use a Markov Chain
Monte Carlo algorithm based on the so-called Gibbs sampling. The resulting 4-factor model is
then compared to the 3-factor model in different time periods of particular interest and evaluated
using posterior predictive checking. Additionally, we derive closed-form solutions for the price
of futures contracts in our 4-factor spot price model.

We find that the 4-factor model outperforms the 3-factor model in times of non-crises. In
times of crises, the second Gaussian base signal does not lead to a better the fit of the model.
To the best of our knowledge, this is the first study regarding stochastic electricity spot price

models in this new market environment. Hence, it serves as a solid base for future research.

KEY WORDS : Multi-factor models, Bayesian calibration, Markov Chain Monte Carlo,
Ornstein-Uhlenbeck processes, Electricity spot price, Electricity Futures, Jump pro-

cesses
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1. INTRODUCTION

Due to the energy crisis, the energy market has become extremely volatile within the last two

years, causing huge price peaks and large fluctuation of the elec-
tricity spot price. Figure 1 shows EEX spot price data for the last
four years, where a significant increase of the volatility can be ob-
served from the beginning of 2022 onward. In the present study,
we want to investigate how classical models like the 3-Ornstein
Uhlenbeck (OU) model proposed in [7], where the desaisonalized
spot price is modeled as a superposition of a Gaussian OU-process
and a positive and a negative jump OU-process, perform in this
new market environment. We then study the impact of adding a
second Gaussian component to the model, checking whether this
additional degree of freedom allows a better distinction of long
and short term fluctuations and hence produces a better overall
fit. This extended model will be referred to as the 4-OU model.
We are particularly interested in the fit of the respective mod-
els in three different time intervals, namely the pre-crisis period
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Ficure 1. EEX price data.

2018-2021, the time period 2021-2023 when the energy crisis occurred and the total interval
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2018-2023. For each of these periods, we fit the 3-OU model as well as the 4-OU model to the
corresponding electricity spot price data using a Markov Chain Monte Carlo algorithm. Model
adequacy is then assessed through posterior predictive checking.

1.1. Related work. The first multi-factor electricity price models have been introduced by
Lucia and Schwartz [12] and Schwartz and Smith [16]. In these models the (log-)spot price
is described as a superposition of two latent stochastic processes: The long term behaviour is
modeled as an arithmetic Brownian motion, the short term behavior as an OU-process. Since
both components are Gaussian, the model can be calibrated using Kalman filter techniques.
However, it turns out that Gaussian processes cannot appropriately describe the spikes, which
frequently occur in observed spot price data. The one factor log-price model of Geman and
Roncoroni [6] generates the characteristic spikes by making the jump direction and intensity
level-dependent: High price levels lead to high jump intensity and downward jumps are more
likely, whereas if the price is low, jumps are rare and upward-directed. In the long run, the
process always fluctuates around a deterministic mean value. The calibration procedure is
mainly based on likelihood estimation. The model of Benth, Kallsen and Meyer-Brandis [3]
incorporates spikes and allows mean reversion to a stochastic base level by modelling the price
as a sum of several OU-processes, some of which are driven by pure jump processes. A method
to calibrate such a model was suggested by Tankov and Meyer-Brandis [13], who investigate a
superposition of two OU-processes, one driven by a Levy jump process, the other driven by a
Brownian motion. To calibrate their model, they came up with the so-called hard thresholding
technique, where first the mean reversion parameters are estimated from the autocorrelation
function and then maximum likelihood methods are applied to filter out the spikes path. The
same approach is used by Hinderks and Wagner [9] for their two-factor model. The downside
of calibrating the mean reversion rates separately is that some parameter interdependencies
are being neglected. Gonzalez et al. [7] propose a superposition model with one Gaussian
OU-process and several jump components, each of which having its own jump size distribution,
jump frequency and mean reversion rate. This additional flexibility allows to distinguish between
different jump patterns caused by different underlying physical origins and simultaneously avoids
the attribution of smaller jumps to the Gaussian process. The model is then calibrated in a
Bayesian framework using Markov Chain Monte Carlo (MCMC) methods, generating samples
from the posterior distributions of the model parameters. In contrast to the MCMC methods
based on time discretization of the involved processes developed in [17] and [8], Gonzalez et al.
propose a MCMC algorithm for exact Bayesian inference and therefore do not have to take into
account any approximation error. Table 1 on the next page provides a more detailed overview of
the different spot price models and the corresponding calibration techniques mentioned above.

1.2. Contribution. Based on the work of Gonzalez et al. [7], we study two superposition
models, a 3-OU model consisting of one Gaussian and two jump OU-processes with different
sign and a 4-OU model, where a second Gaussian component is added to the 3-OU model
(Section 2). To calibrate the 4-OU model, in Section 3, we develop an extension of the MCMC
algorithm presented in [7]. We point out that even in the 4-OU model, the inference performed
by the MCMC algorithm is still exact at the level of distributions, since there is no discretization
involved in the update of the second Gaussian component. The two models are then calibrated
to EEX spot price data within different time periods and are then compared in terms of model
adequacy using posterior predictive checks (Section 5). Our study is the first attempt to calibrate
such models for the extremely volatile data in the period 2021-2023 and can serve as a starting
point for further research in this direction. In Section 6, we also give an explicit formula for the
price of a futures contract in the 4-OU model.



MODELING LARGE SPOT PRICE DEVIATIONS

"oanjeroln] oy} ur sppowr 9o11d j0ds A1011100[0 JUSIOPIP JO uostredwod pa[reld( ‘1 dAIAV],

Juouoduwiod yoes 10j
UOISIoAdI Urowl ojeIedos e

yuouodwod dwmnl yoeo 103
UOISIOADI Ureow djeredas e

UOISIOADI URSUL OUIRS ®
G sseooad ur pejerodioour yjoq
sdum( pue suorjen)ony UeIUMOIL ®

Sy TRTIY

spoy3ew DINDIN

spoyiewt HINDIN

spoy3ew DINDIN

UOIyeIqI[RD JO POYIRRIN

ozis dumnl ponqrijsip Aqperyuouodxo
A)ISUSYUT JURISUOD
ssoo01d uossioq punodwod e St ‘[

ozis dumn( ponqriisip Aperyuouodxo
Ayisuogur juepuadop aUIl) IO JUR)SUOD
ssoo01d uossiog punodwod e st [

sozrs dwmn[ poinqriysip A[euriou
A)ISULYUT JURISUOD
$$9001d UOSSIOJ ® ST

suoryeoymads dwmnp

$9889001J-N () dWn| om) pue UBISSIRY) JUO

sasse001-N O dwmnp u

NG pue sdum( s sse001J-N0

SuI[epowW ULIdY} 107§

sseo01d-) () TreISsnexr)

SS920IJ- () urIssnNe)

UOI}0W URTUMOIL]

Sur[[opow wLIe} SUOT

1= W +w®r - =®rp
T = @mpo+ (1)K, Y- = ()P
W =W+ @R+ @WK ="x

ut = + () - = (1)Ap
(Hompo + (1K — ) O — = (1)%p
0=1

{11-}3m unX =1y

P13+ dmpso +ap(ts — )y = igp
JMpTo = p
T+is=1x

9aed O13SBYD03S

A91eUOSRIS A[IROA OLIJOUWIOUOSLIY
pueIy reaur|

Ay1eu0SRos A[IR0A OLI3OWOUO0SLIY
puaI} Iresur|

S109JJ0 PUSOM
A)1[eUOSEIS A[I€OA OLIJOUWIOUOSLIY
puaI) Ieaur]

1red OI)SIUTULIS)OP

X+ =4d X (oz/ns? = 'd X+ = (d)m PPOIN
PPow NO-¥ ‘Ie 10 za[ezuox) Smquol-31ay () /110108
juouodwion ueIssner) auo yuouoduiod ueIssner) suo poafoaut oxe sjusuodurod duwm( ju —

ey} 910U 10} IOM 10U SI0(T @

UeY) 9I0W I0] IOM J0U S9O(] e

JIOM J0U SO0p SULIDYI] URTI[RY]

surp[oyseIyy piey

Surp[oysaiy} pIey

SULIOY URWIRY]

UOIYeIqI[Ed JO POYIRIN

PoINLIISIP BWIWIRY) PII 818 YT
POIMqLISIP [[NOUIDY PIL 018 g
=17

T=?
a-ta X =01
BN

Aysuoqur Surdrea own) Aqrssod
sso001d Ao ® ST 7T

sdum( ou

suoryeoymads dwmnp

$s9001J-N O dwnp

$$9001J-N O dump

§59001J-()() UeISSnRY)

Sur[epowr urIe} 1I0Yg

UOI}OW URTUMOIL

889001 J-()() UeIssner)

UOIJOW URTUMOIL]

Sur[[opow wLI} SUOT

(H)TP + 1w (H)eAY— = ()P
(HMmpo = (1)AP

(HTP + (D), X~ = (1P
Hmp+ @)K, N~ =@ Ap

JMPS0 +pisY— =TGP
FMpTopil = I7p

1red O19SRYDOIS

A+ HU =) A+ WX =X "T+is =X
S109]J0 PUOOIOM S109]J0 PUOYoOM
A91eUOSRIS A[TR0A OLIJOUWIOUOSLIY Ay1eu0SROS A[IROA OLIJOUWOUOSLIY duou jred onsrurIolep
pua1) reaur| pua1y Ieaur|
X+ =4d X+ =4d "X = (d)u PPOIN
Joudep) /syiepulyg AoUuR],/sipueig-I9Aa]A] g /Z)1emyog




4 C. LAUDAGE, F. AICHINGER, AND S. DESMETTRE

2. THE 4-FACTOR MODEL

In this section, we model the electricity spot price as a superposition of a deterministic
seasonality function and 4 stochastic components, two Gaussian OU-processes and two jump
OU-processes. This model is an extension of the 3-OU model introduced in [7]. The idea to use
two Gaussian components to model long and short-term behavior of the spot price goes back to
the work of [12] and has also been used in [17].

The model setup is as follows: We assume a probability space (2, F,P) with filtration
F = (Fi)t>0, satisfying the usual conditions. On this probability space, we introduce two
independent F-adapted Brownian motions WY and W2 and two compound Poisson processes
II; and IIy with constant jump intensity rates 61, 62 and exponentially distributed jump sizes
with parameters 81 and B2 respectively. We model the electricity spot price

P = f(t) + X (2.1)

as the sum of a deterministic seasonal function f(¢) and a stochastic part Xy, where the desea-
sonalized spot price X; is a superposition of four stochastic processes

X(t) =Yi(t) + Ya(t) + Ji(t) — J2(t), (2.2)
with dynamics
Yy (t) = _A;fllyl (t)dt + oy, dWY1 (t)7 }/1(0) =0, (23)
dYs(t) = =My} Ya(t)dt + oy, dWy, (t), Y2(0) =0, (2.4)
dJi(t) = =AM Ji(t)dt + dIly(t),  J1(0) =0, (2.5)
dJy(t) = =X Ja(t)dt + dlly(t),  Jo(0) = 0. (2.6)

The processes Y7 and Yy admit the explicit solutions
K AL
Y(t) = / e W, i=1,2, (2.7)
0

and they are called Gaussian OU processes since the conditional distribution Y;,, given Y; is
normally distributed with

E[Y(t+s)|Yilt) =] =ye %, VIVt +s)[¥i(t) = 9] = Ao, (1— ¢ 7) 2.

In equation (2.3) and (2.4), the long term mean is 0, i.e., the process tends to revert to 0. The
parameter )\;il is responsible for the speed of the mean reversion and oy; governs the volatility
of the respective process. The processes J; and Js, driven by the compound Poisson processes

IT; and IIy with interval representation II;(t) = Z;’il f;ﬂ (t>ri}s 1= 1,2, where T]l: are the arrival
- J

times of a Poisson process and 5} is the jump size at time T; are called jump OU processes and
they have explicit solutions

Ji(t) = Z e_)‘;il(t_TJi)gj-.

J:0<TI<t

The parameters )\}11 and )\}21 in equations (2.5) and (2.6) are the mean reversion speeds of the
respective jump processes. The mean level is again 0.
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3. CALIBRATION

In this section, we explain the calibration of the superposition model introduced in the pre-
vious section. After calibrating the deterministic seasonality function applying least squares
methods, we use a Bayesian approach to calibrate the parameters of the stochastic components.
To this end, we apply MCMC methods to obtain samples from the posterior distributions of the
model parameters. The algorithm we use is based on the algorithm described in [7, Section 3.3,
extended by the update steps for the additional Gaussian component in the 4-OU model.

50 “‘h
3.1. Calibration of the seasonality function. We ‘
first calibrate the deterministic seasonality function f. We
assume that f is a superposition of a linear trend and
trigonometric functions modeling half-yearly and quar- °

terly seasonal variations of the spot price.
f(t;aq, ..., a6) = a1 + ast + as sin(27t)

+ a4 cos(27t) + aj sin(4nt) + ag cos(4t). 50
2019-01 2019-07 2020-01 2020-07 2021-01
The parameters ay, ..., ag are then obtained by applying
least-squares methods. Finally f gets subtracted from Legend: _ <® — Deseasonalized price

the data to get the deseasonalized data. An example for - Seasonallty

li lity f ion is sh in Fi 2. .
a calibrated seasonality function is shown in Figure FIGURE 2. Calibrated

seasonality function for
EEX data from 2018-
2021.

3.2. Calibration of the stochastic part. We calibrate the model parameters Ay, ,0yv,,Av5,0v3,
AJy A Jy,01,02,61,02 simultaneously in a Bayesian framework, i.e., our aim is to obtain the joint
posterior distribution

T(Avi, 0y, AYa, OYas Adys Ay, 01, 62, B1, B2|X)

given the deseasonalized spot price data . To this end, we use MCMC methods, constructing a
Markov chain whose stationary distribution is the posterior distribution of the model parameters.
For a detailed introduction to the topic see for example [1] and [5]. For our calibration procedure,
we apply Gibbs sampling, i.e., we iteratively generate samples from the distribution of each
variable conditioned on the current values of the other variables. We start with samples

0) 1(0) _(0) _(0) y(0) (0) H(0) A(0) H(0O) A(O
(Ag/l)’ )\§/2)’ Ugﬁ)’ Ugfz)’ )\fh)’ Affz)’ 95 )’ 05 )7 5 )7 Bé )>
from the a-priori distribution of the parameters. Based on a sample

k k k k k k k k k k
(AL, o, 20 20, 69,0 59, 511)

we then obtain

k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
(Agfl )’)\g/Q )’ ;1 )7 §/2 )7)\(]1 )7)\(]2 )70§ )79£ )76§ )755 ))

via the following algorithm:
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Algorithm 3.1 (Gibbs Sampling). Starting from a given initial state of the chain, the MCMC
algorithm cycles through the following steps:
(1) 12/1(’€+ ) o (0%/1(k+1)’ (k) )\gfl) /\§/2) )\f]’j) /\52), gk) 02 751 ,
012/2(’“1) ~ T (U%’z(k+1)’0§’ )7 )\g/lj)’ /\§/2)7 )\Sk)’ /\SQ) g(k) 9§k : 1 ﬁ(k
)\(k+1 (k+1)70§/1;+1)7)\§2)’/\S’j)7)\(k) 9(’6) 52 ’ )

(k+1

)\(k+1 )

Ic—l—l)‘ (k+1) _(k+1) )\(k-i-l) )\(Ic—f—l) /\(k+1) )\(k—i-l) 0(k+1) 0(k+1) ék) X

1Yo 'Y Yo J1

(o4) (D) () (1) \(t1) glhtD) ptt) glied) x)

k—l—l)‘ k:+1)
1 Ty, 21 Ji Jo

=
(e
»
N~
o
+
N>
2
&)
=)
N~ =~

3.3. Data augmentation. The Gibbs sampler would yield samples of the posterior distribution
of the parameters, however, in order to calculate densities involved in the Gibbs algorithm, we
need the likelihood [(x| Ay, 0yy s Avy, Ovas Ady s Ay 01, 02, 51, B2) of the data given the parameters,
which for our superposition model cannot be calculated analytically or numerically. Thus, to
overcome this hurdle, we use so-called data augmentation methods (cf. [2], [14]). We point out
that the augmentation method we use is an extension of the procedure described in [7] when
adding a second Gaussian component.

Let x = {zo,...,xn} be the vector of observations of the deseasonalized spot price at times
0=tg,...,txy =T and denote by A; = t; —t;_1 the time increment between two observations. In
order to get an explicit expression for the likelihood I(x|Ay;, vy, Avs, Ovay Ay Adyy 01,02, 51, B2),
we augment the state space with observations o = {y270, ... y2.n} of the short-term process
and observations Ji1 = {ji,0,...,J1,n} and Jo = {j2,0,...,J2,n} of the jump processes. The
likelihood of the data X given ), J1 and J2 becomes independent of \y,, oy,, 81, B2, 01, 62 and
can be calculated explicitly as

Z(X’)\Y:[?O-Yl?va j17 jZ)

1 1 (yl,i —Yri-1€ vy t)
= =) eXp _5 Z 5 _2A-1At ,
\/%H’f\il )\Yla—%l <1 o e?)\yl At) /2 =1 )\Ylo-yl (1 — e Yy > /2
with y1i = i — yai — Jri + Jou-

Since for N iid random variables ¢; ~ N (0,1), i = 1,..., N, the transition densities of the
Gaussian OU-process Y5 are given by

. 0_2 A . 1/2
Ya(GAL) = Ya((j — 1)AL)e 22 (’”221/2 (1 —e*%m) e2s i=1,....N,

in order to make the parameters independent of the latent variables, instead of treating the pro-
cess Ya(t) itself as missing data, the random vector £ = {e21,...,€2 n} is considered as the hid-
den variable. Similarly the set of pairs ®1 = {(71,5,&1,5) h<j<ng, and @2 = {(725,&2,j) hi<j<ny,
of jump times and corresponding jump sizes are treated as the missing data instead of J (t) and
Jo(t). The sets ®; can be interpreted as realisations of marked Poisson processes taking values
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in [0, 7] x (0, 00) and their likelihood I(®;|6;, 5;) can be calculated with respect to a dominating
measure (for details see Appendix B). Thus with

2 1/2
—Apiat Ty, N\Ys —227 At
Y2,0 = 0; Y2,i = Y2,i—1€ Y2 + QT (1 —e Y2 ) €, t=1,...,N,
N )
. A7 (i-At— .
Jra=Y e AT G L T ciary, =0, N,
n=1
N2 )
. A7 (i-At— .
J2,i = Z e ~J1 @ T2’n)£2,n:ﬂ-{‘r2’n§i-At}7 L= 07 s 7N7
n=1

we obtain

Z(X|AY170-Y17>\Y23 0Ys, /\J1a )\Jza (I)lv @275)

A 2
1 1 (yl,i —Yii-1€ M t)
= — exp _5 Z 2 _2>\_1At ,
Ver TT [ Aviod, (1 _ oW At) /2 i=1 Av; 0%, (1 —e M )/2

with y1,; = @i — Y20 — J14 + Jo,i-

To see, why the explicit likelihood of the data is particularly important for the Gibbs sampling,
consider the following factorization which is frequently used within the algorithm:

7T(>‘Y170—Y17>\Y250—Y23 AJla)‘J2701,92751,ﬁ23q)13 @235|X) X Z(X‘AY1,O-Y17)\Y27O'Y27)\J1) AJQ,(I)l,(I)QaS)

U P01, 1) - U(P2|02, B2) - T( Ay, Ovy, Avas Ovyy Ay Agys b1, 02, B, B2, E).
(3.1)

3.4. Classes of prior distributions. We specify the classes of prior distributions for the
model parameters. As in [7], conjugate priors are chosen whenever it is possible for the sake
of computational efficiency. The starting values for the first MCMC iteration are the starting
values of [7] scaled to the yearly time framework. Here IG(a,b) denotes the inverse Gamma
distribution with shape parameter a and scale parameter b and Ga(a,b) denotes the Gamma
distribution with shape parameter a and scale parameter b.

| Parameter | Prior distribution | Starting value (30U) | Starting value (40U)

Volatility of 1. Gaussian OU process oy, 1G(1.5,0.005 - 365) 0.21/365 0.14/365
Volatility of 2. Gaussian OU process oY, - - 10
Mean reversion speed of 1. Gaussian OU process Ay, 1G(1,1) 325 0.001
Mean reversion speed of 2. Gaussian OU process AYs 1G(1,1) 1 1
Mean reversion speed of pos. jump process A 1G(1,1) 3%5 3%5
Mean reversion speed of pos. jump process Ay 1G(1,1) 3655 3655
Positive jump intensity 01 Ga(1, %) 0.001 - 365 0.001 - 365
Negative jump intensity 0y Ga(l, 35) 0.001 - 365 0.001 - 365
Positive jump size b1 1G(1,1) 0.5 0.5
Negative jump size B 1G(1,1) 0.5 0.5

TABLE 2. Prior distributions and starting values for the model parameters. For
the prior distribution of oy, we refer to Section 3.5.
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3.5. MCMC algorithm for the 4-factor model. We use Gibbs sampling to iteratively gen-
erate samples from the distribution of each variable conditioned on the current values of the
other variables. Compared to the algorithm in [7, Section 3.3], we have additional update steps
for the parameters o and A of the second Gaussian OU process and its path (the additional
hidden variable £). The update steps for the jump paths (the hidden variables ®;) have been
developed in [14] and [4] in the context of calibrating volatility models and have first been used
for electricity spot price models in [7]. To ensure that the mixing is of the same order for small
and large values of A, a transformation of A to p := e A s applied in the inference procedure.
Algorithm 3.2 (Augmented Gibbs Sampling). Starting from a given initial state of the chain,
the MCMC algorithm cycles through the following steps:

(1) UY ~ 7I-(0—Y1 |>‘Y17 )\Y27 O0Ys, >‘J17 )\ng ¢17 (1)27 57 X)

(UY2|>‘Y17 Oy, AYys Ady s Ay, @1, P2, €, X)

~ 7T(py1 |0Y1a >\Y27 0Yy, >‘J15 )\J27 (1)1’ q)27 ga X)

~ Tr(pY2|)\Y170-Y170-Y27)‘J1a )\J27(I)1a @2,5, X)
P~ W(ph |UY17 )‘Yu >‘Yza O0Yy, )‘Jza ¢, P9, ¢, X)
Py ~ W(pr 0y, )‘Yp >‘Y2) 0Ys, )‘Jl , @1, P, 57 X)

1~ 7(B1|®P1)
~ 7(B2|®2)
& NW(E‘)\YI7O-YI7>\Y27UY27)\J17>\J2)¢174:)27X)
@1 (ad Tr((bl‘AY17O-Y17>\Y27UY27AJ17>\J2)917/817¢27£7X)
Oy ~ (P2|Avy, vy, Ava, OYas AJys Ay, B2, B2, @1, E, X)

3.5.1. Detailed update steps. Here we give a detailed instruction for each update step. As de-
scribed in Algorithm 3.1, if a parameter has already been updated within the cycle (1)-(13), then
in the following steps, we condition on its updated value. Whenever it is possible, we directly
sample from the conditional distribution, otherwise, we apply a random walk Metropolis step
using the factorization (3.1) within the Gibbs procedure.

Update ovy;:
With the choice of an 1G(aoy, , boy, ) distributed prior for oy,, for the posterior we get

S (l' -1 e_/\;llm)
9 N 1 7 1—1
O—Y1’>\Y1a)\Y270Y27)‘J17)\J27X757(I>17q)2 ~ 1G a<7y1 +§abay1 +7Z 1 _2>\}—/11Ai
=1 —€

2

Update ov,:

Generate candidate oy, from oy, |oy, ~ N(0y,,0,0,00). Perform Metropolis-step with accep-
tance ratio

g

(‘X‘)\Ylaayla >\Y27 0Yy, )‘le )\J27 q)la @2,5)7’((0'}/2) 1— (I)(_U/ﬁ)

o

/ . Z(X‘)\Ylao-yla>\Y270-§/27)‘J17)\J27q)1aq)275)7r(0-§/2) 1 _Q)(_Uﬁ)
a(os',08) =min ¢ 1, .

Since we do not know the magnitude of oy, in relation to oy, , we decided to approximate the

b)

quotient of the a-priori distributions :EZY ) with 1. This can, e.g., be justified by the choice of
2

an inverse gamma distribution IG(1, 3) for the a-priori distribution 7 together with the limiting
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result lim m(73,)
B—00 71—(C"Yg)

the limiting case in which the interval length goes to infinity.

= 1. The same argument holds by using a uniform distribution and considering

—1
Update py, = e i
Generate candidate py, from py. |py; ~ N(py;,0,0,1). Perform Metropolis-step with accep-
tance ratio

Z(X|pg/1,O'Yl,/\YQ,O'YQ,AJ“)\JQ,@1,@2,6)71‘(10/3/1) ’ (I)(1—0Y1) _ (I)(—%)

a

Z(X|pY170-Y13/\Y27JYQ7 >\J17)‘J2a (I)la <I>27 S)W(PYl) @(l_plyl ) _ @(_ﬁ)

o

a(pY1,apY1) = min 1’

-1
Since Ay, has prior distribution I1G(ay,, by, ), Y = e~™ has a-priori density

1 by, axy. —1 by, In(y)
fY(y) - &F(G)\Yl) (_ H(y)) L e 1 .

-1

Update py, = e Yz

Generate candidate ,O’Y2 from p’Y2| py, ~ N(py,,0,0,1). Perform Metropolis-step with accep-
tance ratio

Z(X‘)\YlaUYpPg/y O0Yy, )\Jla >\J27 ¢17 (P27 E)W(p,S) q)(l_pyz ) - (ﬁ(_m)
Z(X|>\Y170Y17 )‘Yga PYs 5 )‘le >‘J2) ¢17 (P27 E)W(PYQ) Q)(lip/YQ ) _ @(_pﬁ)

a(pYzlvaQ) = min 17

—1
Since Ay, is IG(an,, , by, ) distributed, ¥ = e ™2 has density

o 1 bAYQ axy, —1 by, In(y)
fY(y) ;F(CL)\}@)(_ H(y)) 2 e 2 :

Update pj, = e Nt

Generate candidate pfh from ,0{,1|/)J1 ~ N(pj,0,0,1). Perform Metropolis-step with accep-
tance ratio

Z(X|)‘Y17O-Y17>‘Y23 O'Y2apf]1a >‘J27 (1)17 (I)2a g)ﬂ(pfh) q)(l_pjl ) - (I)(_%)
’ Z(X|)‘Y17O-Y17>‘Y23 0Ysy PJrs )‘sz Dy, Dy, g)ﬂ(le) (I)(l_le ) _ @(_ﬂi)
o

a(pJ1/7pJ1) =minq 1

—1
Since Ay, is IG(ay,, by, ) distributed, Y = e ™1 has density

1 by,

_ L (N —1ebAJ1 111(?/).
B = (=)

-1

Update pj, = e Mz

Generate candidate p;, from p'; [p7, ~ N(py,,0,0,1). Perform Metropolis-step with accep-
tance ratio

XAy, 0v15 Ava, 0va, Ay Pl 1, ®a, E)(p),) o(1ny _ O(—L22)
Z(X’)‘YUO—YU )‘sz OYy; /\J17PJ27 q)h (‘I)2’ S)W(pJQ) (I)(l_le2 ) _ (p(_pﬁ)

O‘(PleaPh) =min ¢ 1,

-1
Since Ay, is IG(CL)\J2 , b,\JQ) distributed, ¥ = e 2 has density



10 C. LAUDAGE, F. AICHINGER, AND S. DESMETTRE

1 oy - n
Fr(y) = == (—In(y)) ™ P W
Update 6;:

With the choice of an Ga(ag1, bg1) distributed prior for 6, for the posterior we get

01|®1 ~ Ga (ag, + Np,bg, +T).
Update 02:

With the choice of an Ga (ayg,, bg,) distributed prior for s, for the posterior we get

92|(I)2 ~ Ga (CL92 + .Z\[%,bg2 + T) .
Update 34

With the choice of an IG(ag,, bg,) distributed prior for 5, for the posterior we get

Nz
Bi|®1 ~1G ( ag, + Np,bg, + > &us

i=1
Update (2:

With the choice of an 1G(ag,, bg,) distributed prior for 3, for the posterior we get

NZ
Ba|®y ~ 1G ( ag, + N7, bg, + > &

i=1
Update &:

Generating values step: For n € {1

i €{1,...,N}
and define I := {iy,...,i,}, [ :=={1,...,

., N} randomly choose indices i1,
N} \ I. Generate candidate &' by setting €, = ¢; for
i € I and drawing €, ~ N(0,1) for i € I. Since

q(&'&) = ;(]X)Hmexp(_(eé»>

el

we have

~(€) q(EIE)

(&) q(Ele)
Thus for the Metropolis-step, the acceptance ratio is given by

X Dy, Py, &
a(S',S):min{l,l( ’)\Y170—Y17)\Y270_Y27AJ17)‘J27 1, 278)}
(X’)\YNO—YN/\Y270_Y27)‘J17/\J27¢17q)278)

Permutation step: For n € {1,..., N} randomly choose indices i1,...,i, € {1,..., N} and

define I := {iy, ... in}, [ :={1,...,N}\I. Let 7 : I = I bea permutation. Generate candidate
&' by setting €; = ¢; for i € I and €; = e (;) for i € I. Here q(£'[€) = L

N ™y and again we have
(&) q(E|E) B
(&) q(ElE)
Thus for the Metropolis-step, the acceptance ratio is given by

, HX Ay, 0%, AYas Ovas Asys Agys @1, P9 5’)}
Qa g/,g —mm{l, 1) 19 2) 29 19 29 ) )
( ) Z(X’)‘YNUYN)‘Yzao'Yz:)‘JpAJQy(I)l?q)Qag)
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Multiplicative update: For n € {1,..., N} randomly choose indices iy,...,i, € {1,...,N}
and define I := {i1,...,i}, I := {1,...,N}\ I. Generate candidate & by setting €, = ¢; for
i €I and €; = &¢; with & ~ N(1,¢?) for i € I. We have

. 11 1 € —€)?
Q(g |5) = N(]V)rJI: mGiC <_ ( 26262) >

and

Thus for the Metropolis-step, the acceptance ratio is given by

Z(X|AY170-Y17>\Y27 0Ys, /\J1a >\J2a (blv @2, 5/) 7.(.(6/) q(6|g,) }
’ Z(X‘)\YI,O'YI, )\Yza 0Ys, AJU )\J27 (I)la (I)27 5) 7T(g) Q(6/|g) .

a(&',€) = min {1
Update ®;:

Birth-and-death step: Choose birth-move with probability p € (0,1). Generate (71, &;), where
71 ~U([0,T]) and & ~ Ex(B1). Proposal transition kernel ¢(®1, ®1 U {(71,£1)}) has density

q(®1, P, U{(11,61)}) = By " exp(—(B7 " — 1)é1)

with respect to the product of Lebesgue-measure on [0,7] and Ex(1) measure on (0, c0).

Choose death-move with probability 1 — p. Select a randomly selected point (71;,£1;) being
removed from ®; (if ®; is not empty). The proposal transition kernel with respect to the
counting measure is

1

:717
NT

where N} is the number of points in ®; before the death-move.
The acceptance ratio for birth-move from ®; to ®; U {(71,&1)} is then given by

a(q)h ¢ U {(7—1751)}) = min{LT((I)l? (Tlafl))}

q(®1, @1\ {(715,€11)})

and the acceptance ratio for the death-move from ®; to ®1 \ {(71;,&1;) is

(@1, \ {(r, ) = min {1, 1 b

(@1 \ {(714,&14) }, (114, €14))

where

LX) Avi, 0vi, Ay 0y Ay @1 U {(T1, €0}, Ay, @2, E) w(D1 U {(71,€1) |61, B1})
HXAvis 0v1, Ay 0va Ay, @1, A g,y @2, E) (D110, A1 })
(1P 1
P (Nt 4 1)g(®1, 1 U{(61,61)})
_ UX Ay 0y, Ay 0y A, @1 U (71, €)1 A0, @2, E) 1—p T

T((i)lv (917 Bl)) =

= = 1
Z(X‘AYUO-YU)\Y270Y27)‘J1aq)13AJ2a(1)275) p N11“+]-
Local displacement move: Assume that the jump times are ordered, ie., 71 < --- < T1,NL-

Choose randomly one of the jump times, say 71 j, and generate a new jump time uniformly on
[T1,j—1,T1,j+1]). Displace and resize the point (71;,&1,5) to (71,&1), where & = e_’\jll(ﬁ_ﬁd)ng.
Perform Metropolis-step with acceptance ratio a(®q, ®}) = min{l, (P, ®})}, where
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Z(X|)\Y170-Y17 >\Y2)O-Y2) )\J17 >\J2, @2, (Pavg) e—ﬂl_lfl
l(X|)\Y170-Y17 >\Y270-Y2, )\J17 AJQ’ @2’ @175) e_ﬁflé-l,j

e~ A (Ti—715)

T(®17 (I)ll) =

Multiplicative jump size update For each jump (71 ;,&1,;) propose a new jump size fi’j =
£1,5¢1,5, where log(¢1,5) ~ N(0, c%) are i.i.d. random variables. The variance c% is chosen inversely
proportional to the current number of jumps. Perform Metropolis-step with acceptance ratio !

Z(X’)\Ylﬂo-Yp )‘sz 0Ys, )\Jla >\J27 (D27 q)la 8)
Update ®5:

Nl l

/ T

a(@qu)/l): Z(X’)\YUUYU)\Y27UY27)\J17>\J27(I)27®175) eXp{_(/Bl_l_l)Z &11 512 }H
=1 1

Birth-and-death step: Choose birth-move with probability p € (0,1). Generate (72, &2), where
T2 ~U(]0,T]) and & ~ Ex(52). Proposal transition kernel ¢(®2, P2 U {(72,£2)}) has density

q(P2, D2 U {(72,&)}) = By "exp(—(B; ' — 1)&2)

with respect to the product of Lebesgue-measure on [0,7] and Ex(1) measure on (0, c0).

Choose death-move with probability 1 — p. Select a randomly selected point (72;,£2;) being
removed from ®9 (if ®5 is not empty). The proposal transition kernel with respect to the

counting measure is
1
¢(®2, 2\ {2, &20)}) = 55
T

where N% is the number of points in ®5 before the death-move.
The acceptance ratio for birth-move from ®9 to ®o U {(72,£2)} is then given by

(P2, P2 U {(72,62)}) = min{1, r(P2, (12,&2))}

and the acceptance ratio for the death-move from ®5 to @9 \ {(72;, 2;) is

. 1
(@2, P2\ {(72i,&2:)) = min {1’ (Do \ {(72i,€2:) } (124, &2i)) } 7

where

Z(X|)‘Y170Y17)‘Y270Y27 )\J17i)2 U {(7—2752)}1 )\J2> q)lyg) 7(6)2 U {(7—2752”‘92752})

Z(X‘)\YI,O'YI, )\Yza 0Ys, AJU (i)27 AJQ’ (1)1,5) W((i)2|927ﬁ2})
1—p 1

P (NZ2+1)q(D2, &2 U{(62,8)})
Z(X‘)‘YNJY17)‘Y27UY27)\J17(§2 U {(7—2762)}, /\Jz,q)l,g) 1—p T

r(®a, (62, B2)) =

- = 2
Z(X‘)\Yl,O'Yl,)\Y2,UY2,)\J1,®1,)\J2,(I)2,5) p N%—i_l
Local displacement move: Assume that the jump times are ordered, i.e. 71 < -+ < Ty, N2+

Choose randomly one of the jump times, say 72 ;, and generate a new jump time uniformly on

[T2,j—1,T2,j+1). Displace and resize the point (72,82 ;) to (m2,&2), where & = e_’\le(ﬁ_ﬁvj)gg’j.
Perform Metropolis-step with acceptance ratio a(®q, ®,) = min{l, r(Py, @)}, where

L(X|Avy, 0y, Ayas Ovys Mgy Ay, By, @1, E) e~P2 €2
Z(X|>\Y170Y17 )\YQ? Yy, )\Jl, )\JQ, (1)2, (bl’ 5) 6*551524

6_)“]2(7—2_7—24).

r(®y, D) =

1The acceptance ratio depends on the chosen reference measure, see Appendix B.
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Multiplicative jump size update For each jump (72;,£2;) propose a new jump size féﬂ- =
&9,ib2.j, where log(¢e;) ~ N(0,c3) are i.id. random variables. The variance c3 is chosen
inversely proportional to the current number of jumps. Perform Metropolis-step with acceptance

ratio

1(X|A A Ay Ady, Bh, @1, E) Al g,
a(® ’@/ _ Y150Y15 AYas OYay AJys Aoy Pos D1, ox _ 71_1 I ; ﬂ
( ? 2) Z(X’)‘Ylao-Yp )\Y27 0Yy, )‘Jla )\J27 @21 (I)lv 5) P { (182 ) ;(52’2 52’ )} 7];[1 62,@’

4. POSTERIOR PREDICTIVE CHECK

We assess the adequacy of the latent variables involved in our models by calculating p-values
for the trajectories of the posterior distribution of the hidden variables, which we obtain through-
out our MCMC procedure. As demonstrated in [7], this allows us to perform posterior predictive
checks in the sense of [15]. Let m be the total number of iterations of the MCMC algorithm and
n be the number of iterations within the burn-in period. For each iteration n < k < m calculate
p-values in the following way:

4.1. p-values for the Gaussian OU-process Y;. For N i.i.d. random variables € ; ~ N (0, 1),

j=1,..., N, the transition densities of the Gaussian OU-process Yl(k) are given by
1/2
(K))* (k)
k k —(\E) A, (UY ) A —2(AW) 4, k .
Y ) = v Pt 1)e (W) 8y (1 () =1, N

Take the realisations (y%, . ,yﬁ)\,) of Yl(k) obtained in the MCMC step and calculate noise
data
) —-1/2

-1 (0' )2)\(k) -1
*) _ <y<k) N0 -(\) AJ) % (1 _2(8) Aﬂ') . j=1,....N.

€15 = \ Y1, 1,j-1€

Use the noise data {egk)}, Ly 8 input for a Kolmogorov-Smirnov test for the standard
=150

7j
normal distribution, yielding the corresponding p-value pgfl ),

4.2. p-values for the Gaussian OU-process Y>. Subject the components {egk])} N of
’ j:17"'7

the hidden variable £(*) obtained in the k-th step of the MCMC algorithm to a Kolmogorov-

Smirnov test for the standard normal distribution, yielding the corresponding p-value pg/]f; ),

4.3. p-values for the jump processes. For the jump data <I>§k), i € {1,2} sampled from the
Markov chain in the k-th iteration we have

o = (0.8}

Z(l;)} o N to a Kolmogorov-Smirnov test for the exponential distri-
¥ ) j=0,...,Nt,
(k) (k)

bution with mean BZ-(k) to get the p-value e, - For the jump locations {Tij } LN
¢ ’ .7: ey VT

Subject the jump sizes {5

calculate
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with Ari(’];) =" —Ti(j;)_l. Perform a Kolmogorov-

the set of inter-arrival times {AT.(k.) Y

v }jzl,.‘.,NTi

-1
Smirnov test for the exponential distribution with mean <0§k)) on the set of inter-arrival times
{ATZ-(];)} . to obtain the p-value pg?).
’ .]: yee s VT ¢
4.4. Calculation of posterior predictive p-values. For each iteration step k, n < k < m,

we obtain 6 p-values

k) (k) (k) (k) (k) (k
{0l wl) ) )}

The posterior predictive p-values {py;, py,,pe,, o, Pe, Do, } are now obtained by calculating the
mean values
m m m m m m
(k) (k) (k) (k) (k) (k)
> Py, 2Py, 2 Pg 2 Pe 2 Pi, 2 P
k=n+1 n+1 n+1 n+1 n+1 n+1
m—-n m-n m—-n m-n m-n’ m-n

{pY1 y DY, Péqy POy 5 Péas p92} =

5. EVALUATION OF THE MODEL FIT

In this section, we compare the fit of the 3-factor and 4-factor model for three different time
periods, namely the pre-crisis period 2018-2021, the crisis 2021-23 and the whole interval 2018-
2023. In contrast to the studies carried out in [7], our price data exhibits negative jumps in
every time period we investigate. This is the reason why our model features a negative stochastic
jump component. The generalization to a model with multiple jump components as described
in [7] is straight forward, but was not considered in our study for the sake of computational
tractability. To the best of our knowledge, this is the first attempt to fit the superposition
model for the extremely volatile data in the period 2021-2023 and can be considered as starting
point for future research.

5.1. Posterior properties of the parameters. We start with an overview of the posterior
properties of the model parameters obtained from the MCMC procedure described in Section 3.5.
Later in this section, we present a more detailed analysis of our calibration results.

Fast convergence of the MCMC algorithm is heavily dependent on finding appropriate paths
of the latent variables, and hence it is important to update the latent variables in an efficient
way. In Table 4, we provide details on the number of update steps, we used within every iteration
of the algorithm.

5.2. Model fit for different time periods. We now analyse the calibration results within
the respective time intervals, providing posterior sample paths of the latent variables as well as
simulations based on the calibrated parameters (Table 3). Model adequacy is then assessed by
calculating the posterior predictive p-values as described in Section 4.

5.2.1. 2018-21 spot price data: We calibrate the 3-factor model and the 4-factor model for the
spot-price data in the time interval 2018-2021. As can be seen in Figure 3, the long term
behavior of the spot price is modeled by a Gaussian OU-process in both the 3-factor and the
4-factor model. The main difference is that in the 4-factor model, the additional Gaussian OU
component accounts for a large part of the short term deviations which had previously been
modeled by the jump process thus leading to much sparser jump paths (cf. Fig. 3). This is in
line with the lower jump intensity rates observed in the 4-factor model (cf. Table 3). The high
p-value of the second OU-process indicates a good fit and better adequacy of the 4-factor model
in this time period.
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2018-21 2021-23 2018-23
3-0U 4-0U 3-0U 4-0U 3-0U 4-0U
Parameter‘ Mean SD Mean SD ‘ Mean SD Mean SD ‘ Mean SD Mean SD
oy; 4274 9.518 116.94 11.112 | 357.87 47.435 1.4319 0.3030 79.45 6.4217 124.81 9.2750
oY, - - 22.051 6.7 - - 305.89 0.2160 - - 70.533  7.8973
Avq 0.2018 3.0381 0.0053 0.0009 | 0.0099 0.0536 0.0372 0.0167 2747 771.5 0.0046 0.00077
Ay, - - 1.882  29.056 - - 0.9700 0.004 - - 2.4157 0.8809
Ag 0.0057 0.00099 0.0079 0.0026 | 0.0347 0.0061 0.0202 0.000029 0.0164 0.0017 0.0138 0.0014
Ay 0.0020 0.00023 0.0016 0.00028 | 0.0739 0.0144 0.0039 9.297857e-06 | 0.0026 0.0003 0.0019 0.00017
01 333.86 82.143 129.84 80.131 | 178.61 41.323 207.29  10.790 - - - -
0y 336.26 59.495 86.999 30.244 |132.44 31.951 131.03  8.5646 - - - -
6 4.019 05241 4816 0.1306 | 37.123 4.8553 29.093  1.5189 - - - -
B2 7.359  0.8767 13.547 3.1564 | 24.943 3.7563 38.703 2.6341 - - - -
o\ - - - - - - - - 205.56 37.208 6.5369 9.1030
05" - - - - - - - - 130.35 28.011 92.919 21.170
B - - - - - - - - 5240 0.587 5.7285 295.55
By - - - - - - - - 13.385 2081 17.586 2.9266
62 - - - - - - - - 373.34 40.119 368.85 47.868
o) - - - - - - - - 614.17 59.46 510.08 61.584
B . - - - - - - - 29.330 2443 31157 2.9279
B - - - - - - - - 26.523  2.805 30.997 3.5207
TABLE 3. Posterior properties of the model parameters in different time periods.
We present the mean and the standard deviation (SD) for all model parameters.
2018-21 2021-23 2018-23
3-OU 4-0U 3-0U 4-0U 3-0U 4-0U
Number of Iterations 10 Mio. 10 Mio. | 10 Mio. 10 Mio. | 10 Mio. 10 Mio.
Burn-In-Period 9 Mio. 9 Mio. | 9 Mio. 9 Mio. | 9 Mio. 9 Mio.
Number of Loops for Birth-Death step 5 5 5 1 5 5
Number of Loops for Multiplicative Update 5 5 5 1 5 5
Number of Loops for Latent OU-Variable - 30 - 200 - 30
Number of New Increments per Loop - 100 - 1 - 1
Number of Permutations Increments per Loop - 100 - 2 - 2
Runtime (days) 3.9958  3.3188 | 4.0901 5.4426 - 8.2958

TABLE 4. Information about the updates of the hidden variables.

5.2.2. 2021-23 spot price data. When calibrating the 4-factor model to the 2021-23 spot price
data, it turns out, that the additional Gaussian OU-process is completely insignificant from the
modeling point of view (cf. Fig. 6). Thus it is sufficient to calibrate the 3-factor model for
the 2021-23 spot price data. As can be seen in Figure 4, the Gaussian OU-process is used to
model the long term behavior of the price process, but extreme deviations from the long term
mean are now incorporated into the jump processes. A comparison of the average jump sizes
in Table 3 for the period 2018-21 with those in 2021-23 confirms this observation. In Figure 5,
we showcase the samples generated from the MCMC algorithm for some model parameters. We
note that the simulated paths in Figure 3 exhibit the same characteristics as the observed data
in this time period and the confidence intervals fit the range of the historic data very well.

5.2.3. 2018-23 spot price data. The calibration of the 3-factor and 4-factor model to the whole
2018-23 data yields very low p-values for the jump processes, due to the different jump patterns
occurring before and after the start of the energy crisis (cf. Fig. 8). We therefore considered a
change-point model, where we have different jump intensities and jump sizes in the respective
time intervals (cf. Figure 7). This specification allows a better fit of the jump processes, however,
the convergence of the MCMC algorithm is quite slow due the additional parameters. A detailed
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Ficure 3. Fit of the 3-factor model (top) and 4-factor model (bottom) in the
time period 2018-21.

explanation of the jump update procedure in the change point model is presented in Appendix A.
Of course, one could think of more advanced models for the spot price on the whole interval
2018-23, for example by introducing stochastic jump intensity rates. However, this would make
the MCMC algorithm even more complicated and thus more time-consuming.

5.3. Conclusion. For the pre-crisis data 2018-21, our results suggest that the addition of a
second Gaussian component can improve model adequacy, whereas for the crisis data 2021-23
the 4-factor model is hard to calibrate and leads to overfitting. For the whole period 2018-23,
the data of 2018-2021 dominates calibration of the Gaussian components, while the behavior in
2021-2023 is mainly explained by jump processes. The very different behavior of the spot price
in the time periods 2018-21 and 2021-23 makes it hard to fit the model to the whole data.

6. FUTURES PRICES

In this section, we give an explicit formula for the price of a futures contract with maturity
T in the 4-factor model. In our model, there are six sources of uncertainty, two of them are
generated by the diffusion factors of the respective Gaussian OU processes and two generated
by each of the jump processes, namely jump-intensity risk and jump-size risk. We assume that
the market price of risk arising from the diffusion of the Gaussian OU processes is constant,
moreover we make the simplifying assumption that all the jump risk premia are captured by
jump-size risk (cf. [18]). Thus, if #* denotes the jump-intensity under the risk neutral measure,
we assume that 8* = 0. Therefore, under the risk neutral measure Q, the spot price process is
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FI1GURE 4. Fit of the 3-factor model in the time period 2021-23.

of the form

P, = f(t) + Yi(t) 4 Ya(t) + J1(t) — Jo(t), (6.1)
with
dYi(t) = (~Ay Yi(t) — dyy )dt + oy, dW2 (2), (6.2)
dY3(t) = (A} Ya(t) — by, )dt + oy, dWy (1), (6.3)
dJy(t) = =A7 I (t)dt + dITy (61, B7), (6.4)
dJa(t) = =X Jao(t)dt + dllz(62, B), (6.5)

where ¢, and ¢g are the risk premia for the long term and short term uncertainty and 57, 35
are the risk neutral jump size parameters. The following result provides an explicit formula for
the price of a futures contract in the 4-factor model.
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FIGURE 5. Samples from the posterior distribution for different parameters in
the 3-factor model (2021-23).

Theorem 6.1. If the electricity spot price P is modelled by the 4-factor model (6.1) with risk
neutral dynamics (6.2)-(6.5), the price of a future contract on the spot price with maturity T at
time t 1s given as

F(t,T,P) = E¥[Pr|F]

_ AT+ }ﬁ(t)ef)‘?f(Tft) _ 9w (1- 67,\;11(T7t)) n YQ(t)ef)\;;(Tft) _ dw (1- ef)\;;(Tft))
siT-t) | b A (T=t) BT A W N T=0
+ Ji(t)e " +—A5(l—e "N ) — Ja(t)e "2 — Al —e "2 ).

Proof: By the linearity of the conditional expectation, we obtain
EC[Pr|F] = f(T) + E°YVi(T)|F] + EC[Ya(T)|F] + EC [ (T)|F) — E°[2(T)| Fi).

Under the risk neutral measure Q, equation (6.2) has the solution

_ _ T _
YA(T) = Ya(t)e ™ (70 ffll (1—e ™ Ty gy / Tl (s),
Y1 t

Thus we get

EQ[y1(T)] 1= EQvi(T)| 7] = Yi(t)e ™ T — Ovi (1= M@0y

Analogously we have

EQ[Y,(T)] = Ya(t)e N2 T _ D2 (g _ ATty

Ay
Let N(t,T) denote the number of jumps of the Poisson process in the interval (¢,7") and let
< < T]f,(tj) be the jump arrival times with corresponding jump sizes &7, . .. ’E?V(t,T)' Then
we have
N(¢.T)
JT:JteJTt+Z ST=er

where the jump sizes are exponentially dlstmbuted with parameter §* and the jump intensity
0* = 0 does not change under the risk neutral measure. For the conditional expectation we get

N(t ; . N(t
E;&Q[JT] E@ |:Jt6_>\J (T— t)—|— z:l e (T—Ti )5:} = Jte_)\J (T—t)+E9[ Z 6_>\J (T—7; )5 :|’

and since
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N(t,T) N(t,T)

— 1 *
EQ[Jr] — Je 0 (- EQ[ Z eI )fi} e TEQ[ Z e’ Tigﬂ
N(t.T) N(tT)

_)\ TEQ [EQ[ Z 6 T f |N(t T)” -A7 TEQ[ Z EQ Tz- 5:]]
=1 i=1
N(t,T) N(t,T)
—1 1. 1
=N TER[ Y B ECLE]] = e T ZBR[ Y B )]
=1 =1

and
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FiGURE 7. 4-factor model with change point. The jump parameters are cal-
ibrated separately for the different jump regimes before and after the change
point. The change point is given by the dashed vertical line.
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FiGuRrE 8. Fit of the 4-factor model in the time period 2018-23.

N(t,T) N(&T)
> EC [elef;] — E@[ > e)\jlri*|N(t,T):| = N(t,T)E [BA;H]
=1 i—1

where 7 ~ U(t,T) and the last equality follows by the fact that 77, ... ,T;,(t,T) are the jump
times of a Poisson process with N(¢,7) jumps in the interval (¢,7), i.e., they are distributed
like the order statistics of N(¢,7T) independent random variables that are uniformly distributed
on the interval (¢,7"). Hence we end up with
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B LJr] - 5™ 00 = 5T L2 [N( TR 7] = o' T LBV 1, T B ]

/8* /8*
yotp 1 1 /T ATl 0 ATt
- 0T -5 ds = —Mj(1 —e N .
e 7J 5* ( )T—t ) e’J s ﬁ* J( e )
Thus
— 0 B
B Lr) = Jie N 00 4 2 (1= e ),
O
ACKNOWLEDGEMENTS

This research paper was inspired by a real-world industrial application. We therefore wish to
express our gratitude to LINZ STROM GAS WARME GmbH — Geschiftsbereich Energieman-
agement.

F. Aichinger is supported by the Austrian Science Fund (FWF) Project P34808. For the
purpose of open access, the authors have applied a CC BY public copyright licence to any
author accepted manuscript version arising from this submission.

APPENDIX A: JUMP UPDATE WITH CHANGE POINT

In this appendix, we give a detailed explanation for the update steps of the jump processes
in case that jump sizes and intensity change over time. We assume that there are two different
jump regimes on the interval [0, 7], the change point is denoted by T. In the interval [0, T],

the jump arrival times have intensity 9%1) and the jump size is 551), whereas in the interval
(Tc, T, the jump intensity is 952) and the size is ﬁ?).

Update 0,):
With the choice of an Ga(aa(l),bg(l)) distributed prior for 09), for the posterior we get
1 1

00121 ~ Ga (ay0) + Vi by + T2

Update 0,2
With the choice of an Ga(a 9(2),b9(2>) distributed prior for 0&2), for the posterior we get
1 1
2
95 )|<I)1 ~ Ga (aegz) + (N% — N%C), begg) + (T — Té)) .

Update 61(1)
With the choice of an IG(a 6(1)’b /3“)) distributed prior for ﬁgl), for the posterior we get
1 1

N}C
1
WWNM%WW%%WE&
1=

Update 51(2)
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) distributed prior for 552), for the posterior we get

With the choice of an I1G(a .2, b .2
B B
N
2
55 )|(I>1 ~ IG amz) + (N% — N%C),b5§2) + Z &14
Np +1

Update &,

Birth-and-death step:

Choose birth-move with probability p € (0,1). Generate (11,&1) by the following procedure.
With probability

o\ T,

) @ draw 7 ~ U([0,T¢]) and & ~ Ex(81),
0, T+ 6,"(T — T¢)

07 (T — 1¢)
0T+ 0(T — T¢)
The proposal transition kernel ¢(®q,®; U {(71,&1)}) thus has density

draw 71 ~ U((T¢, T)]) and &; ~ Ex(53).

(B exp(~((B1) ! = D)oy, 71 € [0.7]
q(®1, @1 U{(71,61)}) = @1 @1 ! C+932)( e
(Bl )_ eXp(_((ﬁl )_ - 1)51)9§1)Tc+91§2)(T7TC)’ T € (TC,T]

with respect to the product of Lebesgue-measure on [0,7] and Ex(1) measure on [0, 00).

Choose death-move with probability 1 — p. Select a randomly selected point (7;,&1;) being
removed from ®; (if ®; is not empty). The proposal transition kernel with respect to the

counting measure is
1
q(®1, P9\ {(114,€11)}) = NI’
T

where N% is the number of points in ®; before the death-move.

Acceptance ratio for birth-move from ®; to ®; U {(71,&1)} is
a(q)la (:‘Dl U {(7-17 61)}) = min{la 7’(@1, (T17 Sl))}

Acceptance ratio for the death-move from ®; to ®; \ {(71;,&1;) is

' 1
Oz(CI)h (I>1 \ {(Tliyfli)) = mln{l? 7"(@1 \ {(ﬁufu)}, (Tli,fli))}

where
Case 11 € [0,1¢]:

r(®1, (11,&))
X ) A b o Do B) w(d g o2 51 5(2)

_ ( ’ Y150Y15 A\Yas OYay Adys 1U{(T17§1)}7 Jos ¥2, )ﬂ—( 1U{(7—17£1)| 1 »Y1 7[31 751 })
Z(X|)\Y170Y1a)\Y2aUY2a)\J1>(I)17)\J27(I)27B) W(‘i)1|9§1)a09:551)’/@?)})
1—p 1
P (N} +1)q(®1, @1 U{(61,&)})

= XAy, 0v1, Ay, 0y Mgy @1 U {(71,€0)} Ay, @2, B) 1= p 0] T + 08 (T — 1)
Z(X|)\Y1>UY1>)\Y210Y21)\J1>q)17)\J27q)27B) p N%+1
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Case 1 € (1T¢, T):

r(®1, (11,&1))

_ Z(X’)\Y17O-Y17)\Y27 0Ys, AJU qA)l U {(7—1751)}7 )\J27 (1)27 B) W((Apl U {(7—1?51)|0§1)7 652)7 651)7/8§2)})
Z(X|/\Y170Y17)\Y270Y2a)\J17¢)17)\J27¢27B) 7T(<i>1|0§1)79§2)7B£1)76§2)})
1—p 1
P (N} +1)q(®1,@1U{(61,&)})

_ Z(X’AY170-Y17)\Y27 0Ys, AJ17 qA)l U {(Tl) 51)}7 )‘Jza @27 B) 1- p 9( )TC + 0(2)(T T )
Z(X|AY17O'Y17)\Y27O-Y27>\J17(I)17)\J27(I)27B) b N1+1

Multiplicative jump size update

For each jump (71,5,&1,5) propose a new jump size & ; = &1jé1,5, where log(¢1,;) ~ N(0, c?)

are i.i.d. random variables. The variance c% is chosen inversely proportional to the current
number of jumps. Perform Metropolis-step with acceptance ratio

X

Nl
Z(X|)‘Y170-Y17)\Y270Y27)\J17>\J27(I)27(I),1a6) T Si,z
Z(X|>\Y17O-Y17>‘Y27 0Ys, )\le)‘Jza q)Q, (I)la B) i—1 51,1’

a(®1, ®}) = min {1,

N} NL
xep{ — () -3 e - et en{ — (B -0 Y €i-ao)h
=1 i=N}+1

Local displacement move
Assume that the jump times are ordered, i.e. 711 <--- <7 NL- Choose randomly one of the
jump times, say 71 j, and generate a new jump time 7 uniformly on [y j_1,71 j4+1]. Displace

and resize the point (71 ,&17) to (71,&1), where & = 6_)‘;11(7—1_7—113‘)51,]'. Perform Metropolis-step
with acceptance ratio a(®q, ®}) = min{1, (P, ®})}, where

Case 1,715 € [0, T¢]:
Z(X‘)\YI,UYI, )‘Y27 0Yy, )‘Jla >‘J27 (1)27 (bllv B) 6_(69))7151

r(®q, ®)) =
( ! 1) Z(X‘)\YUUYU>\Y27UY27)‘J17>‘J27(1)27(P178) 67(551))_151,]'
Case 1 € [0,T¢c], 115 € (Te, T):

e A (m=T5)

(1)y-1
Z(X‘)\YUUYN)\Y270Y27)\J17AJQ)(bZaq)/DB)Q —B) T 67)\J1(T177-1’j)

r(®g, @) = ,
( ! 1) Z(X‘)‘YNUYU>‘Y270-Y27)\J17>‘J2)(I)27q)178) 0( ) (5(2)) lél,j

Case 1 € (Tc,T],TLj S [O,Tc]:

(2)
Z(X‘)\YNO—YN)\Y270Y27)‘J17)\J27q)21q)/178)£ —B)” G

r(®,®)) =
( ! 1) Z(X‘)‘YUO-YU)\Y270Y27)‘J17)\J27q)2aq)178) 9() ( ) 1e1 5

6—>\J1(7'1—7'1,j)’
Case 1,715 € (Tc,T):

(2)\—
T((I)l (ID’) — Z(X‘)\YI’UYI’>‘Y27UY27)‘J17>‘J27(1)27(I>/178) 6_(61 )
ol Z(X‘)\YUUYU>\Y27UY27)‘J17AJ27¢27®17B) ef(ﬁf))_lgl,j

e~ A1 (T1=T15)
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APPENDIX B: P0OI1SSON PROCESSES

Let II be a Poisson process on [0, 7] with constant intensity 6. For each point 7 of the random
set II, we associate an Ex(() distributed random variable &, (the mark of 7), taking values in
RT. The pair (7,&;) can then be regarded as a random point in the product space [0,7] x R™.
Then by the Marking Theorem [10], the random set

I = {(7, &) |7 € I}

is a Poisson process on [0,7] x RT and its intensity measure is glven by

// (dt)pe(d) // e 3 Ydtdz.
(t,z)eC t,z)eC 5

Thus the sets 1 = {(71,j,&1,5) h<j<ng, and @2 = {(72,5,&2,5) hi<j<ny, of jump times and corre-
sponding jump sizes can be interpreted as realisations of marked Poisson processes taking values
in [0,7] x RT. We are now interested in the likelihood 1(®;|0;, 3;) with respect to a so called
dominating measure. Let therefore X = [0,7] x R* and denote by M the set of o-finite mea-
sures defined on (X, B(X') and by M, the subspace of integer-valued point measures X = ). €,
where z; € X' and ¢, is the point mass located in z. By B(M) we denote the smallest o-algebra
of subsets of M with respect to which all mappings

Il : Mo —{0,1,2,...,00} with [I5(X) = X(B), B € B(X),

are measurable. Let now Il be a Poisson process taking values in X with constant intensity 6g
on [0,7] and Ex(fp) distributed jump sizes. Then Il induces a measure Py on (Mg, B(My))
via
Py(X eMy: X(B)=2z)=Pwe Q:1w)B) =ux).

The measure Py will now be our reference measure on B(Mj) and will be referred to as the
dominating measure. For convenience, the dominating measure is often chosen as the one induced
by a Poisson process with unit intensity on [0, 7] and exponential jump sizes with parameter 1,
however, the choices of 6y and 3y can also be different [14]. For another Poisson process II taking
values in X’ with constant intensity 6 on [0,7] and Ex(/) distributed jump sizes, the density of
P with reference to the dominating measure Py can now be calculated by [11, Theorem 1.3] as

dpP
d—PO(X) = exp </X In(S(x))X (dx) — /X(S(aj) - 1)A0(d$)> , X eMy

s B = ({1 1))

Thus for a set ® = {(11,&1),..., (Tng ENg) ), i € [0,T], & € RT we can now calculate the
likelihood of ® with respect to the dominating measure as

@l6,5) = o (@) =exp ([ (s - [ (56 - Do) )

X

where

Nt

=[] 5 &) exp (Ao(X) — A(X))

=1

g 5 VRS .
=115 5 o0 <‘ (ﬁ - m) f@) & (60T — 6T)

)@ (L) ww-om

(2
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If the dominating measure is chosen as a Poisson process with unit intensity on [0,7] and
exponential jump sizes with parameter 1 (cf. [7, Section 3.1]), ® has likelihood

Nt
(@]9, 5) = = VT3V exp | - (; - 1) S 6| exp (—(6 - 1)T).
=1

Note: The acceptance ratio in the multiplicative update step of the jump process
Z(X‘/\Yl yO0Yq, )‘Y27 0Yy, )‘J1 ) )\sz (I)Qa /17 5) l(@/ﬂﬁlu 61) Q((I)la q)/l)
l(X|/\Y1 yO0Yq, )‘Y270Y27 )\J1 ) )\Jga (1)27 q)la 5) l(q)l‘ﬁla 91) Q( 117 (I)l) ’

in Section 3.5 depends on the chosen reference measure. If the jump size parameter of the
Poisson process inducing the dominating measure is 1, the acceptance ratio is given as

a(@l, (I)ll) =

/ Z(X’)‘YUO-YU>\Y270Y27)‘J1a>\J27(I)2a(I)/175) -1 N% / N% 512
a(él’ (Pl) - Z(X’)\Yla 0y7, )\Yga 0Ys, AJU )\JQ? (I)Qa (1)17 5) P {_(181 _1) ;(5177: - él’i)} i=1 gT:Z"
whereas, if the jump size parameter is changed to (arbitrarily large) ¢, the term %
1
evaluates to exp {—(ﬁfl—c_l) g(&il - 5171-)}, where ¢~! can be arbitrarily close to 0.
1=
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