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ON POTENTIALS INTEGRATED BY NIKIFOROV-UVAROV METHOD

LINA ELLIS, IKUMI ELLIS, CHRISTOPH KOUTSCHAN, AND SERGEI K. SUSLOV

ABSTRACT. We discuss basic potentials of the nonrelativistic and relativistic quantum mechanics
that can be integrated in the Nikiforov and Uvarov paradigm with the aid of a computer algebra
system. This consideration may help the readers to study analytical methods of quantum physics.

Building on ideas of DE BROGLIE and EINSTEIN, I tried to show that the ordinary differential equations of mechanics,
which attempt to define the co-ordinates of a mechanical system as functions of the time, are no longer applicable for “small”
systems; instead there must be introduced a certain partial differential equation, which defines a variable ¢ (“wave function”)
as a function of the co-ordinates and the time.

Erwin Schrodinger [31]

1. INTRODUCTION

Discovery of the relativistic and nonrelativistic Schrodinger equations [28], [29], [30], [31] is dis-
cussed in [2] (see also the references therein). Finding of the energy levels and the corresponding
normalized wave functions of various systems is one of the basic problems of quantum physics.
Only in a few elementary cases the exact solutions are known. They are usually investigated by
different techniques. Nonetheless, those completely integrable problems are important in creation
of mathematical models for complex quantum systems. Moreover, they may provide a useful testing
ground for verification of numerical methods.

We assemble analytical solutions for a range of potentials in the nonrelativistic and relativistic
quantum mechanics that are available in the literature. Data for most of the potentials that can be
studied, in a unified way, by the so-called Nikiforov—Uvarov method [24] are collected, independently
verified, and completed with the help of the Mathematica computer algebra system. Only bound
states are discussed. On the contrary, in a traditional approach, for each of those problems one has
to identify and factor out the singularities of the corresponding square integrable wave functions and
find the remaining terminating power series expansions or use algebraic methods (see, for example,
[31, [5], [6], [8], [L0], [15], [16], [20], [32], [33]). As a result, each of such problems has to be treated
separately, which is not suitable for a unified computer algebra approach.

The article is organized as follows. In the next section, we introduce the basics of the Nikiforov—
Uvarov approach and then, successively, apply it to the main problems of introductory quantum
mechanics, such as harmonic oscillators, Bessel functions, Coulomb problems, Poschl-Teller poten-
tial holes, Kratzer’s molecular potential, Hulthén potential, and Morse potentials, in the forthcoming
sections. All calculations are verified in a complementary Mathematica notebook that can serve
both educational and research purposes. Appendices[A] and [B] contain, for the reader’s convenience,
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the data for classical orthogonal polynomials and a useful integral evaluation, respectively, in order
to make our presentation as self-contained as possible.

This article is written for those who study quantum mechanics and would like to see more details
than in the classical textbooks. It is motivated by an introductory course in mathematics of quantum
mechanics which one of the authors (SKS) has been teaching at Arizona State University for more
than two decades.

2. SUMMARY OF THE NIKIFOROV-UVAROV APPROACH

The generalized equation of the hypergeometric type

@), o)
o(z) o*(x)
(o(x), o(x) are polynomials of degrees at most 2 and 7(z) is a polynomial degree at most one) by
the substitution

ul/ +

=0 (2.1)

u = p(x)y(z) (2:2)
can be reduced to the form
o(z)y" + 1(z)y + Ay =0 (2.3)
if:
ﬂ/ = @ m(x) = L T(x) —7(x
C-TEL @) = 5 () @) (2.4
(or, 7(z) =T + 2m, for later),
=\ —7'(x) (or, \ =k +7), (2.5)

and

W(x):U,;a::t\/Cﬂ;;)Q—&—{—k‘a (2.6)

is a linear function. (Use the choice of the constant k to complete the square under the radical sign;
see [24] and our argument below for more details.)

In Nikiforov—Uvarov’s method, the energy levels can be obtained from the quantization rule:
1
)\+n7'+§n(n—1)0":0 (n=0,1,2,...) (2.7)

and the corresponding square-integrable solutions are classical orthogonal polynomials, up to a
factor. They can be found by the Rodrigues-type formula [24]:

Bn n n
() (o™ (@)p(x)™,  (op) =Tp, (2.8)
where B, is a constant (see also [35] and Table [L5]).

yn(x) =

(The corresponding data for basic nonrelativistic and relativistic problems are presented in the

Tables below.)

Let us try to transform the differential equation (2.1)) to the simplest form by the change of
unknown function u = ¢(x)y with the help of some special choice of function p(z).
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Substituting u = ¢(z) y in (2.1) one gets
’7‘: / ’5_’ ’7‘;' / 1"
y+(—+2£)y+<7+~ii+£)y:o. (2.9)
o © o2 op
Equation ([2.9) should not be more complicated than our original equation ([2.1)). Thus, it is natural

to assume that the coefficient in front of 4’ has the form 7(x)/o(z), where 7(x) is a polynomial of
degree at most one. This implies the following first-order differential equation

/
¢ _nl@) (2.10)
p o)

for the function (), where

w(x) = ¢ (7(x) ~ 7(x)) (2.11)

is a polynomial of degree at most one. As a result, equation (2.9)) takes the form
T(® o(x
@ ., 7@

o) " o) "

Y+ =0, (2.12)
where

G(x) =o(z) + m(2) + 7(2) [F(z) — o' (2)] + 7' (2)o(z). (2.13)
The functions 7(x) and () are polynomials of degrees at most one and two in x, respectively.
Therefore, equation (2.12)) is an equation of the same type as our original equation ({2.1J).

By using a special choice of the polynomial m(z) we can reduce to the simplest form
assuming that

g(x) =\ o(x), (2.14)

where A is some constant. Then equation takes the form . We call equation a

differential equation of hypergeometric type and its solutions functions of hypergeometric type. In

this context, it is natural to call equation a generalized differential equation of hypergeometric

type.
The condition (2.14) can be rewritten as
™+ (F—-0) 7+ —ko=0, (2.15)
where
k=X\—1'(2) (2.16)

is a constant. Assuming that this constant is known, we can find 7(x) as a solution (2.6)) of the
quadratic equation (2.15). But m(x) is a polynomial, therefore the second degree polynomial

o'(x) = 7(x)\? -
p(z) = (#) —o(z) + ko(z) (2.17)
under the radical should be a square of a linear function and the discriminant of p(z) should be
zero. This condition gives an equation for the constant k£, which is, generally, a quadratic equation.
Given k as a solution of this equation, we find 7(x) by the quadratic formula ({2.6)), then 7(x) and
A by (2.11)) and (2.16). Finally, we find the function ¢(z) as a solution of (2.10)). It is clear that
the reduction of equation to the simplest form can be accomplished by a few different
ways in accordance with different choices of the constant £ and different signs in for m(x).
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A closed form for the constant k can be obtained as follows [2]. Let

p(z) = ("'2_?> — G+ ko = q(z) + ko(z), (2.18)

where

g(z) = (Jl = F)2 — G (2.19)

p(z) = %” (x + plp(,?)f - (p’(()))22;”2p”p(0)’ (2.20)
where the last term must be eliminated:
(¢'(0))* = 2p"p(0) = 0. (2.21)
Therefore,
(¢'(0) + ka'(0))* = 2 (¢" + ko”) (q(0) + ka(0)) =0, (2.22)
which results in the following quadratic equation:
ak® + 2bk + ¢ = 0. (2.23)
Here,
a = (0'(0))* = 20" (0), (2.24)
b= ¢'(0)a'(0) — 0"¢(0) — o(0)q", (2.25)
¢ = (¢(0))* = 24"4(0). (2.26)
Solutions are
ko = —%, if a=0 (2.27)
and
k1o = _b+\/c_l, it a#0. (2.28)
Here,
4= 12— ac = (6(0)¢" - 0"q(0))* — 2(¢'(0)q" — "¢ (0)) (o(0)q'(0) — ' (0)g(0)).  (2.29)
As a result,
p(x) = [%” (x + 2 ,15/?))2] : (2.30)
k=ko,1,2

which allows evaluating the linear function 7 (z) in the Nikiforov—Uvarov technique.

Examples, for the most integrable cases that are available in the literature, are presented in
the Tables below, where all these analytical arguments are implemented in a supplementary
Mathematica notebook.
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3. HARMONIC OSCILLATOR
Let us consider the one-dimensional stationary Schrodinger equation for the harmonic oscillator:
B ST lmw ) = Ev (3.1)
with the orthonormal real-valued wave function
/00 Y} (x) do = 1. (3.2)

Introducing dimensionless variables

o) =ule),  w=&) o B e (33)

u'+ (26 — &) u=0. (3.4)
Here, o(&) = 1, 7(€) = 0, and 5(&) = 2¢ — &2, Therefore,

(&) =\ k—2e+ &> =% k=2 (3.5)

one gets

We pick m = —¢, which gives a negative derivative for
7(€) = (&) + 2m(€) = —2¢. (3.6)
Then
ﬁl — @ - _ _ —&%/2 3.7
P & pl@)=e (3.7)

and A =2 —1, p(§) = e=¢". The energy levels are ¢ = &, = n + 1/2, (n =0,1,2,...) from (2.7).
The eigenfunctions,

ya(6) = Bne?% Gl (3.8)

are, up to a normalization, the Hermite polynomials (Table [15).

As a result, the orthonormal wave functions are given by [29], [31], [20]

Y(x) = (7:;;;)1/4 \/%exp (—2—:#) H, (:B %) , (3.9)

corresponding to the discrete energy levels

1
En—hw<n+§> (n=0,1,2,...), (3.10)

in Gaussian units. (More general, “missing”, solutions of the time-dependent Schrédinger equation
are discussed in [I7], [18], and [21].)
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o(§) 1

a(¢) 2% — £

7(£) 0

k 2e

=€) v

7€) =T+27m —2¢

A=k+7 2e —1

p(€) et/

p(€) e

Yn(§) CnHy(§)
1

C V7 2rn!

TABLE 1. Stationary Schrédinger equation for the harmonic potential U(z) = gmw?a?.

4. BESSEL FUNCTIONS

Let us also mention some solutions of the Bessel equation:
2+ 2+ (22— ) u=0. (4.1)

With the aid of the change of the function u = ¢(2)y when ¢(z) = 2”¢* this equation can be
reduced to the hypergeometric form

2y + (2iz4+2v+ 1)y +i(2v + 1)y =0 (4.2)

(Table [2) and one can obtain the Poisson integral representations for the Bessel functions of the
first kind, J,(z), and the Hankel functions of the first and second kind, H"(z) and HS?(2):

Jo(2) = \/%1% Qlul 5 /_ N —£2) Y2 cos(at) d, (4.3)
e:l:i(z—gu—%) 00 i v—1/2
H (2) = \/g ToTi2) /0 e i1/ (1 + i) dt, (4.4)

where Rev > —1/2. It is then possible to deduce from these integral representations all the
remaining properties of these functions. (For details, see [24] and [35] or [37] and [38]).

5. CENTRAL FIELD: SPHERICAL HARMONICS

The stationary Schrodinger equation in the central field with the potential energy U(r) is given
by
2m

AY+ 3 (B—=U(r) v =0. (5.1)
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o(z) 2

7(z) e

7(2) 1

k +2iv

7(2) +tv+iz
T(2) =7+ 27w 14 2v + 2iz
A=k+n i(2v +1)
o(2) Sty otz

p(2) 2 2i2

TABLE 2. Bessel’s equation.

The Laplace operator in the spherical coordinates r, 6, ¢ has the form [23], [24]:
1

A=A, + ﬁAw (5.2)
with
10 0 1 0 0 1 02
A= ——(r*= A, = — | sinf— — . 5.
r2 or (7’ 87“) ’ sin 6 00 (sm 89) * sin? 0 Op? (5:3)
and separation of the variables 1) = R(r)Y (6, ¢) gives
ALY (0,0) + 1Y (0,¢) =0, (5.4)
1 d [ ,dR(r) 2m 1
—— | r*—= — (E-U(r))— = | R(r)=0. 5.5
s () (G - ven - 5) Ry (5.5)
Bounded single-valued solutions of equation (5.4) on the sphere S? exist only when pu = I(I + 1)
with [ =0,1,2,... . They are the spherical harmonics Y = Y,,,(0, ¢).

Looking for solutions in the form Y = "% f(0) with m = 0,+1,4+2,... one gets

1 d dg m?
sin g d <Sm d@) smzg I tH9 =0 (5:6)
The following change of variables £ = cosf and F'(§) = f(6) results in the generalized equation of
hypergeometric type:

2
() F—2sr 4 (- 12 ) P =0 65.7)
with o(¢) =1 — &%, 7(&) = —2¢ and 5(€) = u (1 — 62) — m?, which can be reduced to the simpler
form by the standard substitution F' = ¢y :

(1=&)y" =2(Im| + 1) €y + (u—|m[(Im| + 1))y = 0 (5.8)

Indeed, by (12.6))

7(&) = £/ (1 — ) + ke +m? — g, (5.9)
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or
+[ml,

me)= { +ml e,

where we should choose the case when the linear function 7 = 7+ 27 will have a negative derivative
and a zero on the interval (—1,1).

h=p (5.10)

k=p—m?

Then ) | |£ € de )
%:17}’ m¢:4m/g_g:—1@—ﬁ (5.11)
and
p(&) = (1=¢)"™" = (sing)™ (5.12)

(see our complementary Mathematica notebook and Table [3| for further details of calculations).

The final result is given by

(5.13)

47T l_lm‘

Here, P\*"®(¢) are the Jacobi polynomials (Table [15): A,, = (—1)™, m > 0 and A,, = 1, m < 0.
(See [23], [24], [36] for more details.)

mep
Yim(0,9) = An oo \/ 2L+ m) (sing)!™ PO (cos ).

o(€) 1—&% E=cosh, 0<O<n
a(§) p(l —€%) —m?

7(§) —2¢

k 1 —m?

7(£) —[m|¢

7€) =T+ 27 —2(Im|+1)¢

A=k+n pw—|m|(jm|]+1)

e(&) (1 —&)m7? = (sing)m!

p(§) (1—¢&m

Y () Nim PP (cos0), n=1— |m)|
N m$u¢%;10_"m0+mﬂ

In view of identity

TABLE 3. Equation for spherical harmonics.

6. NONRELATIVISTIC COULOMB PROBLEM

1d
r2 dr

dR 1 d?
gL 1 a”
(r dr ) r dr? (rR),

(6.1)
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the substitution F'(r) = rR(r) into (5.5]) results in the standard radial equation

2m, I(1+1) Ze?
for the nonrelativistic Coulomb problem in spherical coordinates. In dimensional units,
r E h? e?
F(r)=u(x), z= Cl—o’ €0 = Eo (ao = @, Ey = a_()) (6.3)

the radial equation is a generalized equation of hypergeometric type,

an {2 (ao+§> —l(“;”]u:o, (6.4)

T

where

o(z) ==z, T(z) =0, o(x) = 2e02” + 2722 — (1 +1). (6.5)
Therefore, one can utilize Nikiforov and Uvarov’s approach in order to determine the corresponding
wave functions and discrete energy levels.

We transform (/6.4)) to the equation of hypergeometric type (2.3). The linear function 7(x) takes
the form

1 1
m(x) = 5 + \/4_1 —2e02% — 22 + (I + 1) + kx, (6.6)
or

W(x)zli{\/Taox+l+l/2, k=27 + (2 + 1)y/—25, 67)

V=25 x—1—1/2, k=27 —(2l+1)\/—2¢

where we should choose the case when the linear function 7 = 7+ 27 will have a negative derivative

and a zero on (0, 400):
T(x)=2(+1—2v=2¢).
This choice corresponds to
m(z)=1+1—av-2e, ¢(z)=2""exp(—2v—25)

and

A=k+n =2[Z—-(1+1)V-2¢].

The energy values are given by ([2.7)):

E Z2 2
_ = _ —, Eoze_, (6.8)
Eq 2(n,+14+1) ag

Here, n = n, + [ 4+ 1 is known as the principal quantum number.

€0

In order to use the Rodrigues formula, one finds
P T—0o 20+1 2Z

P o T n
or 07
p(x) = 2 exp (——x) : =
n Qo
Therefore,
B, d"™ e 20+1
Y, () = x2+le=n dgnr (‘T € ) =L, (), (6.9)
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where
2Z 2Z
n=—r=— (1) = 2[[’\/ —2807
n n \ ag
and, up to a constant,
F(r) =rR(r) = Cpu 0 e L2 (n). (6.10)

In view of the normalization condition

1= [Trar=c(52) [T )

0 227 Jo

the three-term recurrence relation

nly =—m+1)Ly  + (a+2n+ 1)Ly — (a+n)Ly_,,
and the orthogonality property of the Laguerre polynomials (Table , one gets

Z (n—1-1)!

apn? (n+1)!
More details can be found in [24] and [35]. (See also Appendices [A] and [B])

2 __
Onl_

(6.11)

As a result, the nonrelativistic Coulomb wave functions obtained by the method of separation of
the variables in spherical coordinates, see above, are

Y= @/)nzm(r) = Rnl(r) }/lm(ev 90)7 (6'12)

where Y}, (6, ¢) are the spherical harmonics, the radial functions R,;(r) are given in terms of the
Laguerre polynomials [3], [8], [20], [24], [32]

3/2
A =Rt = 5 (Z) [0 o (6.13
with i
n= % (aio) ) ag = mi;:e2 (6.14)
and the normalization is
/OO R%,(r)yr? dr = 1. (6.15)
Heren = 1,2,3, ... is the principal quantoum number of the hydrogen-like atom in the nonrelativistic

Schrodinger theory; [ =0,1,...,n—1and m = —[,—l+1,...,l — 1, are the quantum numbers of
the angular momentum and its projection on the z-axis, respectively. The corresponding discrete
energy levels in the cgs units are given by Bohr’s formula [28]:

meZ%e
E=E,=—"—, 6.16
2h2n? ( )
wheren = 1,2, 3, ... is the principal quantum number; they do not depend on the quantum number

of the orbital angular momenta [.

Remark. In the original Nikiforov—Uvarov approach, the variable coefficients o(z) and 7(z) in
(2.3]) should not depend on the eigenvalue A. Here, we obtain

oy +2(1+1—2v=2e0)y' +2(Z - (1 4+1)vV—25) y = 0. (6.17)
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o(x) x
o(x) 202> +2Z x—1(l+1), ey=E/Ey
7(z) 0

k 27 — (21 +1)y/—2¢¢
m(x) [+1—+/—2¢x

T(x) =T+ 2m 2(1+1— /=2 2)
A=Fk+n 2(Z — (1+1)y/—2e0)

go(x) Il+1e—x\/7a)
p(l’) x2l+167(22 gc)/n7 T = T/CLO
27 27
e G, n=Zo =2 (L)
n n \ ap
A —1—1)!
C? (n ), n,=n—10-—1
" apn® (n+1)!
o . . Ze?
TABLE 4. Schrodinger equation for the Coulomb potential U(r) = ——.
r
Dimensionless quantities:
h2 2
r=apxr, ay= 5~ 0.5-107% cm, By=< R(r) :F(w):@.
mee agp x

Nonetheless, the change of variables y(x) = Y (n) with n = 221/—2¢ results in

nY”+(2l+2—n)Y’+< —l—1)Y:0. (6.18)

A
\ —280
Thus the Nikiforov—Uvarov method can be applied and the uniqueness of square integrable solutions
holds.

In a similar fashion, one can consider solution of the Kepler problem in the so-called parabolic
coordinates, which is important in the theory of Stark effect [30], [20].

7. RELATIVISTIC SCHRODINGER EQUATION

The stationary relativistic Schrodinger equation has the form [2], [6], [15], [32]:

r

Ze?\?
(E + —) X = (=R*EA +m?c*) x. (7.1)

We separate the variables in spherical coordinates, x(r,0,¢) = R(r)Yim(0, ), where Y;,,,(0, ¢) are
the spherical harmonics with familiar properties [36]. As a result,

1 d [ ,dR (E+ Ze2/r)? —m2ct 1l +1)
r2dr dr

h2c2 r2

R=0 (1=01,2...). (72
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In the dimensionless quantities,

E me Ze?
62@, l’ZﬁT:?T, /L:%, (73)
for the new radial function,
_ _ u(z)
R(r) = F(z) = —, (7.4)
x
one gets
1 d [ ,dF 2 (1+1)
- - —) —1- F=0. 7.5
2?2 dx (x dx>+[<€+x> x? (7.5)
Given the identity (z2F’) = xz(zF)”, we obtain
" M2 +1n]
u’ + [<8+x> 1 p u=0. (7.6)
This is the generalized equation of hypergeometric form ({2.1f), when
o(x) =z, 7(z) =0, o(z) = (% — 1) a® 4 2uex 4+ p* — (1 + 1) (7.7)
The normalization condition takes the form:
/ R*(r)r? dr =1, or / u (z) doe = 5°, B = %C (7.8)
0 0

Here, u = py. For further computational details, see our supplementary Mathematica notebook, as
well as Refs. [2] and [24]. Final results are presented in Table [5]

In particular, one gets Schrodinger’s fine structure formula (for a charged spin-zero particle in
the Coulomb field):

(n=n,=0,1,2,...). (7.9)

Here,

Ze? 1 1\?
= =_= 2 10
p=— v 2+\/<l+2) o (7.10)

The corresponding eigenfunctions are given by the Rodrigues-type formula
B, "

x2y+16—2ax dl‘n

yn(z) = (z" e ) = C, L2 (2az). (7.11)

Up to a constant, they are Laguerre polynomials (Table . In view of the normalization condition

"
3 = 2 de = C? L2+1(2 2 d
I5; /0 u”(z) dz n/o [gp(x) Y aa:)} x

02 00 )
o n —& 2042 2v+1 .
- (2a)21/+3/0 e~ ¢ (Ln (5)) dg, &= 2ax. (7.12)
The corresponding integral is given by (see [34], [35], and Appendix [B)):

IFa+n+1)

- . (7.13)

L=J3 = / e~ 2o (L2(2))? dz = (a4 2n+ 1)
0
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As a result,

n!

C, = 2(@5)3/2(2a)”\/F( (7.14)

2U+n+2)
The normalized radial eigenfunctions, corresponding to the relativistic energy levels ([7.9)), are ex-
plicitly given by

|
= — 3/2 N v, —&/2 12v+1
where me
€ =2ax =2afr =2v1—¢e? T (7.16)

(More details can be found in [2], [6], [32].)
Let us analyze a nonrelativistic limit of Schrédinger’s fine structure formula ([7.9)—(7.10]):

Eu 1
€Schrodinger = me2 = 5
1+ a ;
2
(net 0972
2 4
M H s 3 6
-1 £ P ~2)+0 0 7.7
on2  2nA (l+1/2 4>+ (), =0, (7.17)

which can be derived by a direct Taylor expansion and/or verified by a computer algebra system (see
our supplementary Mathematica notebook). Here, n = n,.+[+1 is the corresponding nonrelativistic
principal quantum number. The first term in this expansion is simply the rest mass energy £y = mc?
of the charged spin-zero particle, the second term coincides with the energy eigenvalue in the
nonrelativistic Schrodinger theory and the third term gives the so-called fine structure of the energy
levels, which removes the degeneracy between states of the same n and different [.

Once again, our equation,
zy" +2(v+1—azx)y’ +2(ue — (v+1)a)y = 0, (7.18)

by the change of variables y(z) = Y (§) with £ = 2az can be transformed into the required form:
UE

V1—¢e?

Therefore, the set of the square integrable solutions above is unique.

Y+ (20 +2— &)Y ( —v— 1) Y =0. (7.19)

8. RELATIVISTIC COULOMB PROBLEM: DIRAC EQUATION

8.1. System of radial equations. The radial Dirac equations are derived in Refs. [24], [34], and
[35] by separation of variables in spherical coordinates (see also [3], [6], [8], [10], and [15]). Then the
radial functions F'(r) and G(r) satisfy the system of two first-order ordinary differential equations

dF 1+/<F_m02~|—E—U(r)

—_— Nl
dr + r he G, (8.1)
dG 1—k mec* — E+U(r)

bl = F 2
dr + r G he ’ (8:2)
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o(z) x
o(z) (2 —1) 2> +2ue v+ p> =11+ 1)
7(z) 0
1 N
k 2ue — (2v 4+ 1)v1 — &2, 1/:—§+ l+§ — 2
7(x) v+1—au, a=+1-¢g?
T(z)=7+21|2(v+1—-ax), 7<0
A=k+n 2(ue — (v +1)a)
(p(.fC) xu—l—le—a T
p(I‘) x2y+1€—2a T
Ui, () Co, LEH(E), €= 2ar = 2aPr = 2/T—7=cr
|
C 2(aB)>/?(2a)" o
" (aB)(2a) \/(l/ +n, + 1)I'(2v + n, + 2)

Dimensionless quantities:

E

£=——
mc2’

mc
x—ﬁr—fn W=

Zez‘

he ' x

7 2
TABLE 5. Relativistic Schrédinger equation for the Coulomb potential U(r) = e

r

where kK = ky = £(j + 1/2) = +£1,£2, 43, ... respectively. For the relativistic Coulomb problem,
when U = —Ze?/r, we introduce the dimensionless quantities

E mc Ze?

9 mc2, T = 67’ = 77’7 n = % (83)

and change the variable in radial functions

fl@)=F@r),  gz)=G(r) (8.4)
The Dirac radial system becomes

d, 1+

—f+ Kfz(l—k&—kﬂ)g, (8.5)

dx x

dg 1—k 1

&9 —(1-c— —> . 8.6

dx x g ( © x / (8.6)
(One can show later that in the nonrelativistic limit, ¢ — oo, the following estimate holds: |f(x)| >

lg(z)[; see, for example, Refs. [24], [34], and [35] for more details.)
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8.2. Decoupling of the radial system. We follow [24] with somewhat different details. Let us
rewrite the system (8.5)—(8.6) in a matrix form. If

u xf(x) )
u=| "] = : W= . (8.7)
U zg(x) u;
Then
v = Au, (8.8)
where
K
a1 a2 - l+e+ K
A= = € [ « Tl (8.9)
21 Q22 l—e—= -
T x

To find u(x), we eliminate uy(z) from the system (8.8)), obtaining a second-order differential equa-
tion

!/

uy — (an +agn + @) Ui (8.10)
12

/

a
12 (1,11) uy = 0.
12

Similarly, eliminating wu;(x), one gets an equation for us(x):

!
+ (a11a22 — Q12021 — Ay +

/
uy — (an + ag + %) U (8.11)
21
!

a
/ 21
+ (a11a22 — 412021 — A9y + —a (1,22) Uo = 0.
21

The components of the matrix A have the following generic form
air, = bix + cir /@, (8.12)

where by, and ¢;;, are constants. Equations (8.10) and (8.11)) are not generalized equations of
hypergeometric type (2.1). Indeed,

/
aig C12

=
a2 C12T + 61212

and the coefficients of u/(x) and uy(z) in (8.10) are

!
a pl(iﬁ) C12
12
ajp +ag + — = - 5
a9 T C12T -+ 612.’13'
/
, Ay pa(x)  calen +bnw)
a11G22 — A12021 — Gy + —— Q11 = — 5 — b 2
a19 X (612 + 121’)1‘

where p;(z) and py(x) are polynomials of degrees at most one and two, respectively (see supple-
mentary Mathematica notebook for their explicit forms). Equation (8.10)) will become a generalized
equation of hypergeometric type (2.1)) with o(x) = x if either bjo = 0 or ¢12 = 0.
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8.3. Similarity transformation. The following consideration helps. By a linear transformation
=C (8.13)

with a nonsingular matrix C' that is independent of x, we transform the original system (8.8 to a
similar one

v = Av, (8.14)

where
U1 ~ 11 Qa2

. A=CAC'=

V2 a21 A2

The new coefficients a;;, are linear combinations of the original ones a;,. Hence they have a similar
form

T, = iy, + G/, (8.15)

where b;, and ¢;;, are constants.

The equations for vy(x) and vy(z) are similar to and (8.11):

~
a
" ~ ~ 12 /
vy — ((111 + aoo + N—) (%1 (816)
a2
~
a
~ ~ ~ ~ ~ 12 ~
+ (a11a22 — A12021 — Q11 + = @11) vy =0,
a12
a
" ~ ~ 21 /
Uy — (a11 + a9o + a,-) (% (817)
21

CL
~ ~ ~ ~ ~ 21 ~
+ (a11a22 — A12G21 — Q99 -+ _CL 0/22) Vo = 0.
21

The calculation of the coefficients in (8.16]) and (8.17) is facilitated by a similarity of the matrices
Aand A :

a1 + a2 = a1 + g2, a11a22 — Q12021 = A11022 — A12021-
By a previous consideration, in order for ) to be an equatlon of hypergeometrlc type, it is

sufficient to choose either b12 =0or ¢ = 0 Slmllarly, for . either b21 =0 or ¢y; = 0. These
conditions impose certain restrictions on our choice of the transformatlon matrix C. Let

(>
0(75>. (8.18)

5 —
01:%( B), A =detC = ad — p,

Then

and

A=cAc! (8.19)
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1 [anad —apay +an B —anfy  a12a® — an B + (az — a1)ap
a210° — a197? + (a11 — a2)Y6 @y — ay1 By + axnad — axn B

(Here, we have corrected typos in Egs. (3.74) of [35]; see also [24] and the supplementary Mathe-
matica notebook.) For the Dirac system ({8.8))—(8.9)):

K
aj; = ——, G12:1+5+H7
x x
i K
agr =1—-¢e——, Qg2 = —
x x
and
" a? + %) p+ 208k
Aa12:a2—52—|—(a2—|—52)5—|—( B)/L P , (8.20)
x
_ 6% + %)+ 276k
Aa21:52—72—(52+72)6—( ) hot 20k (8.21)
T

The condition by =0 yields (1+4¢)a?— (1 —¢)3%>=0,

” ” e=0 7 (®+8%) p+2aBk =0,
" ” by =0 7 (1+e)y?—(1—e)8%=0,
” ” ’521 =0 ” (52 + 72) -+ 2,}/(&% = 0.

We see that there are several possibilities to choose the elements a, 3, 7, d of the transition matrix C.
All quantum mechanics textbooks use the original one, namely, b1 = 0 and by; = 0, due to Darwin
[7] and Gordon [I4]. Nikiforov and Uvarov [24] take another path, they choose ¢12 = 0 and ¢z = 0
and show that it is more convenient for taking the nonrelativistic limit ¢ — oo. These conditions
are satisfied if

C = , (8.22)

where v = /k? — p?, and we finally arrive at the following system of first-order equations for v; ()

and vy(x):
vy = (% - Z) v + <1 + ﬁ) U, (8.23)
v oox v
vy = <1 - ﬁ) vy + (K - %) Vg, (8.24)
v r v
Here
~ N ~ 2 2
Tr A=Gpy +am=0, detA=c—1+=L -2 2= 2 (8.25)
x x

which is simpler than the original choice in [24]. The corresponding second-order differential equa-

tions (§8.16])—(8.17) become
o+ (2—1)2* + 262,ua: —v(r+1)
x

e —Da?+2eur —v(v—1
o €= 2=y =)

V1 = 0, (826)

T2
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They are generalized equations of hypergeometric type (2.1) of the simplest form 7 = 0, thus
resembling the one-dimensional Schrodinger equation; the second equation can be obtained from
the first one by replacing v — —v (see also Egs. (3.81)—(3.82) in Ref. [35]).

8.4. Nikiforov—Uvarov paradigm. All details of further calculations are presented in Table [6]
(see also our supplementary Mathematica notebook and Refs. [24], [34], and [35] for more details).
Then the corresponding energy levels € = ¢,, are determined by

ep=alv+n+1), (8.28)

and the eigenfunctions are given by the Rodrigues-type formula

Cn n d"
yn(x) — p(m) (Un(l’)p(l'))( ) — Cn $—2V—162ax% (l,2u+n+1€—2ax) ) (829)
These functions are, up to certain constants, Laguerre polynomials L2**1(¢) with ¢ = 2az. The
corresponding eigenfunctions have the form

0, n =20,
vi(z) = (8.30)
Apertte 82 2v il (g), n=123,....

They are square integrable functions on (0, 00). The counterparts are

vo(x) = Bp&le SPL2 ), n=0,1,2,... . (8.31)
It is easily seen that the solution € = —v/k is included in this formula when n = 0.
As a result,
Bn v _— v v—
of(@) = g€ (ARSI + ALYTE). (832
Bn v _— v v—
zg(z) = wl—0)° ¢ P pELENE) + gL 7H(9)) (8.33)
where
a a(k — v
fi= =2 f=k-, glzga g2 = p. (8.34)
ER — UV ER — UV

(These formulas remain valid for n = 0; in this case the terms containing L*/"*(¢) have to be taken
to be zero.) Thus we derive the representation for the radial functions up to the constant B, in
terms of Laguerre polynomials. The normalization condition

. Yl do = /000 r? (F*(r) + G*(r)) dr =1 (8.35)

gives the value of this constant as follows [24]:

39 | (kR —=1)(er —v)n!
B, = aB% \/ i) (8.36)

(This is verified in Section 5.4 of Ref. [35]. Observe that Eq. (8.36|) applies when n = 0.)
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8.5. Summary: wave functions and energy levels. The end results, namely, the complete
wave functions and the corresponding discrete energy levels, are given by Egs. (3.11)—(3.17) of
Ref. [35]. The WKB, or semiclassical, approximation for the Dirac equation with Coulomb potential
is discussed in [2].

The relativistic energy levels of an electron in the central Coulomb field are given by

2 VA 2
E=FE, = e , ou=25 (. =01,2...). (8.37)
V1+p2/(n, +v)? he
In Dirac’s theory,
V= Ubirae = V/(J + 1/2)2 = 122, (8.38)

where j = 1/2,3/2,5/2,... is the total angular momentum including the spin of the relativistic
electron. More details on the solution of this problem, including the nonrelativistic limit, can be
found in [24], [34], [35] (following Nikiforov—Uvarov’s paradigm), or in classical sources [3], [6], [7],
[10], [14], [32].

In Dirac’s theory of the relativistic electron, the corresponding limit has the form [3], [6], [32],
[35]:

En.i oot n 3 6

EDirac = me2 - 912 onA (] n 1/2 4) + O(/L ), nw— O, (839)
where n = n, + j + 1/2 is the principal quantum number of the nonrelativistic hydrogenlike atom.
Once again, the first term in this expansion is the rest mass energy of the relativistic electron, the
second term coincides with the energy eigenvalue in the nonrelativistic Schrodinger theory and the
third term gives the so-called fine structure of the energy levels — the correction obtained for the
energy in the Pauli approximation which includes the interaction of the spin of the electron with its
orbital angular momentum. (See our supplementary Mathematica notebook for a computer algebra

proof.)

9. A MODEL OF THE 3D-CONFINEMENT POTENTIAL

Looking for solutions of the Schrédinger equation ({5.1]) in spherical coordinates,

1
with the following model central field potential,
vy =i (5= 2) 9.2)
)= Vo a . 5 .
one gets the radial equation of the form
2m a  r? Rl 4 1)
R"Jrﬁ {(E+2V0)—V0 (T—2+?) —W} R=0 (1=0,1,2,...). (9.3)

This is not a generalized equation of hypergeometric type and, therefore, cannot be treated right
away by the Nikiforov—Uvarov method. By using the substitution

s 2mVy

R(r)=u(©), {=ar®,  a=—7, (9.4)
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o(x) x

- o1

o(x) (e —=1) 2 +2uex—v(v+1); v=/K2—p2 k== <j+§>
7(x) 0

k 2ue £ V1 —¢e?(2v + 1)

1 1

7(x) §i(\/1—52xi<u+§)>

T(x)=7+21 |2(v+1—ax), a=+1-¢% 71 <0

A=k+7 2(pue — (v+1)a)

(p(l') xu—&—le—a T

p($) I2V+1€_2a T

Yn (1) A L2THE); € = 2ax = 2afr = 2¢/1 — 52%07’, n=n,=0,1,...
A = a B, | B, = af*” (k —v)(ke —v)n!

KE — VU pl'(2v +n)
7 2
TABLE 6. Dirac equation for the Coulomb potential U(r) = e
r
Dimensionless quantities:
E me Ze? up(x) us(x)
5—@7I—57’—?T7M—§7 F(r) = f(z) = " , G(r) =g(x) = T
we finally obtain equation ([2.1)) with the following coefficients:
-~ 1 11]2m
-6 Fog. o0 mE e -] 09

In the Nikiforov-Uvarov method, the energy levels and the corresponding radial wave functions can
be obtained by (2.7) and (2.8). As a result, they are given by

8V, 1 1 2mVya? 1\2 omVya?
E , = hy) 22 -4z =) — ,
=T 1] ¢ Y (14 2) - 05)

R(r) = Ro(r) = Co "2 exp(=£/2) L (€), (9.7)

and

provided

/Oo R*(r)dr =1, (9.8)

respectively. Here

2n!y/a 2mV, 2mVya® 1\?

2

Sl y="7 = +1{+=]. .
Cn IF'B+n+1) “ ha b \/ (9:9)
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Details of the calculations are presented in Table m (The case [ = 0 corresponds to a one-dimensional
problem from [12].)

In this case, the spectrum is linear, as for the harmonic oscillator. There is no continuous spectrum
thus resembling the confinement property in quantum chromodynamics.

o(§) 3

79 | ZE - @ ik - ¢
7(§) 1/2

k % hQ(EJrQVO )+ \/aZa® + (z+1/2)2]
(€) i §i\/a2a42 (I+1/2)2

2 2
O =Fr2r | 1456 @W (+1)

1 1
A=k+m 2Lm2E+2% Vva2at + l+1ﬂ)] 2
V)2 1 1 1\?
v(£) 3 eXP(_§/2)7V:5+§:§+ a?at + l+§
p&) £ exp (=€)
Yn (&) C,L2(&), &¢=ar’, n=0,1,...
o 2nl\/a V2mV,
_2vVE =
" FB+n+1) ha
2
TABLE 7. A model of the 3D-confinement potential U(r) =V, (5 — %) .
Dimensionless quantities:
vV2mVy

fzar27 a = ha, Y

10. 3D-SPHERICAL OSCILLATOR

Looking for solutions of the Schrodinger equation ([5.1]) with harmonic potential
1
Ulr) = imw%‘? (10.1)

in spherical coordinates (9.1)), one gets the following radial equation:
2mE m2w? 2 I(1+1)

72 5 S| B=0 (=01L2...) (10.2)

R’ +
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Using the abbreviations [§]

2mE y MW k2 F
_ — R 10.3
the radial equation can be rewritten in the standard form
W + {li —ure = 2 R=0. (104)

Finally, the substitution R(r) = u(£) with & = ur? results in the generalized equation of hypergeo-
metric type with

o= FO=5 7O =1 |Te-e-10+1). (109
Therefore,
2k—e:i(l—|—%>, w(g):ii%[gi(z%)}. (10.6)

Further details of calculation are presented in Table [§f and in the corresponding Mathematica file.

As a result, the energy levels are given by
Eozhw(Qn—I—l—Fg), n=20,1,2,... (10.7)
and the corresponding radial wave functions are related to the Laguerre polynomials (Table :
R (r) = Cog exp (-%) L€, =012, . (108)
Here,
/00 R%(r)dr = 1. (10.9)
Extension to the case of n-dimensions is doiscusses in [23].
11. POSCHL-TELLER POTENTIAL HOLE
Let us consider the one-dimensional stationary Schrodinger equation:

— S U = By, (1L.1)

where
h2a?
5 % ==

Uz) = (11.2)

50
with real-valued parameters a > 1,b > 1 in the finite region 0 < z < 7/(2a) bounded by the
singularities of U(x) (see [8], [26], [27] for original references and applications). Here, we are
looking for orthonormal real-valued wave functions:

7/(20)
/ V2 (2)dz = 1. (11.3)
0

1. fala=1)  bb—1)
Vi [sin2(0¢x) cos?(ax)

Introducing new quantities

U(x) = u(§), ¢ =sin®*(ax), 1—¢& = cos’(ax), (11.4)
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a(§) 3

7€) %[2&5—52—“1—1—1)}7 g_%
7e) -

k —%c+%—%

m(€) %(l +1-¢)
ﬂ@—?+2nl+g—§

A=k 4 _%(Hg_g)

o(§) D2 exp (—£/2)

p(§) eH2 exp (=€)

Yn(§) CoLi(€), n=0,1,...
n Il in;\f?,/z)’ h= %

1
TABLE 8. The 3D-spherical harmonic oscillator potential: U(x) = Ema)QrQ.

Substitution: & = ur?, p = %, and R(r) = u(§).

one gets the following generalized equation of hypergeometric type:

-+ (5-¢)
1[(:2 ala — 1) b(b—1)1u:0’ 2 2mE

+Z Th

a? § 1-¢

Here,

9=s-0.  FO=(5-¢).

C

5(6) = © [—su ) —ala—1)(1—€) — b{b - 1)5]

4 | o?
and the boundary conditions take the form u(0) = u(1) =0 .

Therefore,

A

p(&) = [(m+1)§2—(/i—i—l—i—(a—b)(a—i-b—1))§+a(a—1)+ﬂ,

23

(11.5)

(11.6)

(11.7)
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C2

Equation takes the form

k4+1+(@—b(a+b—1) = (k+1)[4ala —1)+1].
There are two solutions

k1= (a+b)a+b—2), ke=—-(b—a—-1)(b—a+1)

If one chooses
2

%—4k:(a+b)(a+b—2),
then ) )
7T<€>:%(%_§>_(a+2—15_(2a4—1) :g_a; ¢
and

. b1 A= L[e b)?
7(5)—a—|—§—(a~l— + 1)¢, _Z[?_(ajL)]

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

Further details of calculation are presented in Table @ (see also the corresponding Mathematica

file).
As a result, the energy levels are given by (12.7)):

1
E0:§V0(a—|—b+2n)2, n=0,1,2,...

and the corresponding wave functions are related to the Jacobi polynomials:
¥, (2) = Cp sin®(az) cos’ (ax) P21/ (cos(20))
where C), is the normalization constant.
Indeed, by the Rodrigues-type formula ([2.8]):
B, dar
e~ ey
and with the aid of the substitution n = 1 — 2§ = cos(2ax) one gets
—-1)" B, dr
CL [(1—n)
omn (1 _ n)a—1/2<1 + n)b—l/Q dnn
_ Cn Péa—l/?,b—l/?)oﬂ‘
Moreover, by the normalization condition:

7/(20) o2 ) s g
1= 2(2)d :_n/ pla—1/2,6-1/2) @™ dn
/0 i (x) do o _1[ n (77)} (1 — )21 + )i
02

1
_ pla—1/2,b-1/2) 2 1 — ma-1/2(1 b-1/2 g
e ) (1= ) 20 )
_CiT(a+n+1/2)0(b+n+1/2)
20 nlla+b+2n)(a+b+n)

Yn = [5”“*1/2(1 _ €)n+b—1/2}

?/n(ﬁ) _ n+a71/2(1 + n)nerfl/Q}

(11.13)

(11.14)

(11.15)

(11.16)

(11.17)
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(Here, the value of the squared norm d? for the Jacobi polynomials has been taken from Table )

As a result,
2anl(a+b+2n)I'(a+ b+ n)
C? = : 11.18
" Tla+n+1/2)L'(b+n+1/2) ( )

o(§) 1-¢=¢-¢

5 () —i{%2—(%—l—(a—b)(a—l—b—1))§+a(a—1)},CQ:QT;E
7(6) St

k i{%—(a—kb)(a—kb—%]

x(©) Slo—(a+)g

&) =T+27n|(a+1/2) — (a+b+1)¢

1 2
A=k+n —[C——(a—l—b)?}

4 |a?

p(£) £ (1 = "2 = sin® (o) cos(ax)

p(€) ¢ =g

yn(§) C P (1 - €)/2) = CuP 2T (cos(20a))
2an!(a+ b+ 2n)I'(a+b+n)

2 =0,1,2, ...
Cn Tatn+ 1200 tntiz) = 0LZ )
TABLE 9. The Poschl-Teller potential hole:
1 Ja(a—=1) bb-1) h*a?
Uz) ZVO sin? (o) * cos?(az) |’ ° m (a>1,b>1)

Substitution: ¢ = sin?(ax), ¥(r) = u(f), 0 <z < 7/(2a).

12. MoDIFIED POSCHL-TELLER POTENTIAL HOLE

In order to solve the one-dimensional stationary Schrodinger equation ((11.1]) for the potential:

R2a? a(a —1)
2m cosh®(ax)

Ux) = — (—o0 <z < 0) (12.1)

with a > 1, one can use the following substitution ) (x) = u(€), where ¢ = cosh®(ax) [8], [26]. As a
result, we arrive at the generalized equation of hypergeometric type

? — ~-E
E(1—&u" + (%—f) u'—k;l {%—w}u:o, 62:%, (12.2)
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where

9 =c0-9. o= (5-¢). (12.3)

56 = 1 | S¢ - ale-] 1 -0

Using the standard substitution u = ¢(&)y with (&) = €179/2 one gets the hypergeometric
differential equation of the form:

E1-&)y" + E —a+(a— 2)5} Y + i [;—22 —(a— 1)2] y=0. (12.4)

Here, we concentrate only on the bounded states (continuous spectrum is discussed in []]).

There is a finite number of negative discrete energy levels that are explicitly given by

2,2
E:En:—ha
2m

(1—a+2n)? n=0,1,...<(a—1)/2. (12.5)

The corresponding orthonormal wave functions are related to a set of Jacobi polynomials with a
negative value of one parameter that are orthogonal on an infinite interval (1,400). They are given
by the Rodrigues-type formula ([2.8)) or in terms of a terminating hypergeometric series:

Yn(§) = (1/2)n 2 F1 <—n, I—a+n; %; - f) (12.6)

n!
— p(=1/2,1/2—aq) (cosh(2ax))

n

where (1/2),, = I'(n +1/2)/T'(1/2). Cauchy’s beta integral,

R ['(A)T(B)
dt = R(A) >0, R(B)>0 12.7
| aret - tas R >0 RG>0 (12.7)
should be used in order to find the value of the normalization constant (see [35], Exercise 1.15 and
[25], (5.12.3)). Further details of calculation are presented in Table [10] (see also the corresponding
Mathematica file). As a result, for the bound states (12.5)), the normalized wave functions are given
by

_ nla—1-=2n)T(a—n—1/2) 1/2
(7)) = Va { CESYAINCET
x cosh'~*(ax) P27 (cosh(2ax)) .

n

(12.8)

13. KRATZER'S MOLECULAR POTENTIAL
In order to investigate the rotation-vibration spectrum of a diatomic molecule, the potential
a 1a?
U(r)=-2D (— — ——) D >0, (13.1)

with a minimum U(a) = —D, has been used [§]. Once again we are looking for solutions of the
Schrodinger equation ([5.1)) in spherical coordinates (9.1)) and introduce the dimensionless quantities:

2
r= -, ﬁ:_

a h?

2ma® ,  2ma®
E7 /y = h2

D (13.2)
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o(¢) £ —-¢)
2 —-F
30 1| Ge-aa-v] -9, @ = 2EE
7(6) o
1 2
k Z <% +1-— CL2)
x(©) g
T€)=T+27 g—a—i—(a—Q){
A=k+n i[;—i—(a—l)Q]
p(£) ghmon
p(&) S (St VI
Yn (&) C, P2 (cosh(2az)), n < (a—1)/2
nl(a—1-2n)'(a—n—-1/2)
c “ I'(n+1/2)I'(a —n)
TABLE 10. The modified Poschl-Teller potential hole:
U(w) = —PC el oy

2m cosh?(ax)

Substitution: ¢ = cosh®(ax), (x) = u(€).

together with the standard substitution: R(r) = u(x).
For bound states £ < 0,5 > 0 and the radial equation takes the form

29" P4+

u"+ _52+_ >
T X

u=0. (13.3)

Further computational details are presented in Table [11] (see also the corresponding Mathematica
file). This case is somewhat similar to Coulomb and relativistic Coulomb problems.

As a result, the bound states are given by

2ma’D? 1
E, =— , 13.4
R (v+n)? (134)

1 1\?2 2ma?
v 2+\/7+<+2), g 2 (13.5)

We can obtain the same exact result with the aid of the Bohr—-Sommerfeld quantization rule in the
semiclassical approximation (the WKB-method [2], [19], [24], [33]).

where
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The normalized radial wave functions,

/ R*(r)dr =1,
0

are related to the Laguerre polynomials:

Rn(T) = Cn

where

x” exp(—pz) Ly~ (2B2)

- (25)21/—%1”!
" a(2u+2n)T(2v +n)’

(13.6)

(13.7)

(13.8)

Once again, we have used the integral (7.13)). (See also [4], [16] for some applications of Kratzer’s
molecular potential and further references.)

o(x) x
o(x) 2y2x — BPa? — 42 — (1 + 1)
7(z) 0
, 1 1\?
k 2v* £ B(2v — 1), 1/254— 72+ l+§
w(x v— Bx
T(x) =T+27 2(v — Px)
A=k+7 2(v%* —vpB)
p(x) " exp(—p)
p(z) a® ! exp (—2f)
Yn(z) Cn Ly~ (2B7)
02 (25)2u+1n!
" a2v +2n)I'(2v + n)
TABLE 11. The Kratzer’s molecular potential:
1 2
Uiz)=-2D(2--2), D>o.
ro 272

Substitution: = r/a, R(r) = u(z); see also (|13.2]).

14. HULTHEN POTENTIAL

We are looking for solutions of the Schrodinger equation ({5.1)) in spherical coordinates (9.1)) for
the following central field potential,
—r/a
e

U(r) = —Vol_—

p—p (0<r <),

(14.1)

when [ = 0. (See, for example, (6.2) with FF = R and use these data for an explicit form of the
corresponding radial equation.)
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With the aid of the substitution

Rir) = u(), E=ela, (14.2)
when o ol
m m
o? = — = a?>0, B= h20a2>0 (14.3)
with a > 0 and 8 > 0, one obtains the following generalized equation of hypergeometric type,
d>uv  _du £
e+ P+ |u= 14.4
R G = R .
where
and
() =01-8((®+p)e-a?). (14.6)
The boundary conditions are
R(0) = lim R(r) =0, R(o0) = lim R(r) =0, (14.7)
r—0+ r—00
or
u(0) = u(1) = 0. (14.8)
We have
k=3 Fa, 7€ = —gi <—oz:|:§+oz§> (14.9)
for all four possible combinations. The solutions can be found by putting [§]
u=p(y(§) =& (1 = y(¢), (14.10)
which results in
E1-8y +2a+1—(2a+3)¢y — 2a+1-5)y=0 (14.11)

(details of calculations are presented in Table [12| and in a complementary Mathematica file).

As one can see, a direct quantization in terms of the classical orthogonal polynomials by Nikiforov
and Uvarov’s approach is not applicable here, right away, because the second coefficient,

7(€) =20+ 1 — (20 + 3)¢, (14.12)

does depend on « and therefore on the energy E. We have to utilize the boundary conditions ((14.8)
instead, in a somewhat similar way to the consideration of a familiar case of an infinite well.

Equation ([14.11)) is a special case of the hypergeometric equation [1f, [25],

E1-9u"+[C— (A+B+1)¢ju' — ABu =0, (14.13)
with
A=1+a+~, B=1+a—-~, C=2a+1; v =1/a?+ 3% (14.14)
The required solution, that is bounded at £ = 0, has the form
A, B l+a+~ 1+a—v )
=, F ; =,F i€, 14.15
Yy 21(0 f) 21( % -+ 1 § ( )

up to a constant, and the first boundary condition is satisfied u(0) = 0, when a > 0.
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As is known [25],

) _ A B e T'(A+B-0C)
lim (1 - &EC R (77 7 ¢ = 14.1
provided i (C'— A — B) < 0. Thus
: l+a+y, 1+a—9 >
u(l) = lim (1 — F ; 14.17
W) = dma-gan (T LN (1417)
B I'2a+1)I(1)
C T(l+a+y)T(l+a—y)
provided that
a—vy=-n=-1,—-2,-3, ..., (14.18)
or ) )
B —n
=aq, = ) 14.1
a=a« 5 0 (14.19)
As a result, the discrete energy levels are given by
2 2\ 2
Eo= vy (" n=1,23 (n* < %) (14.20)
n 0 Qﬁn ) Pt I B . .

There exists a minimum size of potential hole before any energy eigenvalue at all can be obtained,
viz. 2 = 1. Equation 1 < n? < 3* determines the finite number of eigenvalues in a potential hole
of a given size [§].

The radial wave functions take the form

I—n, 1+2a+n

Ry(r)=C, (1 -¢) 2F1( 2ot 1 ,5), E=e" (14.21)

where the hypergeometric series terminates and C), is a constant to be determined. Thus, the energy
levels can be obtained by the condition (2.7 and the corresponding wave functions are derived with
the help of the Rodrigues-type formula (2.8)) as follows:

I'(2a+n)

_ 1—n, 2a4+n+1
2040171 _ ¢\n (n=1) _ 201 _ Ja ( ) : ) 14.22
This result follows also, as a special case, from (15.5.9) of [25].
Once again, we can use ((13.6)) for normalization of the radial wave function. Then
1
ol [ e RO =1 (14.2)
0
where I )
+ _ (n—1)
2c 1— \ :Ck— 2a+n—1 1 — n 14.924
= Oun(©) = pgp 1y [ -9 (14.24)
by (14.22). Moreover,
-n, 2aa+n
1— &)y (€) = oF €, 14.25
- uie) =ari (7 ) (14.25)
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by the familiar transformation [24]:
A, B A C—-—A C-B
2F1< ;f) =(1-94F 2F1< ;£> (14.26)
C C
with A = —n, B = 2a +n, C' = 2a + 1. Therefore,
! ['(2a+1)
1 =P8 dE = ——= 14.27
| e - ot e = moas (14.27)
! —n, 2a+n 1)
% —1 F < n, 7 ) 2a4+n—1 1— n1(n d 7
Lol am(Th 0 e e — e e
and integrating by parts n — 1 times, one gets
vt -n, 2a+n b n—
[eten( ) feia- o) ae (1428)
0 200+ 1
1
_ -n, 2a+n o 1 (n—2
—<£12F1( ;5) e -]’ ’)
20+ 1
=0
! -n, 2a+mn / (n—2)
— -1 F( n, ; ) 2a+n—1 1— &) n— d
Ll )| lemta o) e
2o+ (k=1) !
= ... = (=1 k-1 -1 F (—TL, o TL; ) 2a+n—1 1— &))" (n—k-1)
(=1) ] O I3 (1-¢)"]
£=0
! n, 2a+n "
_ — Iy a-+n— n n—k—1
+(—1)k/ ¢! 2F1( ;5)] (i1 —¢) }( : d§
0 20+ 1
! n, 2a+n )
. _1n—1/ -1 F<_7 ’) 2a+n—11_ nd7
(=1) A LY G § (1—¢)" d¢
in view of the boundary conditions ([14.7))—(14.8). By the power series expansion,
n, 2a+n oy 1\ (—n)n(2a + n)
1L F (_ ’ ; ) = (—) o Tenhinmh o (14.29
A e f : Mo+, & 0 1)
L (n=1)! (—n)n(2a+n)
— _1n1(n— n "in — 1)

and our integral evaluation can be completed with the aid of the following Euler beta integrals:

20— 1 (n 1)—1 _ ['(20)(n!)
/g e = IF2a+n+1)

I'(2cc 4+ n)(n!)
I'2a+2n+1)

/ €2a+n 1 )(nJrl) 1d§ _
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The final result is given by
o (2a), \/(a +n)(2a + n) B —n?

"l (2a)a ’ T o

(n=1,2,3,...) (14.30)

as a complementary normalization in (14.21]) (Table . We were not able to find the value of this
constant in the available literature (see, for example, [§]).

The Hulthén potential at small values of r behaves like a Coulomb potential Us = —Vpa/r,
whereas for large values of r it decreases exponentially. See [8] for more details and a numerical
example.

a(§) §1-¢)

(¢ (18 [(a* +5%) £ =’

7€) 1-¢

k [

(&) a—(a+1)¢

7€) =7T+21 | 200+ 1— (2a+ 3)¢

A=k+n [ —2a—1

p(£) §*(1-¢)

p(&) £(1-¢)

62 _ n2 2 ) )
E, —vo( 26n > , n=1,23 ... (n®<pg?
Yn () 2oF1(1—=n,1+2a+n; 2+ 1; )
2 _ 2
. (2a), (04+n)(204—|—n)’ 0=, — g —n
n! (2a)a 2n
TABLE 12. The Hulthén potential:
e—r/a
-V <
U(r) Vol—e*T/“ (0 <r < o0)
in the spherically symmetric case [ = 0.
Substitution:
2mkE 2mV;
R(r) =u(§), &=exp(-r/a), a*=— 2 a?>0, [°= 2 ®a?>0
15. MORSE POTENTIAL
The following central field potential:
U(r)=D (e =2 "), x= i (0<r<o0) (15.1)

To
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is used for the study of vibrations of two-atomic molecules [§], [22]. The corresponding Schrédinger
equation ((5.1)) can be solved in spherical coordinates (9.1)) when [ = 0. Introducing new parameters

2mEr? 2mDr?
52 - - 72 Z > ) 72 - h2 . (152)
(8,7 > 0), with the help of the following substitution
9 _
R(r) = u(€), &= "Teor, p="_10 (15.3)
« To
one gets
d*v  _du oy 1
2 2
— — —— 4+ =€ —-- =0. 154
This is the generalized equation of hypergeometric type with
o§)=¢ T =1, (15.5)
and
~ 3 g L
_ P T T2 15.6
5(6) =~ 5 + L6 - 3¢ (15.6)
The substitution
u=p( () = e y(¢) (15.7)
results in the confluent hypergeometric equations:
2 — 1
y”+(—6+1—5>y’+(7 5——)@;:0 (15.8)
o @ 2
with the following values of parameters:
B 1 v _1 pB—y
—92F 11 - —eo_ 1t = 15.9
c=2-+1 a=ge—— =4 — (15.9)
(see Table 13| and the corresponding Mathematica file for more details).
The general solution of (|15.8) has the form [24], [25]:
a B l1+a—c
y:A1F1< ;§)+B§1 chl( 5 ;f)- (15.10)
c —c

Here, the second constant must vanish, B = 0, due to the boundary condition lim, ., R(r) =
u(0) = 0, because
1—c—|—ﬁ:—é<0. (15.11)
! a
The first constant A has to be determined by the normalization.

The second boundary condition, namely, lim,_,o R(r) = u(&,) = 0 with £, = (2v/«)e?, states

111 (a ;€0> =0, (15.12)
C
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where both coefficients depend on energy in view of (15.2) and (15.9)). This transcendent equation
for the discrete energy levels cannot be solved explicitly but for all real diatomic molecules £, > 1 [§].
This is why one can use the familiar asymptotic:

(€)= et o (g) (1519
¢ MseTiio (Y] eon

for the confluent hypergeometric function [24], [25].

By eliminating the largest asymptotic term with I'(a) = oo, an approximate quantization rule
states: [
— v w=0,1,2 .. ve<lol (15.14)
a=-v; v=0,1,2 ...; o .
(more details can be found in [8]). The corresponding approxiation to the discrete energy levels is

given by

2

This result can also be obtained in the Nikiforov-Uvarov approach by (2.7). Hence, the approximate
energy levels in terms of the vibrational quantum number v are

h? 1 1\?
E,=-D 2 ) —a? -
+2mr§[’ya<v+2) ! (v—|—2)

where the last term reflects the anharmonicity correction. This formula can be rewritten as fol-

lows [8]:
(1+3) -5 (o+3)

The first two terms in this formula are in complete agreement with the harmonic oscillator energy
levels. The last term reflects the anharmonicity correction, which shows that the anharmonic term
never exceeds the harmonic one [§].

1 1’
- B =—+27a (v + —) —a’ (v + 5) : (15.15)

: (15.16)

D hw=m _pe 2D (15.17)

mrd oV m

E, = —D + hw

The corresponding radial wave functions are given in terms of the Laguerre polynomials:

(26) ! Bla,~¢/2 128
=R,(r) = @ L2 (¢). 15.1
R(r) = Ru(r) \/Tor(w/aﬂﬂ)é e ¥/ [ (g) (15.15)
Here, we have used the following normalization:
R ro [ 28/a—1 2
/ RY(r)dr == [ €%/ 1e=82(¢) de (15.19)
r=0 a Je=0

ro [ a1 — ol v 2
~ Oy [ @l (L) de =1
£=0

1 The values v = 0 can be added because exp(—€&,/2) < 1 and the upper bound is due to convergence of the

normalization integral (15.19)).
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and the following integral:

s Fo+m+1
L= = [t (Lh9)? de =TT
Here § = 28/a > 0 (see [34], [35] and Appendix B} further details are left to the reader).
a(¢) §
~ ! [
a(§) 2 af— 4§
7€) 1
I 1=B8
a

B £
(§) P
7€) =T+27m 1—1—%—5
A=k+7 il 1

o 2
p(€) leeer
p(é) gnet
h? 1 1\°
E, —-D + o2 [27& <v + 5) —a? (U + 5)
I'2 1
Yu(€) c, L¥/°(¢) = C, v(! f(/;;javjm) Fy(—0:28/a+1:6)
02 (25)1}'
Y rol'(26/a+v+1)

TABLE 13. The Morse potential:

U(r) = D(e—Qagg — 26—0435)’ T = (0 <7 < o0)
To
in the spherically symmetric case [ = 0.
Substitution:
2y 2mEr? 2mDr?
R(r) =u(§), &= Eexp(—ax), % =— = 0 . 2= = 0

16. RoTATION CORRECTION OF MORSE POTENTIAL

The standard centrifugal term [29]:
(+1 (l+1) 1 r—ro

r2 r2 (14 x)? . o

35

(15.20)

(16.1)
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can be approximated, in the neighborhood of the minimum of the Morse potential r = ry (or z = 0),
as follows [8]:

I(l+1 I(l+1
( + ) ~ ( + ) (CO + Cle—am + 026—2(133) ’ (162)
r2 g
where 3 3 46 13
Cozl—a—F 59 Cl_a 59 ng—a—f—? (163)
Indeed,
1 . —ax —2ax\ _ .3 _2 2 . 4
172) (Co+ Cre " + Che ™) =z ( 3¢ + 3 4) + O(z"), x — 0. (16.4)

This consideration allows one to introduce a rotation correction to the Morse potential without
changing the mathematical model much [9.

In this approximation, the radial Schrodinger equation (5.1)) in spherical coordinates ((9.1)

2m onr —an I(1+1)
R'(r) + |75 (E—D (e —2e")) — > ] R(r) =0, (16.5)
with the new variables 5
R(r) = u(€), &=, p=1"T (16.6)
[0 To
and with the modified parameters
2mEr?
B = B+i(l+1)C, —B=-— ”;2 0 -, (16.7)
1 2mDr?2
o= DG, = D0, = > (16.8)
becomes the following generalized equation of hypergeometric type:
1
' + &u' + (—61 + f——§2>u:0. (16.9)
s 4
Here
o) =¢  TO=1, (16.10)
and
- 51 Lo
= —&— =& 16.11
59 =2+ e le (16.11)
The following substitution
u = £h/oel2y(6) (16.12)
results, once again, in the confluent hypergeometric equation
2 1
y+(51 —5)y’+<l—&——)y:0 (16.13)
ay, o 2
with the new values of the parameters:
1 2 1 2
o = ﬁH e U Y i (16.14)

2 avy, 2 a o«
(see Table [14] and the corresponding Mathematica file for more details).
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An approximate quantization rule states:

a=-v; v=0,1,2, ... . (16.15)
Therefore,
7 1\1?
2 1
B2 |t Z 16.16
By {72 o <U + 2)} ) ( )
and, in the energy formula, one has to replace vy by

gl G+
2 2?2
As a result, we arrive at the following vibration-rotation energy levels:

z7{1—l(l+1) } > 1 (16.17)

B o= By=-" | y2i0 +2) a2 (vl 2+l(l+1)
T T gz | TPy ) TP
3(a—1) 1 9(a—1)%, )
- —JI(l+1)— ——=1"(1+1)*|. 16.1
) (g ) e =20 ey (16.15)
This formula can be presented in the form
1 o 1N\’ RAI+1)
By = —D+hw ) - i i 16.1
! + (U+2) > <v+2) ]+ 22 (16.19)
3(a—1 1\ B2I(I+1)  9(a—1) (RA>1+1)\>
3o )y (LYY 9 1P (BRI
202D 2 2mrg 402D 2mrg

where

2 2D
ho = I Ton (%/—) . (16.20)
mrg ro V. m

The first three terms of this formula are exactly the same as those derived in the previous case; see
(15.17)). The fourth term can be interpreted as the molecule rotational energy at fixed distance 7.
The next term represents a coupling of the vibrations and rotations, which is negative because at
higher vibrational quantum numbers the average nuclear distance increases beyond r in consequence
of the anharmonicity [§]. The last term can be thought of as a negative second-order correction to
the rotation energy.

The corresponding radial wave functions are given in terms of the Laguerre polynomials:

_ _ (2ﬁ ) vl /o — 1/
R(r) = Ru(r) = \/ T @ Ja oD S e L), (16.21)

Once again, we have used the normalization similar to (15.19)). Further details on the rotational
corrections of Morse formulas are discussed in [8], [9].

In a similar fashion, one can consider the Wood—Saxon potential and motion of the electron in
magnetic field [8], [I3] [20], and [24].

Acknowledgments. We are grateful to Dr. Steven Baer, Dr. Kamal Barley, Dr. Sergey Kryuch-
kov, Dr. Eugene Stepanov, and Dr. José Vega-Guzman for valuable discussions and help.
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(&) §
) AL e
a? 4

7€) 1
L gk By

ay,

B ¢
(&) - 3
T(§)=T+27 1—|—2—51—

!

A=k+7 7—% _A !

ay, o 2
(¢) ¢h/eee?
p(&) /et

TABLE 14. The rotation correction of Morse potential:

l(l+1 l(l+1
( t ) ~ ( t )(Co+01€_ax+02€_2ax), T = ,
r o To

where the coefficients Cy, C, and Cy are given by ([16.3)).

A. DATA FOR THE CLASSICAL ORTHOGONAL POLYNOMIALS

The basic information about classical orthogonal polynomials, namely, for the Jacobi Pﬁf“ﬂ ) (x),
Laguerre L%(x), and Hermite H,(x) polynomials, is presented, for the reader’s convenience, in
Table It contains the coefficients of the differential equation , the intervals of orthogonality
(a,b), the weight functions p(z) and constants B, in the Rodrigues-type formula (2.8)), the leading
terms:

Yn(T) = apa™ + byt .. (A.1)
for these polynomials, their squared norms:
b
&= [ R do, (A.2)
and the coefficients of the three-term recurrence relation:
l'yn<x> = Qn yn+1(x> + B, yn(x) + Y yn,1($), (A'?’)
where
Qn bn bn+1 d2
L= : —n_ ’ = Q1 . A4
“ An+1 O Ap  Gpyl Tn = Gt di—l ( )

(More details can be found in [1], [23], [24], [25], and [35].)



NIKIFOROV-UVAROV METHOD 39
Yn () PP (z)(a>—-1,8> —1) Lo(x) (o> —1) | Hy()
(CL, b) <_17 1) <07 OO) (_00700)
p(x) (1—2)%(1+2)? x¥e® e
o(x) 1—a? x 1
7(x) f—a—(a+F+2)x l+a—=x —2x
An n(a+B+n+1) n 2n
(=" 1 n
B 2mn n! (=1)
" 2o+ f+n+1) n!
(a = B)T(a -+ +2n) L atn
by, (=)™ 0
2n(n— DTN+ +n+1) (n—1)!
20+8+1 Hr 1 r 1
P (a+n+1I(B+n+1) (a+n+1) /7
nla+p+2n+ Dl a+F+n+1) n!
2 1 1 1
N (n+1)(a+p+n+1) . 1
(a+pB+2n+1)(a+5+2n+2) 2
B - o2
+2n+1 0
B (a+B+2n)(a+F+2n+2) e
2(a+n)(B+n)
—(a+
. (a+B8+2n)(a+F+2n+1) (a+n) "
TABLE 15. Data for the Jacobi P{*"” (x), Laguerre LS (z), and Hermite H,(z) polynomials.
B. AN INTEGRAL EVALUATION
The following useful integral:
Jos / ezt 18 () LA (x) do (B.1)
0

Ma+s+1)I'(B+m+1)I'(s+1)

m!(n—m)IT(E+1)T'(s—n+m+1)
— 1. B—a—

X3F2( Mo ’ﬁ ¢ 8;1)7 TLZTTL,
b+1, n—m+1

= (-1

where parameter s may take some integer values and 3F5(1) is the generalized hypergeometric series
[1], [25], has been evaluated in [34] and [35] (see also [30]). Special cases have been used above for

the normalization of the wave functions; see ([7.13)) and ((15.20)).



40

[1]
2]

[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]

LINA ELLIS, IKUMI ELLIS, CHRISTOPH KOUTSCHAN, AND SERGEI K. SUSLOV

REFERENCES

G. E. Andrews, R. Askey, and R. Roy, Special Functios, Cambridge University Press, New York, 1999.

K. Barley, J. Vega-Guzméan, A. Ruffing, and S. K. Suslov, Discovery of the relativistic Schrodinger equation,
Physics—Uspekhi, 69(1), 90-103, 2022 [in English]; 192(1), 100114, 2022 [in Russian|; https://iopscience.
iop.org/article/10.3367/UFNe.2021.06.039000.

H. A. Bethe and E. Salpeter, Quantum Mechanics of One- and Two- Electron Atoms, Dover Publications,
Mineola, New York, 2008.

C. Berkdemir, A. Berkdemir, and J. Han, Bound state solutions of the Schridinger equation for modified
Kratzer’s potential, Chemical Physics Letters 417(4—6), 326-329, 2006. https://www.sciencedirect.com/
science/article/abs/pii/S0009261405015812.

D. I. Blokhintsev, Quantum Mechanics, D. Reidel, Dordrecht, 1964.

A. S. Davydov, Quantum Mechanics, Pergamon Press, Oxford and New York, 1965.

C. G. Darwin, The wave equations of the electron, Proceedings of the Royal Society A: Mathematical, Physical
and Engineering Sciences 118(780), 654-680, 1928.

S. Fliigge, Practical Quantum Mechanics, Springer-Verlag, Berlin, Hedelberg, New York, 1999.

S. Fligge, P. Walger, and A. Weiguny, A generalization of the Morse potential, Journal of Molecular Spectroscopy
23(3), 243-257, 1967.

V. A. Fock, Fundamentals of Quantum Mechanics, Moscow: Mir Publishers, 1978. https://mirtitles.org/
2013/01/01/fock-fundamentals-of-quantum-mechanics/\

E. Fues, Das FEigenschwingungsspektrum zweiatomiger Molekiile in der Undulationsmechanik, Annalen der
Physik 385(12), 367-396, 1926. https://onlinelibrary.wiley.com/doi/10.1002/andp.19263851204 [in
German].

I. I. Gol’dman and V. D. Krivchenkov, Problems in Quantum Mechanics, Dover Publications, Inc., New York,
1993.

B. Goniil and K. Koksal, Solutions for a generalized Woods-Sazon potential, Physica Scripta 76(5), 565-570
(2007).

W. Gordon, Die Energieniveaus des Wasserstoffatoms nach der Diracschen Quantentheorie des Elektrons, Zeit-
schrift fiir Physik 48(1), 11-14, 1928. [in German]

W. Greiner, Relativistic Quantum Mechanics: Wave Equations, 2nd ed., Springer-Verlag, Berlin and Hedelberg,
1997.

M. Karplus and R. N. Porter, Atoms & Molecules: An Introduction for Students of Physical Chemistry, The
Benjamin/Cummings Company, Menlo Park, California, 1970.

C. Koutschan, E. Suazo, and S. K. Suslov, Fundamental laser modes in parazial optics: from computer algebra
and simulations to experimental observation. Applied Physics B 121(3), 315-336, 2015.

S. I. Kryuchkov, S. K. Suslov, and J. M. Vega-Guzmaéan, The minimum-uncertainty squeezed states for atoms
and photons in a cavity. Journal of Physics B: Atomic, Molecular and Optical Physics 46(10), 104007 (2013).
(IOP=Iustitute Of Physics SELECT and HIGHLIGHT for 2013).

R. E. Langer, On the connection formulas and the solutions of the wave equation, Physical Review 51 no. 8
(1937), 669-676.

L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic Theory, 3rd ed., Butterworth—Heine-
mann, Oxford, 1998.

R. M. Lopez, S. K. Suslov, and J. M. Vega-Guzman, On a hidden symmetry of quantum harmonic oscillators.
Journal of Difference Equations and Applications 19(4), 543-554, 2013.

P. M. Morse, Diatomic molecules according to the wave mechanics. II. Physical Review 34(1), 5764, 1929.

A. F. Nikiforov, S. K. Suslov, and V. B. Uvarov, Classical Orthogonal Polynomials of a Discrete Variable,
Springer Series in Computational Physics. Springer Berlin Heidelberg, Berlin, Heidelberg, 1991.

A. F. Nikiforov and V. B. Uvarov, Special Functions of Mathematical Physics: A Unified Introduction with
Applications, Birkh&user, Boston, MA, 1988.

NIST Handbook of Mathematical Functions, (F. W. J. Olver and D. W. Lozier, eds.), Cambridge University
Press, New York, 2010. https://d1lmf.nist.gov/.

G. Poschl and E. Teller, Bemerkungen zur Quantenmechanik des anharmonischen Oszillators. Zeitschrift fiir
Physik 83 March issue, 143-151 (1933), https://doi.org/10.1007/BF01331132.


https://iopscience.iop.org/article/10.3367/UFNe.2021.06.039000
https://iopscience.iop.org/article/10.3367/UFNe.2021.06.039000
https://www.sciencedirect.com/science/article/abs/pii/S0009261405015812
https://www.sciencedirect.com/science/article/abs/pii/S0009261405015812
https://mirtitles.org/2013/01/01/fock-fundamentals-of-quantum-mechanics/
https://mirtitles.org/2013/01/01/fock-fundamentals-of-quantum-mechanics/
https://onlinelibrary.wiley.com/doi/10.1002/andp.19263851204
https://dlmf.nist.gov/
https://doi.org/10.1007/BF01331132

[27]

[28]

[29]

[30]

NIKIFOROV-UVAROV METHOD 41

N. Rosen and P. M. Morse, On the Vibrations of Polyatomic Molecules. Phys. Rev. 42 (2), 210-217 (1932),
https://doi.org/10.1103/PhysRev.42.210

E. Schrodinger, Quantisation as a problem of proper values (Part I), in Collected Papers on Wave Mechanics,
New York, Providence, Rhode Island: AMS Chelsea Publishing, 2010, (Original: Annalen der Physik (4), vol.
79(6), pp. 489-527, 1926 [in German]), pp. 1-12.

E. Schrédinger, Quantisation as a problem of proper values (Part II), in Collected Papers on Wave Mechanics,
New York, Providence, Rhode Island: AMS Chelsea Publishing, 2010, (Original: Annalen der Physik (4), vol.
79(6), pp. 489-527, 1926 [in German]), pp. 13—40.

E. Schrédinger, Quantisation as a problem of proper values (Part III), in Collected Papers on Wave Mechanics,
New York, Providence, Rhode Island: AMS Chelsea Publishing, 2010, (Original: Annalen der Physik (4), vol.
386 # 18, pp. 109-139, 1926 [in German]), pp. 62-101. https://onlinelibrary.wiley.com/doi/10.1002/
andp.19263861802.

E. Schrodinger, The continuous transition from micro-to macro-mechanics, in Collected Papers on Wave Me-
chanics, 28, New York, Providence, Rhode Island: AMS Chelsea Publishing, 2010, (Original: Die Naturwis-
senschaften, vol. 28, pp. 664-666, 1926 [in German]), pp. 41-44.

L. I. Schiff, Quantum Mechanics, 3rd edn. International series in pure and applied physics. McGraw-Hill, Inc.,
New York, 1968.

A. Sommerfeld, Atombau und Spektrallinien, 2 ed., 1, Friedrich Vieweg & Sohn, Braunschweig, German, 1951.
[in German]

S. K. Suslov and B. Trey, The Hahn polynomials in the nonrelativistic and relativistic Coulomb problems. Journal
of Mathematical Physics 49(1), 012104 (2008).

S. K. Suslov, J. M. Vega-Guzmén, and K. Barley, An introduction to special functions with some applica-
tions to quantum mechanics, in Orthogonal Polynomials: 2nd AIMS-Volkswagen Stiftung Workshop, Douala,
Cameroon, 5-12 October, 2018 (M. Foupouagnigni and W. Koepf, eds.), Tutorials, Schools, and Workshops in
the Mathematical Sciences no. AIMSVSW 2018, Springer Nature Switzerland AG, March 2020, pp. 517-628.
D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskii, Quantum Theory of Angular Momentum, Singapore,
New Jersey, Hong Kong: World Scientific, 1988.

G. N. Watson, A Treatise on the Theory of Bessel Functions, 2nd edn. Cambridge Mathematical Library.
Cambridge University Press, Cambridge, England, 1995. [Reprint of the second (1944) edition]

E. T. Whittaker and G. N. Watson, A Course of Modern Analysis: An Introduction to the General Theory
of Infinite Processes and of Analytic Functions; with an Account of the Principal Transcendental Functions.
Cambridge Mathematical Library. Cambridge University Press, Cambridge, England, 1950. [Reprint of the 4th
(1927) edition]

DEPARTMENT OF MATHEMATICS AND STATISTICS, NORTHERN ARIZONA UNIVERSITY, P. O. Box 5717, FLAG-
STAFF, AZ 86011, U. S. A.

SCHOOL OF MATHEMATICAL AND STATISTICAL SCIENCES, ARIZONA STATE UNIVERSITY, P. O. Box 871804,
TEMPE, AZ 85287-1804, U. S. A.

JOHANN RADON INSTITUTE FOR COMPUTATIONAL AND APPLIED MATHEMATICS, AUSTRIAN ACADEMY OF
SCIENCES, ALTENBERGER STRASSE 69, 4040 LiNZ, AUSTRIA

SCHOOL OF MATHEMATICAL AND STATISTICAL SCIENCES, ARIZONA STATE UNIVERSITY, P. O. Box 871804,
TEMPE, AZ 85287-1804, U. S. A.


https://doi.org/10.1103/PhysRev.42.210
https://onlinelibrary.wiley.com/doi/10.1002/andp.19263861802
https://onlinelibrary.wiley.com/doi/10.1002/andp.19263861802

	1. Introduction
	2. Summary of the Nikiforov–Uvarov approach
	3. Harmonic Oscillator
	4. Bessel Functions
	5. Central Field: Spherical Harmonics
	6. Nonrelativistic Coulomb Problem
	7. Relativistic Schrödinger Equation
	8. Relativistic Coulomb Problem: Dirac Equation
	8.1. System of radial equations
	8.2. Decoupling of the radial system
	8.3. Similarity transformation
	8.4. Nikiforov–Uvarov paradigm
	8.5. Summary: wave functions and energy levels

	9. A Model of the 3D-confinement Potential
	10. 3D-Spherical Oscillator
	11. Pöschl–Teller Potential Hole
	12. Modified Pöschl–Teller Potential Hole
	13. Kratzer's Molecular Potential
	14. Hulthén Potential
	15. Morse Potential
	16. Rotation Correction of Morse Potential
	A. Data for the Classical Orthogonal Polynomials
	B. An Integral Evaluation
	References

