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Abstract

In this paper we consider integration and Lo-approximation for functions over R?®
from weighted Hermite spaces. The first part of the paper is devoted to a comparison
of several weighted Hermite spaces that appear in literature, which is interesting
on its own. Then we study tractability of the integration and Ls-approximation
problem for the introduced Hermite spaces, which describes the growth rate of the
information complexity when the error threshold ¢ tends to 0 and the problem
dimension s grows to infinity. Our main results are characterizations of tractability
in terms of the involved weights, which model the importance of the successive
coordinate directions for functions from the weighted Hermite spaces.

1 Introduction

Weighted integration and approximation of functions over the whole s-dimensional Eu-
clidean space R® appear in many practical problems, often with respect to the Gaussian
weight ¢. From a theoretical point of view Gaussian problems can be studied in a very
elegant way in the context of Hermite spaces of functions, which are the major object
of interest of this paper. We present several examples of weighted Hermite spaces that
appear in literature and discuss relations, similarities but also differences between these
spaces. In order to be able to go into more details we briefly introduce the general function
space setting.

We consider weighted Hermite spaces of functions with finite smoothness, using a
similar notation as in [4]. In particular, for k € Ny, we denote the k-th Hermite polynomial
by

1\ k
Hil) = b expla 24 exvl—a? )
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For example,
Ho(z) =1, Hi(z) =z, Ha(z) = \/ii(az:2 — 1), Hs(x) = \/Lg(xg’ —3x),....

Here we follow the definition given in [2], but we remark that there are slightly different
ways to introduce Hermite polynomials (see, e.g., [21]). We recall the definition of the
standard normal density as p(z) = \/%7 exp(—x?/2) for x € R. Furthermore, for s € N,
k= (k,....,ks) €e Njand & = (zy,...,25) € R® we define the k-th Hermite polynomial

by
=1 (=)
j=1

and additionally set ¢,(x) := [[;_, ¢(z;), i.e., s is the standard normal density on R®.
It is well known, see [2], that the sequence of Hermite polynomials (Hp)rens forms an
orthonormal basis of the function space La(R®, ¢5), i.e., for all f € Ly(R?, ) we have the

Hermite expansion
f~ Y f(k)Hy,
keNg

where ~ denotes convergence in Ly(R?, ¢s) and where

-~

fik) = | fla)Hu(w)e,(@) o

is the k-th Hermite coefficient of f.

Similar to what has been done in [11], we are now going to define function spaces
based on Hermite expansions. These spaces are Hilbert spaces with a reproducing kernel.
For details on reproducing kernel Hilbert spaces, we refer to the classical treatment [1].

For the time being, let R : N§ — R* be a summable function, i.e., ZkeNg R(k) < oo

(this condition will be slightly relaxed later on in concrete examples). Define a so-called
Hermate kernel as

z,y) = >  R(k)Hi(x)Hy(y) for x,y R’ (1)

keNg

and an inner product
(fro)r= ) _ === f(k)g(k). (2)

The weight coefficients R(k) are sometimes also referred to as Fourier weights (see [7,
p. 3]). Note that Kg(x,y) is well defined for all ,y € R®, since

[Kr(@,y)l < ) R(k)|Hy(e)| | Hi(y) ZR

keNj ¢5 keNS



where we have used Cramer’s bound for Hermite polynomials, see, e.g., [18, p. 324], which
states that

1
o(z)

[ Hi(z)] <

for all £ € Np.

Let H(KR) be the reproducing kernel Hilbert space corresponding to Kr. Such spaces
are typically known as Hermite spaces (see [7, Definition 3.4]). The norm in H(Kpg) is
given by || f||% = (f, f)r- From this we see that the functions in H(Kp) are characterized
by the decay rate of their Hermite coefficients, which is regulated by the function R.
Roughly speaking, the faster R decreases as k moves away from the origin, the faster the
Hermite coefficients of the elements of H(Kg) decrease.

It is worth mentioning the similarity of Hermite spaces to Korobov spaces, the ele-
ments of which are C-valued continuous periodic functions on the unit interval with a
prescribed convergence speed of the Fourier coefficients (see, for example, [5] for detailed
information). The norm and kernel on a Korobov space are obtained from their analogs
by replacing Hermite coefficients by Fourier coefficients, Hermite polynomials by the func-
tions x + e?™** L € Z, and summation over the non-negative integers by summation
over all integers. However, usually the term “Korobov spaces” is interpreted in a more
narrow sense, where the Fourier weights are of the form

1 if k=0,
Brora(F) {wq—a if k0,
for some non-negative weight v and a smoothness parameter o > 1.

We are interested in integration and Ls-approximation of functions from Hermite
spaces. In [11], the case of polynomially decreasing R as well as exponentially decreasing R
was considered. In [8, 9, 10] further results were obtained for numerical integration and/or
Lo-approximation for exponentially decreasing R. In this case exponential convergence
rates can be achieved as well as several notions of tractability which exactly describe a
favorable dependence of the errors on the dimension.

Numerical integration for the case of polynomially decaying Fourier weights R is con-
sidered further in [4]. The main focus there is in achieving optimal error convergence
rates for the worst-case error leaving aside the exact analysis of the dependence of the
errors on the dimension s.

In this paper, we continue the work on polynomially decreasing R for Lo-approximation
and integration in the worst-case setting, where the focus will be on very high-dimensional
problems. The quantity of interest is the information complexity which is the number
of information evaluations required in order to push the worst-case error below a given
error threshold e, where € € (0,1). The important question that arises for applications is
how this information complexity depends on € and on the dimension s. This question is
the subject of tractability theory (see the trilogy [15, 16, 17] by Novak and Wozniakowski
for general information). Tractability is a concept to characterize the growth rate of the
information complexity when e tends to 0 and s grows to infinity. We study tractability



for Le-approximation and integration in weighted Hermite spaces and give conditions for
various notions of tractability in terms of the involved weights v = (7;);>1 that model
the “importance” of the successive coordinate directions. Despite the apparent similarity
between Hermite- and Korobov spaces, there is much more known about tractability of
approximation in the worst-case setting for the latter. See [6] for matching necessary and
sufficient conditions for both standard and linear information. Thus our aim here is to
close some of the gaps in knowledge about Hermite spaces.

The paper is organized as follows. First, in Section 2, we discuss and compare several
possibilities of describing finite smoothness via various choices of Fourier weights R that
appear in literature. This section is interesting on its own, since often it is not clear which
is the right choice of a Hermite space for a given problem. However, we will see that the
proposed spaces are equivalent as normed function spaces. For the main example, the so-
called Gaussian ANOVA space, we present an integral representation of the reproducing
kernel in Theorem 3.

In Section 3 we present the general Lo-approximation and integration problem for
Hermite spaces and discuss some general facts and relations.

In Section 4 we will study tractability properties of Lg-approximation for functions
from a Hermite space for permissible information class from A*', consisting of arbitrary
linear functionals, and from A**Y, consisting exclusively of functions evaluations. The main
results are Theorem 16 and Corollary 17 (for A?!") and Theorem 20 (for As*). While for
A we get a very clear picture of the whole situation, that is, we have both necessary and
sufficient conditions for a range of notions of tractability, for As*d necessary conditions
remain open problems.

Tractability for the integration problem is discussed in Section 5. Here the main result
is Theorem 24, giving sufficient conditions for several notions of tractability.

2 Weighted Hermite spaces of finite smoothness

Like for the case of Sobolev spaces of smooth functions over [0, 1]* (see [15, Appendix A])
there are various possible ways for introducing Hermite spaces of functions with finite
smoothness over R*. We consider the weighted setting and discuss possible choices for
the Fourier weights R. Throughout let @ > 1 be a parameter that will describe the
smoothness via the decay rate of the Hermite coefficients of a function to zero. If a € N
in many cases this can be related to the smoothness of functions with respect to the
existence and integrability of partial derivatives of functions.

2.1 A Gaussian ANOVA space

Our first example will be our main object of interest. Later on we will study approximation
and integration of functions from this space.

Let o > 1 and let v = (y;),;>1 be a sequence of so-called product weights. We assume
throughout that the weights are in (0,1] and that they are in descending order, i.e.,



1>9 > >73>...>0. Then the function space of interest is the reproducing kernel
Hilbert space H,, . with kernel (1) and corresponding inner product (2) determined by
R(k) = 1504(k) = Hj‘:1 Ty (k;) with
1 for k =0,
Tany(k) == ’y% for 1 <k <a,

’y(k;!a)! for k > a.

for a generic weight v € (0, 1]. Note that we always have r, (k) € (0, 1].

The space H,, ., := H(K,,, ) is a weighted Hermite space with smoothness parameter
a (see Equation (5) below) and weights «. The weights are introduced in order to model
the “importance” of the different coordinates for the functions from the space, where
weight 7; is assigned to coordinate direction j € N, according to an idea of Sloan and
Wozniakowski (see [19]). If all weights equal 1, i.e., if 7; = 1 for all j € N, then we speak
about the unweighted Hermite space.

The following lemma gives easy bounds on the decay of the function r, ., showing
that 7, has the same decay rate as the corresponding Fourier weights for the classical
Korobov space of smoothness a.

Lemma 1. For all k € N we have
(6% (03
B a9 (3)
Proof. If 1 < k < o we have
1 1 1 1

=kl < ZkF < 2k
Tany(k) v 7y

If £ > a we have

1 1 k! 1 1
=———="kk=-1-(k—a+1) < —k°
Taqy(k) v (k—a)! 7< )l ) g

Hence we find that

In order to show the upper bound we consider the case that k& > « first. Then

gl gl gl o
Ta”(k):k(k—n---(k—aﬂ) = (k—a+1)a:k“(1—“—‘1>asv<%> ’

k

because for £ > o we have

1_oz—l _1_0z—1:l'

« Q
For 1 <k < a we have 7,,(k) = # and (%)a > 1, and hence
(X (07
Taqy (k) <y (E)

This finishes the proof. O



Note that for a = 1 we have ), .y 7a(k) = 0o. Nevertheless, from [4, Lemma 1] we
know that for all k € Ny and for all x € R® we even have

| Hy () | <Hm1n< 1/12> )

]

This is a slight improvement of Cramer’s bound mentioned earlier in this paper. From
this estimate it follows again that K, (2, y) is well defined for all & > 1 and for all
x,y € R* since

e @Y <) Toan(k) Hi(@)He(y)]

keN;
< ZT507 Hmm( 1/6>
z)ps(y keNs k;
1 1
< —cps H 1+ 7,0 Z E—HTZW < 0.

1<k<n® k>m6

Now we explain how the parameter « is related to the smoothness of the functions

from the Hermite space H,, ,_ whenever « is an integer. Let o € N. For f € H, ., we
have the Hermite expansion, see [11],
=Y f(k)Hy(z) forallz € R
keNg

and for any 7 = (7,...,7s) € Nj with 7 < o we have that

arf~> fk) 1/ ) Hy_r. (3)

k>T '

For s € N we write [s] := {1,2,...,s}. Observe also the use of the standard multiindex

notation 7! = [[7_, 7;! and 7 < a, which means that 7; < a for all j € [s] for 7 € Nj and
likewise 7 < k, which means that 7; < k; for all j € [s], for 7,k € N§. Then the inner

product of the weighted Hermite space H,, ., can be written as

Ui =Y X [ ([ A @) o)

UC[S] TuE{O ,,,,, a— 1}|“|
. ( / ‘ ‘av(c”’a*“)9<f‘3)90|u|(wu) dwu) Ps—u (T—v) Ty, (4)
Riw

where (7, a_,) € Nj denotes the multiindex for which the j-th component equals a for
j ¢ wand 7; for j € u, and where 7., is the product of the ; over those j for which the

6



j-th component of (7, a_,) does not equal 0, i.e.,

H Vi = H%’ H%A

JE[s]\u jEU
7—]750\/]¢ 770
and 0] = 3275771 o (827';”9 for ;= (m,...,ns) € Nj. Hence we may express the norm in
H,.,.., as a certain instance of a Sobolev type norm in the form
2
”f is,a,‘y — Z Z ")/;ul/ ul (/ ‘ag(cﬂ”a_“)f(w)<,0|u|(wu) dwu) (;Osf|u|($7u) dZUfua
RS— u R u

uC[s] 7y €{0,...,a—1}Iul

(5)
where —u := [s] \ u. We will provide a proof of (5) (and thus of (4)) shortly. In particular,
a ﬁmte norm for f € H,,,  requires that all partial mixed derivatives of f of order «
in every coordinate direction are square integrable. Actually, as a vector space, H,,
is precisely the space of continuous functions on R?®, for which for every 7 < « the 7-th
mixed weak partial derivative exists and is square integrable.

In order to have a concrete impression we describe the following special instances.

Example 2. For example, for s = a = 1 we have

12, = ( / F(@)e(x) d:c)2 o / (f'(@)(x) de,

for s =1, a € N we have
1

I112,... = ( [ s@retoa )%Z(/ O ()p(a)d )+§ @) eta)

=1 (6)

and for s = 2, a = 1 we have

191, = ( [ foraaotonoten d(xl,m))g
1 [ (2 ) eaan

_/ (/ = xh@) (xl)dx1)290($z)dxz

o /RQ (%) p(@1)p(x2) d(z1, 22).

Proof of Equation (5) . We introduce another multiindex notation: (k — 1), := k, — 7,
resp. (k—a)_, :=k_, — a_,. With this we write

k! N
@ 2\ T ey O e @
k> (Tua u) v !



Z Z \/(k fu‘!’_)u!f(k)H(k—a)u<w—u)H(k—7-)u (thu)

k_y>a_y ky>Ty

Thus

2
( | l3&’“’“‘“)f(w)so|u|(wu)dacu>
R u

k_,! =~
= Z m\/’r_u!fh_uv k—u)H(k—a)7u<m_“>

k_y>a_y

k_u ) -
o> —u! \/(l —a)y! F(ru k) Hia) o (@) Ht-a) o (#-)

k_u>o¢ wl_y>a_y

such that, using the orthogonality of the multidimensional Hermite polynomials,

2
/ (/ aa(c"“’o‘—“)f(a:)gp|u|(zcu)da:u) Ps—fu (T—u) d—y
Rs—Iul RIul

k_) =
= Tu! Z ﬁf@'u,k,u)z.

—a)_y,!

With this we finally get

2

sl ru€{0...,a—1}ul

Sy (T07 e T ) s fimar

uCls] 7,€{0...,a—1}ul k—y>a_y \ jeu Le[s]\u
7;7#0

g

keNs Taay (K)

Equations (4) and (5) show that the Hermite space with the present choice of 7,4~
can be interpreted as a Gaussian ANOVA space on the R® or as a Gaussian unanchored

Sobolev space of functions on the R®.
We have an interesting integral representation of the kernel in the one-dimensional

case. In the following we use the notation ®(y) := [*_ Y n)dn and

for x,y € R.



Theorem 3. For a € N and v > 0 we have

K, (z,y)

a—1
= 147 Z w
k=1
a—1
+7/]R 90(15) (/R?a—2 N LA | [ d77k>> ds,

k=1

where U, (21, ..., Znt1) = [ Loey (21, 2k41) forn € N.

A proof for this representation will be given in Appendix A.

2.2 A first variant of the Gaussian ANOVA space H

Ts,oy

In [11], Irrgeher and Leobacher define in a similar way a variant of the Hermite space.
They consider the reproducing kernel (1) with corresponding inner product given by

R(k) = psa~(k) = H;:l Py, (k) with

1 for k=0,
Panr(k) =

kla for k> 1,

for > 1 and a generic weight v € (0, 1]. Note that these Fourier weights are equal to those
of the classical Korobov space of smoothness «. Denote the corresponding reproducing
kernel Hilbert space by H,, .. = H(K,, ).

For the norm || - we do not have a representation as a Sobolev type norm like in
(5) for the norm || -

||Psya,‘7

Ts,a,y*

Proposition 4. We have

H-f Ts,oy S H-f Ps,a,y — Hf Ts,a,y/a®?
where y/a® = (v;/a%)j>1. In particular H,, . is continuously embedded in the space
Hro., and the norm of the embedding operator is bounded by 1.

Proof. According to Lemma 1 we have

Pary(k) < Py (k) < 0% (k) = paaes (k) for all k € N
and obviously p,~(0) = r,,,(0) = 1. Hence

Poan(B) < Toanry(k) < a®M®ly (k) for all k € N,

where for k € N§ we write u(k:) ={j €[s] : k;j # 0}, and hence

I g FEF < 3 sl fR)l = 111

keNg = S keNSpSO"V

I1f

Ps,a,y



=2 2 Tk, )
uCls] kyeNlul HJEu Pa ’YJ( )
uC[s] kueN\u\ JEu Ta sYi
1 ~
=2 2 Flkea 02 = 1712 ..
uCls] kyeNlul Haeu a%/aa( ) Y/
Here for k = (ki,...,ks) and u C [s] we write (k,,0) for the s-dimensional vector whose
J-th component is k; if j € u and 0 otherwise. -

2.3 A second variant of the Gaussian ANOVA space H

T's,ay

In [4] a further Sobolev type norm was considered, namely
1117= Y [ @@ e
7€{0,...,a}s

A weighted variant of this is

DD (H% ) | @@ da. ")
a}s

/]

The meaning of ¥ will be explained shortly.

Example 5. As an example, in the univariate case with a generic weight v > 0 the
squared norm can be written in the form

11, = [F@Pe) @+ 23 [Pt

which should be compared with (6) in Example 2.

Likewise, the norm (7) can be represented as a Hermite-type norm and this will explain
the ¢ in our notation. Using (3) we have
o7 9 da — k! ~
(@) do = Y Gt ()

k>t

Hence

1715

ws,a,'y

Il
s‘
m
™
2
/N
i
G'QI
~_
>
™
~|
=
=
a
/—\>
=
e

-----



-y 3 (1)t | e
a}s ’

keNy | me(o....

- S|+ = X o | | dwr

keNg \ j=1 i =t
S 1 (e} R
-y (11 (H—,zw»)) Tk,
keNy \j=1 V=
where for k € N,
k! -
by e | T HEET
0 otherwise.

Setting, for k € Ny and a generic weight v > 0,

and for k = (ki,..., k) € No, ¥05(k) == [[;_; Yan,(kj), then

bran = §:wm7 F(k))*.

keNg

I/

Thus, via the norm || - ||, .. Wwe obtain a Hermite space Hy, . with reproducing kernel
of the form (1) with Fourier weights R(k) = 15 o~ (k).

Remark 6. Using the method of Thomas-Agnan [22] the kernel Ky, , (s =1land a = 1)
can be expressed by means of solutions of the second order differential equation

9"(y) = y9'(y) +79(y)
with certain boundary conditions. We omit the details of this observation.
Proposition 7. We have

||f Ts,a,y — ||f '¢'aa'y S ||f

where v/ (2a%) == (7;/(2a%));>1. In particular, Hy, . is continuously embedded in H,, ,
and the norm of the embedding operator is bounded by 1.

Ts,ay/(20%)

Proof. Using the Cauchy-Schwarz inequality we obtain

2
/ lul ( \ \aﬁ(ﬂru’aiu)f(w)90|u|(w“) dwu) Qs—jul(T_y) d
S u Ru

11



< /Su Rl (8;7-1.,a_u)f(w))2 (p\u\(mu) da, 905_|u|(;c7u) dz_,
= / (aa(f“’a’“)f(w))Qsos(ac) de,

SUCh tha’t ||f|’Ts,a,'y S ||f”'¢1s,a,'y for a’l]' f € %ws,a,'\(’
On the other hand, for £ € N we have

> B-(k) < 2k,
7=0
because:
o If k> «, then
T ]{; = < kT — < Qka
Zﬁ() (k—1)! — k-1 —
7=0 7=0 7=0

e If 1 <k < a, then

e k E k
ZBT(k):Z(k_T)! :k!Z% < 2kF < 2k°
7=0

Therefore and with Lemma 1, for £ € N we obtain

gl gl 1
wav’Y(k) 2 Zf:o 5T<k) 2 2 ko z 2 ro‘ﬂ(k)'

Again, 1, ,(0) =1 =r,,(0). Hence

1
2~

(k)]
Vs aq~y(k) > < ) rs.a~(k) for all k € Nj.

Like in the proof of Proposition 4, this implies that

||f||¢s,a,7 S ||f||7"s,a;y/(2ao‘)‘

2.4 An anchored space of Sobolev type

For the sake of completeness we mention also an anchored variant of the ANOVA norm
(5) with anchor 0 = (0,...,0), which is given by

TN SR DI N Uty (CIN0) W

uCl[s] r,€{0,...,a—1}l

12



Example 8. For s = 1 and a generic weight v > 0 we have

a—1

1 12en = (F(O))2 + % > + % / (F)(4))(y) dy.

Denote the corresponding function space by Hp s.q,. Also this space, the so-called
anchored space is a reproducing kernel Hilbert space of tensor product form. For @,y € R®
the reproducing kernel is

Km757a77($7 y) = H Kmvavvj (I]7 y])’

j=1
where the kernel Ky, in the case s = 1 ist given in the following proposition.

Proposition 9. For z,y € R and a generic weight v > 0 we have

(zy)*
(1)
1l (ol =)yl —9)F
+7 110,000 (T V) / ds.
SIS es) (-2
We omit the proof of this formula. For a similar space and kernel we refer to [16,

Sec. 12.5.1].
We see from Proposition 9 that the part

L(z,y) := ljo.c0) (7 y) /0 ) 80(13) (ol = (S()z__(‘fﬂ); P g (9)

of the kernel Ky, is decomposable at 0, meaning that L(z,y) = 0 whenever z < 0 < y
ory <0< ux.

a—1
Krh,a,'y(xa y) = 1+ PYZ
/=1

Remark 10. In general the anchored space Hu s o, is not a Hermite space in the sense
of the definition in Section 1. To see this, write (for s = 1) Hp o = H1+ Ho, where H; is
the closed subspace of all polynomials of degree smaller than o and Hs is the orthogonal
complement of Hy in Hep o -

Using property (7) from [1, Section 2|, we see that Ky o, = K1+ K3, where K; is a re-

producing kernel for #;, j € {1,2}. Using the representation of K4, from Proposition 9

. o— X £
gives Ky (z,y) =1 +~v307,) ((ezi/))2 :

Now assume, in order to reach a contradiction, that Hgs 31 s a Hermite space, and
therefore there exists R with Ky 31(z,y) = > poo R(k)Hy(2)Hy(y). But then K (z,y) =

> im0 R(K) Hy(2) Hy(y), so

1+ 2y + (f”g)z = Ki(z,y) = 1+ R(1)zy + %R(Q)(xQ ~ 1 - 1)
14 %R(2) + R(D)ay + %R(Z)x2y2 _ %R(Z)xz _ %R(Q)yQ

But now comparing coefficients yields R(2) = 0 and R(2) = 1, the desired contradiction.

13



Remark 11. It is worth noting that, while Hy o~ and H,, , ., are certainly equivalent
as Banach spaces, in general the norm of neither space is dominated by that of the other.
To see this, let s =1, a =3, v =1, a,b € R and consider the function f: R — R with
f(z) =a+2z% Then f® =0, so that [, |f®(y)[*¢(y)dy = 0. Now

£ 15151 = (F(0)* + (f/(0))* + (f7(0))* = a® + b*

117 ., = (/R (a+ g?f) (y) dy>2 + (/R by (y) dy)2 + (/R be(y) dy)2
= (a + g)Q + 7.

Thus, by choosing a = 1, b = 2 we get |[f|Z 5, =5 <8 =[|f|]7,,,, while by choosing
a=1,b=—2we find Hf”r2h131 =50>4= Hf”2

71,3,1 °

3 Integration and Ls-approximation in Hermite spaces

We consider integration and Ls-approximation for functions from a weighted Hermite
space Hp where our main focus will be on R = 7,,~. Throughout we assume that
R(0) =1and 0 < R(h) <1 for all h € N,.

The integration problem. The multivariate integration problem is given by INTp :
Hr — R,

INTR(f) = Rsf(w)sos(w)dwzf(o) for f€Hn.

In order to approximate INTr we use linear algorithms of the form
AR(f) =) wif () (10)
i=1

with nodes x1,...,x, € R® and integration weights wy,...,w, € R. The quality of the
algorithm is measured in terms of the worst-case error which is defined by

e™M(AM) ;= sup [INTg(f) — AM(f)].
feHr
Ifllr<1

The n-th minimal error for integration in Hg is defined as

e(n,INTR) := inf ™(AM),

int
An,s

where the infimum is extended over all linear algorithms of the form (10) using n function
evaluations and integration weights, respectively.

14



The initial (integration) error is € (0,INTg) = ||[INTg|| = 1, because

~ ~

INTy = sp O 7o) y ol

sup = sup sup ————

~ — ~

osenn Il orsemn [55, R (R) F(R)E T 02<mn | [ Fl0)2

and for g = 1 € Hi we have that

90)] _ Jp ps(@) da

— —1.
gl [ge ws(x) de

The Ly-approximation problem. The Lo-approximation of functions from the Her-
mite space Hpg is given by the embedding operator APPr : Hr — Lo(R®, ) with

APPr(f)=f for f€Hpg.

In order to approximate APPr with respect to the norm || - ||z, we will employ linear
algorithms AJFP that use n information evaluations and are of the form

APP(f) =Y Li(f) g for f € Hp (11)
i=1

with functions ¢g; € Lo(R?, @) and bounded linear functionals L; € H}, fori € {1,2,...,n}
(see [15, Theorem 4.8] or [23]). If, for an algorithm A3PP as in (11) all L; are from the same
information class A C H%, then we simply write with some abuse of notation A;PP € A.

In this paper we consider two classes of permissible information, namely the class A
consisting of all continuous linear functionals, i.e., A*' = H% and the class A** consisting
exclusively of point evaluation functionals. Since Hp is a reproducing kernel Hilbert space
it is clear that point evaluation functionals are continuous and hence Ast*d C A2!,

We remark that the embedding operator APPpg is continuous for all s € N, which can
be seen as follows. We have for all f € Hpy that

IAPPR(A)I, = 117, = S IR < 3 o TP = 1 < oo,

heNg heNg R(h)

where we used Parseval’s identity and the fact that 0 < R(h) < 1 for all h € N§. By
considering the choice f = 1, it follows that the above inequality is sharp, such that the
operator norm of APPp is given by

[APPg| = 1.

Remark 12. Note that it does not make sense to study L..-approximation for the Hermite
space Hp since this problem is not well defined because

Kp(z,x) = Y R(h)(Hp(x))’ > 1+ R(1)a? - a7

heN;

15



and hence (see [13, Section 2])

Sup [haip = esssup. sup |f(z)| = esssup / Kp(z, x)
fe

xcRs
IIfHR<1 HfHR<1

The worst-case error of an algorithm APP of the form (11) is defined by

ePP(ARYY) == sup [|[APPRr(f) — A2 ()l Las,p0)
fEHR
Ifllr<1

and the n-th minimal worst-case error w.r.t. the information class A is given by

e(n, APPg;A) := inf e™P(ATPP).

AP e
Since A%t C A?! it follows that
e(n, APPg; A™) < e(n, APPg; A*™). (12)

A relation between integration and L;-approximation.
Proposition 13. For the space Hr we have
e(n,INTR) < e(n, APPg; A%Y).

Proof. Recall that ||[INTg|| = 1. Using Parseval’s identity, we have for any algorithm of
the form AXP(f) = > ", gif (x;) with @; € R® and g; € Ly(R®, @) for i € {1,2,...,n}
that

|APPA() — A ey = O | FOR) — AT

keN§

where A@)(k) is the k-th Hermite coefficient given by

A waz/ @) Hi(@)g. (@) de.

This gives

IAPPR(f) = A2 () ) = 2 |Fl) = AT (R)




2

INTR(f) - Z w; f(x;)

= |INTa(f) - AZ(f)[*

where

w; = / gi(x)ps(x)de forie {1,2,...,n}
and

AB(f) = wif ().
=1

Thus, for every linear approximation algorithm AZPP we can find a linear integration
algorithm A such that

e (ANY) < ePP(APP),
From this we conclude that
e(n,INTR) < e(n, APPg; A%Y).
O]

The next proposition provides some relations between worst-case errors for different
but related Hermite spaces.

Proposition 14. Let Ry, Ry : Nj — R be two Fourier weights for Hermite spaces Hpg,
and Hp, such that for the corresponding norms we have

||f||R1 < ||f||R2 fO?” all f S HRz'
Then for all n € N we have
e(n,INTg,) < e(n,INTg,)

and

e(n, APPg,; A) < e(n, APPg;;A)  for A € {A™ At}
We omit the easy proof of this result and refer to [5, Proposition 7.5].

Remark 15. Under our assumption that R, and R, vanish nowhere on N, it is not hard
to check that,
1l < [Ifllr, & [Ri(k) > Ra(k) for all k € NgJ.

17



Tractability. We are interested in how the worst-case errors of algorithms A? ., e €

n,s?

{int, app}, depend on the number n of information evaluations used and on the problem
dimension s. To this end, we define the so-called information complexity as

n(e,S;A) :=min{n € Ny : e(n,5;A) <e}
where S € {INTg, APPg}, with ¢ € (0,1) and s € N. Note that here we do not need to
distinguish between the absolute and the normalized error criterion since in the present
case the related initial errors equal 1. If S = INTpg it obviously makes only sense to

consider the class A* and hence we just write n(e, INTR).
Obviously, (12) implies that

n(e, APPg; A™M) < n(e, APPg; AS™) (13)
and Proposition 13 implies
n(e,INTg) < n(e, APPg; A*). (14)

In order to characterize the dependency of the information complexity on the dimen-
sion s and the error threshold ¢, we will study several notions of tractability which are
given in the following definition.

Definition 1. Let S € {INTg, APPr}. We say we have:
(a) Polynomial tractability (PT) if there exist non-negative numbers 7, o, C' such that
n(e,S;A) < Ce7s” forall seN,ee(0,1).
(b) Strong polynomial tractability (SPT) if there exist non-negative numbers 7, C' such

that
n(e,S;A) < Ce 7 forall seNee(0,1).
In that case we define the exponent of SPT as
inf{7: 3C > 0 such that n(e,S;A) < Ce " VseN,e € (0,1)}.
(c) Weak tractability (WT) if
im0
s+e~l—o00 s+et

(d) Quasi-polynomial tractability (QPT) if there exist non-negative numbers 7, C' such
that
n(e, S;A) < C exp(t(1 +logs)(1+1loge™)) forall seN,ee€(0,1).
In that case we define the exponent of QPT as

inf{7: 3C > 0 such that n(e, S; A) < C exp(r(1+logs)(1+loge ™)) Vs € N,e € (0,1)}.

(e) (o, 7)-weak tractability ((o,7)-WT) if there exist positive o, 7 such that
1 ;A
i 08n(e, S5 A)
s+e=t ST 477

(f) Uniform weak tractability (UWT) if (o, 7)-weak tractability holds for all o, 7 € (0, 1].

=0.
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4 Lo-approximation in weighted Hermite spaces

In this section we present results about tractability of Ls-approximation for Hermite
spaces Hp with Fourier weights R € {rs o~ Ps.avs Usa~}. From our examples in Section 2
we mainly concentrate on the most comprising weighted Gaussian ANOVA space H,,
from Section 2.1. Via embedding we then can derive corresponding results also for the
other cases. Throughout we consider the smoothness parameter o and the weights ~ as
fixed. With this in mind, we often simplify the notation by just writing APP, instead of
APPgr or APP

Ts,oy "

4.1 Tractability for the class A2l

In order to characterize tractability properties of the approximation problem we introduce
the following figures: For a weight sequence v = (;),>1 we will use the infimum

Vi = iy

and the so-called sum exponent

Sey ::inf{/i>0 : ny<oo}, (15)
=1

with the convention that inf () := oco.
First we state the exact “if and only if” characterization for tractability of Ly-approximation
in H,, ., for the information class A*!.

Theorem 16. Let o > 1 and « be a sequence of weights. Consider the Lo-approximation
problem APP = (APP,),>, for the weighted Hermite spaces H,, .. for s € N and for the
information class A*. Then we have the following exact characterizations of tractability:

1. SPT holds if and only if s < 0o. In this case the exponent of SPT is
7 (A™) = 2max 1 s
)

2. SPT and PT are equivalent.

3. QPT, UWT and WT are equivalent and hold if and only if v; < 1. In this case the
exponent of QPT is

s (1527)
t*(AaH) — ?laX a’ 1n,711 Zf’YI 7é 07

4. For o > 1, (o,7)-WT holds for all weights 1 >~y >y > ... > 0.
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From this theorem we can derive the following consequences.

Corollary 17. Let a > 1 and =y be a sequence of weights. Consider the Lq-approzimation
problem APP = (APP,)s>1 for the weighted Hermite spaces Hr, R € {psaqy, Vsan} for
s € N and for the information class A*'. Then we have:

1. SPT holds if and only if s, < 0o. In this case the exponent of SPT is
7 (A™M) = 2 max ! s
a’ )

2. SPT and PT are equivalent.

3. If v; < o0, then we have QPT. In this case the exponent of QPT is

2max ( * 1,1> if vy #0
t*(Aall) — (oc’ In~vy; I ’
2L if v #0.

4. For o > 1, (o,7)-WT holds for all weights 1 > v >y > ... > 0.

We start with some preparation for the proof of Theorem 16.
It is commonly known that the n-th minimal worst-case errors e(n, APPy; A®!) are
directly related to the eigenvalues of the self-adjoint operator

W, = APP,APP, : H, . — H,, .. (16)
Denote these eigenvalues by 1 = A1 > As2 > Ag3 > .... Then we have (see [15,
Corollary 4.12]) that
e(n, APP,; A = )\i’/,irl (17)
and hence
n(e, APPy; A*) = min{n : A, <&} (18)

In the following lemma, we derive the eigenpairs of the operator W;. For this purpose,
we define for all k € N§, the vectors e = €x oy 1= \/Ts,a~(k) Hi. Note that |egl|,, .., = 1.

Lemma 18. The sequence of eigenpairs of the operator Wy is (75,0 (k), €x)ren;.-

Proof. We find that for any f,g € H we have

Ts,ay

(APP(f), APPs(g»Lz(RS,%) = ([ APP:APPS<9)>s,a,’y =(f, WS<9)>s,a,’Y

and hence, due to the orthonormality of the Hermite basis functions,

<€k:7 Ws(eh»s,a,‘y = <€k7 eh>L2(Rs,gos) = \/rs,a,—y(kz) \/rs,aq(h‘) <Hk:7 Hh>L2(RS,LpS)

= \/Ts,a,'y(k) Ts,a,'y(h> 5k,h‘
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For k = h this gives (ex, Ws(ek))s.a,y = T's,av(k) which in turn implies that

Ws(6h> - Z <Ws(eh)7 €k>s,a,~/ €k = Ts,a,'y(h) €n

keNs
and thus proves the lemma. O

In order to exploit the relationship between the eigenvalues of W, and the information
complexity, we define the set

Ale,s) = {k e N} : r,a~(k) >} (19)
Then we obtain from (18) and Lemma 18 that
n(e, APP A™) = Az, 5)], (20)

which motivates us to examine the set A(e, s) more closely in the following lemma, which
is inspired by [12, Lemma 1].

Lemma 19. Let s € N, € € (0,1) and let the weights satisfy 1 > v > v > ... > 0. If
q € R with ¢ > 1/, then

S

[A(e,s)| < e ] (1 +a*¢(aq) ) , (21)

j=1
where ¢ denotes the Riemann zeta function.

Proof. We prove the result by induction on s.
Let s = 1. Using the upper estimate in Lemma 1, for any k € A(e, 1) \ {0} we have

e” < Ta,’y(k) <m (%)aa

which in turn gives that 1 <k < « (Z—;)l/a. Hence we find that

Az, 1) <1+ ‘{1 {a (g)l/aJ H —1+ {a (g)WJ . (22)

Now assume first that o (71/52)1/a > 1. Then we obtain from (22) that

1/a 1/a 9 q
|A(e, 1)] < 1+a<l;> <1+ (a (%) ) =14+ a™ <7_;>
5 € 5
= (% + a{) 67 < (1+ 0 ((ag)yf) e ™
for all ¢ > 1/, where we used that ((z) > 1 for all x > 1. If, on the other hand, we
assume that o (v;/ 62)1/ “ < 1, then we trivially have

A <1+ {a (g)”“J — 1< (140" ((agn) e
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Thus the result is shown for s = 1.

Now assume that the statement holds true for s € N and arbitrary €. First we show
the recurrence

00 c ks+1)a/2
Ale, s+ 1) < |Ale, s)| + A s |- 23
A s+ D <A@+ 3 (W(a : (23)

To this end, assume that k = (k1, ..., ks11) € A(e, s +1). Then we have

Ts-i—l,oz,'y(k) - Ts,ozﬁ(k[s]) Taysit (ks+1) > 52-

If ko1 =0, then rq 5, (ko) = 1 and so r, 4 (Ks)) > €%, that is, ki € A(e, s). If on the
other hand k.1 > 0, we see that

-1 2 e ks “
Ts,a,v(k[so > ra773+1(k5+1) e” > Yor1 o

by Lemma 1. Combining both observations yields

Ale, s +1)

. = € ks+1 o/2
C {(k0) : ke A 9)}U {(kz,ksﬂ) : keA( %H( - ) s>}

ks+1:1

where U indicates a disjoint union. From here (23) follows immediately.
Now, using the recurrence formula (23) and the induction hypothesis we obtain

|Ale, s +1)|
00 e L a/2
< |A(e, s)| + A (—) ,S
RCCIEDY ( —(: )
i i S
< e (1 +a™¢(ag)y]) + || (1+aC(ag)v)) [ (—) ]
i ’ =1 ! —1 Vs+1 \ &
T o o= 1
= ][ (1+a%¢lag)]) <1+7§+1a qZW>
j=1 k=1
s+1
= ¢ X H (1+ a*¢(aq) ’y}l) .
j=1
This finishes the proof. O

Proof of Theorem 16. We prove the necessary and sufficient conditions for each of the
listed notions of tractability.
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1. In order to give a necessary and sufficient condition for SPT for A*! we use a criterion
from [15, Section 5.1]. From [15, Theorem 5.2] we find that the problem APP is
SPT for A*! if and only if there exists a 7 > 0 such that

1/7

sup Z (Ts,a~ (k)T < 00 (24)

SEN\ keng

and then
7 (A*) = inf{27 : 7 satisfies (24)}.

Assume that s, < co. Then take 7 such that 7 > max(s,,1/a) and thus > 72 7
is finite. Note that a7 > 1 and hence ((a7) < oco. For the sum in (24) we then
obtain, making use of the upper estimate in Lemma 1,

> (raan(®) =1 <Z<rw<k>>7> =11 (1 F2 (%)M)

keNg j=1 \k=0
< H +77a"((aT)) < exp (o/” (aur) iﬁ) < 00
j=1
This implies that we have SPT and that
7(A™) < 2max (37, é) : (25)

On the other hand, assume we have SPT. Then there exists a finite 7 such that (24)
holds true. Using the lower bound in Lemma 1, we have that

S () = 11 (Zm ) S <1 > k;) |

keNg j=1 \k=0 =

Since (24) holds true we obviously have 7 > 1/a. Then

D (k)" = [ +97¢(@) 2 Clam) 37

keNs

Again, since (24) holds true, we also have that ) 3> 77 < oo and hence s, < 7 < c0.
Combining both results yields that 7 > max(s,, 1 /a) and hence also

7 (A™) > 2max (37’ l) (26)

Equations (25) and (26) then imply that

e

7 (A™) = 2max <57,

Q|+
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2. In order to prove the equivalence of SPT and PT it suffices to prove that PT implies
SPT. So let us assume that APP is polynomially tractable, i.e., there exist reals
C,p > 0 and ¢ > 0 such that

n(e, APP,; A™) < Cs%™ for all € € (0,1) and for all s € N.

Without loss of generality we may assume that ¢ is an integer. Take s € N such
that s > ¢ + 1 and set

B, :={h € {0,1}°: precisely ¢ + 1 components of h are equal to 1}.

Now choose ¢, = %7§q+1)/2. Choose h € B, and let u C [s] be the set of indices of h
which are equal to 1. Then we have

rs,a’y > H’YJ >’}/q+1 >€
JEU
Hence B; C A(e,, s) and this implies

s ) N CE st gt
qg+1

e 2 181 = G 2 e nigrne

where we used s > ¢ + 1 for the third inequality.
This now yields

s c, < |A(es, 8)| = n(e*, APP; AM) < Csle P = 2PClsty, (tP/2,

This implies that
1
7§q+1)p/2 Lpg 3’

where <, , means that there is an implied factor which only depends on p and ¢,
and hence

Vs Lpa i@

This estimate holds for all s > ¢ + 1. Hence the sum exponent s, of the sequence
~ = (7;);>1 is finite, s, < 0o, and this implies by the first statement that we have
SPT.

3. We use the following criterion for QPT taken from [17, Sec. 23.1.1], which states
that QPT holds if and only if there exists 7 > 0 such that

1/7
= sup — (Z AT (I Hog ) ) < 00, (27)

seN S

where A, ; is the j-th eigenvalue of the operator W, from (16) in non-increasing
order.
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Assume that v; < 1. For the considered Hermite space H we have

2 : )\T(1+10gs
_ § r T(1+10g s)
s CM,’Y

keN§

i1+ )
j=1

_f[ 1+ T(H—logs) N 1( ) rioss) S
j=1

Ts,a,y

> (1+log s)) ) .

k=1 k=« (
s (L+10gs) a—1 7(1+log s) 00 7(1+log s)
7(1+log s
I (2(h) X (o)
j=1 k=1 k=a
s (L ) a—1 1 7(14log s) 00 1 7(1+log s)
T ogs
e (S ()T ()
j=1 k=1 k=1
s " a—1 1 7(1+log s)
1 +’77( +log s) Z (E) + C(oﬂ'(l + log S)) .
j=1 k=1 ’

Put (s := ((ar(1+logs)). From now on we assume, without loss of generality, that
7> 1/a, so that (s < occ.

Next we have

00 1 7(1+log s) 1 1 00 1 7(1+log s)
Z (E) = 1+ 97(1+log s) + 67 (1+logs) + Z (E)

k=1 k=4

1 k
(27’(1+log s) >
4

1 1 1 1
97(1+log s) + 67 (1+log s) + 247 (1+logs) 1 — 1/27’(1+10gs)
1 1 1
97(1+log s) + 67 (1+log s) + 247(1+logs) _ 937(1+logs)
1 1 1 1
97(1+log s) + 67 (1+log s) + 93tlogs 94t _ 937

1 5 1
97 log s + 941 _ 937

Cr
gTlog2’

1 1
97(1+log s) + 67 (1+log s)

]2

< 1+

+

B
Il

= 1+

= 1+

< 1+

< 1+

- 14+
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where we put ¢, := 2+ 1/(2*" — 237). This in turn gives that

1/7 s 1/7
1
l—HOg s 7(1+log s)
82 (Z)\ ) S? <H <1+’YJ (87'10g2 +<s>>)
j_
log s Cr
og <1+73(1+ g s) (Cs Tlog2>> —210gs>

1 Cr 2 T log s
< exp (F (CS + sﬂog2> Z%(H- ) 210g8> ’

J=1

Il
D
]
o}
N =
-

where we used that log(1 + x) < z for all x > 0. Now we use the well-known fact
that ((z) <1+ % for all # > 1 and thus

1

s <1 .
Gl (ar — 1)+ arlogs

Then we obtain

1/7
1+10g3
5 ()
< exp B 1+ ! Z r(1Hog s) —2logs | .
- T (ar — 1) + arlog s s“og2

Now we distinguish two cases:

e Case v; = 0: Then lim;_, v; = 0 and hence, for every € > 0 there is a positive
integer J = J(e) such that v; <e for all j > J. Then

s J—

s
1+lns 1+ €Tlns < J—1 _i_sl—v'lna*1

j=1
Choosing ¢ = exp(—1/7) we obtain

S

ny}r(l-‘rlns) <J

J=1

Note that the last J depends on 7, but it is finite for every fixed 7. Thus, if
7> 1/a and v; = 0 we have

1/7
- (Z/\ 1+lns>
S
7j=1
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1 1 c
< (1 T_)J-21
= oXp <7‘ ( + (ar — 1)+ arlogs +S”°g2) og3>

— 0 if s = oo.

By the characterization in (27), this implies QPT.

e Case v; € (0,1): then for every real v, € (v, 1) there exists a jo = jo(7) € N
such that
v < v <1 forall j> jo.

Then we obtain for every s € N that

s

S0 € 4709 (s — )

=1
T max(s — jo,0)

:]0+ STln,y—l §j0+1a

as long as 7 > (Inv;1)~!. Thus, if 7 > 1/a and 7 > (Iny; ')~ we have
1 00 1/7

7(14Ins)
52 (Z A )

j=1
Cr

1 1
= U 0+ 1) —21
- (T ( " (a7 —1) +arlogs + 3710g2> (o +1) 0g S)

— 0 if s = oo.

Again, by the characterization in (27), this implies QPT.

Of course, QPT implies UWT and this in turn implies WT.

So it suffices to show that WT implies v; < 1. Assume on the contrary that v, =1,
i.e.,7; =1forall j € N. Then for all k € {0,1}* we have 7, ,~(k) = 1. This means
that {0,1}* C A(e, s), where A(g, s) is defined in (19), and hence, according to (20),
n(e, APP,; A > 25, This means that the approximation problem suffers from the
curse of dimensionality and, in particular, we cannot have WT. This proves the first
assertion of item 3.

It remains to show the result about the exponent of QPT. Again from [17, Sec. 23.1.1]
we know that the exponent of QPT is

t*(A™) = 2inf{r : 7 such that (27) holds}.

From the first part of the proof of item 3. it follows that 7 satisfies (27) as long as

1 —1\—1 :
> max(a,(ln'yl) ) if v, #0,

«
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Therefore,
1 1
t*(A*™) < 2max (— ) :

o’ Inv;?

Assume now that we have QPT. Then (27) holds true for some 7 > 0. Considering
the special instance s = 1 this means

0 1/7
C> (Z )\I’J) .
j=1

According to (28) we then have

S (o) . = 1\
— ).
CZ(l—i-’YI( ( 7l ) )) Z”Yl( E ]{ZO‘T>
k=a+1 ’ k=a+1

and hence we must have 7 > 1/a. This already implies the result t*(A*!) = 2/a,
whenever v; = 0.

It remains to study the case y; > 0. Now, again according to (27) and (28), there
exists a 7 > 1/« such that for all s € N we have

s /T s
1 (r(1+log s) . 1 7(1+log s)
CZ¥<H<1—|—%. ) = exp ;Ellog<l+7j )—210g5 .
j=

Jj=1

Taking the logarithm leads to

J

]‘ = T 0og s T 0og s
logC' > ~ E log (1—1—7 (1+log )> —2logs > flog (1+71(1+1 & )> —2logs
T T

for all s € N. Since «; € (0,1) and since log(1 + x) > xlog?2 for all x € [0,1] it
follows that for all s € N we have
v7slog?2

———— —2logs.
7.STlog’*,/I_l g

log 2 og s
log C > 08 7;(1“ 85) _92logs =
T

This implies that 7 > (log~v;')~!. Therefore, we also have that

t*(A*™) > 2 max (l, ;> :

a’logv;!

Hence item 3. is proven .

. We know from (20) that n(e, APP,) = | A(e, s)|. Fixing some ¢ > 1/a, we get from
Lemma 19

n(e, APPg; Aa“) = |A(e, 9)|
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s

< e H (14 a*¢(ag)y)

j=1
< e (14 a% ((ag)"
Write ¢ := 1 4+ a®?((aq) which is larger than 1. Then we have
log n(e, APP,; A*) < 2¢loge™ + slogec.
Hence, for o > 1

2qloge™ + sloge

. Aall
lim logn(e, APPg; A )< lim

s+e~l—oo S 477 T stelooo S 477

This implies (o, 7)-WT.

0.

]

Proof of Corollary 17. From Proposition 4 and 7 in conjunction with Proposition 14 we
find that for R € {psa~,¥s.a~} and for all n € N we have

e(n, APPg; A™) < e(n, APP A

Ts,a,v)

and hence
n(e, APPg; A < n(e, APP
Thus the sufficient conditions follow directly from Theorem 16.

Let R € {psa~, s~} and assume that we have (S)PT for Ly-approximation in H g for
the class A, Then it follows from Proposition 4 and 7 in conjunction with Proposition 14
that we have (S)PT for Ly-approximation in H, .., for the class A%, where t = 1 if
R = psa~and t = 2 it R = 1) 4. From Theorem 16 we now obtain s./(qe) < 00. Since
Sy = S4/(tae) this implies s, < oco. ]

;A" for all € € (0,1).

T's o)

4.2 Tractability for the class AStd

The next theorem states sufficient conditions for tractability of Lo-approximation for the
class At

Theorem 20. Let o > 1 and v be a sequence of weights. Consider multivariate approxi-
mation APP = (APP;)s>1 for the weighted Hermite spaces Hr, R € {rsa~: Psamys s}
for s € N and for the information class A**Y. Then we have the following sufficient
conditions:

1. SPT holds if
Z")/j < Q.
j=1

In this case the exponent of SPT satisfies
1
7*(A%) = 2max <—, s,y) : (29)
!
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2. PT holds if

hmsup— Z% < 0.

§—00

3. WT holds if
R,
i 2% =0
J:

4. Foro € (0,1] (o,7)-WT holds if

5. UWT holds if

lim —Z'y] =0 forallo e (0,1].

s—o00 S§9
7j=1

(30)

(31)

(32)

(33)

It suffices to prove the result for R = r;,~. Our analysis will be based on relations
between the minimal errors of AS*™ and A®!, in particular on [3, Theorem 1] and on [24,
Theorem 1] (see also [17, Theorem 26.10]). These results provide that the trace of the
operator W, from (16) is finite. Recall that the trace of W is given by the sum of its

eigenvalues, that is,

trace(W, i Asj = Z Ts.am ( H

keNg j=1
s

k=1

which is finite provided that o > 1. Using Lemma 1 we obtain in a similar way that

trace(Wy) > H (1+75¢(a))

(1—1—27”&7] )

a—1 0
k—a)l
i —.+z< >

and hence trace(Ws) is infinite if and only if @ = 1. Note that in general there is no
relation between the power of A®! and A**Y whenever the trace of W, is infinite. For a

discussion of this issue we refer to [17, Section 26.3].
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However, if & > 1 we obtain that there exists a positive constant c(a) € [((a),e —2+
((a)] such that the trace of W equals

S

trace(Ws) = H (1 +;c()) (34)

j=1
and is finite for all s € N.

Proof of Theorem 20. According to Proposition 4 and 7 in conjunction with Proposi-
tion 14 it suffices to proof the result for the Fourier weights R = 7, o 4.
Since @ > 1 we know that trace(Wj) is finite for all s € N.

1. For the proof we use [3, Theorem 1] from which we know that there exists a universal
constant ¢ € N such that for all n € N we have

1 o
APP,: A2 < = k. APP,: A2H)2,
e(en, APP; A)? < n;d (APP ;A" (35)

Assume that Z;’il 7; < 00. Then, obviously, the sum exponent of the weight se-
quence -y satisfies s, < 1. Assume first that s, < 1. Then, according to Theorem 16
we have SPT for A*! with exponent

1
7(AM) = 2 max (—, 37) < 2.
a

Hence for every 7 > 7*(A®!) there exists a C' > 0 such that n(e, APPy; A*) < Ce™7
and from this we deduce o
e(k, APP,; A*) <

Inserting into (35) yields

C = 1
. A stdy2
e(cn, APP; A™)? < . ’;— T

= %/ 3:21/T de
n—1
O T 1
T on2—7(n—1)21
< Cr 1
— 2—7(n—-1)¥"

Hence there exists a number a, > 0 such that

e(cn, APP,; A5) <
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This implies that
n(e, APP;; A*) < [cale™™|

and hence, since 7 > 7*(A%*) was arbitrary, we have SPT with exponent
* Astd -9 1
75(A™) = 2max ~i5y )

(Note that trivially 7*(As*d) > 7*(A*!) = 2 max(1/«, s5).)

Now assume that s, = 1. From (35) and (17) we obtain
1 & trace (Ws)
APP,; A*9)? Ashir < = — 36
e(en, ; Z RS 2:: (36)

Now we use (34). For 372, v; < oo and a > 1 we have

trace(W, (Z In(1 + ;¢( ) < exp (c(a) ZVJ) =TI < o0.
j=1

Hence, inserting into (36) gives

e(cn, APP,; AS)2 <

31—

From this we obtain in the same way as above SPT with exponent
* (A std 1
T(A™) =2 =2max | —, 54 .
!

. We will use [17, Theorem 26.13]. Assume that the weights satisfy (30). This implies
that there exists a finite, positive M such that - Z i=17; < M for all s. Then we
have

trace(Ws) < exp ( Z%> < exp (c(a)MIns) = RGNS

Furthermore, assumption (30) implies that

s < Z%<M forall seN

Ins — lns

and therefore v; = O(j7'Inj) and in particular s, = 1. By the characterization in
Theorem 16 this implies that approximation is (S)PT for the class in A i.e., there
exist positive C*" and p*" such that

n(e, APP,; A*) < e foralle € (0,1) and s € N.
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Now [17, Theorem 26.13] implies the existence of a positive C*'¢ such that

std std

n(e, APP; ASd) < Cstdgmr™ g1 for all e € (0,1) and s € N,

where
pd=p 42 and = c(a) M.

Hence we have PT also for the class A%,

3.-5. We prove the three statements in one combined argument. If any of the three con-
ditions (31), (32) or (33) holds, then this implies that the weights (7;);>1 (which we
assumed to be non-increasing) have to become less than 1 eventually since otherwise,
for every o € (0, 1],

hm—Z’yj— lim — = lim s'~ 7>1.

s—00 89 s—o0 §7 $—00

(Actually we even have «v; = 0.) Therefore, we have by Theorem 16 that UWT
(and even QPT) holds for the class A*!. Furthermore, we observe that

S

wzém<n(1+% ) Zlnl—i—”yj

j=1

and thus if S% ijl 7; converges to 0 as s goes to infinity, with o € (0, 1], then

. In(trace(WWy)) o)~
lim —————= < slggo o Z% =0. (37)

5—00 L
j=1
Now we obtain with the same arguments as in the proof of [17, Theorem 26.11] that
(31) implies WT for the class AS*d. The proof for the other two notions of WT can
be obtained analogously by appropriately modifying the argument used in the proof
of [17, Theorem 26.11].

The proof is complete. O

Remark 21. It is obvious from (13) that the sufficient conditions for tractability for
information from the class A**Y are not weaker than the sufficient conditions for the
respective notion of tractability for information from the class A*'. For example SPT for
the class A*! holds if s, < oo, whereas the sufficient condition for SPT for the class A%
is 372, 7 < 00, which can be re-formulated in an equivalent way as s, < 1.

Remark 22. Again from (13) it follows that every necessary condition for tractability for
information from the class A®! is also necessary for the respective notion of tractability
for information from the class A**¢. Unfortunately these conditions do not match the
sufficient conditions obtained from Theorem 20. However, it follows from the argument
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used in item 3 of the proof of Theorem 16 that in the unweighted case, i.e., 7; = 1 for all
j € N, we have
n(e, APP,; A%) > n(e, APP,; A) > 2

and hence for the unweighted case the Ls-approximation problem for information from
At suffers from the curse of dimensionality.

Remark 23. While we have a very clear picture of tractability of Ls-approximation for
the Hermite space H,, . for the information class A*! there remain several open questions
concerning A, In the first place, matching necessary conditions for the respective notions
of tractability are still missing. Furthermore, we neither have sufficient nor necessary
conditions for quasi-polynomial tractability beyond the sufficient condition for polynomial
tractability which obviously also implies quasi-polynomial tractability. Finally, our results
require a smoothness parameter o bigger than 1. Similar results for o = 1 are still missing.

5 Integration in weighted Hermite spaces

Now we consider the integration problem. The next theorem states sufficient conditions
for tractability of integration. Obviously, the information class A*!' makes this problem
trivial. For this reason we restrict to the class A%,

Theorem 24. Let a > 1 and ~ be a sequence of weights. Consider multivariate integra-
tion INT = (INT;)>1 for the weighted Hermite spaces Hp, R € {Tsa~, Ps.ar> Us.an} for
s € N. Then we have the following sufficient conditions:

1. SPT holds if
D<o
j=1
(which is equivalent to so < 1). In this case the exponent of SPT satisfies
1
7*(A) < 2max <—, 57>
a

2. PT holds if

1 S
lim sup s ZW < 0.
j=1

§—00

3. WT holds if
R
Ji 02 =0
j=1
4. Foro € (0,1] (o,7)-WT holds if
i 53 =0
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5. UWT holds if

1 S
lim — Zvj =0 forallo e (0,1].
7j=1

s—o00 §7 £

Proof. Using (14) one can transfer our results about tractability of the Lo-approximation
problem for standard information to the integration problem in Hg. O

Remark 25. Note that item 1 of the theorem yields an improvement over the upper
bound on the exponent of SPT in [11] from 2 to 2 max(1/a, s).

Remark 26. Like for the approximation problem using exclusively standard information,
also for the integration problem some questions remain open. These comprise of the
quest for necessary conditions for the respective notions of tractability, for necessary and
sufficient conditions for QPT and results for the case of smoothness o = 1.

If we restrict ourselves to linear algorithms of the form

n
AT =) wif () (38)
i=1
withn € N, nodes 1, x9, . .., x, in R® and non-negative integration weights wy, wo, . .., w,

we can show that the sufficient conditions for tractability are even necessary. This method
has been used by Sloan and Wozniakowski in [20] in the context of numerical integration
in Korobov spaces.

We introduce a restricted version of the information complexity by taking into account
only linear algorithms with non-negative weights. Define, for ¢ € (0,1) and s € N, the
quantity

n"™ P (e, INT,) :=min{n € N : JAM™ of the form (38) with non-negative weights,
such that e™(AM™ H, . ) <e}
Obviously, n(e, INT,) < nlinPos(g INT,).
Theorem 27. Let o > 1 and « be a sequence of weights. Consider multivariate integra-
tion INT = (INT)>1 for the weighted Hermite spaces Hr, R € {Tsa~, Ps.am> Usan} for
s € N, but restrict to the class of linear algorithms of the form (38) with non-negative
weights. Then we have the following necessary conditions:

1. SPT implies
Z’Yj < Q.
j=1

2. PT implies

1 S
lim sup s Zvj < 0.
j=1

§—00
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3. WT implies

4. Foro € (0,1] (o,7)-WT implies

5. UWT implies

lim —Z% =0 forallo € (0,1].

s—o00 S§9

The proof of Theorem 27 is based on the following proposition, which is an analogy
to [20, Theorem 4], that applies to Korobov spaces.

Proposition 28. For every linear algorithm A”“t of the form (38) with non-negative
integration weights we have

1nt<Aglg,HT )221_ n
( o ) Hg  (L+e,)

where ¢, == (1 — /1 —w?)/v/1—w? >0 and w := 373, In particular,

S

nf™Pos(e, INT,) > (1 — &%) [J(1 + ).
j=1

Proof. We define a further reproducing kernel Hilbert space based on Hermite polynomi-
als. For w € (0,1) we let

Kpron(®,Y) = ) Goory (k) Hio(@) Hi(y).

keNg

where now the used Fourier weights are R(k) = ¢5.~(k) == [[j_; ¢u, (k;) with

1 for k =0,
Puy (k) = {

vk for k> 1.

Let Hg, ., denote the corresponding reproducing kernel Hilbert space with inner product
and norm

o, =S — Fk) k) and [ Fllonns = /s P,

keNg Gswy(K)
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respectively. The space Hy, . and integration therein has been studied already in [11].
In particular, in [11, Proposition 3.7] it is shown that the functions from the space H, , .
are analytic functions.

For a > 1 choose w = w(a) € (0, 1) such that we have

1
ﬁzwk for all £ € N.

For example w := ming>, k—o/k = 3-/3 ig a suitable choice. Then we have
Ts.any(K) > ¢s0u(k) for all ke Nj

and hence, for every f € Hg, ,_ we have

Hf Ts,o,y S Hf

This shows that the space Hgy, , . is continuously embedded in the space H,, ,  and the
norm of the embedding operator is at most 1. Therefore, integration in Hg, ,  is not
harder than in the space H,, . This implies that for every algorithm, and we restrict
ourselves to linear algorithms A" with non-negative integration weights like in (38) in

n,s
the following, the integration errors in Hy, , and in H respectively, are related as

P,y

Ts,a,y)

eint<Aint H¢s,w,’7) S eint<Aint Hrs,a,’y)'

n,87 n,8)

Now we consider e™ (A" H,, ). Using a well-known formula for the squared in-

n,8)

tegration error of linear algorithms in reproducing kernel Hilbert spaces (see, e.g., [14,
Exercise 3.15]) we obtain

in in 2
(AT M, ) = / [ Koo (@ )o@y dady

_2 Z wl K(bs,w,‘y (:v? ml)(ps(w) dm
i=1 Re

n
-+ E wing(f,s’wﬁ(mi,mg).
i =1

It is easy to see (or consult [11, p. 191]) that

/ Ky, (@, y)0s(x)ps(y) dedy =1
S RS

and

Ky, (x,xz;)ps(x)dr =1 forallic {1,2,...,n}.
Rs

Therefore we obtain

(eint(Agl’ts’ Hd’s,w,"/))2 =1-2 Z w; + Z U}iU)ZK¢S’w,7 (mi’ wf). (39)

i=1 i0=1
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From Mehler’s formula (see [21]), which states that for every z,y € R and every w €
(—1,1) we have

> 1 wx w2 (x —y)?
S Hy(o) Hly)o* = —Qexp( v _wlrmy )
o 1—w

l+w 2(1—w?)

one can derive that

S

1 wry; Wiy —y;)?
Koon(@y) =] (1 TN AT P (1 tw 201 —w?) '

J=1

This shows, in particular, that the kernel Ky, , _ is non-negative. Since also the integration
weights w; are non-negative, we deduce from (39) by neglecting the non-diagonal terms
in the double-sum that

(eint(Ai,?fs, H(ﬁs,w,‘y))Q >1-2 Z w; + Z w?K%’wﬂ(:L‘i, x;). (40)
i=1 i=1

Now, for i € {1,2,...,n} we have

> 1 Wy ;
Kowwml@ow) = JI{1-r+ =mg o0 (13

j=1
()
Tt LR 1 — w?

7j=1
= H<1+VJCW)7

j=1

where z; ; is the j-th component of ; and ¢, := (1 — V1 — w?)/v/1 — w? > 0. Inserting
this estimate into (40) we get

S

(eint(Ai?,tsvH%,wﬁ))Q > 1 — QZwi + Zw? H (1+ ’chw) . (41)
=1 =1

j=1

Next, set 3 := (3.1, w?)1/? and observe that by the Cauchy-Schwarz inequality we have
Yo w; < y/nf. Thus we my conclude from (41) that

S

(™A Hy ) 21— 2vmB + B2 (L + ) - (42)

J=1

Minimizing the expression on the right-hand side of (42) with respect to § we obtain that

AR H))? 21—
( o e ) Hj:l (1 +v5c0)
From here the upper bound on n!'™P°s(g INT,) follows immediately. O
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Now we can give the proof of Theorem 27.

Proof of Theorem 27. Again it suffices to prove the result for R = r,,~. We will use
Proposition 28 and arguments from [20, Proof of Theorem 5.

Assume that the weights are bounded from below by some positive number ~,, i.e.
v; > 7« > 0 for all j € N. Then it follows from Proposition 28 that

nlin,POS(g, INTS) > (1 — 82)(1 + ’V*Cw)s‘

Thus n!™Ps(e INT,) grows exponentially fast in s and hence we cannot have any form
of tractability. Thus, if we have some form of tractability, then we must also have
limj_wo Vi = 0.

Now suppose that we have lim;_,.,7; = 0 but Z;’;l v; = 0o. For lim; ,o,v; = 0 it is
a well-known fact that

H(l +vc,) = O (exp <cw Zw)) : (43)

J=1

Then it follows from Proposition 28 and Equation (43) that lim,_,., n™P% (g, INT,) = oo
and this contradicts SPT. Thus Z;; ; < 00 is a necessary condition for SPT.
Suppose next that we have lim; ., 7; = 0 but limsup,_,(1/logs)>>>_,v; = oc.

Since
S

T10-+ ) = (e E5rm)

J=1

it follows from Proposition 28 that n!™P% (g INT,) goes to infinity faster than any power
of s and this contradicts PT. Thus limsup, . (1/logs) > _,7; < oo is a necessary
condition for PT.

Finally, assume that for o € (0, 1] we have

, log n!mPos(g INT,)
lim
s+e— 100 S + e 7

=0.

Then it follows from Proposition 28 and Equation (43) that

This implies the necessary conditions for the three WT notions. O]

6 Remarks on integration in the anchored space

In [25] Wasilkowski and WoZniakowski studied Ls-approximation and integration over
unbounded domains. The underlying function space in this work is a more general version
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of the reproducing kernel Hilbert space with kernel L from (9). Choosing ¢ = ¢!/ and
w =  in [25] corresponds exactly to the setting of the present work.

Unfortunately, the results from [25] concerning tractability of Lo-approximation cannot
be transferred to our setting here (see Section 2.4), since [25, Theorems 1 and 2] require
the assumption [25, Eq. (17)] which is [, (v/w(z)/4¥(z))"/* da < oo, but which is obviously
not satisfied in our case where 1) = ¢/? and w = .

The results about integration in [25] do not require this assumption. This means we
can transfer them directly into our setting in order to obtain “if and only if”-conditions
for numerical integration in the anchored space H s a.~. This has already been done in
[16, Sec. 12.5.1] (in a slightly different but equivalent formulation). The following result
is basically [16, Corollary 12.8] (which we extend by results about (o, 7)-WT and UWT).
We stress that here we also have necessary conditions thanks to the fact that the kernel
K o~ contains the decomposable part L.

Theorem 29. Let o > 1 and v be a sequence of weights. Consider multivariate inte-
gration INT = (INTy)s>1 for the weighted anchored spaces Hp 5.0~ for s € N. Then we
have:

1. SPT holds if and only if
Z’}/j < 0.
j=1

2. PT holds if and only if

1 S
li — ; < 00.
PP B

3. WT holds if and only if
RS
Jim 2 =0
]:

4. For o € (0,1] (o,7)-WT holds if and only if

5. UWT holds if and only if

1 S
lim — Z'Yj =0 foralloe€(0,1].
7j=1

s—o0 §9 4
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A Appendix: The proof of Theorem 3

For the Gaussian ANOVA space we know the Hermite expansion of the reproducing kernel,
namely, in dimension 1 and for a generic weight v > 0,

rmin ZTOL’Y k( )

keNy

Now we derive the integral representation presented in Theorem 3.
The starting point is the weighted Gaussian ANOVA norm from (6) given by

I11E,... = ([ seta ) ;le“ )+§Aumwwww®

on the space of functions

{f R — R: f©@ Y exists and is abs. continuous, / 1@ () [Po(y) dy < oo} :
The space H, decomposes into the orthogonal subspaces
Hio = {f R — R: f@Y exists and is abs. continuous,/ £ () Po(y) dy = O} ,
R

Ho o 1= {f: R — R: @Y exists and is abs. Continuous,/ | £ P (y) dy < oo,

/f’“) y)dy =0, k € {0,.. a—l}},
and therefore, using property (7) from [1, Section 2|, the reproducing kernel K, of the
space (Ha, || - |lr1..,) is of the form K, = Ko + K34, where Kj, is a reproducing kernel

for ", j € {1,2}. Clearly, H;, consists precisely of the polynomials of degree smaller
than o and therefore every f; € H;, can be written as

fulw) = S Rk Hi(a),
such that, for j € {0,1,...,a — 1},
Aﬁwmwm:ng%ﬁwémxmmwzﬂmm
and therefore
mm=_0>méﬂw><mwu>



:/Rf(y)go(y) dy /E{Kl,a(:v,y)so(y)dy

J

+%jz_ll/ﬂ{f(j>(y) o(y) dy /ﬂ{(%lﬁ,a(m,y)) w(y) dy

with K o(z,y) = 1+ 320, HHi(2)Hy(y). Here we used that the j-th derivative of Hy
equals

k! . .
HO) () = dey He—j(y) ik =7,
0 otherwise,

from which we obtain that
- o7
1,0) = Vi [ (e Kuale)) o) dy
R Y

We proceed to compute K, ,. Here and in the following we write ®(y) := ffoo w(n)dn
and

0(2,y) = Lol (1) P(Y) = Lz (1) P(—) -
Recall that for y < —1 we have

0<aw) - [ " ol dy < / " ol dn = / " mydn = oly)

—00 —00 —00

and that therefore also 0 < ®(—y) < ¢(—y) = ¢(y) for y > 1 so that

/R L(—002)(y)®(y)dy and /R Lz,00)(y)@(—y) dy

are real numbers.

Lemma 30. Let h: R — R be measurable with [, (h(y))*¢(y)dy < co. Then g: R — R
with

ofa) = [ Me)oeg)dy Jors e
R
is the unique absolutely continuous function with ¢’ = h a.e. and [, g(y)e(y)dy = 0.

Proof. Since we may write

g(z) :I/Rh(y)ﬁ(x,y) dy:/x h(y)®(y) dy—/oo h(y)®(-y) dy,

— 00

and the integrals exist since

/_1 | (y)|®(y) dy < /1 [(y)le(y) dy < (/R(h(y))%(y) dy) v < 00,

o0 —00
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it is clear that g is absolutely continuous. Differentiating gives a.e.

§(2) = h(2)®(x) + h(x)®(~2) = h(z)®(x) + h(z)(1 - B(x)) = h(x).

Next we integrate g with respect to the weight ¢ and use Fubini’s theorem to get

/ dx—// y) dy oz dx—// y) dy o(z) da
// v) da dy — // (2) de dy

_ / (1)@ (y)B(—y) dy - / h(y)®(~y)@(y) dy = 0.

F inally let gl be an arbitrary absolutely continuous function with ¢{ = h a.e. and

= 0. Then g(x y)dy + ¢ ae. On the other hand g
]Rg 0

Jy h( dy+62,sog1( ) =g(z )+c3ae But smceO—ngl p(z)de = [ g(x) )dx—i—
c3 = 03, we have g = g a.e. O]

Next we compute the reproducing Kernel K, , for o = 1. For every f € Hsy;, ie.,
with

/R fWely)dy =0 and / (F'(0)Pe(y) dy < o0

we have from the reproducing property of the kernel K5 ; that

/ ly Km (#,9)0(y) dy.

On the other hand we know from Lemma 30 that f(z) = [, f'(y)?(x, y) dy, so

/Rf (v) Ga%fle(w y)e(y) — ﬁ(l’,y)) dy = 0.

Since this holds in particular if f’ is the indicator function of an arbitrary measurable set,
we conclude 9

8—yK2,1(:r, y) =ye(y)  (z,y)

fora.e.y € R. Since y — K1 (x,y) is an element of Hy 1, we need to have [, Ko 1(z,y)¢(y) dy =
0. Again from Lemma 30 we derive the integral representation

0 _
Kaa(2,y) = / 8—sz,1($, n)d(y,n)dn = 7/ p(n)~"0(, m)0(y,n) dn,
R R
Which finishes the proof of Theorem 3 for the case a = 1. Note that

¥z, = (L= (M P(1) = L(a.00) (M) P(—1)) (L(=00,1 (1) P(1) — Ly,00) (M) P(—1))
= 1(—co,min(z.»)] (?7)(<1>(77))2 + Lmax(a),00) (1) (P(=1))

43



- 1(min(m,y),max(z,y)] (77)(1)(77)(1)(_77)
So Ky can be written in terms of the primitive functions of
e 1@ o1 - ®)? and p 'O(1 — D).

Next we compute Ky, for @ = 2. If f € H, 5, we obtain from the reproducing property
of the kernel K54 that

/f” K22($ y) dy

so that . o
() = = "(y) ——=—= K. dy.
@) Véf@%@gmmwm»y
On the other hand, if f € Hoy then f' € Ho;, and therefore
F@) == [ £ 5 K)ot d
== — T )
x v Ja Yy By 2,1\, Y)p\Yy) Ay

Thus we have

0
"( - —K dy =0
/f (a oy 5 Ka2(2,y) 3y m(fc,y)) e(y) dy
from which we obtain %Km = a%KZl' Now

o2
0xdy

Koo(z,y) = Koi(z,y) + c1(2)

and, since K o is symmetric and %KQ,Q is continuous, 575~ ay oo Koo = 8y8a: 5= K5 9, 50 %Km
is also symmetric. From this it follows that ¢; is actually constant, ¢;(z) = ¢;.
Since the function y — Kss(x,y) is an element of Ha o for every x € R, we get

0
/ —Koo(z,y)p(y)dy =0 for every z € R,
ROy 7
so that also

0 0
_ 2 [ %k
0 83:/]Ray 22(2,y)p(y) dy

82
= [ G Kaalenet) dy

— /R(Kg,l(a:,y) +a)e(y)dy

= (1.
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So, actually ¢; = 0, and hence

62
axayKQ,z(ffay) = Kyi(7,y).

Now, integrating with respect to x another time, we get using Lemma 30 once more that

0

a—sz,Q(%y) = / K1 (&, y)0(x,§) d§ + ca(y), (44)

R
SO 9
[ 3 Eaatoe@)te = [ Kaaew) [ oo ded + alo)
R OY R R
But
[ ae@)ds = [ 1o deat) - [ 1am)e dea(-y)
= ®(=y)®(y) — 2(y)P(-y) =0

and

/ K2295?/ :—/Knﬂ?y r)dr =0

by symmetry of Ky 9 so c2(y) = 0. Now, integrating (44) (with c2(y) = 0) with respect to
Yy gives,

Kaa(z,y) //Kufn) (2,8)9(y,n) d§ dn + es(x),
and we see that
0= [ Kaalonow)dy = [ [ Kaaleni@.&) [ onmetu) dyds dn+ o) = afo)
Thus we have found
Kaa(z,y) //K21 &z, §)V(y,n)dgdn
-/ @(15)79@, )91, )9, €)9(y, m) ds A .

By induction we get the integral representation of the general kernel

a—1

1
Koa(z,y) =7 / () P Samts e 608y e 9) ds [ J(dg dms)
RQafl

k=1

with 9, (21, ..., 2n+1) = [ 11—, 9(2k, 2k41) for n € N. This finishes the proof of Theorem 3.
]

Acknowledgment. We thank David Krieg for a valuable discussion, in particular for
his help in proving the exponent of SPT in (29).
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