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CONTROL PROBLEMS

SÉRGIO S. RODRIGUES1

Abstract. The minimization of energy-like cost functionals is addressed in the con-

text of optimal control problems. For a general class of dynamical systems, with
possibly unstable and nonlinear free dynamics, it is shown that a sequence of solu-

tions of finite time-horizon optimal control problems approximates a solution of the
analog infinite time-horizon problem. The latter solution and corresponding optimal

cost value function are not assumed to be known a-priori. Numerical simulations are

presented validating the theoretical findings for several examples, including systems
governed by both ordinary and partial differential equations.

1. Introduction

The goal of this manuscript is the investigation of the behavior of the solutions of
finite time-horizon (FTH) control problems as the time-horizon increases, for a general
class of dynamical systems, possibly unstable and nonlinear. The main result states that
the solutions a sequence of FTH optimal control problems, minimizing a given energy-
like cost functional, do approximate a solution of the analog infinite time-horizon (ITH)
problem. The possibility of such an approximation is important for applications where,
in general, the computation of an ITH solution is numerically unfeasible and we have to
perform the computations in a FTH. This is done, for example, in stabilization strategies
as receding horizon control (RHC) [4, 18, 19, 21], also known as model predictive control
(MPC) [16, 22], where a sequence of open-loop optimal control problems is solved in
a large enough FTH in order to capture the stabilizing property of the IFT optimal
control. See also [15] for discrete time systems. At this point we should mention that
RHC can also be useful for large FTHs, since computations are faster for smaller FTHs
and it can increase the robustness of the computed control [14].

Features of solutions of ITH optimal control problems have been investigated in the
literature as well as conditions under which such features can be deduced from sequences
of analog FTH problems, as the time-horizon diverges to infinity. Concerning odes,
already in [17] the optimality conditions for ITH problems have been investigated, and
a comparison has been made with appropriate FTH control problems. For more recent
works we refer to [12, sect. 3], [1–3, 23] and references therein. In the context of pdes we
can mention the recent work [13, sect. 3] where appropriately constructed FTH problems
are used to derive a “limit” optimality system for an a-priori fixed ITH solution. In
particular, the FTH cost functionals in [13] depend on the fixed ITH optimal solution.
In this paper the goal is different and the FTH cost functionals do not depend on any
particular solution of the ITH problem. Essentially, without assuming that an ITH
optimal solution is known a-priori, we want to know whether such a solution can be
approximated by a sequence of FTH ones. At this point, we must mention that even
if we know a solution of the ITH, its approximation is still an important problem,
in particular, for infinite-dimensional systems. We refer to [8, 28] addressing (different
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2 S. S. Rodrigues

approaches on) the approximation of the solution of algebraic Riccati equations giving us
the optimal feedback control for the case of autonomous linear dynamics and quadratic
cost functionals.

The result in this manuscript, concerning a general class of possibly unstable and
nonlinear systems, can be related to the result in [20, Ch. III, sect. 6.3], where a class
of stable linear systems is considered.

We can also mention that ITH control problems are important in economic sciences.
We refer to [2, Intro.] where such problems are discussed as applications to economic
models/systems which do not propose a natural choice for the planning time-horizon,
being assumed to operate for indefinitely long time.

Contents and notation. We prove the main result in section 2 under general assump-
tions on our dynamical system. Such assumptions are discussed in section 3 as well
as the class of cost functionals considered. In section 4 we present numerical examples
highlighting several points of the result. These include both illustrative autonomous and
nonautonomous ode models as well as an autonomous pde model. Finally, section 5
gathers concluding remarks.

Concerning notation, we write R and N for the sets of real numbers and nonnegative
integers, respectively. Then, we denote Rs := (s,+∞), for s ≥ 0, and N+ := N \ {0}.
The closure of a subset I ⊆ R0 is denoted I.

Given Banach spaces X and Y , we write X ↪−→ Y if the inclusion X ⊆ Y holds and
is continuous. The space of continuous functions from X into Y is denoted by C(X,Y )
and its subspace of linear mappings by L(X,Y ). The continuous dual of X is denoted
by X ′ := L(X,R) and the adjoint of an operator L ∈ L(X,Y ) by L∗ ∈ L(Y ′, X ′).

Given open intervals Ij ⊂ R, j ∈ {1, 2}, with sup I1 = inf I2, and spaces XIj of
functions gj : Ij → X, we denote concatenated functions by

g1‡g2(t) :=

{
g1(t), if t ∈ I1;

g2(t), if t ∈ I2;

and set XI1‡XI2 := {g1‡g2 | (g1, g2) ∈ XI1 ×XI2}.
Finally, we introduce the subset

I0 := {g ∈ C(R0,R0) | g is nondecreasing, g(0) = 0}.
With N ∈ N+, we write |·|RN = |·|`2 for the usual Euclidean norm in RN .

2. Optimal control problems

We show that a solution of an ITH optimal control problem can be found as the limit
of a sequence of solutions of ITH optimal control problems.

In the following H is a real and separable Hilbert space, and I stands for an arbitrary
open interval

I = (ι0, ι1) ⊆ (0,+∞).

2.1. General setting. We consider, for time t ∈ I, the control system

ẏ(t) = f(t, y(t), u(t)), y(ι0) = z ∈ H, (2.1a)

with controls u subject to pointwise constraints

u(t) ∈ C ⊂ RM , (2.1b)

where C is a closed convex subset of RM . We consider cost functionals as

JI(y, u) := 1
2 |Q(y)|2L2(I,R) + 1

2 |N (u)|2L2(I,R) , (2.2a)

J PI (y, u) :=

{
JI(y, u), ι1 =+∞;

JI(y, u)+ 1
2 |P(y(ι1))|2R , ι1<+∞;

(2.2b)
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where Q ∈ C(H,R), N ∈ C(RM ,R), and P ∈ C(H,R).
We look for the minimizers (y, u) of J PI in a Cartesian separable Banach space

XI := X yI ×X
u
I .

We introduce another separable Banach space

YI := YfI ×H,
and assume that the following mapping is well defined

GzI : XI → YI , (y, u) 7→
(
ẏ − f(·, y, u), y(ι0)− z

)
.

Finally, we introduce the convex set

CI := {(y, u) ∈ XI | u(t) ∈ C for t ∈ I}
and the subset of XI as

XzI := {(y, u) ∈ XI ∩CI | GzI (y, u) = (0, 0)}.
Our minimization problem is as follows.

Problem 2.1. Find (yzI , u
z
I) ∈ argmin

(y,u)∈XzI
J PI (y, u), for given z ∈ H and time interval I.

Example 2.2. For finite-dimensional systems as ẏ = Ay+Bu, with A ∈ RN×N and B ∈
RN×M , M ≤ N , we can take H = RN , X yI = W 1,2(I,RN ) ⊂ C(I,RN ), and X uI =
L2(I,RM ).

Example 2.3. For infinite-dimensional systems as diffusion-reaction equations ẏ =
∆y+ay+Bu defined in a spatial bounded domain Ω ⊂ Rd under homogeneous Dirichlet

boundary conditions, Bu :=
∑M
j=1 ujΦj , with actuators Φj ∈ L2(Ω), and where weak

solutions are well defined, we can take H = L2(Ω), X yI = {y ∈ L2(I,W 1,2
0 (Ω)) | ẏ ∈

L2(I,W−1,2(Ω))} ⊂ C(I, L2(Ω)), and X uI = L2(I,RM ).

Hereafter, in sentences as “(yzI , u
z
I) solves Problem 2.1” it is understood that we are

referring to the initial state z and interval I, included in the notation.
We denote the ITH value function Vs : H → R as

Vs(z) := JRs(yzRs , u
z
Rs),

with (yzRs , u
z
Rs) solving Problem 2.1.

We make the following assumptions.

Assumption 2.4. For every s ≥ 0, the dynamical system (2.1) is well posed locally in
time for data (z, u) ∈ H × X uI with u(t) ∈ C. There exist t0 = t0(z, u) > 0 and D ∈ I0
so that, for all τ ∈ (0, t0),

|y|Xy
(s,s+τ)

≤ D(τ)(|(z, u)|H×Xu
(s,s+τ)

).

Assumption 2.5. We have X yI1 ⊆ C(I1,H), for every interval I1 ⊆ R0. Further,
for every interval I2 ⊂ R0 with sup I1 = inf I2, we have X u(inf I1,sup I2) = X uI1‡X

u
I2

and X y(inf I1,sup I2) = (X yI1‡X
y
I2

) ∩ C(I1 ∪ I2,H).

Assumption 2.6. The maps Q̂ : X yRs → L2(Rs,R) and N̂ : X uRs → L2(Rs,R), defined

as (Q̂(y))(t) := Q(y(t)) and (N̂ (u))(t) := N (u(t)), are weakly continuous.

Assumption 2.7. For every c > 0 and interval I ⊆ R0, the set {(y, u) ∈ XzI | JI(y, u) ≤
c} is weakly compact.

Assumption 2.8. For every s ≥ 0, with I = Rs there exists at least one solution
for Problem 2.1 and Vs(z) ≤ 1

2 |R(z)|2R, for a function R ∈ C(H,R) independent of s,
with R(0) = 0.
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Assumption 2.9. For all z ∈ H, we have |P(z)|2R2 ≤ D1(Vs(z)), for a function D1 ∈ I0
independent of s.

Assumption 2.10. For each s ≥ 0 and z ∈ H, it holds the following. For every r > s
there exists a sequence (Tn, T

◦
n)n∈N+ , such that Tn → +∞,

r ≤ T ◦n ≤ Tn < +∞, and lim
n→+∞

VT◦
n

(yz(s,Tn)(T
◦
n)) = 0,

where (yz(s,Tn), u
z
(s,Tn)

) solves Problem 2.1.

Next, we recall the dynamic programming principle.

Lemma 2.11. For every T > s, with IT := (s, T ),

(y, u) ∈ argmin
(y,u)∈XzRs

JRs(y, u)

⇐⇒ (y, u)|IT ∈ argmin
(w,v)∈Xz

IT

(JIT (w, v) + VT (w(T ))) .

Proof. Let us be given a pair (y, u) ∈ XzRs minimizing JRs and a pair (w, v) ∈ XzIT
minimizing JIT (w, v) + VT (w(T )), then by Assumption 2.5 and optimality we find

JRs(y, u) ≤ JIT (w, v) + JRT (y
w(T )
RT , u

w(T )
RT ) ≤ JIT (y, u) + JRT (y

y(T )
RT , u

y(T )
RT )

≤ JIT (y, u) + JRT (y, u) = JRs(y, u), (2.3)

which finishes the proof. �

Corollary 2.12. For (yzRs , u
z
Rs) solving Problem 2.1,

lim
T→+∞

VT (yzRs(T )) = 0 if Vs(z) < +∞. (2.4)

Proof. By Lemma 2.11 and (2.3) in its proof, we have VT (yzRs(T )) = JRT (yzRs , u
z
Rs) =

Vs(z) − JIT (yzRs , u
z
Rs). Due to the integral form of the cost functional (2.2a), we ob-

tain VT (yzRs(T ))→ 0 as T → +∞. �

The main result of this manuscript is as follows.

Theorem 2.13. Let Assumptions 2.4–2.10 hold true. Let z ∈ H and T > s ≥ 0.
Then, there exists a strictly increasing divergent sequence (Tn)n∈N, with s < Tn, as in
Assumption 2.10, such that

lim
n→+∞

J P(s,Tn)(y
z
(s,Tn)

, uz(s,Tn)) = J PRs(y
z
Rs , u

z
Rs),

where (yz(s,T ), u
z
(s,T )) and (yzRs , u

z
Rs) solve Problem 2.1. Furthermore, given an arbi-

trary r > s there exists a subsequence Tσ(n), with Tσ(n) ≥ r, so that the restrictions of
the optimal pairs to (s, r) converge weakly,

(yz(s,Tσ(n))
, uz(s,Tσ(n))

)|(s,r) −−−−⇀X(s,r)

(ŷ, û)|(s,r) , (2.5)

where (ŷ, û) ∈ XzRs solves Problem 2.1.

Proof. We fix s ≥ 0. For an arbitrarily given T > s, denote the time interval IT := (s, T )
and let (yzIT , u

z
IT ) solve Problem 2.1. Then, by optimality,

J PIT (yzIT , u
z
IT ) ≤ J PIT (yzRs |IT , u

z
Rs |IT ) = JIT (yzRs |IT , u

z
Rs |IT ) + 1

2

∣∣P(yzRs(T ))
∣∣2
R

≤ Vs(z) + 1
2

∣∣P(yzRs(T ))
∣∣2
R (2.6)

and, by Assumption 2.9,

J PIT (yzIT , u
z
IT ) ≤ Vs(z) + 1

2D1(VTn(yzRs(T ))),

which implies that

lim sup
T→+∞

J PIT (yzIT , u
z
IT ) ≤ Vs(z), (2.7)
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because, due to (2.4) and the finite cost condition in Assumption 2.8,

lim
T→+∞

1
2D1(VT (yzRs(T ))) = 0. (2.8)

Let us fix an arbitrary r > s and a sequence (Tn, T
◦
n)n∈N+

as in Assumption 2.10:
Tn → +∞ and

lim
n→+∞

VT◦
n

(yzITn (T ◦n)) = 0, r < T ◦n ≤ Tn. (2.9)

Take the restriction (yzITn , u
z
ITn )|(s,T◦

n)
of (yzITn , u

z
ITn ) to IT

◦
n = (s, T ◦n), the state yzIT (T ◦n),

and set

(yT◦
n
,uT◦

n
) = (yzITn , u

z
ITn )|(s,T◦

n)
‡ (y

yz
ITn

(T◦
n)

RT◦
n

, u
yz
ITn

(T◦
n)

RT◦
n

), (2.10)

where (y
yz
ITn

(T◦
n)

RT◦
n

, u
yz
ITn

(T◦
n)

RT◦
n

) solves Problem 2.1. By Assumption 2.5, (yT◦
n
,uT◦

n
) ∈

Xz
IT

◦
n
‡Xy

z

ITn
(T◦
n)

RT◦
n

= XzRs . Thus, by optimality and Assumption 2.8,

Vs(z) = JRs(yzRs , u
z
Rs) ≤ JRs(yT◦

n
,uT◦

n
) = JIT◦

n (yT◦
n
,uT◦

n
) + VT◦

n
(yzITn (T ◦n)).

≤ JITn (yzITn , u
z
ITn ) + VT◦

n
(yzITn (T ◦n)) ≤ J PITn (yzITn , u

z
ITn ) + VT◦

n
(yzITn (T ◦n)), (2.11)

which, together with (2.9), lead us to

Vs(z) ≤ lim inf
n→+∞

J PITn (yzITn , u
z
ITn ). (2.12)

Combining (2.7) and (2.12) we obtain

lim
n→+∞

J PITn (yzITn , u
z
ITn ) = Vs(z). (2.13)

Next, from (2.11), (2.6), (2.8), and (2.9), we have

JRs(yT◦
n
,uT◦

n
) ≤ J PITn (yzITn , u

z
ITn ) + VT◦

n
(yzITn (T ◦n))

≤ Vs(z) + 1
2

∣∣P(yzRs(Tn))
∣∣2
R + 1

2VT◦
n

(yzITn (T ◦n)) ≤ c, (2.14)

with c > 0 independent of n. It follows, by Assumption 2.7, that we can take a subse-
quence (Tσ(n), T

◦
σ(n))n∈N+

of (Tn, T
◦
n)n∈N+

such that

(yn,un) := (yT◦
σ(n)

,uT◦
σ(n)

) −−−⇀
XRs

(y∞,u∞) (2.15)

holds for a suitable (y∞,u∞) ∈ XzRs ⊂ XRs . By Assumption 2.6, combined with (2.14),
(2.8), and (2.9), it follows JRs(y∞,u∞) ≤ Vs(z) and, by optimality,

JRs(y∞,u∞) = Vs(z).

That is, (y∞,u∞) is a minimizer for JRs in XRs . Finally, note that (yn,un)|(s,r) =

(yT◦
σ(n)

,uT◦
σ(n)

)|(s,r) = (yz(s,Tσ(n))
, uz(s,Tσ(n))

)|(s,r) since, recalling (2.9), T ◦n > r.

Therefore, by (2.15) and Assumption 2.7, we find

(yz(s,Tσ(n))
, uz(s,Tσ(n))

)|(s,r) = (yn,un)|(s,r) −−−−⇀X(s,r)

(y∞,u∞)|(s,r) .

Thus, the theorem holds with (ŷ, û) = (y∞,u∞). �

3. Remarks on the assumptions

All assumptions but Assumptions 2.9 and 2.10, concern either the well-posedness of
the dynamical system or properties that we will likely need for the proof of existence
of optimal controls (e.g., as the limit of a minimizing sequence). Hence we focus the
discussion on Assumptions 2.9 and 2.10.
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3.1. The functions Q, P, and R. In the literature, Q is often taken as a norm (e.g.,
Q(y(t)) = |y(t)|H), sometimes just for simplicity. However, in applications it may be
convenient to take Q with nontrivial zeros, Q−1({0}) 6= {0}. An example is the compu-
tation of optimal stabilizing controls for linear systems with a large number D of degrees
of freedom (e.g., given by discrete accurate spatial approximations of autonomous par-
abolic equations). In this case, if Q ∈ Rn×D has low rank n� D (say, n is small when
compared to D) the computation of the solution Π ∈ RD×D of the algebraic Riccati
equation associated with the optimal control (for quadratic cost functionals) can be-
come an easier task, in particular, when the number M � D of actuators is also small,
we can often look for approximations Π>f Πf ≈ Π, where Πf ∈ Rr×D has low rank r � D
(e.g., see the discussion in [11, sects. 4 and 5]).

The choice of P, for the FTH problems, will usually be made depending on a desired
smallness we would like to achieve/enhance for the state at finite time. We take P(·) =
|·|H if we wish the norm of the final state to be small. Assumption 2.9 requires that P
is bounded by the optimal cost. This is natural, and the assumption is made essentially
to avoid some particular settings. For example, assume that we have a system as

ẏ = y, y(0) = y0 ∈ V1,
ẇ = w +Bu w(0) = w0 ∈ V2.

The system is in fact uncoupled. But, if we were uncertain of the modeling and of the
dynamics of the component y, we could assume that it was depending on w. If we would
try to enhance the smallness of the norm of the entire state (y, w) ∈ H = V1 × V2 at
final time, through the minimization of a functional as

1
2 |w|

2
L2((0,T ),V2)

+ 1
2 |u|

2
L2((0,T ),RM ) + 1

2 |(y, w)|2H ,

we can see that, if w0 = 0 and y0 6= 0, then the optimal pairs (y, w, u) satisfy (w, u) = 0
and y(t) = ety0 for both the ITH and FTH problems. However, the optimal costs are

different, the ITH one vanishes, while the FTH ones are given by 1
2e2T |(y0, 0)|2H. Note

that in this case the ITH value function is independent of y, Vs(y, w) = Vs(0, w), and
Assumption 2.9 does not hold for the chosen P(y, w) = |(y, w)|H.

3.2. The (in)stability of the dynamics. Let us consider the linear system

ẏ = Ay +Bu, y(0) = z ∈ RN , (3.1)

with A ∈ RN×N , B ∈ RN×M , state y(t) ∈ RN , and control u(t) ∈ RM , M ≤ N .
For simplicity, we set C = R, P = 0, N (u) = |u|`2 , and Q(y) = |Qy|`2 with Q ∈

Rq×N , q ≤ N . Hence

JI(y, u) = 1
2 |Qy|

2
L2(I,Rq) + 1

2 |u|
2
L2(I,RM ) .

For arbitrary T > 0, with IT = (0, T ), following the proof of Theorem 2.13, with s = 0,
we can find

JIT (yzIT , u
z
IT ) ≤ V0(z), (3.2)

and then the inequality limit (2.7). Within the proof, we have subsequently used
Assumption 2.10 in order to show the reverse inequality limit (2.12), and finally de-
rive the equality (2.13). We can see that if we were able to construct any other se-
quence (ỹzIT , ũ

z
IT ), defined in R0, from the FTH sequences (yzIT , u

z
IT ), such that we

would still have the inequality

JR0
(ỹzIT , ũ

z
IT ) ≤ JR0

(yzR0
, uzR0

),

and such that we could take a subsequence weakly converging to a limit in XzR0
⊂

C(R0,RN ) × L2(R0,RM ), then we could use the optimality of (yzR0
, uzR0

) to conclude
that the limit is a minimizer and, in particular, the convergence of the optimal costs.
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This is, in fact, the approach in [20, Ch. III, sect. 6.3], where the functions (yzIT , u
z
IT )

are simply extended by zero as

(ỹzIT (t), ũzIT (t)) :=

{
(yzIT (t), uzIT (t)), if t ≤ T ;

(0, 0), if t > T.
(3.3)

Note, however, that such sequence (ỹzIT (t), ũzIT (t)) is not in XzR0
because ỹzIT (t) is not

necessarily continuous at t = T . In the case A is stable, to overcome this issue, in [20,
Ch. III, sect. 6.3], the stability of the free dynamics is used to derive that yzIT (T ) ≤ C
for some constant C independent of T , which allow us to place the dynamics equation
in a more general distributional setting and take the limit, leading to the convergence
result; see [20, Ch. III, sect. 6.3] for more details.

For general unstable systems, it is not clear whether we will necessarily have such a
uniform boundedness for yzIT (T ). To illustrate this point, from (3.1) we obtain

y(t) = eAtz +
∫ t
0
eA(t−τ)Bu(τ) dτ

and, by (3.2), we have that

1
2 |Qy

z
IT |

2
L2(IT ,RN ) + 1

2 |u
z
IT |

2
L2(IT ,RM ) ≤ C0

with C0 := V0(z) independent of T . The uniform bound for the control gives us a
uniform bound as

yzIT (T ) = eAT z +
∫ T
0

eA(T−τ)BuzIT (τ) dτ ≤ C,
if A is stable. But, if A is unstable we cannot guarantee such a uniform bound from
a bound for the control alone (e.g., for u = 0 and a suitable z, y(T ) will increase
exponentially as T → +∞).

We have circumvented the need of such uniform bound by making Assumption 2.10,
which, moreover, allow us to remain in the functional space setting, by constructing
appropriate extensions (2.10), in XzR0

, of the FTH solutions, instead of the extensions
as (3.3).

3.3. The necessity of Assumption 2.10. We start with a particular case where As-
sumption 2.10 is a consequence of the other assumptions. For this purpose, let Assump-
tion 2.8 hold true with |R(y)|2R ≤ D2(|Q(y)|2R), where D2 ∈ I0. Then Assumption 2.10
also holds true. Indeed, for every T > s, with

ϑ := min
{
|Q(yzIT (t))|2R

∣∣∣ s+T2 ≤ t ≤ T
}

we find that

T−s
2 ϑ ≤ |Q(yzIT )|2

L2((
s+T
2 ,T ),R)

≤ 2JIT (yzIT , u
z
IT )

and by JIT (yzIT , u
z
IT ) ≤ J PIT (yzIT , u

z
IT ),

ϑ ≤ 4
T−sJ

P
ITn (yzIT , u

z
IT ).

Recalling (2.6) and Assumption 2.9,

ϑ ≤ 4
T−s

(
Vs(z) + 1

2D1(VT (yzRs(T )))
)

=: ΦT .

Thus, choosing T ◦ as

T ◦ := max
{
t ∈ [ s+T2 , T ]

∣∣∣ |Q(yzIT (t))|2R ≤ ΦT

}
,

we obtain, Q(yzIT (T ◦)) → 0, therefore R(yzIT (T ◦)) → 0 and, by Assumption 2.8, we
find VT◦(yzIT (T ◦))→ 0. We can conclude that Assumption 2.10 holds true. Note that,

for a given r > 0, we choose T such that s+T
2 > r.

Next we show that Assumption 2.10 is necessary for a large class of systems. Let
us assume, for simplicity, that our dynamics is autonomous so that the IFT value



8 S. S. Rodrigues

function V = Vs is independent of the initial time s. By the finite cost condition
in Assumption 2.8 the “cost to go” satisfies, see (2.4), lim

t→+∞
V(yzR0

(t)) = 0. Now, if

Assumption 2.10 does not hold, then there are z ∈ H, r > 0, and ε > 0, such that for
all (T, t) ∈ Rr × [r, T ] we have that V(yz(0,T )(t)) ≥ ε. Resuming, we have

lim
t→+∞

V(yzR0
(t)) = 0; inf

t∈[r,T ]
V(yz(0,T )(t)) ≥ ε. (3.4)

Let us fix T0 ≥ r so that V(yzR0
(t)) ≤ 1

2ε for all t ≥ T0.
If the value function is continuous, we have∣∣∣yz(0,T )(t)− y

z
R0

(t)
∣∣∣
H
< δ =⇒

∣∣∣V(yz(0,T )(t))−V(yzR0
(t))
∣∣∣
R
< 1

2ε (3.5)

for some δ > 0. In this case, it follows that necessarily
∣∣∣yz(0,T )(t)− y

z
R0

(t)
∣∣∣
H
≥ δ, for

all T > T0 and all t ∈ [T0, T ], otherwise by (3.5) it would follow that V(yz(0,T )(t)) <

V(yzR0
(t)) + 1

2ε ≤ ε, which would contradict (3.4). We conclude that Assumption 2.10 is
necessary in the case our dynamics is autonomous and the value function is continuous.

3.4. The satisfiability of Assumption 2.10. We have seen that, together with the
other assumptions, Assumption 2.10 is sufficient and necessary for the convergence of
FTH solutions to IFT ones (at least for the meaningful class of autonomous systems
with an associated continuous value function). Thus, in concrete applications we would
like to verify the assumption in order to know whether we can expect such convergence.
While the verification of the other assumptions is expected to follow, in general, by
standard arguments, the verification of Assumption 2.10 may require extra work. We
shall revisit this point for the concrete examples addressed in the simulations.

4. Numerical examples

We illustrate the derived result. We consider illustrative examples given by a non-
linear autonomous ode and by a nonautonomous time-periodic linear ode, followed by
the pde Schlögl model for non-equilibrium phase transitions in chemical reactions [25].

4.1. A scalar nonlinear equation. We consider the system

ẏ = y2n−1 + u, y(0) = z ∈ R, (4.1a)

with n ∈ N+, u = u(t) ∈ R, and the cost

JI(y, u) :=
1

2

∫
I

1

2n− 1
y(t)4n−2 + u(t)2 dt. (4.1b)

In this case, we can find the optimal ITH solutions analytically. The ITH value func-
tion Vs(z) = V(z) is independent of s, given by

V(z) = 1
2nwz

2n, (4.2a)

where w solves the Riccati equation

0 = 2w − w2 + 1
(2n−1) . (4.2b)

Indeed, as we show next, V solves the Hamilton–Jacobi–Bellman equation

0 = ∂
∂tV + min

u
{ ∂∂zV(f0(y) + u) + JI(y, u)}, (4.3)

where

f0(y) := y2n−1; JI(y, u) := 1
4n−2y

4n−2 + 1
2u

2.
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Observe that, denoting W (y) := ∂
∂yV(y) = wy2n−1, by (Karush–Kuhn–Tucker) first

order optimality conditions we can find that an optimal pair (y, u) satisfies u(t) =
−W (y(t)), hence

∂
∂tV + min

u
{ ∂∂zV(f0 + u) + JI} = ∂

∂tV +W (f0 −W ) + 1
4n−2y

4n−2 + 1
2W

2

= ∂
∂tV +Wf0 − 1

2W
2 + 1

4n−2y
4n−2 = ∂

∂tV + wy4n−2 − 1
2w

2y4n−2 + 1
(4n−2)y

4n−2.

It is well known (as a consequence of the dynamic programming principle) that, for ITH
problems and autonomous dynamics, we have that ∂

∂tV = 0, which together with (4.2b)
give us that V solves (4.3), since

∂
∂tV + min

u
{ ∂∂zV(f0 + u) + JI} = 0 + (2w − w2 + 1

(2n−1) )y
4n−2 = 0.

The two solutions of (4.2b) are

w± = 1
−2

(
−2±

√
4 + 4(2n− 1)−1

)
= 1∓ ξn

and since the value function is nonnegative, we find

w = wn := 1 + ξn, with ξn :=
√

1 + (2n− 1)−1,

which leads us to the dynamics ẏ = y2n−1+u = y2n−1−wny2n−1, that is, the solution y =
y∞ of the ITH optimal control problem satisfies, for t > 0,

ẏ∞ = −ξny2n−1∞ , y∞(0) = y0. (4.4)

We compute y∞ numerically, for time t ∈ [0, 4], which we then compare with the
computed solutions yT corresponding to the FTHs for T ∈ {1, 2, 3, 4}. We also compare
these solutions with the plotted analytic expression yex for the solution of (4.4), namely,

yex(t)=

{
y0e−ξnt, , n = 1;

(y−2n0 + 2(n− 1)ξnt)
− 1

2(n−1) , n > 1.
(4.5a)

Further, we compare the value function (4.2a),

V(t) = 1
2nwny

2n
0 = 1+ξn

2n y2n0 (4.5b)

with the computed costs JT = J 0
(0,T )(y

y0
(0,T ), u

y0
(0,T )) for the FTHs problems in (0, T ).

We present the results of simulations for the case n = 2, with y0 = 1. Note that the
solution of the free dynamics blows up in finite time, hence we only plot the controlled
solutions in Fig. 1. We can see that the FTH optimal pairs (yT , uT ) approximate the
ITH one (y∞, u∞). The evolution of the norms of the components of the error (yT −
y∞, uT − u∞) is shown for time t ∈ [0, 1] (i.e., (s, r) = (0, 1) in (2.5)). Thus, the
simulations agree with the theoretical result.

Remarks on the assumptions. Concerning the verification of the assumptions in
section 2, we can take X u = L2(I,R) and X y = W 1,2(I,R) ↪−→ C(I,R). The cost (4.1b)

corresponds to taking P(w) = 0, Q(y) = (2n− 1)−
1
2 y2n−1, and N (u) = u in (2.2b)

We restrict ourselves to the verification of Assumption 2.10. In fact, it is enough
to show that our problem can be placed into the particular setting, with |R(y)|2R ≤
D2(|Q(y)|2R), discussed in section 3.3 to conclude that Assumption 2.10 is satisfied.

To this end, recalling (4.5b), we note that |Q(y)|2R = 1
2n−1y

4n−2 = βn(V(y))
4n−2
2n ,

with βn := 1
2n−1 ( 2n

1+ξn
)

4n−2
2n . Now, we can take R =

√
2V (cf. Assum. 2.8), and obtain

|R(y)|2R = D2(|Q(y)|2R), with D2(w) := 2( 1
βn
w)

2n
4n−2 .

Remarks on computational details. We computed optimal solutions yT , for (4.1),
by solving the corresponding first-order optimality system iteratively by following a
gradient descent algorithm with Barzilai–Borwein steps [10]. In particular, we have
followed [5, 6], where we find applications to control problems.
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Figure 1. Nonlinear dynamics (4.1): n = 2.

4.2. A time-periodic linear dynamics. We consider the time-periodic dynamics

ẏ = Ay +Bu, y(0) = z ∈ R2×1, (4.6a)

with A(t) = ϕ(t)

[
1 1
1 −3

]
, B =

[
0
1

]
, (4.6b)

where ϕ(t) = 1 + | cos(πt)|, (4.6c)

with control u = u(t) ∈ R, and minimize, the classical energy cost J PI = J PI (y, u) as

J PI = 1
2 |y|

2
L2(I,R2) + 1

2 |u|
2
L2(I,R) + 1

2χ |y(ι1)|2R2 (4.6d)

with χ ≥ 0. Hence, Q(y) = |y|`2 , N (u) = u, and P(w) =
√
χ

1
2 |w|`2 .

We take the initial state z = y0 =
[
1 0

]>
and present results for the cases χ ∈ {0, 1}.

We can see that the free dynamics (u = 0) is unstable. Indeed, the eigenvectors of A(t)

are time-independent and given by e± = (1,−2 ±
√

5) with associated time-dependent

eigenvalues α± := ϕ(t)(−1±
√

5). Then, writing z = z+e+ + z−e− we find z+ 6= 0 and
decomposing the solution as y(t) = y+(t)e+ + y−(t)e−, we find

ẏ± = α±y±, y±(0) = z±,

and y±(t) = e
∫ t
0
α±(τ) dτz±. In particular, |y(t)|R2 ≥ |y+(t)|R ≥ et |z+|R → +∞.

By the (nonautonomous) Kalman-like rank condition [26, Thm. 3], the controllability
at any positive time T > 0 follows from the fact that the matrix

[
B −A(t)B

]
has full

rank (for every t > 0). In particular, the ITH optimal control problems are well defined
(e.g., by taking a control driving the system to y(T ) = 0 and switching the control off
for t > T ).
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Note that ϕ is time-periodic with period $ = 1. We know that the optimal control
is defined, for FTHs (cf. [27, Part III, sects. 1.3 and 1.4]), by the nonnegative solution
of the differential Riccati equation

Π̇T +A>ΠT + ΠTA−ΠTBB
>ΠT + 1 = 0, (4.7a)

ΠT (T ) = χ1, t ∈ (0, T ), (4.7b)

and, for the ITH (cf. [9, 24]), by the nonnegative solution of the periodic Riccati equation

Π̇∞ +A>Π∞ + Π∞A−Π∞BB
>Π∞ + 1 = 0, (4.7c)

Π∞(t) = Π∞(t+$), t ∈ (0,+∞). (4.7d)

Namely, the optimal pairs satisfy,

uzT = −B>ΠT y
z
T , ẏzT =

(
A−BB>ΠT

)
yzT ,

uz∞ = −B>Π∞y
z
∞, ẏz∞ =

(
A−BB>Π∞

)
yz∞,

with yz∞(0) = z = yzT (0). The results for χ = 0 are shown in Fig. 2. We can see that
the FTH solutions converge to the ITH one. The same convergence is observed in Fig. 3
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Figure 2. Time-periodic dynamics (4.6). Case χ = 0.

for χ = 1. Further, we observe that the smallness of |y(T )|`2 is enhanced for χ = 1.

Remark 4.1. For (4.6), the norm of the state is strictly increasing at time t = 0, for
every control u(t). Indeed,

d
dt |y(t)|2R2 = 2(Ay(t) +Bu(t), y(t))R2

and, using y>0 B = 0 and ϕ(0) = 2,

d
dt |y(t)|2R2 |t=0 = 2y>0 (A(0)y0 +Bu(0)) = 4.
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Figure 3. Time-periodic dynamics (4.6). Case χ = 1.

Remarks on the assumptions. We can set X uI = L2(I,R) and X yI = W 1,2(I,R2) ⊂
C(I,R2), and verify all the assumptions. Here, we restrict ourselves to Assumption 2.10,
which we verify by placing our problem in the particular setting discussed in section 3.3,
|R(y)|2R ≤ D2(|Q(y)|2R). To this end, we recall that for matrix linear problems in qua-
dratic costs, the ITH optimal cost is given by 1

2z(t)
>Π∞(t)z(t) where Π∞ solves the

Riccati equation in (4.7). Since ϕ is continuous and bounded, we can show that there

will exist a constant C > 0 such that, for all s ≥ 0 and all z ∈ R2, Vs(z) ≤ C |z|2`2 .

Thus, by setting R =
√

2V (cf. Assum. 2.8) we arrive at |R(y)|2R ≤ 2C |Q(y)|2R.

Remarks on computational details. For (4.6), the optimal solutions were found by
solving the Riccati equations in (4.7); following [24].

4.3. The Schlögl parabolic equation. We consider the semilinear Schlögl model

∂
∂ty = ν∆y − (y − ζ1)(y − ζ2)(y − ζ3) +Bu, (4.8a)

y(0) = y0 ∈ H, ∂
∂xy(0, t) = 0 = ∂

∂xy(1, t), (4.8b)

in the spatial interval Ω := (0, 1) under homogeneous Neumann boundary conditions,
and with

ν = 0.1, ζ = (−1, 0, 2), y0(x) = cos(2πx2). (4.8c)

We take the cost functional as

JR0
:= 1

2γ |PEN y|
2
L2(R0,H) + 1

2 |u|
2
L2(R0,RM ) , (4.8d)

where PEN : H → EN is the orthogonal projection in H := L2(Ω) onto the space EN
spanned by the first N eigenfunctions of the Neumann Laplacian, that is, Q(y) =

γ
1
2 |PEN y|H , N (u) = |u|`2 , and P = 0.
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The controls are subject to box constraints

− Cu ≤ uj(t) ≤ Cu, for all 1 ≤ j ≤M,

for a given constant Cu > 0. The existence of stabilizing controls has been shown in [7]
for actuators taken as indicator functions 1ωj of the spatial subdomains

ωj := (cj − %
2M , cj + %

2M ), cj := 2j−1
2M , 1 ≤ j ≤M,

where % ∈ (0, 1). Hence, Bu :=
M∑
j=1

uj(t)1ωj .

We present numerical results for the case

γ = 50, Cu = 30, N = 20, M = 12, % = 1
10 .

The initial state and some other time-snapshots of the solution of the free-dynamics
(u = 0) are shown in Fig. 4(a). In particular, we see that the state converges to the

0 0.5 1
-1

0

1

2

(a) Free dynamics.

0 0.5 1
-6

-4

-2

0

(b) With optimal control.

Figure 4. Evolution of the state of (4.8).

equilibrium yeq3(x, t) := ζ3 = 2. On the other hand, in Fig. 4(b) we see that the FTH
optimal control solutions, in I = (0, T ), with T = Ti as

(T1, T2, T3, T4, T5, T6) := ( 3
10 ,

5
10 ,

6
10 ,

7
10 ,

8
10 , 1),

do likely approximate an ITH solution, which converges exponentially to zero, as wanted.
Now, unfortunately, we do not know an optimal solution (y∞, u∞) of the ITH, so we

cannot compare it with the FTH ones as we did for (4.1) in Fig. 1 and for (4.6) in Figs. 2
and 3. Thus, in order to support the likely ITH limit observed in Fig. 4(b), we show
the differences in Fig. 5, restricted to the time interval (0, 3

10 ) = (0, T1) (cf. (2.5)).
Finally, Fig. 6 shows the evolution of the control coordinates (for the cases T ∈

{ 3
10 , 1}).

Remarks on the assumptions Recalling the well-posedness of strong solutions we
set H = H1(Ω), X uI = L2(I,RM ) and X yI = {y ∈ L2(I,D(A)) | ẏ ∈ L2(I,H)},
where D(A) = {w ∈ H2(Ω) | ∂w∂x (0) = 0 = ∂w

∂x (1)} is the domain of the shifted Neumann
Laplacian A = −ν∆ + 1. Again, we can verify all the assumptions. Here, we only ad-
dress Assumption 2.10. Observe that, now we cannot place our problem in the particular
setting discussed in section 3.3, |R(y)|2R ≤ D2(|Q(y)|2R), because the optimal cost does

not vanish in the kernel Q−1({0}) of Q = γ
1
2 |PEN y|H . Indeed, Q−1({0}) = E⊥N coincides

with the orthogonal complement E⊥N of EN , in H = L2(Ω). Note that, every h ∈ E⊥N
has zero mean, (h, 1)H = 0, which is a property preserved by the Neumann Laplacian,
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Figure 5. Convergence for (4.8).
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Figure 6. Control input for (4.8).

but not by the nonlinearity g(y) := −y(y + 1)(y − 2), with ζ as in (4.8c). For example,
for ψ(x) := cos(Nπx) ∈ E⊥N , we find

ξ := (g(ψ), 1)H = (−ψ3 + ψ2 + 2ψ, 1)H ,

and recalling that ψ2 = 1+cos(2Nπx)
2 , we obtain ξ = 1

2 . Recall that, the constant func-
tion 1 is in EN . This means that Vs(ψ) 6= 0 and, since Q(ψ) = 0, we cannot find R
satisfying both |R(w)|2R ≤ D2(|Q(w)|2R) and Vs(w) ≤ 1

2 |R(w)|2R (cf. Assum. 2.8).
Therefore, we need another argument to verify Assumption 2.10. For this purpose, let

(yT , uT ) := (yz(s,T ), u
z
(s,T )) solve Problem 2.1. We decompose the state as yT = YT + qT ,

with qT = PEN yT . We note that

(g(y), y)H = (−y2 + y + 2, y2)H ≤ C1 |y|2H
with C1 = max{−w2 +w+ 2 | w ∈ R}. Thus, standard energy estimates, will lead us to

d
dt |yT |

2
H ≤ − |yT |

2
H + C2 |yT |2H + C2 |BuT |2H

≤ − |YT |2H + 2C2 |YT |2H + 2C2 |qT |2H + C2 |BuT |2H
≤ −(αN+1 − 2C2) |YT |2H + 2C2 |qT |2H + C2 |BuT |2H

where αN+1 = νN2π2 + 1 is the (N + 1)st eigenvalue of A and |yT |2H := (AyT , yT )H is a
norm equivalent to the usual H1(Ω)-norm. For large N we have κ := αN+1 − 2C1 > 0.
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Then, integrating over IT = (s, T ),

|yT (T )|2H + κ |YT |2L2(IT ,H) ≤ |z|
2
H + 2C2 |qT |2L2(IT ,H) + C2 |BuT |2L2(IT ,H)

≤ |z|2H + C3Vs(z).

By the results in [7, Thm. 2.1], for sufficiently large M and Cu we have the existence
of a linear feedback operator the saturation of which gives us a feedback control, which
stabilizes exponentially our system in the H-norm. Then, necessarily Vs(z) ≤ C4 |z|2H ,

and it follows |YT |2L2(IT ,H) ≤ C5 |z|2H and |yT |2L2(IT ,H) ≤ C6 |z|2H . Thus, we must have

|yT (T ◦)|2H ≤
2

T−sC6 |z|2H for some T ◦ ∈ [T+s
2 , T ]. Hence, we can choose a sequence as

in Assumption 2.10.

Remarks on computational details As in section 4.1, we found the minimizer by
solving the first-order optimality system iteratively through Barzilai–Borwein time steps.
To solve the state and adjoint equations from the optimality system, as spatial discretiza-
tion we used piecewise linear finite elements, and as temporal discretization we used a
Crank–Nicolson–Adams–Bashford scheme.

5. Concluding remarks

We have shown that for a class of systems (possibly unstable and nonlinear) we can
approximate an optimal solution of a class of ITH optimal control problems by a limit
of a sequence of analogous FTH optimal control problems. This has been validated
by numerical simulations performed for both ode and pde models. In section 4.1 we
considered a nonlinear dynamics for which we could derive the exact analytic expression
for the dynamics of the ITH optimal solutions. In section 4.2 we addressed a time-
periodic linear dynamics, and finally, the semilinear Schlögl parabolic model was taken
in section 4.3 under control box constraints.

The result has been derived under general assumptions, namely, we assume the ITH
cost to be finite and several assumptions that can be verified for a large class of con-
crete systems. The only assumption that will likely be more difficult to check for a
given concrete system is Assumption 2.10. This assumption is, however, necessary for
a meaningful class of problems, as discussed in section 3.3, and we have paid particu-
lar attention to its verification, for the problems considered in the numerical examples;
the arguments in there can be used for other problems as well. Roughly speaking, the
function Q in the integral penalization of the state should “cover the/a most unstable
part” of the dynamics, which reminds us of detectability properties.

Acknowledgments. The author acknowledges partial support from the Upper Austria
Government and the Austrian Science Fund (FWF): P 33432-NBL. He also thanks Be-
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