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APERY LIMITS FOR ELLIPTIC L-VALUES
CHRISTOPH KOUTSCHAN AND WADIM ZUDILIN

ABSTRACT. For an (irreducible) recurrence equation with coefficients from Z[n]
and its two linearly independent rational solutions uy,,v,, the limit of w, /v, as
n — 00, when exists, is called the Apéry limit. We give a construction that realises
certain quotients of L-values of elliptic curves as Apéry limits.

Apéry’s famous proof [10] of the irrationality of ((3) displayed a particular phe-
nomenon (which could have been certainly dismissed if discussed in the arithmetic
context of some boring quantities). One considers the recurrence equation

(n+1)2v0 — 2n+1D(AT* +1Tn +5)v, + n’v,_1 =0 forn=1,2,.... (1)

and its two rational solutions wu, and v,, where n > 0, originating from the initial
data ug = 0, u; = 6 and vg = 1, v; = 5. Then v, are in fact integral for any n > 0
and the denominators of u,, have a moderate growth with n— certainly not like n!3
as suggested by the recursion—but O(C™) as n — oo, for some C' > 1. Namely,
D3u,, € Z for all n > 1, where D,, denotes the least common multiple of 1,2, ..., n;

the asymptotics DY™ s easn — cois a consequence of the prime number theorem.
An important additional property is that the quotient u, /v, — ((3) as n — oo (and
also u, /v, # ((3) for all n); even sharper: v,((3) — u, — 0 as n — oo; and at the
highest level of sharpness we have D3(v,((3) —u,) — 0 as n — oco. It is the latter
sharpest form that leads to the conclusion ((3) ¢ Q. But already the arithmetic
properties of w,,v, coupled with the ‘irrational’ limit relation u,/v, — ((3) as
n — oo are phenomenal.

One way to prove all the above claims in one shot is to cast the sequence I,, =
v,((3) — u,, as the Beukers triple integral [4]

A routine use of creative telescopmg machlnery, based on the Almkvist—Zeilberger
algorithm [2] (in fact, its multivariable version [3]), then shows that I,, indeed sat-
isfies , while the evaluations Iy = ((3) and I; = 5((3) — 6 are straightforward.
The arithmetic and analytic properties follow from the analysis of the integrals I,
performed in [4]; more practically, they can be predicted/checked numerically based
on the recurrence equation (1f).

A common belief is that we have a better understanding of the phenomenon these
days. Namely, we possess some (highly non-systematic!) recipes and strategies (see,
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for example, [1}, 6], [7, 13} (15, [16]) for getting other meaningful constants ¢ as Apéry
limits —in other words, there are (irreducible) recurrence equations with coefficients
from Z[n] such that for two rational solutions u,, v, we have u, /v, — ¢ as n — 0o
and the denominators of u,, v, are growing at most exponentially in n. (We may also
consider weak Apéry limits when the latter condition on the growth of denominators
is dropped.) Though one would definitely like to draw some conclusions about the
irrationality of those constants ¢, this constraint for the arithmetic to be in the
sharpest form would severly shorten the existing list of known Apéry limits; for
example, it would throw out Catalan’s constant from the list. A very basic question
is then as follows.

Question. What real numbers can be realised as Apéry limits?

Without going at any depth into this direction, we present here a (‘weak’) con-
struction of Apéry limits which are related to the L-values of elliptic curves (or of
weight 2 modular forms). The construction emanates from identities, most of which
remain conjectural, between the L-values and Mahler measures.

Consider the family of double integrals
T 1/2 )n—1/2yn—1/2(1 _ y)n
/ / (1 = zay) 1/ drdy

_ 3F("+1) o (nt+3n+5n+3
F(2n+1)F(2n+§) P\ 2n+1,2n+ 2

Thanks to the nice hypergeometric representation, a recurrence equation satisfied by
the double integral can be computed using Zeilberger’s fast summation algorithm [3]
14], which is based on the method of creative telescoping. It leads to the following
third-order recurrence equation:

42*(2n +1)*(n + 1)*(16(272 — 32)n* — 16(692 — 86)n°
+ 8(108z — 143)n* — 4(55z — 76)n + 3(7z — 10)) Jys1
2%(256(3z + 8)(27z — 32)n® — 256(3z + 8)(15z — 22)n”
— 64(6512% + 6612 — 1744)n° + 192(592* — 186)n°
+16(15032% + 697z — 3610)n* — 16(792% — 290z + 116)n?
— 4(569z% — 381z — 580)n” + 4(112* — 44z + 18)n + 3(4z + 3)(7z — 10)) J,
+ 4n(64(32* — 202 + 16)(272 — 32)n" — 384(32* — 20z + 16)(7z — 9)n°
— 16(4112° — 26982 4 39882 — 1696)n° + 64(1832° — 13722% + 23392 — 1134)n*
+4(5312% — 140022 — 424z + 1240)n® — 8(5712% — 40012* + 6532z — 3060)n>
+ (1512° — 47422 + 115962 — 6888)n + 12(142° — 29z — 30)(z — 1)) Jps
+4n(n —1)(2n — 3)*(z — 1)(16(27z — 32)n* + 48(13z — 14)n®
+8(182 — 11)n® — 4(192 — 24)n — (72 +6)) Jp_z = 0.

) // \/xl—ixdy1—zxy)’

Furthermore, if we take
11

Az) = Jofz >—2W3F2(5 3
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Z) B /o1 V(1 —(Z(l —zz)

11
p1(2) :72F1(2’12

_1 1 L1 =
P2(2):7T2F1( 202 Z) :/ Y,
1 0o va(l —x)
then Jy(z) = A\(2),
344z 5(1 —2) 13
Ji(z) = — 1.2 A— = pl‘i‘@p%
o(2) 105 + 480z + 6422 At 3151 — 2167z — 98422 7247 + 3452z
z) = _ :
2 6421 14424 . 28824 1

in other words, each J,(z) is a Q(z)-linear combination of \(z), p1(z), p2(2). For
271 € Z\ {£1} we find out experimentally that the coefficients a,,, b,, ¢, (depending,
of course, on this 271) in the representation

In(2) = apA(2) + bpp1(2) + crp2(2)
satisfy
224 q,, . 2" D2 b,, 2"2*"D3 ¢, € 7 for n=0,1,2,....

Now observe that

det <J" J"“) = det (a" a”“) - A(2) + det (b” b”“) -p1(2)
Cn  Cpt1 Cn  Cn+1 Cp Cp+1

forn=0,1,2,.... The sequences
A, = det (a” a"“) and B, = —det (b” b”“)
Cpn  Cn41 Cn Cp+1

satisfy the following third-order (again!) recurrence equation which is the exterior
square of the recurrence for J,,:

A(n +1)(n+2)*(2n + 1)*(2n + 3)2"po(n)po(n — 1) Ay
—4(n+1)*(2n +1)*2"po(n — 1) (64(32* — 20z + 16)(27z — 32)n’
+64(32% — 202 + 16)(1472 — 170)n° + 16(33692" — 266782% + 44012z — 20576)n°
+16(24572% — 2091822 4 343762 — 15896)n*
+ 4(8432% — 168082% + 294322 — 13736)n” — 4(14452° — 67942% + 9600z — 4144)n”
— (7412° — 69222° + 10772z — 4728)n + 2°(131z — 66)) A,
—n(2n — 1)*(1 — 2)2*po(n + 1)(256(3z + 8)(27z — 32)n®
— 256(3z + 8) (152 — 22)n" — 64(6512% + 661z — 1744)n® + 192(592* — 186)n°
+16(150322 + 697z — 3610)n* — 16(792* — 2902 + 116)n®
— 4(5692% — 3812 — 580)n” + 4(112 — 44z + 18)n + 3(4z + 3)(72 — 10)) A1
—4(n —1)n*(2n — 3)*(2n — 1)*(1 — 2)*po(n)po(n + 1) A, _5 = 0,
where

po(n) = 16(27z — 32)n* 4+ 48(13z — 14)n® + 8(182 — 11)n? — 4(19z — 24)n — (72 + 6)
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and
13 39522 — 10512 + 591
Ao= o, A= TE TR
222 7226
s — 151962* — 20155123 + 54809122 — 543600z + 183120
2 3600210 ’
and
111722 — 2299z + 1182
By — B, —
0 07 1 7226 )
B — 68672* — 6554723 4 15643022 — 1435302 + 45780
2 450210 '
Furthermore, by construction
’ B, A
im — = —
n—00 An P1

and, still only experimentally and for 27! € Z \ {#1},
222020 Dy (n + 1) (2n + 1)%A,,, 227222 D2 (n+1)(2n +1)*B, € Z

for n =0,1,2,.... In other words, the number \/p; (but also the quotients \/ps
and py/p2) are (weak) Apéry limits for the values of z in consideration.

For real k > 0 with k% € Z \ {0, 16}, the Mahler measure
pB) =m(X + X'+ Y+ Y+ k)

1

dXx dy
= // log| X + X '+ Y +Y ' + k|

X v

is expected to be rationally proportional to the L-value

N
/
L'(E,0) = 2m)? L(E,?2)
of the elliptic curve £ = E, : X + X1+ Y +Y !+ k = 0 of conductor N =
N, = N(E). This is actually proven [5] when k = 1, v/2, 2, 21/2 and 3 for the
corresponding elliptic curves 15a8, 56a1, 24a4, 32al and 21a4 labeled in accordance
with the database [9]; the first number in the label indicates the conductor.
For the range 0 < k£ < 4 we have the formula

thus linking (k) to z=1/2\(2)/m at z = k?/16. Furthermore, the quantity z='/2p;(2)
in this case is rationally proportional to the imaginary part of the nonreal period of
the same curve, while 271/2p,(2) is a Q-linear combination of the imaginary parts of
the nonreal period and the corresponding quasi-period. It means that in many cases
we can record z~'/2p;(2) as a rational multiple of the central L-value of a quadratic
twist of the curve E. For example, when k = 2/2 (hence z = 1/2) the quadratic
twist of the CM elliptic curve of conductor 32 coincides with itself and we have

A(%) — 2\2 7 L/(E,0) = 16\/5@ and py (%) — W2 L(E, 1),
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so that the recursion above with the choice z = 1/2 realises the quotient L(FE,2)/
(mrL(E,1)) as an Apéry limit for an elliptic curve of conductor 32. When k = 1 we
get

1

1
d ( ):—LE,_,1
and  pi{ 76 ) =5 LB, X-4, 1)

for the twist of the elliptic curve by the quadratic character y_4 = (;4); this means
that the quotient L(F,2)/(nL(E,x_4,1)) for an elliptic curve of conductor 15 is
realised as an Apéry limit.

Clearly, the range 0 < k < 4 has a limited supply of elliptic L-values. When
k > 4, one can write

L(E.2)

A(%) — 87L/(E,0) = 30

where

1++v1—2x

-1/2(1 “1/2(] _ 5 )1/24-1/2
/ / (1 —z2) Py 17 dy
1 - (1 —zx)y

71/2 -1/2(1 _ 1/2(1 _ ,\—1/2
_ Z/ / (1—2/2)2(1 —y) Ao dy,
(1 —y)+yZ

with Z = 271 > 1. At this point we see that the integrals resemble the integrals

_]1_ hkl_ l
Z—lm// T ':E y( y) dﬂ?dy,

+ yZ)J-i-k m—+1

with h, 7, k, [, m non-negative mtegers appearing in the linear independence results
for the dilogarithm [111, [12]. This similarity suggests looking at the family

/ / e 1/2 )2n—1/2<1 _ JI/Z)l/Qyn(l _ y)n—l/Q & dy
(z(1 —y) +y2)"* ’

where Z = 27! is a large (positive) integer. We tackle this double integral by iterated
applications of creative telescoping: while the first integration (no matter whether
one starts with x or with y) can be done with the Almkvist—Zeilberger algorithm, the
second one requires more general holonomic methods, since the integrand is not any
more hyperexponential. Using the Mathematica package HolonomicFunctions [§],
where these algorithms are implemented, we find that the integral L, (Z) satisfies
a lengthy fourth-order recurrence equation. Moreover, it turns out that L,(Z) is a
Q(Z)-linear combination of py = p1(1/2), pa = p2(1/Z), 01 = Lo(Z) and

—1/2 1/2( _ I/Z)l/Z(l _ y)1/2
// z(l—y)+yZ drdy

One can produce a recurrence equation out of the one for L, (Z) to cast, for example,
o1/p1 as an Apéry limit. Because this finding does not meet any reasonable aesthetic
requirements and does not imply anything (to be claimed) irrational, we leave it
outside this note.
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