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Abstract

Single Conjugate Adaptive Optic systems use the light of one bright guide star
and a deformable mirror to correct for the loss of image quality of earthbound astro-
nomical telescopes caused by turbulences in the atmosphere. The system achieves
best correction in guide star direction. The imaging quality of the scientific ob-
ject, which is usually seperated from the guide star, can further be improved if the
turbulence distribution is known. We propose to use wavefront sensor measure-
ments from the past to recover the turbulence in the atmosphere. Mathematically,
a limited angle tomography problem has to be solved. We present a model for the
related tomography equations and discuss solvability and uniquenss of the solu-
tions. Based on our analysis we develop an algorithm for the inversion and obtain
a first numerical reconstruction.
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1 Introduction

Figure 1: Sketch of SCAO system, taken from [4].

The image quality of modern earthbound astronomical telescopes suffers heavily from
turbulences in the atmosphere. Patches of warm or cold air, located in layers of the
atmosphere, distort the light coming from the scientific objects of interest, resulting
in blurred images. This effect is in particular pronounced for the new generation of
Extremely Large Telescopes (ELT) which are currently under construction. A remedy
is the use of Adaptive Optics (AO): These systems correct the aberrations of the in-
coming wavefronts of the scientific object by means of one or more deformable mirrors
(DM). Based on measurements of the incoming wavefronts from one or several guide
stars, the mirror shape is chosen such that the distortions from the incoming wavefront
are corrected in the reflected wavefront. For a detailed description of the principles of
Adaptive Optics we refer to [26, 27, 7].

Figure 2: Correction of a wavefront by a deformable mirror [2].

There are different modes of operation for AO. The first - and simplest - is Single Con-
jugate Adaptive Optics (SCAO), see Fig. 1. It is used if the scientific object is close
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to a bright star that acts as a Natural Guide Star (NGS). As a point source that is
far away, the incoming light from the NGS resembles a plane wave that is distorted
by the turbulences in different layers of the atmosphere. A wavefront sensor (WFS)
measures the incoming wavefront, and an Real Time Computing (RTC) system deter-
mines a shape of the DM that flattens the wavefront of the NGS, see Fig. 2, which is
now recorded as a sharp image. As the light from the nearby scientific object passes
through nearly the same part of the atmosphere the DM also corrects its image.
For objects that have no NGS nearby, tomography based AO systems are suitable.
These systems use multiple guide stars - both natural and artificial - , each equipped
with a wavefront sensor, and deformable mirrors for correction. Artificial guide stars are
created by laser beams and therefore are called Laser Guide Stars (LGS). They are used
whenever no suitable NGS is close by. Modern AO systems, e.g. for the ELT, will be
equipped with up to 6 LGS. The incoming wavefronts from the different Guide Stars are
used for a tomography of the atmosphere, i.e., the turbulence distribution of the atmo-
sphere above the telescope is reconstructed. The underlying mathematical problem is a
limited angle tomography and therefore severely ill-posed [3, 17]. However, as we only
strive to reconstruct a layered atmosphere composed of a finite number of layers, the ill-
posedness of the problem is somewhat mitigated, see [18]. Three different AO systems
are based on atmospheric tomography: Multi Conjugated Adaptive Optics (MCAO),
Laser Tomography (LTAO) and Multi Object Adaptive Object (MOAO). LTAO uses the
reconstructed atmosphere and one DM which is deformed s.t. the scientific object of
interest is optimally sharpened. MOAO is based on the same concept, but uses several
mirrors that are optimized to sharpen separated objects at the same time. In contrast,
MCAO uses up to three different mirrors, conjugated to different heights, to achieve a
high imaging quality on a large connected patch of the sky, thus allowing to observe
larger structures. See also Fig. 3 for the different systems. Let us finally remark that all
computations required for the control of the DMs need to be done in real time, and have
to be repeated about every 2ms for the full observation process. For further information
on the systems we refer to [14, 1, 24, 20, 5] and for the mathematics of atmospheric
tomography we refer to [8, 6, 10, 11, 33, 12, 9, 25, 32, 31, 23, 29, 22, 15, 34, 30, 21].

Figure 3: Different operating modes of AO systems. Light blue marks the area of
corrected imaging quality [2].

As mentioned above, the imaging quality for a SCAO system decreases the further
the scientific object is away from the Guide Star. A knowledge of the turbulence
distribution of the atmospheric layers would therefore also be useful in the SCAO case,
as it would allow for a better estimate of the wavefront aberration in the direction of the
observed object. Of course, a tomography of the atmosphere based on measurements
from one direction is impossible. Our idea of a tomography-like reconstruction of the
atmosphere for SCAO is based on the fact that the layers are blown over the telescope
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by a - at least on small time scales - constant wind velocity while the layers themself
are not changing (frozen flow assumption, see, e.g., [27]). Please note that wind speed
and direction might be different for each layer. Basically, the measurements from the
wavefront sensor at different time steps are created by shifted turbulent layers. As
we will see, the connection of the data for a certain number of time steps and the
turbulence of the layers can be described by a system of equations that is very similar
to the atmospheric tomography. We may add that frozen flow assumption has been
used previously for a better estimate of the measured wavefront [19].

The paper is organized as follows: In Section 2.1 we give a short overview about wave-
front reconstruction from sensor measurements in SCAO. In Section 2.2 the tomogra-
phy operator for SCAO will be derived, whereas Section 2.3 focuses on solvability and
uniqueness of the resulting operator equation. Section 2.4 decomposes the tomography
operator on a rectangular domain using the Fourier basis of  L2pr´R,Rs

2q. Section 3
contains the description of the reconstruction algorithm, the test setting and numerical
results of a simulation to test the feasibility of our approach. We close with a short
summary and an outlook to future work.

2 A mathematical approach for Tomography for SCAO

In this section we will present the general idea of SCAO - Tomography as well as
the related tomography equations. The Fourier representation of this operator on
a rectangular domain allows to derive conditions for the (unique) solvability of the
problem. As a consequence, conditions on the model of the atmosphere and the number
of time steps used for the reconstruction can be derived.

2.1 Wavefront reconstruction for SCAO

Figure 4: Sketch of a Shack-Hartmann Sensor with 16 subapertures. The deviation of
the center of the recorded spots from the center of each subaperture Ωi (in x and y
direction are the measurements psix, s

i
yq [2].

As already mentioned in the introduction, SCAO is the simplest AO system, utilising
one deformable mirror, optically conjugated to the ground layer of the atmosphere,
and one wavefront sensor. The telescope is positioned such that the NGS is located
in the centre of the field of view and the light emitted from the NGS approximately
propagates in direction of the zenith to the telescope aperture. The WFS measures
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the incoming wavefront of the NGS, i.e., it sees summed turbulence contributions of
the layers in that direction. Based on the sensed incoming wavefront, the deformable
mirror is adapted in such a way that it compensates for this wavefront. Unfortunately,
the sensor cannot measure the wavefronts directly. E.g., a Shack-Hartmann sensor, Fig.
4, measures averaged gradients in x- and y-direction over sub-apertures of the sensor.
Measurements s and the related WF ϕ are connected via the WFS operator Γ. For the
Shack-Hartmann sensor, the WFS operator is given by

s “ psix, s
i
yqiPI “ Γϕ, (1)

six :“

ż

Ωi

B

Bx
ϕpx, yq dx, (2)

siy :“

ż

Ωi

B

By
ϕpx, yq dy. (3)

The shape of the mirror can be derived directly from the wavefront. However, in order
to dertermine the wavefront ϕ from wavefront measurements, equation (1) has to be
solved about every 1 ´ 2 ms due to the fast changing atmosphere. Several methods
were developed to compute ϕ from the data s. MVM methods connect the correction
commands for the DM and the sensor data via a single control matrix which requires
matrix-vector-multiplication (MVM) to solve the problem, leading to a numerical com-
plexity of OpN2q. As the number of measurements grows with the size of the telescopes,
faster algorithms have been developed to guarantee real time reconstruction. A matrix
free approach for the reconstruction of wavefronts from sensor data in real time is the
CuReD algorithm (Cumulated Reconstructor with Domain decomposition), [35, 28].

Our approach is based on the wavefronts instead of the measurements, thus we as-
sume that the wavefronts have already been reconstructed by a suitable reconstruction
method.

2.2 Derivation of the tomography equations

In classical SCAO as described in Section 2.1, the best correction is in direction of
the NGS. The quality of the image of the observed scientific object decreases rapidly
with increasing angular distance from the NGS, as the WF emitted by that object
takes a different path through the atmosphere than the NGS and therefore is not
optimally compensated by the DM. Incorporating a reconstruction of the atmosphere
in the SCAO mode would enable us to correct the incoming WF from the scientific
object. The observation quality, i.e., the Strehl ratio (which is closely related to the L2

error of the reconstruction) of the object is expected to improve while the Strehl ratio
in direction of the NGS will probably decrease.

In modelling the effect of the turbulence we will use the assumption that the atmosphere
has a layered structure, and that the effect of the layered turbulence distribution on
a planar wavefront can be expressed by the summation of the turbulent layers in the
appropriate directions, see, e.g., [8]. More specific, the incoming wavefront ϕpr, tq at
the telescope aperture ΩA can be written as the sum of the turbulence contributions of
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the layer functions Φplq, i.e.,

ϕpr, tq “
L
ÿ

l“1

Φplqpr, tq, (4)

where rrr P ΩA represents the 2D spatial coordinates in the telescope pupil and t indicates
the time. Based on the Taylor frozen flow assumption, which states that each layer
propagates with its own speed and direction, represented by the wind shift vector
vl P R2, the temporal evolution of the single layers from time t´τ to t can be attributed
to a spatial shift with displacement τvl, i.e.,

Φplqpr, t´ τq “ Φplqpr` τvl, tq. (5)

Assuming equidistant time steps ∆T and choosing τ “ k∆T we have

Φplqpr, t´ k∆T q “ Φplqpr` k∆Tvl, tq, (6)

see also [19]. We can use p6q to compute the layers Φplq at the actual time t from
data of the previous time steps pt´ k∆T q, k “ 0, ¨ ¨ ¨ ,K. Using (4), (6), the incoming
wavefronts at different time steps can be computed as

ϕk :“ ϕpr, t´ k∆T q “

L
ÿ

l“1

Φplqpr` k∆Tvl, tq, (7)

see Fig. 5 for an illustration.

Figure 5: Illustration of the the turbulence contributions of the layers Φp1q and Φp2q to the
incoming wavefronts ϕ3, ϕ2, ϕ1. The telescope aperture is restricted by the red circles. The
dark blue areas on the turbulent layers belongs to those atmospheric cutouts which contribute
to the incoming wavefronts of the evolution equations. The picture below shows the support of
the layer functions.
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Please note that we assume that the wind vectors vl are explicitly known. We wish,
however, to remark that techniques are available to either estimate the wind vectors
from the wavefront sensor measurements or to measure them directly with an additional
instrument [19].

Equation (7) forms the basis for our tomography equation. We define by ΩApk∆Tvlq “
tr P R2 : r ´ k∆Tvl P ΩAu the area of layer l seen by the telescope at time step k
and Ωl “

ŤK
k“0 ΩApk∆Tvlq. Since we also want to consider the Fourier transform of

the tomography equation we define the rectangular area Ω̄ “ r´R,Rs2 where R is the

smallest number such that
L
Ť

l“1

Ωl Ă r´R,Rs
2.

Setting X “ L2pΩ̄q, and, for a fixed time t, Φplqpr, tq “ Φplqprq P X for l “ 1, ¨ ¨ ¨ , L,

we define the operator Ak :
L
ś

l“1

X Ñ X as

pAkΦqprq :“
L
ÿ

l“1

Φplqpr` vlk∆T q, r P Ω̄, (8)

where Φ “ pΦp1q, ¨ ¨ ¨ ,ΦpLqq represents the full layered atmosphere. With definition (8)
and (7) the tomography-like operator equation at time t is then given as

AΦ :“

¨

˚

˚

˚

˝

A0Φ
A1Φ

...
AKΦ

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

ϕ0

ϕ1
...
ϕK

˛

‹

‹

‹

‚

“: ϕ, (9)

with A :
L
ź

l“1

X Ñ

K`1
ź

j“1

X.

Now the computation of the turbulence profile reduces to the solution of eq. (9).

2.3 Solvability and uniqueness

In this section we focus on the existence of solutions of our tomography equation as
well as on the uniqueness. As a shift in a function is nicely represented by the Fourier
transform, the shift in the layers in (8) suggests to consider the tomography equation
in the Fourier space in order to derive necessary conditions for the solvability and
uniqueness of the tomography equation (9).

In the following, we use the 2-D Fourier transform on R2 defined as

pFfqpsq “
ż

R2

fprqe´2πixr,sydr,

where x¨, ¨y is the usual inner product on R2.

For our theoretical analysis we assume that the atmosphere layer functions and the
wavefronts are defined on R2. Specifically, we require that
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Assumption 1 For the layers Φ “
`

Φp1q, . . . ,ΦpLq
˘

holds Φplq P L1pR2q X L2pR2q.

Remark 1 Turbulences in the atmosphere can be modelled either by a Kolmogrov or a
van Karman statistics [27]. Thus, in average, the turbulent layers belong to the Sobolev
space H11{6pR2q and thus also to L2pR2q. As there is anyway no hope to reconstruct
the atmosphere outside the area where there are measurements available, we can extend
the layers outside this area by zero or simply assume that the layers are compactly
supported. In this case the layer will also belong to L1pR2q.

Equation (9) in the Fourier domain is given by

pFAΦqpsq “

¨

˚

˚

˚

˝

pFA0Φqpsq
pFA1Φqpsq

...
pFAKΦqpsq

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

pFϕ0qpsq
pFϕ1qpsq

...
pFϕKqpsq

˛

‹

‹

‹

‚

,

where the Fourier transform is applied componentwise. Because of the linearity and
the time shifting property of the Fourier transform,

pFfpr´ r0qqpsq “ e´2πixr0,sypFfprqqpsq,

we have for each k “ 0, ¨ ¨ ¨ ,K,

pFAkΦqpsq “
L
ÿ

l“1

e2πixvlk∆T ,sypFΦplqprqqpsq “ pFϕkqpsq.

Hence the Fourier transform of (9) can be expressed in matrix form as

¨

˚

˚

˚

˝

pFϕ0qpsq
pFϕ1qpsq

...
pFϕKqpsq

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

1 ¨ ¨ ¨ 1

e∆T 2πixv1,sy ¨ ¨ ¨ e∆T 2πixvL,sy

...
. . .

...

eK∆T 2πixv1,sy ¨ ¨ ¨ eK∆T 2πixvL,sy

˛

‹

‹

‹

‚

looooooooooooooooooooooooomooooooooooooooooooooooooon

“:Fpsq

¨

˚

˚

˚

˝

pFΦp1qqpsq

pFΦp2qqpsq
...

pFΦpLqqpsq

˛

‹

‹

‹

‚

.(10)

Representation (10) allows to link the solvability of the tomography eqation to the
invertibility of the matrix Fpsq.

Proposition 1 Assume that for l,m “ 1, ¨ ¨ ¨ , L and l ‰ m holds vl ‰ vm.

(1) The matrix Fp0q has rank 1.

(2) Assume that for s ‰ 0 holds for all n P Z

xvl ´ vm, sy ‰
n

∆T
. (11)

Then the columns of Fpsq in (10) are linearly independent if L ď K ` 1 and
linearly dependent if L ą K ` 1.
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Proof. (1) If s “ 0, then all entries in Fp0q are equal to 1, and therefore Fp0q has rank
1.
(2) Let xl :“ e∆T 2πixvl,sy, l “ 1, ¨ ¨ ¨ , L. Because of (28), xl ‰ xm holds for all l ‰ m,
l,m “ 1, ¨ ¨ ¨ , L. With ek∆T 2πixvl,sy “: xkl for k “ 1, ¨ ¨ ¨ ,K, the matrix Fpsq is a
Vandermonde matrix

F “

¨

˚

˚

˚

˚

˚

˝

1 ¨ ¨ ¨ 1
x1 ¨ ¨ ¨ xL
x2

1 ¨ ¨ ¨ x2
L

...
. . .

...
xK1 ¨ ¨ ¨ xKL

˛

‹

‹

‹

‹

‹

‚

. (12)

In case L “ K`1, its determinant can be computed as
śL
l“2

śl´1
m“1pxl´xmq, [16], and

it is nonzero under our assumptions and therefore F has linearly independent columns.
In case L ă K ` 1, the matrix (12) can be expanded with N “ K ` 1 ´ L columns
p1, xL`j , x

2
L`j , ¨ ¨ ¨ , x

K
L`jq

T for j “ 1, ¨ ¨ ¨ , N , where the xL`j are chosen distinct from
all xl and from each other. The expanded matrix is a square Vandermonde matrix
hence all columns are linearly independent which implies that the first L columns are
as well.
In case L ą K ` 1, the first K ` 1 columns are linearly independent with the same
argument as in above and form a basis of CK`1. It follows that the remaining column
vectors are linearly dependent on the first K ` 1 column vectors.

Whenever vl ‰ vm and condition (28) hold, then Fpsq is invertible, and thus the
Fourier transform of the turbulent layers is uniquely reconstructable for those s. For
the remaining s we have the following result:

Proposition 2 Assume that for l,m “ 1, ¨ ¨ ¨ , L and l ‰ m holds vl ‰ vm. Further,
assume that either s “ 0 or

xvl ´ vm, sy “
n

∆T
. (13)

holds for some l ‰ m, l,m “ 1, . . . , L, n P Z and s ‰ 0. Then there exists a sequence
sk Ñ s as k Ñ8, and Fpskq is invertible.

Proof. We start with the case s ‰ 0. If (13) holds for some pl,mq and n ‰ 0, we set
sk :“ p1´ 1

k qs ‰ 0 for k P N and k ą 1. Clearly, sk Ñ s as k Ñ8, and

xvl ´ vm, sky “ p1´
1

k
q
n

∆T
Ñ

n

∆T
.

As of course also xvl ´ vm, sky ‰
n

∆T
, Fpskq is invertible at least for large k.

Now assume that
xvl ´ vm, sy “ 0

for some pl,mq. We set sk :“ p1´ 1
k qs`

1
k pvl ´ vmq and obtain

xvl̃ ´ vm̃, sky “ xvl̃ ´ vm̃, sy `
1

k
xvl̃ ´ vm̃,vl ´ vmy (14)

“

$

&

%

cl̃,m̃
k }vl ´ vm}

2 if pvl ´ vmq ‖ pvl̃ ´ vm̃q

p1´ 1
k qxvl̃ ´ vm̃, sy `

1
k xvl̃ ´ vm̃,vl ´ vmy

(15)

‰
n

∆T
, (16)
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n P Z, at least for a subsequence of a sk, and thus F is invertible on the subsequence.
Please note that the above argument only holds as the wind vectors are elements in
R2. It remains to consider the case s “ 0. Now we choose a vector v P R2 such that
xvl ´ vm,vy ‰ 0 for all pl,mq and set sk :“ 1

kv. It follows again that there exists at
least a subsequence of sk such that

xvl ´ vm, sky ‰
n

∆T
,

and Fpskq is again invertible, which concludes the proof.

Now we are able to give a result on the unique solvability.

Proposition 3 Assume that Φplq P L1pR2q X L2pR2q, l “ 1, . . . , L and that the wind
speed vectors vl fulfill the condition vl ´ vm ‰ 0 for m ‰ l and l,m “ 1, . . . , L. Then
Φ “ pΦp1q, . . . ,ΦpLqq is uniquely reconstructable if L ď K ` 1.

Proof. If L ď K ` 1 then Fpsq is invertible as long as (28) holds. According to (10),
F
`

Φplq
˘

is thus well defined by the measurements. Now assume (28) is violated, i.e.,
(13) holds. According to Proposition 2 for those s there exists a sequence sk Ñ s where
Fpskq is invertible and therefore the related values of F

`

Φplq
˘

pskq are uniquely defined

by the measurements. As Φplq P L1, its Fourier transform F
`

Φplq
˘

is continuous and

therefore F
`

Φplq
˘

psq :“ limkÑ8F
`

Φplq
˘

pskq is uniquely determined.

From Proposition 1 it follows that the assumption that the wind shifts of the layers
are distinct is vital. It is also quite natural: Assume that we are given an atmosphere
composed of two layers that move with the same speed and in the same direction. It
follows immediately from (8) that the wavefronts ϕk at time step k∆T is just the shifted
version of ϕ0 and thus contains no additional information of the layered atmosphere.
More general, all layers that move with the same wind vector behave in the data like
a single layer that contains the sum of the turbulence contributions from those layers
and can therefore not be reconstructed uniquely.
The matrix F is invertible if the number of time steps K is chosen as L´1, i.e., including
the data from time frame i the number of data equals the number of layers. If the wind
shifts are not distinct or if L ą K` 1, then a least squares solution can be obtained by
applying the generalized inverse F: “ pF˚Fq´1F˚ [13]. This is summarised in

Corollary 1 Under the assumptions of Proposition 1 the solution of the tomography
equation on L2pR2q is given by

1.

Φprq “ F´1pF´1psqpFϕqpsqqprq, if K “ L´ 1,

2.

Φprq “ F´1pF`psqpFϕqpsqqprq otherwise

with F: “ pF˚Fq´1F˚.
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Assuming a certain number of layers in the atmosphere, the time steps taken into
consideration must be at least of the same number or more. This is confirmed by
numerical test computations. The assumption that the wind shift vectors of the lay-
ers are not equal (although they can be parallel) is reasonable. In case the vector
pxv1, sy, ¨ ¨ ¨ , xvL, syq is zero or close to it the matrix F is rank deficient.

2.4 A Fourier series representation of the tomography operator

In a real life situation wavefronts can only be determined on the telescope aperture. In
a first approximation of the real data situation we assume that the layer functions as
well as the wavefronts are defined on Ω̄ “ r´R,Rs2. As in (9), it makes now sense to
use the Fourier series representation of the layer and wavefront functions instead of the
Fourier transform on R2. We assume that the functions in L2pΩ̄q are complex (complex
unit i) valued and define an orthonormal basis of L2pΩ̄q by

ωjmpx, yq :“
1

2R
ei
π
R
pjx`myq, j,m P Z. (17)

Next, we decompose the projection operators Ak in (8) with respect to this basis. Each
Φplqpx, yq P L2pΩ̄q, l “ 1, ¨ ¨ ¨ , L, has the representation

Φplqpx, yq “
ÿ

j,mPZ
Φ
plq
jm ωjmpx, yq with

Φ
plq
jm “ xΦplq, ωjmyL2pΩ̄q.

With the notation

Φjm “ pΦ
p1q
jm, ¨ ¨ ¨ ,Φ

pLq
jm q

T ,

we can represent the full atmosphere as

Φ “
ÿ

j,mPZ
Φjm ωjm, (18)

where the summation of a vector has to be understood componentwise. Now (8) can
be written as

pAΦqkpx, yq “

L
ÿ

l“1

ÿ

j,mPZ
Φ
plq
jm ωjmpx` v

plq
x k∆T , y ` v

plq
y k∆T q

“
ÿ

j,mPZ

¨

˚

˚

˝

L
ÿ

l“1

Φ
plq
jm 2R ¨ ωjmpj v

plq
x k∆T ,m vplqy k∆T q

loooooooooooooooooooomoooooooooooooooooooon

“:pAjmqk,l

˛

‹

‹

‚

ωjmpx, yq.

Denoting by ϕkjm, k “ 0, ¨ ¨ ¨ ,K, the Fourier coefficients of ϕk and by

ϕjm “ pϕ
0
jm, ¨ ¨ ¨ , ϕ

K
jmq

T q, (19)

we have

pAΦqpx, yq “
ÿ

j,mPZ
pAjmΦjmq ωjmpx, yq “

ÿ

j,mPZ
ϕjm ωjmpx, yq, (20)
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and therefore the Fourier coefficients ϕjm of the wavefront can be computed from the
Fourier coefficients of the atmosphere layers Φjm for each j and m by

ϕjm “ AjmΦjm, (21)

i.e., the compution of the wavefronts (and therefore also the inverse operation) decouples
for each pj,mq. This is also reflected in

Proposition 4 Let Ajm, ϕjm and Φjm be defined as above. Then operator A can be
described in terms of its action on the Fourier coefficients of the turbulent layers and
the wavefronts as

¨

˚

˚

˝

...
ϕjm

...

˛

‹

‹

‚

“ diagpAjmq

¨

˚

˚

˝

...
Φjm

...

˛

‹

‹

‚

(22)

where diagpAjmq denotes a block diagonal matrix with the matrices Ajm on the diagonal
and zeros outside.

Proof. Follows directly from (21).
Please note that we are now in a similiar situation as in [18], where the authors con-
sider a singular value decomposition of the standard atmospheric tomography operator.
Specifically, the operator A relates directly to the matrix diagpAjmq and

ϕjm P RK Ø ϕjm ¨ ωjmpx, yq P L2pΩ̄q
K

Φjm P RL Ø Φjm ¨ ωjmpx, yq P L2pΩ̄q
L.

For each of the matrices Ajm there exists a singular system, i.e., vectors vjm,n P
CL, ujm,n P CK , and numbers σjm,n, n “ 1, . . . , rjm ď mintL,Ku that satisfy

AjmΦjm “

rjm
ÿ

n“1

σjm,nxvjm,n,Φjmyujm,n (23)

xvjm,l, vjm,ny “ δln, xujm,l, ujm,ny “ δln

σjm,1 ě . . . ě σjm,rjm ą 0.

Here, rjm is the rank of the matrix Ajm and the σ2
jm,n are the positive eigenvalues of

the matrices AHjmAjm and AjmA
H
jm, respectively. We obtain

Proposition 5 The operator A admits a singular value type decomposition

AΦ “
ÿ

j,mPZ

˜

rjm
ÿ

n“1

σjm,nxvjm,n,Φjmyujm,n

¸

ωjm (24)

and the sequence tσjm,n : j,m P Z, n “ 1, . . . , rjmu are the singular values of A. Further
on,
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A:ϕ “
ÿ

j,mPZ

˜

rjm
ÿ

n“1

xujm,n,ϕjmy

σjm,n
vjm,n

¸

ωjm (25)

and
N pAqK “ spantvjm,n ¨ ωjm | j,m P Z, 1 ď n ď rjku. (26)

If the vectors v̂jm,n P CL, 1 ď n ď L ´ rjk, are a basis of N pAjmq, then the nullspace
of A is given as

N pAq “ spantv̂jm,nωjm | j,m P Z, 1 ď n ď L´ rjku. (27)

For a proof we refer to [18], pp. 844.

Proposition 5 links the nullspace of the operator A to the nullspaces of the matrices
Ajm. Specifically, each rank deficient matrix Ajm contributes to the nullspace of A.
Please note that the matrices Ajm are closely related to the matrices F psq defined in
(10). Specifically, replacing in F psq in each matrix element s by pj,mq and 2π by π

R gives
the matrix Ajm. In particular, Ajm also is a Vandermonde matrix, and Proposition 1
holds accordingly for Ajm if s is replaced by pj,mq and the right hand side of (28) is
replaced by n ¨ 2R

∆T . Additionally, (28) immediately yields that all matrices Ajm are
rank deficient if vl “ vm for some m ‰ l, i.e., if at least two of the layers move with
the same speed and direction. We also conclude from Proposition 1 that the matrix
A00 has always rank 1, i.e., constant functions on the layers cannot be reconstructed.
Figure 7, plotting the rank of the Ajm, shows that A has a nontrivial nullspace in the
considered setting. In such a case, it is only possible to reconstruct the atmosphere in
a least squares sense. Please note that this is not in contradiction to Proposition 3, as
we are now in a periodic setting. We summarize these results in

Proposition 6 Assume that for l,m “ 1, ¨ ¨ ¨ , L and l ‰ m holds vl ‰ vm.

(1) The matrix A00 has rank 1.

(2) Assume that for pj,mq ‰ p0, 0q holds for all n P Z

xvl ´ vm, pj,mqy ‰ n ¨
2R

∆T
. (28)

Then the columns of Ajm are linearly independent if L ď K ` 1 and linearly
dependent if L ą K ` 1.

If vl “ vm holds for some l ‰ m, then all matrices Ajm are rank deficient.

3 Numerical realization

3.1 Algorithm

In this paper we are only concerned with the reconstruction of the atmosphere, and
neglect the reconstruction of the wavefronts from sensor data as well as the computation
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of the commands for the deformable mirrors.
We assume therefore that the wavefronts ϕk for times t0, t0 ´ 1∆T , t0 ´ 2∆T , ¨ ¨ ¨ , t0 ´
K∆T are given. The reconstruction algorithm is based on the Fourier coefficients ϕkjm of
the wavefront (19) and its shifted versions, solving the subsystems (21) and computing
the atmosphere via (18). We recall the definition of the matrices Ajm P RK`1,L as

pAjmqk,l :“ 2R ¨ ωjmpj v
plq
x k∆T ,m vplqy k∆T q (29)

Clearly, the pAjmq can be computed in advance for each j,m P t´N0, ¨ ¨ ¨ , N0´1u where
N0 is a cut-off index for the Fourier series. As mentioned above, the reconstruction
process reduces to the solution of a sequence of small matrix vector systems, which can
be done effciently with standard solvers. For our numerical tests, we used either the
generalized inverse of Ajm or the conjugate gradient method to compute a solution of
each equation (21). Please note that whenever a matrix Ajm is rank deficient, there is
no hope to recover the original solution. Instead, we compute a least squares solution.

Algorithm 1 Reconstruction algorithm for the atmosphere Φ at time t0
Choose cut-off index N0

Precompute Ajm for j,m P t´N0, ¨ ¨ ¨ , N0 ´ 1u
Compute ϕkjm and cut off according to j,m P t´N0, ¨ ¨ ¨ , N0 ´ 1u
for j,m “ ´N0 . . . N0 ´ 1 do

Φjm “ solvepAj,m, ϕjmq
end for

Compute Φ “
N0
ř

j,m“´N0

Φjm ωjm.

3.2 Test setting

For our test computations we used the in-house developed software package MOST
to create an atmosphere, which produces a realistic atmosphere using a viable C2

n

profile modeling the strength of turbulence. For a first reconstruction, we use a 3-
layers atmosphere, see Table 1 for specifications. The telescope models the ELT of
the European Southern Observatory with radius R “ 21m, whereas the atmosphere is
created on the square r´23.5; 23.5s2.

height speed direction px, yq C2
n-profile

1.layer 0m 40m{s (-1,0) 50%

2.layer 8000m 15m{s (1,-1) 25%

3.layer 12000m 30m{s (1,0) 25%

Table 1: Characteristics of the turbulent layers of the simulated 3-layers atmosphere.
The C2

n profile is a measure characterizing the amount of turbulence located on a specific
layer.

Proposition 3 suggests that we need at least K “ L ` 1 wavefronts as input in order
to reconstruct L layers. Thus we have chosen K “ 4, i.e. 5 time steps of length ∆T “
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0.002s as input data. The wavefronts ϕk, i.e., the data, are computed by summation of
the shifted atmosphere layers at time pt´ k∆T q, k “ 0, ¨ ¨ ¨ ,K, on the larger area. The
quality of the reconstructed atmosphere will be estimated on r´21; 21s2. Thus we avoid
errors at the edges that arise from the periodic boundary conditions of wavefronts and
layers. The cut-off index for the Fourier series for all test cases was chosen as N0 “ 80,
which also resembles the physical fact that the currently available wavefront sensors
cannot resolve higher frequencies.

3.3 Reconstruction of a 3-layers atmosphere from exact data

As a proof of concept we only aim at the reconstruction of the 3-layers atmosphere
from undisturbed data ϕ0, ¨ ¨ ¨ , ϕ4 according to Algorithm 1. Figure 6 displays the
reconstructed atmosphere as well as the original atmosphere. A first visual inspection
suggests a good reconstruction quality. However, please note that there is an almost
constant offset between the two reconstructions. The relative errors between the original

Figure 6: Reconstruction of the 3-layers atmosphere from exact data: The upper row shows
the original layer function, the lower row shows the reconstructed layer functions.

layers Φplq and the reconstructed layers Φ
plq
rec on r´21; 21s2 are p8.8%, 2.1%, 12.9%q for

l “ 1, 2, 3, which is large given that we used exact data. Again, the errors are largely
due to the offset. A close inspection shows that all the errors are created at indices
pj,mq where the matrix Ajm is rank deficient: in these cases, the method computes
solutions that are perpendicular to N pAjmq, a property that is in general not shared
by the coefficients from the underlying original atmosphere. Figure 7 displays the
coefficients where Ajm is (numerically) rank deficient.
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Figure 7: Plot of the rank of the matrices Ajm vs indices pj,mq. Yellow shows full rank (3),
other colors indicate rank deficiencies of the associated matrix.

To verify that the reconstruction of all the coefficients which are related to matrices
Ajm with full rank is correct we compared the reconstruction quality only on the related
set of Fourier coefficients: If we drop all coefficients pj,mq where Ajm is rank deficient
both in the original and the reconstructed layers, we obtain a perfect reconstruction, see
Figure 8. In this case, the relative error between original and reconstructed atmosphere
is « 10´23 and thus within the numerical accuracy. This confirms that our proposed
method is able to reconstruct a solution to the atmospheric tomography problem at
least on N pAqK.

Figure 8: 3-layers atmosphere from exact data restricted to Fourier coefficients for full rank
Ajm: The upper row shows the restricted original layer function, the lower row shows the
restricted reconstructed layer functions.
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4 Summary and future work

In the previous sections we have developed and analyzed a method that reconstructs the
turbulence in the atmosphere above an earthbound telescope based on measurements
of incoming wavefronts at different time steps from a Natural Guide Star. The under-
lying mathematical problem has been analyzed and a reconstruction method has been
developed. In future work, several important questions have to be answered: First,
appropriate regularization strategies for the inversion of our tomography operator have
to be developed. An option is, e.g., to regularize each subsystem with matrix Ajm
separately. In a second step, the reconstructions have to be carried out using wave-
front sensor measurements instead of wavefronts. Finally, the whole algorithm has to
be included into a more realistic simulation environment like OCTOPUS from ESO in
order to quantify the gain in imaging quality.
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