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Abstract

Single molecule localization microscopy is a recently developed superresolution imaging technique
to visualize structural properties of single cells. The basic principle consists in chemically attaching
fluorescent dyes to the molecules, which after excitation with a strong laser may emit light. To achieve
superresolution, signals of individual fluorophores are separated in time. In this paper we follow the
physical and chemical literature and derive mathematical models describing the propagation of light
emitted from dyes in single molecule localization microscopy experiments via Maxwell’s equations.
This forms the basis of formulating inverse problems related to single molecule localization microscopy.
We also show that the current status of reconstruction methods is a simplification of more general
inverse problems for Maxwell’s equations as discussed here.

1. INTRODUCTION

The structure and organization of proteins in cells relate directly to their biological function. Many
proteins associate with each other and form functional supramolecular arrangements known as oligomers.
Protein oligomers appear in a wide range of crucial biological processes, such as signal transduction,
ion transport or immune reactions. The accurate characterization of the supramolecular organization of
proteins, including oligomer stoichiometry and its spatial distribution, is fundamental to fully understand
these biological processes.

Several tools address the study of the structure of small biological units, most popular ones being x-ray
crystallography and, most recently, cryo-electron microscopy, which have been used to characterize the
structure of individual isolated proteins with a high level of detail [32, 28]. However, currently these
tools cannot be applied for studying quaternary protein assemblies in their native cellular environment,


mailto:lopez-martinez@iap.tuwien.ac.at
mailto:gwenael.mercier@univie.ac.at
mailto:kamran.sadiq@ricam.oeaw.ac.at
mailto:otmar.scherzer@univie.ac.at
mailto:schneider@iap.tuwien.ac.at
mailto:schotland@umich.edu
mailto:schuetz@iap.tuwien.ac.at
mailto:roger.telschow@univie.ac.at

due to a lack in chemical contrast: it is impossible to single out the molecular structures of interest
within the plethora of other molecular species. A solution is provided by fluorescence microscopy, where a
single protein species is addressed by specific fluorescence labelling directly in the cell. While fluorescence
microscopy allows for imaging these labelled structures at a high signal to noise ratio, its resolution is
limited to around 200 nm due to the diffraction of light. This prohibits a characterization of oligomeric
arrangements with conventional light microscopy, since these structures are smaller than the resolution
limit. In summary, the current life sciences are limited by a resolution gap, the upper limit of which
is set by the diffraction limit of fluorescence microscopy, the lower limit by the difficulty to interpret
crystallography experiments of oligomeric protein complexes.

In principle, the arrival of superresolution microscopy techniques allows to overcome this gap. Virtually
all superresolution techniques are based on fluorescence microscopy, and as such have to overcome or
circumvent the problem of optical diffraction. A fluorescent label emits light that is imaged by the
microscopy system as a blurry dot. This dot of diffracted light is known as the point spread function
(PSF). Its size d (the diameter of the essential support of the PSF) is determined by the light wavelength
A and by the numerical aperture (NA) of the objective. The angle 0y, is one half of the angular aperture
(A). Neglecting lens aberrations, it can be described analytically by an Airy function, where the distance
between the maximum and its first minimum is given by (see Equation 6.46)

A A
d = —————— = —— with n the refractive index of the medium. (1.1)
2nsin(fpmax)  2NA

The size of the PSF determines the limit of resolution of conventional light microscopy. It was first
described by Abbe [1], and it is known as Abbe’s limit of diffraction: If two fluorescent labels are closer
than the distance d, their PSFs overlap, and they cannot be distinguished from each other. For fluorescence
microscopy, with wavelengths in the visible spectrum and objectives with numerical apertures generally
lower than 1.3, this resolution limit is in the order of 200 nm.

For oligomeric protein structures, the distance between their subunits is typically in the range of a few
nanometers, far smaller than the diffraction limit. The signals from the individual subunits overlap,
and cannot be resolved by conventional light microscopy. A prominent example for such a structure is
the nuclear pore complex (NPC), which is a large protein complex located in the nuclear membrane of
eukaryotic cells. Its structure is well characterized through electron microscopy [3]. NPCs are composed of
around 30 proteins arranged in an 8-fold symmetry forming a pore that regulates the transport across the
nuclear membrane. The overall size ranges approximately between 80 to 120 nm depending on the species
[23]. As we see in Figure 1, even if only one protein in each symmetrical subunit is labelled, diffraction
leads to one blurry dot as the image of the complex, where we can neither identify the number of subunits
nor their spatial arrangement.

Ficure 1. Illustration of the limit of light diffraction. (a) Crystallographic structure of the
human NPC (pdb: 5A9Q) [3] viewed with NGL viewer [29]. (b) Simplification of the NPC
structure showing its eight symmetric units. c) Representation of an ideal, diffraction-limited
image of the structure in b.



Great efforts have been made to overcome this barrier, but it was not until the advent of superresolution
microscopy that images with a resolution below the diffraction limit could be obtained. As a key asset,
superresolution microscopy techniques circumvent Abbe’s limit of diffraction by utilizing photophysical
properties of the fluorescent labels: they keep adjacent molecules at different fluorescence states, making
it possible to differentiate them from each other. This is achieved using different techniques that can be
combined into two general approaches:

(i) Techniques that use patterned illumination to control the fluorescence state of the labels, selecting
which of them emit at a given moment. This approach includes, among others, Stimulated Emission
Depletion (STED) [25, 24, 35], Reversible Saturable Optical Fluorescence Transitions (RESOLFT)
[19], Minimal Photon Fluxes (MINFLUX) [5] or Saturated Structured Illumination Microscopy
(SSIM) [17] methods.

(ii) Techniques that use properties of the fluorescent labels to stochastically switch their fluorescent
state, so that neighbouring labels do not emit at the same time. These techniques are commonly
termed Single Molecule Localization Microscopy (SMLM) and include, among others, Stochastic
Optical Reconstruction Microscopy (STORM) [30], Photoactivated Localization Microscopy (PALM)
[7], and DNA- Points Accumulation for Imaging in Nanoscale Topography (DNA-PAINT) [22]. In
SMLM, the signals of the individual fluorophores are sequentially localized and used to reconstruct
an image with subdiffraction resolution.

In this work, we focus on SMLM techniques, where the working principle is described in Section 2. The
objective of this paper is to derive mathematical models of light propagation through the imaging device
and to formulate associated inverse problems. This sets the base for the formulation of the inverse problems
of SMLM, which concerns the localization of the fluorescent labels with high localization precision and
the reliable reconstruction of the imaged structures. We show that the currently used imaging workflow in
SMLM can be viewed as solving an inverse problem for Maxwell’s equation (see Section 7). The inverse
problem of SMLM has been previously investigated. In [10], a model for light propagation based on
Maxwell’s equations is proposed and used to localize the positions and strengths of fluorescent dipoles.
The model also accounts for the effects of the detection optics and employed a maximum likelihood
reconstruction method. The inverse scattering problem with internal sources was investigated in [14], as a
means of achieving sub wavelength resolution in SMLM. A local inversion formula was derived and the
inverse problem was shown to be well-posed.

2. SINGLE MOLECULE LOCALIZATION MICROSCOPY (SMLM)

Principle of SMLM

An SMLM experiment starts with the labelling of the proteins of interest with a fluorophore. There are
different strategies for labelling, depending on the type of fluorescent probe, the molecule of interest, and
its location in the cell. It should be taken into account that no labelling strategy is perfect, and labelling
efficiency will likely be below 100%. In addition, the size of the probe or of the attachment of the linker
molecule, in the cases were an intermediate is necessary, can affect the accuracy of the measurement. The
influence of these aspects will be addressed in later sections in more detail.

During an SMLM measurement, the experimental conditions are tuned such that most of the fluorophores
are in their dark state, and in each frame, a small subset of them is stochastically activated. The active
fluorophores are sufficiently isolated from each other so that their PSFs do not overlap. After some time
these fluorophores switch to a dark state, and a new subset of fluorophores is stochastically activated.
This is repeated thousands of times, to ensure the collection of signals from enough fluorophores. We
can see a scheme of an ideal experiment in Figure 2. The necessity for sparse labels per image and for
enough localizations to reconstruct the structure results in movies with tens of thousands of frames. After
data collection, all signals in all frames are fitted individually to obtain the coordinates of the fluorescent
probes. All localizations are then collected and used to reconstruct a superresolution image.
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Figure 2. Scheme of an ideal SMLM experiment. In a classical diffraction-limited image,
all the fluorophores are active, and the structure underneath — in this example an NPC —
is unresolvable. In contrast, in an SMLM experiment only a sparse subset of luorophores
is active per image. In the first frame (t = 1) of this exemplary SMLM movie, only one
fluorophore is active, while the others remain in their dark state. The PSF of this fluorophore,
can be fitted mathematically, which yields the fluorophore localization. In t =2, the first
fluorophore returns to its dark state, and another fluorophore is activated and can now be
localized. This is repeated until all fluorophores have been localized. All localizations are
collected in a final reconstructed image, which corresponds to the structure shown in Figure 1b.

The fluorophores used in SMLM are able to spontaneously change their fluorescence state. This property
is commonly known as photoswitching or blinking. One dark-bright-dark cycle is usually called a
blink. Photoswitching mechanisms are different for different kind of probes and can be the result of
conformational changes in the dye molecule, chemical changes, or binding events. Typically, a combination
of light illumination and the choice of special chemical conditions is used for deactivation, i.e. the
transitions to a long-lived dark state. The activation, i.e. the transition back from this state, is usually
light-induced, although other phenomena may apply (for example, binding events in the case of DNA-
PAINT microscopy). An extensive review of available SMLM fluorophores and their properties can be
found in [27].

In an ideal experiment, each fluorophore undergoes exactly one blink, in which it emits a high number of
photons, and it remains in a dark state for the rest of the measurement. Commonly, however, fluorophores
undergo multiple blinking events, or remain inactive during the whole imaging procedure. These non-ideal
behaviours directly influence the quality of the final image, and they should be considered when analysing
the data, as will be detailed in the next sections. The emission behaviour of a fluorescent label, and
therefore the quality of the collected data, will depend largely on the kind of fluorophore used, the labelling
strategy followed, and the environmental conditions of the fluorophore [26].

Fitting of localizations

In an SMLM experiment, thousands of individual frames are recorded. Obtaining the final image requires
post-processing of the recorded raw data. All blinking events are analyzed and the positions of the
molecules are determined by fitting their signals. A variety of algorithms and software packages exist that
can be applied to analyze the data [31]. Often, a Gaussian function is fitted to the detected intensity data
using a maximum likelihood or least squares method. The coordinates of the center of the Gaussian peak
are then taken as the position of the molecule. Finally, the localizations obtained from all recorded frames
are combined to yield the reconstructed image.

Localization error and bias

The achievable resolution in SMLM depends on how well the position of a molecule can be estimated by
fitting its PSF. The fitting procedure is influenced by various factors of signal quality, including brightness,
background noise and the pixel size of the detector. The error in the estimation of the molecule position
follows a normal distribution. Its standard deviation is referred to as localization precision oj,.. The



mean of the error distribution is the localization accuracy poc. In the optimal case, it holds that z,. = 0,
i.e. the estimation is unbiased. However, in practice a bias in the localization procedure may be present,
e.g. due to distortions of the PSF. A bias may also arise from the labeling procedure. The size of some
labels itself can be rather large, which displaces the position of the fluorophore from the actual molecule
of interest by up to tens of nanometers. Various formulas for the estimation of the localization precision
Oloc have been proposed in the literature [11]. The theoretical limit for the best achievable localization
precision is given by the Cramér-Rao lower bound (CRLB), which is critically dependent on the collected
number of photons [33].

Blinking and overcounting

In SMLM, fluorophores switch between a fluorescent on-state and a non-fluorescent off-state. The
transitions between the two states occur stochastically. Ideally, each fluorophore is detected exactly once
during the whole imaging procedure, i.e. it is in the on-state in exactly one frame.

However, this is unlikely in a real experimental situation. Due to the stochastic nature of transitions
between the states, fluorescent dyes can stay in the on-state for several consecutive frames and, moreover,
repeatedly switch between the on- and the off-state. Thus, a single molecule may be detected multiple
times. However, the position coordinates assigned to each detection slightly differ due to localization
errors. Hence, it is not possible to distinguish whether localizations belong to one blinking molecule
or to different molecules. Overcounting of single protein molecules may also occur as a consequence of
non-stoichiometric labeling: Depending on the labeling procedure, a single molecule of interest does not
necessarily carry one fluorescent dye only, but may be linked to multiple dyes.

The problem of overcounting is depicted in Figure 5. Here, individual molecules of the NPC are assumed
to be detected multiple times during the imaging procedure, leading to a misrepresentation of the actual
structure.

Blinking statistics can be determined experimentally by labeling at sufficiently low concentrations of
the dye, so that localizations from individual molecules of interest can be well separated. Analysis of
the acquired localization data allows to determine statistics for the number of detections of individual
molecules of interest, the duration of emission bursts (t.,) and the duration of dark times (tog). In
Figure 3, a schematic of a time trace of occupied states for an individual molecule is shown. An exemplary
result for the blinking statistics of a fluorescent dye is depicted in Figure 4.

on

A
\4

ON

OFF

\4

time [frames]

Ficure 3. Exemplary time trace for a fluorophore. The fluorophore can switch between a
dark off-state and a bright on-state. Indicated are the on- and off-time (ton, tog), representing
the number of consecutive frames the molecule is in its bright or dark state, respectively, and
the number of detections N.

A simple approach to account for multiple detections of the same molecule is to merge localizations that
occur in close spatial and temporal proximity [2]. However, the results of this method highly depend
on the chosen thresholds. Moreover, it cannot account for long-lived dark states. Other post-processing
algorithms rely on experimentally derived blinking statistics in order to correct for overcounting. However,
care must be taken here, because photophysics of fluorophores, in particular blinking, depends on the local
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Ficure 4. Experimentally derived blinking statistics for Alexa Fluor 647, a commonly used
fluorophore for SMILM. Shown are histograms for the number of detections N of a single
fluorophore (a), the on-time ton (b) and the off-time tog (c).

environment of the dye and may likely vary under different experimental conditions [26]. An overview
over different methods for correcting overcounting artifacts is given in [6].

Forward simulation of SMLM localization maps

In the following, we describe the main steps in the simulation of localization maps obtained by a 2D
SMLM experiment. Figure 5 shows simulation results of the spatial arrangement for the example of NPCs.

The actual question of interest is the structural arrangement of molecules in a cell membrane. The first
step in the simulation is therefore to spread the position of molecules on the region of interest according to
the desired distribution. For example, the molecules can be spread randomly, in clusters, or as oligomers
of a certain shape. The assigned positions represent ground truth.

As a second step, the simulated molecules are fluorescently labeled. In real experimental conditions,
not all molecules of interest are detected: some proteins are not bound to a dye, or the dye is never
detected during the imaging time. In the simulations this is accounted for by adjusting the mean labeling
efficiency, a parameter in the interval [0, 1] that determines the mean fraction of molecules observed in
the experiment. Labeled molecules are selected randomly from all simulated molecules according to the
chosen distribution.

Next, overcounting has to be included in the simulation. As described above, a protein molecule can
be detected multiple times during the whole imaging procedure. To account for this in the simulations,
the number of detections of each molecule of interest, the frame of its first appearance and the duration
of on- and off-times are included. For each labeled molecule, these variables are drawn randomly either
from experimentally acquired blinking statistics or from specified theoretical distributions. This allows to
assign to each molecule a list of those frames, in which it is detected.
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Ficure 5. Simulation of a SMLM experiment for the nuclear pore complex (NPC). (a) True
spatial arrangement of molecules. The distance between two neighboring molecules of the
NPC was set to 40nm. The molecules are labeled with fluorescent probes (b) with a labeling
efficiency of 80%. The SMLM experiment was simulated with a localization precision of
Oloc =5nm, and the blinking statistics from Figure 4. (c) Obtained localization map. Due to
overcounting and the finite localization precision, individual molecules are observed multiple
times.

The last step in the simulation is to account for measurement errors. For each detection of a molecule,
its true simulated position is displaced by adding a localization error, which is drawn randomly from a
normal distribution. The mean and the standard deviation of the error distribution correspond to the
localization accuracy and localization precision, respectively. Ideally, the mean value is zero, i.e. the
localization is accurate. However, inaccuracy may occur, e.g. due to certain properties of the labeling
procedure. Localization precision depends mainly on the collected number of photons and background
noise. Typical values that are achieved in SMLM experiments are commonly around 10nm, but precisions
of 1nm have been claimed.

The final result of the simulation is the localization map, i.e. a list of localization coordinates with the
according frame numbers of detection. An exemplary simulated localization map for the NPC is shown in
Figure 5. The obtained localizations are the basis for further analysis.

In the next section we model the experiment mathematically. In order to do so we summarize essential
notation first in Table 1.



Symbol Description H Reference H Relations Units
dg maximum thickness of lens m
d thickness of lens (function of height) Figure 8 m
f1, focal length of the tube lens Figure 8 m
fobj focal length of the objective Figure 8 m
A wavelength Equation 1.1 m
n=1 refractive index in vacuum Equation 1.1 -
ny refractive index of lens Equation 6.38 -
d resolution limit Equation 1.1 m
NA numerical aperture Equation 1.1 d= ﬁ —
Omax € [0,7/2) angle of aperture Equation 1.1 NA = nsin(@max) -
€0 electric permittivity (vac.) Equation 4.2 F/m
1o magnetic permeability (vac.) Equation 4.3 H/m Henries per m
w wave frequency Hz=1/s
c light speed (vac.) Equation 4.12 m/s
Ky Ke wave number Equation 4.12 K== 2777 1/m
X susceptibility Equation 4.11 -
v dipol Equation 5.4
v, ¥, dipol components Equation 6.8

TABLE 1.

Physical parameters used in the paper and dimensions.




3. MATHEMATICAL PREREQUISITES

In what follows we summarize some basic mathematical framework:

3.1. Distributions. In order to define distributions (generalized functions) we need to introduce appro-
priate function spaces first:

Definition 3.1 The Schwartz-space of functions from R"™ to C is defined as
S(R™C) := {(Z) e C*(R™C) : for all a, 8 € NG, |4],, 5 := sup |xaaﬁ¢(x)| < oo} . (3.1)
’ xeR™

Accordingly the Schwartz-space of vector valued functions is defined by
SR™;C™) = {P e CPR™;C™): P, e S(R™;C),i =1,...,m}. (3.2)
The space of linear functionals T : S(R™; C™) — C for which there exist k,! € Ny and some C' > 0 such
that for all ® € S(R™; C™) the following inequality holds
(T, ®)|:=|T®| < C ), @il 5 (3.3)
i=1|a|<k,|B|<l
is called space of tempered distributions and is denoted by S'(R™; C™).

Definition 3.2 (Causal Distribution) A tempered distribution 7 € S'(R"~! x R;C) is called causal
if its support in time is included in [0, +00). That is T is causal if and only if for all test functions
¢ e S(R x R"1; C) which satisfy

p(x,t) =0 forall t >0, x e R" 1,

we have

(T, ¢)=0.

For causal distributions, the quantity |(T, ¢)| can be estimated as follows.

Lemma 3.3 Let T € S'(R"! x R;C) be causal. Then, there exists a constant C > 0 (which depends
only on 1) such that for all test functions ¢ € S(R"~! x R; C) the following estimate holds:

KT,¢)l <C  sup  sup [(x,8)*07p(x,1)|. (3.4)
jal<hlglst 1221,
xXe

Proof: Let s be a C*(R;R) cut-off function, that satisfies »(t) = 1 for ¢ = 0 and »(t) = 0 for ¢ < —1.
Then, for all test functions ¢ € S(R"~! x R; C), we define 1) = »¢. For t > 0, we have ) — ¢ = 0, which
means, since T is causal, that {T,v¢ — ¢» = 0, or in other words,

(T, ¢) =<T, ). (3.5)
Now, let us use the definition of tempered distribution for T": there exists k,l € Ny and C > 0 such that

| <T7 w> | < C sup sup ‘(X7 t)aaﬁw(x’ t)|. (3'6)
la|<k,|B|<l (x,t)eR*" 1 xR

Now, the function v has support in R"~! x [—1, +00), which means that the last inequality can rewrite

[T,y <C  sup sup |(x,1)% 07 9(x, 1))

lo|<k,|BI<E (x,t)eR™ 1 x[—1,+00)

Finally, denoting 8 = (8¢, B2,, - , Bz,_, ), one can expand

Bt
=3 (Bit)”‘” ()00 =P o) (1),
i=0



Since the function s is fixed (independent of ¢), the quantity

Cy = supsup ) (1)|
i<l teR

is finite and independant of ¢ and we have

|66¢(X7 t)| < 2lCl sup |05¢(X,t)|
1Bl<l
and we can finally conclude, taking the supremum on ¢ > —1, that
sup sip | D%(x, 0] <20, sup sup (%, 80 (x, 1)
la|<k,|BI<t (x,t)eR™—1 x[—1,+00) |a|<k,|BI<I (x,t)eR* 1 x[—1,+00)

Since 1 has a support included in [—1,+o0), one can in the left hand side of the inequality take the
supremum over ¢t € R. Plugging this inequality into Equation 3.6 and recalling Equation 3.5, we get
Equation 3.4. o

We need to notationally differ between §-distribution in different dimensions:

Definition 3.4 (§-Distributions) § : R — R denotes the 3-dimensional d-distribution. 5:R—-R
denotes the 1-dimensional d-distribution. For rg € R, d,, : R — R is defined by ,,(r) = 0(r — 7o) for all
r e R. ¢ : R — R denotes the derivative of the 1-dimensional d-distribution.

3.2. Fourier- and k-Transform. The most important mathematical tool in this paper is the Fourier-
transform:

Definition 3.5 (Temporal Fourier-Transform) Let T € S'(R x R"™!,C). We define its Fourier-
transform T by its action on a test function ¢ € S(R x R*~1, C)

<T, ¢> = (T, $) (3.7)

where

(t) e (€) de.

i

As defined, the operator 7' — T is well defined and continuous from S'(R x R"~1, C) into itself [16] with
inverse T' — T with for all test functions ¢,

(T, ¢) = <T, ¢3>

where

6) = = f e

is the Fourier-transform on the Schwartz space (it coincides with the one given in Equation 3.7).

The Fourier-transform in spatial variables is called the k-transform:
Definition 3.6 (k-transform) Let i,7 € {1,2,3}, r,k € R? and denote by k), k() = (12:1, ko, 1%3) where

)

-y ifg£d - [ r; ifj#iandj#i
kﬂ‘{ki ifj—i kj_{ki £ —iorj—i

respectively.

The k-transform of the Fourier-transform of V : R* — €3 in direction z;, (z;, z;) and in all three directions
are defined by

Fi[V](kD) e RV (1) dr,

mf
Fu[VI&ED) = ff O (1) drgdr,

1

FIVIk) := A [F[Fs[V]]](k) = §J eIV (r)dr.
(2’/T)2 R3

10



Remark: From Definition 3.4 it follows that for r® € R3 fixed

1 .
Flr = 6 — r0)](k) = ——e %", (3.8)
(2m)?
3.3. Coordinate Systems.
1
Definition 3.7 (Spherical Coordinates) Associated to r = | 73 | € R? is the polar coordinate repre-
T3
sentation (r = |r|,0,¢) € [0,00) x [0, 7] x [0,27) such that
sin(@) cos(yp)
r =7 | sin(f)sin(p) |. (3.9)

cos(0)

4. MATHEMATICAL MODELING OF LIGHT PROPAGATION

We consider an optical single molecule localization microscopy experiment. Therefore a mathematical
modeling of the light propagation via Maxwell’s equation is appropriate: We consider macroscopic
Maxwell’s equations (in SI units), in order to model the interaction of the incoming light with the sample.
These equations describe the time evolution of the electric field E : R? x R — R? and the magnetic field
B: R? x R — R? for a given charge density p: R?* x R — R and an electric current J : R? x R — R3:

Ve D(r;t) = p(r,t), reR3 teR, (4.1a)
V. B(r;t) =0, reR* teRR, (4.1b)
Vex E(r,t) = —0;B(r;t), reR3 teR, (4.1c)
Vex H(r;t) = 0;D(r;t) + J(r; 1), reR3 teR. (4.1d)
Here

D=¢E+P (4.2)

denotes the electric displacement and
H= iB -M (4.3)

Ho

denotes the effective magnetic field, related to the electric and magnetic polarization fields P and M,
respectively. All along this paper the differential operators V., V-, VX, A are meant with respect to
the variables r. More background on modeling of electromagnetic wave propagation can be found in [21].

In the following we make a series of assumptions for simplifying Maxwell’s equations:

4.1. Material Properties. Biological specimens as we are considering in single molecule localization
microscopy experiments can be assumed to be non-magnetizable:

Assumption 4.1 (Non-Magnetizeable Medium) A medium is non-magnetizable if
M(r;t) =0 for all r e R3¢t e R. (4.4)

Remark: In single molecule localization microscopy experiments, fluorescent dyes are attached to molecules
of interest and upon excitation of the probe with a strong laser impulse they emit light. The mathematical
modeling of this process is omitted and we are considering only the influence on a macroscopic level,
meaning that charge density and currents are induced. A detailed mathematical modeling of the chemical
processes would require a modeling with microsopic Maxwell’s equations, which is omitted here for the
sake of simplicity. In a similar context microscopic Maxwell’s equations have been considered in Optical
Coherence Imaging in [12].
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On a macroscopic level, from Equation 4.1a — Equation 4.1d it follows from Assumption 4.1 that

Oip(r;t) = — V- J(r;t) for allr e R® t e R. (4.5)

Taking into account Assumption 4.1 and combining Equation 4.1c¢ and Equation 4.1d we obtain the vector
Helmholtz equation for the electric field E:

1
6002

1

6002 é’ttP(r; t) —

1
Vex Vex E(r;t) + C—Qé‘ttE(r; t) = 0, J(r;t) forallre R®,te R (4.6)

where pgeg = 1/c2, with ¢ being the speed of light in vacuum.

Remark: If the right hand side of Equation 4.6 vanishes than E describes the propagation of the electric
field in vacuum. The right hand side models the interaction of light and matter and the effect of the
external charges.

Equation 4.6 is understood in a distributional sense. That means that for every ® € S(R?; R?) and
¥ e S(R;R3), and with ® ® ¥ € S(R? x R;R?) denoting the vector valued function consisting of
componentwise multiplication,

(B (Vex Vex B) @ U5+ (B, 20 @0, ) — — (P, @@, ¥ )+ (1, dcaw).| “7)
c? €oC? €0C?

4.2. Linear optics. In linear optics one assumes a linear relation between the magnetic polarization P
and the electric field E.

Assumption 4.2 (Polarization Response Function in Linear Optics) P and E satisfy the linear
relation,

P(r;t) = ¢ JOO T(r;t, 7)E(r, 7)dT, (4.8)

T=—00

where (¢;7) — T(r;t,7) € R®*3 is a matrix valued function that averages the electric field over time. T is
called the (linear) polarization response function. For fixed r the matrix valued function (¢;7) € R? —
T (r;t,7) € R®*3 is supposed to satisfy the following assumptions:

Causality: No polarization is observed before the field is induced, i.e.

T(r;t,7) =0, forallt<r.

Time invariance means that (¢;7) — T (r;¢,7) is just a function of ¢ — 7. That is, we can write
T(r;t—7)="T(r;t,7), forallt,7eR.

Here we use a slight abuse of notation and identify notationally the two functions 7 on the left and
right hand side.

Remark: Let Assumption 4.2 hold, then T (r;¢ —7) =0 for t < 7.

We now move on to the Fourier-Laplace domain. In order to do so we postulate causality assumptions,
which we assume to hold all along the remaining paper:

Assumption 4.3 (Causality) The functions J,P,E (and thus in turn p, D, H) are causal, meaning
that

J(t;r) = P(t;r) = E(t;r) = 0 for all t < 0,r € R3. (4.9)
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Let Assumption 4.2 hold (in particular we assume that 7 is time invariant and causal), and assume that
J, P, E are causal, then from the Fourier convolution theorem it follows that

f’(r;w) = eox(r;w)ﬁ(r;w), for all r € R®,w e R, (4.10)
where
w . ~
x(r;w) = J T(r;7)e “Tdr = V21T (r;w) € €33 for all r e R®,w e R, (4.11)
T=—0

is called the linear electric dipolar susceptibility.

We denote the wave number by

k(w) = £ and more general k. 1= Ko(w) = wrie for all € > 0. (4.12)
c c

The application of the Fourier-transform to the vector Helmholtz equation Equation 4.6 gives the following
equation for the Fourier-transform E : R? x R — C? of the electric field:
A~ A~ 1 ~ ~
Vex Vex E(r;w) — k2(w)E(r;w) = —£%(w)P(r;w) — %J(r;w), forallre R®*, we R
€0 €pC

and consequently by using Equation 4.10 we get

~

Vex Vex B(r;w) — k2(w)([ + y(r;0) Bt w) = ———J(r;w)  forallre R®,we R, (4.13)

€oC?

where I € R3*3 is the identity matrix.

4.3. Isotropic media. Additional simplifications of Maxwell’s equations can be made when the medium
is assumed to be isotropic:

Assumption 4.4 (Isotropic Medium) Let Assumption 4.1 and Assumption 4.2 hold. The medium is
isotropic if the susceptibility is a multiple of the identity, that is it can be written as x(r;#)I € C3*3 with
x(r;t) € C. With a slight abuse of notation, we identify the diagonal matrix and the diagonal entry.

4.4. Homogeneous Material. We consider an isotropic, non magnetizable material with a linear
polarization response (that is, Assumption 4.1, Assumption 4.2 and Assumption 4.4 are satisfied), which
in addition is homogeneous:

Assumption 4.5 (Homogeneous Material) An isotropic, non magnetizable material with a linear
polarization response is homogeneous if y = 0.

For a homogeneous material (that is x = 0) it follows from Equation 4.13 that

23 (r3w) = Vex Vex B(ryw) — w2 (w)B(r; w). (4.14)
€pC

Thus, by using the vector identity
Vex Vox E = V, V.- E — ALE,

we get from Equation 4.14

~

=3 (riw) = Va Ve B(ryw) — AB(r;0) — #2(w)B(r;w). (4.15)
€pC

Now, by using Equation 4.2 and the assumption on homogeneity, x = 0, which together with Equation 4.10
implies that P = 0, we get
D =¢E+P =¢E.
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This, together with Equation 4.15 shows that

~ 1 ~ ~ ~
- —J(rw) = — Ve Ve D(r;w) — A E(r;w) — K (W)E(r;w). (4.16)
€pC €0
Now, by using Equation 4.1a in Fourier domain we get from Equation 4.16
1 ~ ~
- —Jrw) = — Ve p(r;w) — AE(r;w) — K (W)E(r;w). (4.17)
€pC €0

Finally, by using Equation 4.5 in Fourier domain,

iwp = — Ve J(r;w) (4.18)
in Equation 4.17 we get
w ~ 1 ~ ~ 0 &
———drw) = ——V,: Ve J(rjw) — AE(r;w) — 57 (w)E(r;w).
€oC 1WeEQ

In other words, we have for every re R?, we R

~ ~ i 1 ~
AE(r;w) 4+ £2(w)E(rw) = L <a; + =V, V,~> J(r;w)
e\ w
, , (4.19)
W = ~
= 60?J(r;w) + - V, p(r;w).
For any 7 € R a solution of the nonhomogenous Equation 4.19 is given by
E(riw) = E*(r;w) + (1= 7)E (r;w) forall reR3 weR where
~ iw ~ 1 4.20
E*(r;w):= GE(r,1) (MQJ(r;oJ) + =V ﬁ(r;w)) dr’ (4.20)
R3 €oC €0
with Green’s functions: .
+ir(w)|r—r’
GE(r,r') = © (4.21)

A lr — 1|
The physically meaningful solution is, as we motivate below, a convolution with the retarded Green’s func-

tion G: That is, the retarded solution of the Helmholtz equation Equation 4.13 is given by Equation 4.20
with 7 =1 (see [34]):

~

E(riw) = | GI(r,1) (MQJ(r;w) + = Ve ﬁ(r;w)) dr'. (4.22)
R3 €oC €0

Remark: With a slight abuse of notation we identify G} with G,, and f]: with f]w, since we are only
interested in the retarded solutions.

5. ATTENUATING SOLUTION AND INITIAL CONDITIONS

Definition 5.1 (Attenuating and Causal Solution of Equation 4.13) Lete > 0and . (w) = 21
as defined in Equation 4.12.

e Then, we call ]:35 the approzximate attenuating solution of Equation 4.13 if it satisfies the equation

Viex VX Ee(r;w) — w2(w) (T + x(r; w))f)a(r; w) = —IL: ;2538(1‘; w). (5.1)
0

e We call EE a causal attenuating solution of Equation 4.13 if E. (the inverse Fourier-transform of
E.) is a causal distribution.
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In the following we show that ]:3s approximates the retarded solution of the vector-Helmholtz equation
Equation 4.22 in a distributional sense:

Theorem 5.2 For every € > 0, let EE be the solution of Equation 5.1, the causal attenuating wave
equation, and let E be the retarded solution of Equation 4.13, which is given by Equation 4.22, then

E. LB (5.2)
e—0
Proof: We define for all t € R, r € R?
E.(r;t) = a.(t)E(r;t) where a.(t) := e ", (5.3)

Because E is causal, E. is a tempered distribution and since E is a solution of Equation 4.13, it follows
that for all € > 0, E. is a solution of Equation 5.1 and in particular it is also causal. We show that
E. ~% , E and because the Fourier transform (see Equation 3.7) is a bounded operator on &'(R? x R; R?)

e—0

(see [16, Theorem 5.17]), the assertion, Equation 5.2, then follows.

To prove that E. % E, we need to show that for all ® € S(R? x R;R?), (E., ®) — (E, ®). Noting

£—
that (E., ®) = (E, a.®), we therefore need to show that (E, ® — a.®) — 0. Lemma 3.3 shows that,
because E is causal, one can write

KB, ® — a.®) < C sup sup [t200 (@ — a.®)(t)].

a<k,f<it=—1

Now, note that for all 8 € INy and all ¢ € R,

/8 .
af [(e—st _ 1)@@)] = —65@@) + 2 <f> (—g)ie_Etatﬁ—zQ(t)
i=0
= (e = 1)l ®(t) + A (t)e ="

where A, is a polynomial (with coefficients uniformly bounded with ¢) in the derivatives of ® up to
the order 8 — 1. Since the derivatives of ® are Schwartz functions, sup,s _; [t*A.(t)| is then uniformly
bounded in e, which implies

lim sup [t*cA(t)e | = 0.

e=04>1

Now, B(t) := é’f ® is also a Schwartz function, which means that for every k € INg there exists Cj such
that sup, |(t*72 + 1)B(t)| < Ck. It then follows that for all ¢ > —1,

ta

t*(e ™t — 1)
to+2 +1

tot2 +1

)

[t*(e™=" = 1)B(t)| =

(et —1)(t*F2 + 1)B(t)‘ < C, sup

t=—1

where the last supremum converges to zero with ¢ — 0. Therefore we conclude that

lim sup
e—0 t=>—1

0P (e = )@(1)] = 0,

which means (E, ® — a.®) — 0. o

5.1. Dipoles. The emission of fluorescent dyes will be modeled as dipoles.

Definition 5.3 (Emitting Dipole) An emitting dipole is a vector ¥ = (\Ill Uy ‘I’g)T, which is
associated to a point 7§ in space; |¥| is called charge intensity and \%I can be represented in spherical
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coordinates (6,,,0,) € S2. Both notations are used synonymously and called the orientation of the
emitting dipole. That is

0y [T sin(f,n,) cos(@m)
U= |Ty |=||P|sin(b,)sin(em) |- (5.4)
U |¥| cos(b)
0
The limiting density of a dipole at position [ 0 | € R? is defined as a generalized function in space
¥
5T‘I’+Sl (I') - 57"1’st (I‘)
p(r) = |T] hm+ S 5 * ™ forall r e R (5.5)
s—0 S

That is, in mathematical terms, the dipole charge is the directional derivative of a three-dimensional
d-distribution in direction \%I Moreover, we denote by

J(r;w) == —iw®s(r —r¥) (5.6)

the dipole current (which is frequency dependent).

In what follows we assume that the emitting dipol is a unit-vector (that is || = 1), which simplifies the
considerations and the notation.

Lemma 5.4 Let J and p be as defined in Equation 5.6 and Equation 5.5, respectively and satisfy
Equation 4.18. Then

R(r;w) 1= 2 3(ri) + Vi plric) (57)
satisfies
R(r;w)
W2 18" (21)8(22)d (w3) + 20 (£1)8" (22)0(3) + 130" (w1)6(w2)8' (3) (5.8)
== 0(r =)+ | 010" (21)0' (22)0(ws) + 2 (21)8" (22)0 (w3) + 30 (21)0' (w2)0'(w3) |,
18 (21)5 ()8 (23) + 120 (21)0' (w2)d (w3) + b6 (21)0(22)d" (3)

T.

where (x,23)T :=1 — ¥, where rY¥ denotes the dipole position.

Proof: Taking into account that the 3-dimensional §-distribution can be written as

we find

and we get

16" (1) ' (21)0" (22)0 ' (21)0(22)d (w3)
Vip(rsw) = | 18 (21)8 (22)0(x3) + b (21)6” (w2)(w5) + 130 (21)0' (22)0' (3) |- (5.9)
018 (21)8 5 5

"(1)0(2)0" (x3) + 20 (21)0' (22)0" (w3) + 130(21)0(22)6" (3)
On the other hand
—V - J(r;w) = iwV - (T6(r — r¥))

= iw Z ;0" ((r —1¥); H6 r—13);) = iwp(r),

=1 VE

and thus Equation 4.18 is satisfied.

Moreover, using Equation 5.9 in Equation 4.18 gives Equation 5.8. o
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In the following we calculate the solution E of Equation 4.20, similar as in [13].

The following lemma and its proof are based on [13].
Lemma 5.5 Let E as in Equation 4.22 be the retarded solution of Equation 5.1 at fived frequency w. In
what follows we omit therefore the dependency of w and write E( )= E(r w).

Moreover, let the medium be isotropic, non magnetizable, homogeneous and have a linear polarization
response (that is, x =0).

As above we assume that a dipole ¥ € R3 is located at position ¥ = (0,0,7%)7.

Moreover, for all € > 0 let k. as in Equation 4.12 and we define for fived ki,ks € R

q:= lim+ q- where q. = ac +ib. 1= /K2 — k? — k3 with b. >0 (5.10)

e—0

that is q. is the complex root with positive imaginary part). Let now r € R3 be such that r3 —r% > 0, then
3

~ 11 < jeia(rs—ry)

E(I‘) = 77%‘/—"12 (kl, ]CQ) 1,[}3835(7‘3 — ’I"g’) + 2q (‘I’ X kq) X 1Q;| (7’1,7‘2). (511)

Proof: First let ¢ > 0, and we prove an identity of the form Equation 5.11 for Es. We note that
F[Vye x Vy xE.](k) = —(F[E.](k) x k) x k for all k € R,

Thus from Equation 4.13 with x = 0 it follows by applying the k-transform, and by using Equation 5.6,
Equation 4.12 and Equation 3.8 that

A~ A~ 1 _— ~ 2 .
— (FIB](K) x k) x k — k2F[B](k) = ———"F[I.] (k) = —— = —We o7 (5.12)
€0C (2m)2 ¢
Elementary calculation rules for x provide that
(v xk) xk = (k-v)k— k| v for all v,k € R?, (5.13)

which, by application to v = F [I:DE](k) and v = W, respectively, shows that
k2| FIE] (k) = —(F[E.](k) x k) x k + (k- F[E.](k))k and

5 (5.14)
‘k |lIl =—(Pxk)xk+ (k- Pk
Therefore, by multiplying Equation 5.12 with }k2| and using Equation 5.14, it follows that
(12 = ) (FE] (k) x k) x k — x2(k - F[E](k))k
2 . 5.15
=— "57536711@3#}; [—(P x k) xk+ (k- P)k]. (5.15)
(2m)2 €

Since k and (v x k) x k are orthogonal, it follows from Equation 5.15 that:

(FIE] (k) - k)k = (21)3 le—ikﬁ?(xxf ‘k)k = (21)3 L kot (|k|2 ¥ + (¥ x k) x k) ,
m)2 €0 )2 €0
2
K

< e_ik”\g(lIl x k) x k.

2 2 (FIE](k) x k) xk = ——=
(k| o) (FIE:](k) x k) x k (27m) 2 €

Inserting these two identities into Equation 5.14 and noting that since x. is not real, one can divide by
|k|? — k., yields

~ 1 1 ., 2
k[? FIE. (k) = —— —e %75 [ KPP W + (¥ x k) x k+ —5 (¥ x k) x k
3 —
(27)2 €0 k|” — 2
1 1 _;
= 3 — e kary k> @ + _ i (\I’ xk)xk|,
(27)2 €0 k|* — k2
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such that

~ 1 1 W ¥ x k k
FIBK) = - Lokt (g (BRI xk)
@nt k=2

Therefore

B - — Ly l]—'?,l K\IJ + (‘I’Xk)Xk) e—i’%%’} (7“3)1 (r1, 7).

(2m)% <o K — 2

In order to prove Equation 5.11 for EE, it remains to show that

V2r k|* — K2 24e

which is done by standard, but quite lengthy computations, which are presented in Appendix A.

1 17} k k . - 1 iqs(""377"\‘1,)
Fi! lks - (m + H) k] (rs) = daesd(rs —r¥) + (¥ x k) x kq.,

Now, we consider &€ — 0. Theorem 5.2 combined with the continuity of the inverse Fourier transform Fp,'
in §'(R?,R?) which implies that

- 11, - o, . ieiee(rs=rE)
E(I‘) = —Eg]:m (k‘l,k?2> - 1/)393(5(7‘3 — 7"3) + ;I_I}’(l) T(\I’ X kqs) X kq5 (7“177“2).
To prove the assertion, we simply need to check that, in S’
iei% (7”3—7”\;5) ieiq(TS_r‘il;)
lim ———— (¥ x k) x k. = ——— (¥ x ky) x kq.

2q

These two quantities being L{. . functions, it is enough to show that the limit holds in L{ (R x (R? x R)).

loc loc
The L{ . convergence is then obtained noticing that

9= (B x ke, ) x kg, — €957 (W x k) x ky 2 0

qe

and that

1 1_ I{g*lﬁ2

G 0 (K2— k2 — kK2 — k2 — k2 + (K2 — k2 — k2)\/k2 — k2 — k2

converges to zero in LllO .- Note that this would imply only a convergence in D’, but the two functions are

actually uniformly L* outside the compact set {k? + k3 > |x|? + 1}, so the convergence holds in & as
well. o

Moreover, we make the assumption that the dipole can be rotating.

Definition 5.6 (Rotating Dipole) The emitting dipole is considered wobbling uniformly distributed

around the dipole orientation Ii—’”l = (O, pm) € S? in a cone of semi-angle a,,,. Assuming a dipole-emission
m

from a oscillating source we get after averaging an source represented as the indicator function

1
Iy = =T, an)s (5.16)
|C(® o, )| CF )
where
C(¥p,am) = {7 S [£®T,,| < oy, 0 < 7 < ||} (5.17)

Note that |C(¥,,, ap,)| = +7|¥,,|3 tan? (o, ). Taking into account Equation 5.6 and Equation 5.5 the
according charge density and current of dye m are given by

ion(r;w) = —iwl,,, py(rw)= in-jﬁl(r;w) and
w

A . (5.18)
R? (r;w) := C—QJom(r;w) + Vi oo, (r; w).
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Ficure 6. The axis of cone has angular coordinates 0y, and @, in the coordinate system. A
general orientation within the cone has coordinates 6 and ¢ in the coordinate system, and
axial coordinate B, and azimuthal coordinate n with respect to the cone axis. The outer limit
of motion in the cone is given by 8 = aum.

6. THE FORWARD PROBLEM

In the following we present mathematical models describing the emission and propagation of light caused
by dyes, which are exposed to strong laser light illumination. See Figure 7 for a schematic representation
of the experiment. In single molecule localization microscopy two-dimensional images are recorded after
exposing the probe subsequently to strong laser illuminations, such that the dyes appear in dark (“off”)
and light (“on”) state. This allows to separate the fluorescent emission of individual dyes in time, allowing
for high resolution images. In order to minimize the notational effort we consider recording of a single
image frame first. The mathematical model of consecutive recordings of multiple frames is analogous and
requires one additional parameter representing numbering of frames (a virtual time).

[ I P

Ficure 7. Ilustration of the experiment: Biomolecular structures are placed on the glass
surface at position rél’ < 0 and illuminated from the bottom. The glass plate has a thickness

ry.
In the following we state a series of assumptions, which are used throughout the remainder of the paper:

Assumption 6.1 (Medium, Monochromatic Source and Response) In the following we assume
that

e The incident light is a monochromatic plane wave of frequency w;,. and orientation v.

e The medium is assumed to be isotropic, non magnetizable, homogeneous and has a linear polarization
response.
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e Moreover, we assume that a dye can be modeled as an absorbing dipole ¥,, which emits monochro-
matic waves of frequency w # win. resulting in an emitting dipole

U= (v -U,)v. (6.1)

Indeed what we will measure is the electric field at frequency w, which is not affected by the incident
field at frequency w;n.. As a consequence we only have to consider the electric field at the frequency

we R.
vy
e In what follows we assume that the considered dipole ¥ = [ U, | is located at position r¥ =
Vs

(0 0 r}I)’)T with 7% < 0. Unless stated otherwise r € R? with 73 > 0. The sign assumptions on 73
and ¥ are in accordance with the experiment: the object is assumed left of the lens system (see
Figure 8) and r is a point of the measurement system.

e The dyes absorb light, which can result in fluoresence emission. We describe the states of an
absorbing dye with index m via a time indicator function: The on-off indicator

L, e{0,1}, (6.2)

tells us whether the m-th dye is an emitting state or not.

The complete experimental setup of the optical experiment of single molecule localization microscopy
is represented in Figure 8. For the mathematical modeling we are considering the propagation light at
different locations of the optical system. The dyes are considered at positions r¥= with 7“;1' ™ < 0 and
the focal plane (which contains the focal point of the objective) corresponds to the bottom of the glass
plate, which is not mathematically modeled, that is the focal plane is at position r3 = 0. Note that in
particular that the dipole is not located at the focal plane, unless if 7"51' ™ = (0. For the sake of simplicity of
presentation we consider only a single dye, and leave the subscript m whenever appropriate.

The mathematical modeling of the experimental setup follows [4], however it is adapted to our notation:

e In Section 6.1 we describe the propagation of the electric field in the medium, that is from the
bottom of the cell (the assumption is that only molecule labeled with a dye at the bottom of the
cell emit light) up to the objective (see Figure 8). This domain will be denoted by 2. Since the
objective is far away from the molecule (relative to the size of the molecule) the electric field can
be approximated well by its far field, which is calculated below. The 3-dimensional k-transformed
coordinate system is denoted by k € R? (see Section 6.1).

e In Section 6.2 we present in mathematical terms the propagation of the emitted light when it passes
through the objective; that is after passing through the medium. In fact the light rays are aligned
parallel by the objective in r3 direction. The objective has a focal length fq,; and it is positioned
orthogonal to the r3 axis with left distance to the focal plane (glass plate) rgbj = fopy. Indeed
the lens system is complicated and a detailed mathematical modeling is not possible. A simplified
model assumes that the objective is big compared to the wavelength, such that the intensity law of
Geometric Optics applies (see Figure 9 and [3]), and phase shifts due to the curvature of the lenses
can be neglected.

e In Section 6.3 we calculate the propagation of the light after passing through the back focal plane of
the objective, that is in between r;fp + dopj and 75t — dg, from knowledge of the field at the plane
with third coordinate 5. Here dy denotes the maximal width of the lens (see Figure 8). This is
achieved by solving the Helmholtz equation in air between the back focal plane of the objective and
the incident plane of the tube lens.
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e We assume that the lens is a circular tube lens with maximal thickness dg. The thickness is described
as a function d. Moreover, we assume that the lens has a focal length f1, and that its pupil function
is given by P, : R? — R,

1 for |x|<R
Pi(x) = { 0 for |x|>R

The lens is assumed to be converging, such that the parazial approximation holds, that is we can

assume that the wave vector of the wave is almost aligned with the optical axis [15, Sec. 4.2.3]. The

adequate formulas are derived in Section 6.4.

(6.3)

e Finally the light is bundled to the image plane, which provides an image described by coordinates
x¢ € R2 (see Section 6.5).

Focal Plane Objective Back focal plane Tube Lens Image Plane
ep \\ \\
A |
v > 1 5
il _ ¥\ ‘
(p |
// g R |
7":‘31’ 0 fobj | €3 rb:fp
Q | |
s | |
fops f
Section 6.1 Section 6.2 °®J  Section 6.3 Section 6.4 L' Section 6.5

Ficure 8. The plane of observation is defined as the plane containing the dipole W, the
e3-axis, and the path of a particular ray through the objective, the back focal plane and the
tube lens (with focal length fobj).

We summarize the different coordinate systems used below in a table:

Position Coordinates Fourier

Medium Q || reR?, (r,0,0) e Ry x S? ke R3
Back focal plane (BFP) || x € R?, (p, ) € Ry x [0,27) | ue R?, (§,v) € Ry x [0,27)
Tube Lens || y € R2, (p,0) e Ry x [0,27) | v e R?, (»,9) e Ry x [0,27)

Image plane (IP) Z x¢ € R? us € R?
Between BFP and IP (x,73) € R3
General notation | kio = (k1,k2)T € R? k = (ky, ko, k3)T € R?

k. = (ki,k2,2)T 2€C, ki, ko€ R

TABLE 2. Some abbreviation to look after in Lemma 5.5 and its proof, as well as in
Appendix A and Appendix B.

6.1. Far Field Approximation in the Medium. In this subsection we derive the far field approxima-

tion of the Fourier-transform of the electric field, f), in the medium. The derivation expands [13].

First, we give the definition of the far field:

Definition 6.2 The far field Fy, : S2 — C3 of a function F : R3 — C3 satisfies: There exists C' > 0 and
a function C : [0,00) — [0,0) such that

lirro1O |F(r,0,0) — C(r)Fp(0,0) =0  with  |[rC(r)] < C for all r € [0,0). (6.4)
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Lemma 6.3 Let the medium be isotropic, non magnetizable, homogeneous and have a linear polarization

0
response. We assume that the considered dipole W is located at positiont™ = | 0 | withry < 0. Moreover,
G
1
letr = |72 | € R® with rs > r¥; The later assumption means that we are considering only light rays,
T3

which are propagating into the lens system (see Figure 8).

Then the far field off] in the medium s given by

el cos(O (0, ) = cos(8) (—\Ilp cos(f) + ¥s Sin(e)) e, — Ve, +sin(0) (\I/p cos(f) — U3 sin(9)> e;

(6.5)
and
KZQ einr
C(r) = . 6.6
() 8meg T (6.6)
where ¥; = (¥, e;), j =D,s,3 are the coefficients of ¥ with respect to the orthonormal basis
. T . T
e, = (cos(p) sin(p) 0) , ez :=(—sin(p) cos(p) 0) , e, (6.7)
that is
¥ ="U,e, + Ve, + Uszes. (6.8)

Proof: Taking into account the assumption that r3 — s > 0, and by representing the vector r € R? as

r=rsez + 73 (Vv O)T =ry(v1 v 1)T7 (6.9)

with a (non-unit) vector (v1 vg)T = v € R? in the plane spanned by e; and es, it follows from
Equation 5.11 that

R 1 1 . jela(rs—r%)
By =11 rsvias (277 g k) xk, | dk 6.10
A T A ( g W) ) dice (0:10)

where ¢ and k, are as defined in Equation 5.10. Note that in Equation 6.10 ¢ = g(ki2) is as defined
in Equation B.3, and therefore the integral on the right hand side is of the form (neglecting the factor

i 1
—TorTa)
J elrs¢(12) gk o) dko
k12€R2

with -
efir3 q

((ki2) =ki2-v+q and pBkio) =

(¥ x kq) x k. (6.11)

The stationary phase method, [20, Th. 7.7.5], states that if k is a critical point of ¢, which has been
calculated in Equation B.2, then

J eir?’c(k”)ﬂ(klz) dki = eiraC() (det (TSH(C)(R)/(QWU))_UQ B(f() o (1) .
ki2€R2

T3

Taking into account Equation B.1 in Lemma B.1, and k1o of ¢ as defined in Equation B.2, and being
aware that ¢ = g(kj2) (that is ¢ is a function of kj5), we apply Equation B.4, Equation B.3 and get

eirs(kizvte) o
f S e (W x k) x k, dkiy
k12€IR,2 q

2ei7“31m/1-',-|v|2 = NT%’ r r 1
=7k —————e VIHNV? (WU x — | x — + 0| — | for r3 — .
r3 x| x| r3
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Now, we recall Equation 3.9 and Equation 6.9, which imply that

\/172_ 1 r Sm(z) CPS(QS) _ sin(d 0
+ v = wos@ T smE:O)Siler;(qS) = sin(f)e, + cos(f)es

and |r|cos(6) = rj,

such that we get

eirs(kizvta) -
Jk R2 Te s <‘I’ X kq) x kg dkip
12€

. irk|r|
— 9ink2einTS cos(0) ¢ <\Il X r) X r + 0 <1> .
Ir| x| || T3
This shows that

. @ 2 ik|r| .
E(r) = ¢ ixrycos®) © ¢ (\1: x |rr|> x T 4o (1) = O(r)Ew(r) + 0 <1> . (6.12)

8meg |r| |r| T3 r3

r
It remains to compute the second identity of Equation 6.5. Expressing W and W in terms of the associated
r

basis e, e;, e3 from Definition 3.7, and using Equation 5.13, we get from Equation 6.8

(o) m- (v i)
- ((sin(a)ep + cos(0)es) - (Upe, + Ue, + \I/3e3)> (sin(0)e,, + cos(0)es)

— Ve, — Ve, — Uses

= (sin(e)\llp + cos(@)\llg,) (sin(f)e, + cos(f)es) — Ve, — U es — Uses,

which after rearrangement proves the second identity. o

In the imaging system the calculation of the electric field is not done at once but in different sections
(Section 6.1, Section 6.2 and Section 6.3, Section 6.4 and Section 6.5). In each of these sections the electric
field is calculated by transmission from the electric field computed at the previous section. In addition,
we assume that the light which hits the objective from {2 can be approximated by its far field expansion
C(fobj)Ew, which we will use instead of E.

6.2. Propagation of the electric field through the objective. In the following we calculate the
electric field in the objective. Assuming that the electric field (light) emitted from the dipoles travels
along straight lines in the medium to the objective, the objective aligns the emitted rays from the dipole
parallel to the rz-axis in such a way that the electric field between the incidence surface of the objective
and the back focal plane undergoes a phase shift that does not depend on the distance to the optical axis.
In the ideal situation, where the wavelength is assumed to be infinitely small compared to the length
parameters of the optical system, the electric field can be computed via the intensity law of geometrical
optics (see Figure 9 and [8, Sec. 3.1.2] for a derivation).

Assumption 6.4 The objective consists of a set of optical elements (lenses and mirrors) which are not
modelled here (see some examples in [8, Sec. 6.6]). Its aim is to transform spherical waves originated
at its focal point into waves which propagate along the optical axis. In what follows, the computations
are made ignoring a constant (independent on the point in the back focal plane) phase shift which is
underwent by the wave through the objective.
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\ E2

dAs

/ dAicost = dAs

FiGure 9. Intensity law of Geometrical Optics: The energy carried along a ray must
remain constant. The power transported by a ray is proportional to \E|2 dA, where dA is an
infinitesimal cross-section perpendicular to the ray propagation. Thus, the fields must satisfy

_ 1
‘E2| o |El| cos(6)

Focal Plane  Objective

<
“r
)
a®

w

Ficure 10. Approximation used: We assume that the cell is fixed to the glass, and the
distance of the dipole ‘r§’| from the focal plane is sufficiently smaller than r = |r|, such that
fopj & 1, and 0’ ~ 6.

Lemma 6.5 Let r be a point at the back focal plane of the objective, that is with r3 coordinate rgfp and
with spherical coordinates (r,0,¢). We define, after the objective, the radial length on the propagation
plane (planes with constant r3 coordinate), by

pim p(6) i= Frpysin0). (6.13)
Then
cos(p) (—¥, cos(f) + T3 sin(d)) — sin(p) ¥
B4, ) %e—mr‘é’ os(®) | sin(p) (— T, cos(6) +(;If3 sin(6)) + cos(p) Wy | 6 < Omax (6.14)
0 0 > Omax
where

Omax := arcsin(NA)

is the maximal angle 6 for rays to enter the objective (the other rays simply do not enter the optical
system). Note that the refractive index in air is assumed one.

24



Proof: The electric field is transmitted according to the law of geometrical optics [4, Eq. 16] into the

objective at the points
0

r=| 0 |+ £w;S% (6.15)

G

that is the electric field simply undergoes a rotation of axis e; and angle 6 as well as a magnification of

\/Ci@ (see Assumption 6.4).

The rotation with angle # around the axis e; changes the unit vectors as follows:
e, — sin(f)ez + cos(f)e,

e3 — cos(f)ez —sin(f)e, (6.16)

e, — €.

Now, Equation 6.16 shows that the expression of the electric field in the back focal plane will be simpler
using coordinates (ep, e,, e3). Equation 6.5 leads to

. Clfopi)
EPP(p, p) = ((mstZO))e_IM? cos(0) { (—\I/p cos(f) + ¥y sin(9)>ep — \Ilses} ,

where C'(fq;) is as defined in Equation 6.6. Writing the unit vectors e, and e, in the fixed system of
coordinates (x1,x2,x3) gives Equation 6.14. o

6.3. Between the Objective and the Lens. After the objective, the light propagates through air
until it reaches the tube lens. Denoting by k2 the wave number in air (see Equation 4.12) the electric field
satisfies the homogeneous Helmholtz equation in the tube lens:

Aﬁ(r) + nzﬁ(r) =0 in H:= {r eR3: P <y <1t — do} (6.17)
together with the boundary condition

E(ri,79,75") = Ebfp(rl, 7o) for all (r1,79) € R (6.18)

The solution of Equation 6.17 can actually be calculated by applying a phase shift to EP®P as the following
lemma shows.

Lemma 6.6 Representing x = (f,,;sin(f) cos(p), £, ;sin(0) sin )) € R2, then the Fourier transforms of

E in the transverse plane of (x,73) can be calculated from f)(x r3 P) in the following way
Fro(B) (ky, ko, rg) = Fro[B22](ky, ko )elrs sV =2 ki HkS (6.19)
where the square root can denote both of the complex square roots.

Proof: Flrst we notice that since EP® is bounded with compact support, it is a L? function in the plane
{rs = r3 p} Taking the Fourier transform in these two variables, Equation 6.17 and Equation 6.18 are
equivalent to

02 Fro(E) (k1, ko, 13) + (k2 — k2 — k2)Fr2(E) (k1 ko, 73) = 0 for all r € R3, 75 <73 <78 (6.20)
with the boundary condition
Fro(B) (ky, by, r5®) = Fio[EP®](ky, ky) for all (ky, ko) € R2. (6.21)
Now, Equation 6.20 is a simple ODE whose solution writes (for x? — k? — k3 # 0)

Fro(B) k1, ko, 13) = Fro[EPEP] (1, ko)e(Ts 8NV -2k +kE i

Among the fields computed in Equation 6.19, several are not physical or will not be observed:
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e Having 2 < k? + k3 leads to either a real positive square root which corresponds to a wave exploding
as rs increases and is therefore not physical or a real negative root, which yields an exponentially
decreasing wave (evanescent) which exist but, since (r3 — rgfp) is several oders of magnitude bigger
than the wave length, will be damped by the time it hits the tube lens. Therefore we also do not
consider it.

e When, k? < k? + k3, we get two imaginary roots, namly +iy/x2 — k3 — k3, which corresponds to
the two Green functions Equation 4.21. For the same reason as above, we will only consider the
positive sign.

This can be summerized in the following assumption, that will hold in what follows.

Assumption 6.7 We only consider k2 > k? + k3 and we obtain

]:12 (E) (kjl, k‘g, 7“3) = flg[ﬁbfp](k‘l, k‘g)ei(m_rgfp) \ Kz_k%_kg. (6.22)

In the following we calculate Fyo[E*], where E* = E(x, ri).

Lemma 6.8 Let Et% (x) = ]:](x,rgfli) be the electric field at the indicent plane of the tube thin lens (at
r?fli) as defined in Equation 6.19, then the Fourier transform of EtY in this plane in polar coordinates

(€7V) Of (k17k2) 18 given, fOT 52 < /-QQ} by

Fuo[ B (€, v) = Fra[BYP)(€, v)el s —riV/w =
1 (et b8y 3 gz
i(fobj)zc(fobj)e( 3 3 )\/75

=Wy [11,0(8) + I2,0(&)] + W1 cos(2v)[ 11 2(&) + I2.2(€)] + Yo sin(2v)[11 2(§) + I2,2(§)] — 21¥3 cos(v)[2,1(§)
—Wy[11,0(§) + I2,0(8)] + Wacos(2v)[11,2(§) + I2,2(§ )] + Wy sin(20)[ 11 2(§) + 122(§)] — 2i¥ssin(v)21(§) |,

(6.23)
where

Omax

Fa€) = [ Voos(8) sin(8) e 05y (1, sinf0) ) o
0
exnax

I1a(€) = J cos(0) sin(@) e w7 cos(0) ( Fons sin )) do
0
Oma 1—cos(20) _i% o .

I (€) = L (cos(6))*/? %ww cos(®) 1, ( Fanst sm(9)> df (6.24)
Omax :

o) = [ oos(0) et 0.1, (1, 5in(0)) o
0

O max .
Bal) = [ Voos(0) T et 01, (5, in(0)) o

Jm denotes the Bessel function of the first kind of order m, and On.x is the angle of aperture as defined
i Fquation 1.1.

Proof: We use the following notation
_(ur\ _ . [cos(v) [z _  (cos(p)
U= (uQ> =< <sin(1/)) and x = <a:2> =F (sin(gp) ’
where p = p(0) (see Equation 6.13) is the radial length on the back focal plane.
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The two-dimensional Fourier transform of the Eeb (defined in Equation 6.14) reads as follows:

fu[EObJ]( ) i EObJ( ) 71uxdx

xeR?

max 27 .
= —(fopj) J f EObJ ,p)ei€r(0) cos(e=) c5(9) sin(6) dipdf

max 2T
fobj) J f { (—\Ilp cos(f) + ¥g sin(9)> ep — \I!Ses}
. —1;@73 cos 0) —i€p(0) cos(p— V)\/FSIH d(pd@

Next we calculate the integral on the right hand side of Equation 6.25:

f:m Jo { (‘% cos(0) + U Si“(")>e” ) qj}

. @TinTy cos(6) o —igp(8) cos(p—v) cos(0) sin(0)dpdb

Oma —ikry cos(8) Sin<29) o —i&p(0) cos(p—v)
=— S q/cos(H)T . U,epe dp ) d (6.26)

(6.25)

0
Omax ) 27 .
. J efmrg’ cos(6) /COS(Q) Sin(a) <J \Ijseseflﬁp(e) Cos(%’u)d@) dé
0 0
0. 27
max 1 — cos(20 .
n J e—mr‘é’ cos(é)(cos(e))sp C(Q)S( ) (J \I,Bepe—lép(e) cos(w—u)dsp) do.
0 0

We proceed by first evaluating the inner integrals (involving the ¢ variable) on the right hand side of
Equation 6.26, by transforming the (e,, e,, e3) system to (e1, ez, e3) system, and then using the Bessel
identities Equation C.1, to evaluate the integrals.

Using Equation 6.7 it follows from Equation 5.4 that
U, = |¥|sin(0y,) cos(om — @), Us = |¥|sin(b,,) sin(pm, — ¢). (6.27)

Again by application of Equation 5.4 and sin and cos summation formulas we get

1 2 in(2 in(2 1-— 2
() oy LESL20) g )y g, 2] 1 entzg)
i i (6.28)
2 1 2 1— 2 2
U, cos(p) = —\Illsm( ) + U, o cos( <'0)7 U, sin(p) = -0y cos(2p) + U, sin( ('0).
2 2 2 2
Using Equation 6.7, we express the first inner integral on the right hand side of Equation 6.26:
27 27
J e i€00) cos(o1) gre J W, cos(p)e00) 0321 gz,
0 0 (6.29)

27
+ J W, sin(p)e 6O cosle=1) goe,
0

and to evalute the integral we use the Bessel identities Equation C.1, and Equation 6.28.

We use Equation C.1 for m = 0 and m = 2, to evaluate the first integral in Equation 6.29:

2T -
efin cos(apfu)d(p + Uy J Sln(2¢)
0

2 2
i 1 2 .
J ‘Ilp COS((p)eim cos(¢—y)d<p = \1/1 J M e~ in cos(gofu)d(p

0 0 2

27
_ % —177 cos(p— u)d + 7\[‘ CoS 2¢) —in cos(p— u)d + 7J sin 2¢) —in cos(p— V)d(p
0
=7¥1Jo(n) — 70 cos(2v)Ja(n) — mWy sin(2v)Ja2(n),
(6.30)
where 7 = fqp5¢ sin(6), and calculation similar to Equation 6.30 yields

1 27 ) )

= f W, sin(p)e M) dp = Wy Jy(n) — Uy cos(2v)Ja(n) — Uy sin(2w)Jy(n). (6.31)

T Jo
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Thus, using Equation 6.30, and Equation 6.31, in Equation 6.29, the first integral expression on the right
hand side of Equation 6.26, becomes

1 Omax ) (2 27 )
= J e—mrg’ cos(Q)MSIH; 9) (J ‘I,pepe—lgp(é) cos(¢—v)d<p> do
0

T Jo
emax 3 . W
—(U1e1 + \Ilgeg)f «/cos(@)%eﬂ’”3 cos(9) 1 (fob3€ sin(6)) db

0
max 20) _. .
+ (U1e1 + Uyey) cos(2v J Sm; )e_m\g cos(9) 1, (fob5€ sin(0)) db
0
0
max 20) _.
+ (Pae; + Uyes)sin(2v) J sm( )e_”"’"g, cos(9) 1, (fobjf sin(@)) do
0
7(\11161 + \11292)1270(57 T3 ) + (\Illel + \IJQBQ) COS(2V)1272(£, T’%’) + (\I!2e1 + \Ille2) sin(21/)]272(§, 7"31”),
(6.32)
where integrals I, ,(£,7%) are as in Equation 6.24.
Similar calculation to Equation 6.30 yields
1 27T )
= f U, sin(p)e™ " COSW—”)dgo = —U1Jo(n) — ¥y cos(2v)J2(n) — Yo sin(2v)J2(n),
1 027r (633)
— J W, cos(p)e M)y — Wy do(n) + Uy cos(20)Ja(n) + ¥y sin(20)Ja(7).
™ Jo

Next, using Equation 6.7 and Equation 6.33, we compute the second integral term on the right hand side

of Equation 6.26:

1 emax . o
- = J e~ s cos(0) | /eos(0) sin(h) <J

™ Jo 0

27
U e,e€P0) COS(SO—V)d(p> do

Omax

—(Uye1 + Paes) J \/cos(6) sin(@)efi'”\‘ol" cos(9) 1, (fobjfsin(ﬁ)) do

0

Omax

+ (T1e1 + Uaesy) cos(2v) J cos(0) sin(H)e*i”’”‘g cos(9) 1, (fob3¢ sin(6)) db (6.34)

0

Ormax .

+ (Uae1 + Uye)sin(2v) cos(0) Sin(ﬁ)e*”‘"? cos(9) 1, (fob3€sin()) do
0

—(Wre; + Uaea)1 0(&,7%) + (Vrer + Uoes) cos(2v) 11 o (€, 75 )
—+ (\Ilgel + \11162) sin(21/)]172(§, Tg’),

where integrals I, ,(£,7%) are as in Equation 6.24.

Next, we compute the last integral term on the right hand side of Equation 6.26:

s

1 O max ) 1— 5(2 2m .
f e—mr\é’ cos(6) (COS(Q)):;/Q C;b( 0) (J ‘1/3epe—1§p(0) cos(ap—u)dQD) do
0 0

1 Omax . . ]_ _ 29 27 . .
- 7\II3J e~ in73 c0s(9) (co5(f))3/2 %() <elf cos(p)e i€ ®) cos(w—lf)dsp) do
™ 0 0

1 Omax 1 — cos(2 2 ‘
T fq/3j e=in7Y €0s(9) (¢os(6))3/2 w <e2J sin(ip)e16P(0) coswwd@) do
m 0 0

(6.35)

Omax 1-— P
= —2i{U3 (cos(v)ey + sin(v)ez) f (cos(6))3/? We_m” cos(®) 1, (fob5€ sin(0)) db
0

= —2iU; (cos(v)e; + sin(v)es) Io1(£,75 ),

where in the second equality we use Equation C.1 for m = 1, and in the last equality we use the integral

I, 4(& 7)) as in Equation 6.24.
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Using Equation 6.32, Equation 6.34, and Equation 6.35, the expression of Equation 6.26 becomes

% L e L " (q/3 cos(p) sin(8) cos(20) — W, cos(y) cos(d) — U, Sin(w))-

S tan(0) cos(ip—1) in(r§sec?(0)=r¥) c05(0) | [co5(0) sec? (9) tan(8) dipdf
= — (V1e1 + Uaer)[110(&,75) + Lo0(E,75)] (6.36)
+ (Urer + Uaes) cos(2v)[112(€,75 ) + T22(€,75)] °

s

+ (\11261 + \Ifleg) Sin(QV)[Il 2(5,7“%’) + 1272(5,7“‘?1:)]

)

— 2iW3(cos(v)e; + sines) Iz 1(),

where the integrals I}, 4(§) are defined in Equation 6.24.

6.4. Electric field approximation in the lens. After the light ray has passed through the objective
and the back focal plane, a tube lens is placed to focus the light rays onto the image plane.

Definition 6.9 (Tube lens parameters) For the tube lens, we assume that it is a converging lens with
focal length f; > 0, which is placed starting at rgli and 7“;1“. Moreover the lens has a thickness which is
measured orthogonal to es by the function d.

The incoming field at the tube lens Etli (as defined in Equation 6.19) and the outgoing wave field ]:]';1“
immediately after the lens aperture are related by (we use the same polar coordinates (p, ¢) in both planes
{rs = 73"} and {rs =15} )

E®(p, ) = P B (p)E™ (p, @), (6.37)

where P is the pupil function associated with the tube lens as in Equation 6.3, p is the phase shift
experienced by the field through the tube lens (note that it does not depend on ¢):

wp) = mmd(p) 4+ R(do—d(p) (6.38)
—_——— —_——
phase delay by lens  phase delay by vacuum

where dy is the maximum thickness of the lens, d(p) is the thickness of the lens at distance p from the
optical axis, n; is the refractive index of the lens material, and x as defined in Equation 4.12. The phase
delay induced by the lens, under the assumption of a parazial approzimation reads as follows (see Table 1
for the summary of all physical parameters below):

K
w(p) ~ knydg — 2—prQ for all p € R. (6.39)

6.5. Electric field Approximation in the Image Plane.
Definition 6.10 The electric field at the focal plane,

T = {(x¢,75) : x: € R*}, (6.40)
is denoted by BEf(x;) := E(x¢, rf), where E solves the boundary value problem
AE(X,T‘g) + K2(x, T3)E(X7T3) =0 for all x e R?, 73" <73 <7l (6.41)

with boundary data

~

E(x,rf) = Bt (x) for all x € R>. (6.42)

Note that Et2¢ as defined in Equation 6.14 is already an approximation of the electric field outside of the
lens system.

Following [15, Eqs 5-14], we can calculate the field E in the image plane.
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Lemma 6.11 At a point x; in the image plane,

f}f(xf) X (ftmdo) i besl® f P (x)Bt (x)efif*fi(xf’x)dx for all x; € R?. (6.43)

1)‘fL xeR?

Proof: We apply the Huygens-Fresnel principle (see [15, Eqs 4-17]) to compute the field in the image
plane:

A~ ]_ . in 2 A~ sk 2 ik
Ef (Xf) _ femde 55 %z Etl" (X)el 21| e i% (xs,x) dx
lAd xeR?2

ik

= .iei”de% peel® J PL(X)Etli (x)e!# (¥ elzs I o= (xe.%) 1
1)\d xeR2

1 . i )y |2 ~ : SR (|2 i (|2 s
—_ emdeﬁ|xf\ PL(X)Etli (X)emnldoe—lwkl elﬁ\x| 671%<xf,x>dx
iAd xeR?2

1 .2« o ~ . P2 _i2m
- %el%(d"’nldo)elﬁ‘xfl? Py (x) B (x)e 137 (10X o155 Geeod) g
1 xeR?2

where in the second equality we use Equation 6.37, in the third equality we use the paraxial approximation

Equation 6.39, and in the last equality we use k = 27“ Now, if the image plane is at the distance d = £y,

the quadratic phase factor term within the integrand exactly cancel, leaving

1

_—
B (xe) = iNEL

i 5 (Brrmdo) ol sy el PL(x) B (x)e 73 0 g,
x€R?

127 . . L 2 . .
where the term el (f1+11d0) ig o constant amplitude, and the term e >& 1" describes a spherical phase

curvature in the focal plane. o

Remark: From Equation 6.43 it follows by the convolution theorem for the Fourier transform that

B (xg) = 28 gim(—3+d Gumao) s beel®) 7 rp et (%Xf)

p¥i A
" ) ' (6.44)
= C; P (f12[PL] # flz[Etli]) in for all x; € R?,
PN
where .
ir(—14+2(fL+n L |xs 2
sz/\—fLand &, = o (-3 TR (Emido) 3 lxel?) (6.45)

In the next step we calculate the Fourier-transform of a circular pupil function:

Lemma 6.12 Let P : R? — R be the circular pupil function with radius R, as defined in Equation 6.3,

then
(R]v])

Fi2[P](v) = R? JlR ] for all v e R?. (6.46)

Proof: We use the following polar coordinates:

e (S)) v = (G07)).

then the Fourier transform of the pupil function

1 . 1 R 27 .
FulPI) = 5 | Py = 5| o[ et dodg
27 Jyer2 2w Jo 0
(6.47)
R
R Ji(R]v])
= J do= =J(Rx) = R*——
| enteorte = Lo - R,
where we use Equation C.1 for m = 0 in the third equality. o

Now, we calculate the k-transform of EP® in this approximation.
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6.6. Small Aperature. In what follows, we are interested in a small aperture. Of course small aperture
have the problem that only little light of the emitted dipols passes through the lens and thus these
considerations are more of theoretical nature.

In case the numerical aperture NA is small, that is if 0., is small, it follows from Equation 6.14 that

Uy
ECR1(0:9) = Cfor3) | P2 | Xp<un. (6.48)
0

In what follows, we denote by Py, the pupil function x,<na. We emphasize that the left hand side of
Equation 6.48 is actually an approximation of the right hand side of Equation 6.14. Next we calculate the
k-transform of EPP in this approximation. Noting that the objective acts again as a pupil function with
disc radius NA we get analogously to Lemma 6.12 and by using Equation 6.23

~ .o tl;  bfp wl
f12[E;11]’7a11](§, v) = C(fobj)el(rsl_’“3 IVE=E |y Fi2[Pu](&,v), 2 <kirve [0, 27r). (6.49)
0

7.SINGLE MOLECULE LOCALIZATION MICROSCOPY EXPERIMENTS AND INVERSE
PROBLEMS

We consider two experiments in two different settings:

Experiment 7.1 For setting 1 we assume n static emitting dipoles: Several monochromatic plane waves
of the same frequency win. but with different orientations v, j = 1,2, ..., M with M > 1 are used
to illuminate the cell. Every emitting dipole emits light in an orientation \I'(j)(k), k=1,2,...,n,
j=1,2,..., M (depending on the incident field according to Equation 6.1).

Therefore, for each experiment j = 1,2,..., M the current
IO (r) = —iw Z T (k)s(r — r¥®)
k=1

and the density

)= ’\I/(j)(k) (e —r¥®) = N &' - r¥®)
k=1 k=1

are given via Equation 5.6, Equation 5.5 as the superposition of all dipoles. Note, that we assume
that all dipols are unit vectors.

Consequently, the electric field E := EO solves Equation 4.19,
~ ~ W o~ 1 ,
AE(r;w) + £ (w)E(r;w) = %J(J)(r) + —V,:pY(r) for all r € Q.
€0 €0

(i) The measurements recorded in a static experiment are the energies of the electric field in
the image plane, after the light has passed through the imaging system. That is, for each
experiment j = 1,2,..., M the data

. L2
mgj)(xf;t) = ’(Ef)m‘ (x¢;t) for all x; € R?,¢ > 0 and for i = 1,2 (7.1)

are recorded.

(i) In the dynamic experiment setting the static experiment is repeated. We denote the experiment
repetitions with the parameter s: This experimental setup is used in practice because it makes
use of blinking dyes, which allows for better localization of the dyes, and thus molecules. That
is, the measurements are

_ 2
m) (x¢;t;5) = ’(Ef)(])’ (x¢:t;5) for all x¢ € R?, t,5 > 0 for i = 1,2. (7.2)
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For setting 2 we assume rotating dipoles, which are modelled via Equation 5.18 - here in particular we
assume that the cone becomes the ball. That is, # = 7. Note that in this case several monochromatic
excitations do not provide an asset, so we can constrain ourselves to the case M = 1. As a
consequence of Equation 5.18, the emitted currents of all rotating dipoles of an single molecule
localization microscopy experiment are given by

I(r;w) = —iw i Inapl(r), (7.3)
k=1

and according to Equation 4.19 the electric field satisfies the equation
AE(rw) + 2 (w)E(r;w) = Elmamf{m(r;w) for all r € Q. (7.4)
(i) The measurements recorded in a single molecule localization microscopy are the energies of

the electric field in the focal plane (see Equation 6.43), after the light has passed through the
imaging system. That is, the data

m(xg;t) = |Ef|2 (xg;t) for all x; e R?, ¢ >0 (7.5)

are recorded.

(i) In the dynamic experiment setting the static experiment is repeated, and we denote every
repetition experiment with the parameter s: That is the measurements are

m(xs;t;8) = ‘Ef’2 (x¢3t;8) for all x; € R, t,5 > 0. (7.6)

Note the difference between setting 1 and 2. In the former it is much easier to identify dipoles
because the orientation can be resolved and is not changing over time.

7.1. The limit. Using the small aperture limit of Section 6.6 in combination with the formula for the
electric field on the image plane Equation 6.44, we can compute the electric field in the image plane from
Equation 6.49. We first make use of a linear approximation of the function p € [0, k] — /K% — p? ~ Kk —
that is we assume that between the back focal plane of the objective and the lens, the electric field only
undergoes a phase shift which does not depend on the distance to the optical axis. It follows then from
Equation 6.49 that

a, e Y1
]:12[ small](§7 V)~ C(fobj)ei(rg 3R | 4y Fia[Pu](€,v). (7.7)
0

Applying Equation 6.44 where we replace flg[ﬁtli] by ]:12[ “i 1] and inserting Equation 7.7, we obtain

D 2
Eimall(xf) = Cs®s (]:12[PL] * ]:12[E;1na11]) (fo)

. tl;  bfp G
= O(£0p3)CPe"s 3% | by | (Fia[PL] * Fio[Paal) (€,v)
0

. (8
=C(f obJ)Cf(bfe s VYo | Fro[PLPul (&, v).
0

Now, assuming that R > NA (the lens is bigger than the objective), we have P, Py, = Py, and Equation 6.47
provides,

U1 L (NAZE | U1
A~ i(rfli _bey 1 Xf|) J]_ (NA |Xf|)
Eimall (xf) = C(fObj)Cf(I)fe (r 3 ) 1/12 QifL = F(w) 1/}2 27>\rfL
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Finally, what is actually measured in experiments is the intensity m(xs,t) = |Ef(x¢,t)|?> averaged in time.
If we assume that the signal E is compactly supported in time and that what is measured by the detector
contains this whole support, we can use that the time Fourier transform is a unitary operator and write

() = LER (B (xe)[2 dt

- | B e (78)

2
J1(NA2T |x¢])

= D(w)]? dw | NAZZ—2 222 ) (92 4 2)

LE]R| ( )| < NA}?;; |Xf‘ ( 1 2)

which means that under these approximations (small aperture), what is observed is an Airy pattern whose
intensity depends on the optical system but is also proportional to squared norm of the component of the
dipole which lies orthogonally to the optical axis. Making use of the notation introduced before for the
dipole orientation, we obtain that the measured intensity m is proportional to cos®(0,,). Since the Airy
function can be well approximated by a Gaussian function, the measured signals of the emitted dyes very
much looks like superposition of Gaussian functions.

Now, having summarized the mathematical modeling of single molecule localization microscopy we can
state the associated inverse problems:

Definition 7.2 (Inverse Problem) The inverse problem of single molecule localization microscopy in
the two different settings environment consists in calculating

(@m, Cony Ty X (S))m=1,...,m, from the measurements m.

Indeed the inverse problem could also be generalized to reconstruct Equation 7.4 in addition, which would
result in an inverse scattering problem [9]. However, this complex problem is not considered here further.

In current practice of single molecule localization microscopy the simplified formulas Equation 7.8 are
used for reconstruction of the center of gravities (rl ,r2) in the measurement data m induced by the

m?'m
point spread function PSF,.

CONCLUSION

The main objective of this work was to model mathematically the propagation of light emitted from
dyes in a superresolution imaging experiment. We formulated basic inverse problems related to single
molecule superresolution microscopy, with the goal to have a basis for computational and quantitative
single molecule superresolution imaging. The derivation of the according equations follows the physical
and chemical literature of supperresolution microscopy, in particular [18, 4], which are combined with the
mathematical theory of distributions to translate physical and chemical terminologies into a mathematical
framework.

A. DERIVATION OF PARTICULAR FOURIER TRANSFORMS

Before reading through the appendix it might be useful to recall the notation of Table 2. The derivation
in Lemma 5.5 uses the residual theorem.

Theorem A.1 (Residual Theorem) Let the function z € C — f(z) := f(2)e'** with a > 0 satisfy the
following properties:

(i) f is analytic with at most finitely many poles p;, i = 1,...,m, which do not lie on the real azis.
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(i) There exists M, R > 0 such that for every z € C satisfying S(z) = 0 and |z| = R
M
fGI< (A1)

|2

Then m
le f(z)dz = 2ni Z Res(f;p;).

i=1

Using this lemma we are able to prove the following result used in Lemma 5.5:

Lemma A.2 Let the assumptions and notation of Lemma 5.5 hold (in particular this means that vz, ry € R
satisfy rs —ry > 0), then

1 T xk)xk) _. - jelds(rs—r3)
mf?) 1 lkg — (‘I’ =+ (|k|2)l€2> e lks’f‘:;l,‘| (7’3) = 1/]3835(T3—T§P)+T(‘I’qus) qus. (A2)
— fve e

First, we note that
(T xk)xk
k3 — q2

€

(T xk)xk
k3 — q2

€

v+ = (\If—qﬁgeg-f— > + Yses.

Now, we calculate the Fourier-transform of each of the two terms on the right hand side. The second term
can be calculated from Equation 3.8 and is given by

Ty ks — e 75 (rg) = V218 (r5 — 1Y) (A.3)

For the calculation of the first term we use the residual theorem:

e (Clearly f is analytic with potential poles at ks = tq..

e To verify Equation A.1 we use the elementary calculation rules for V, x, summarized in Equation 5.13

and get
(T xk)xk
k3 —q2
1 P3ky (Y1k1 4 oka)ky
=y | MW —wnes) —ka | Wk | (R4 R — { (i o+ vka)ky
54 Wik + ko 0
1 3k — 1k} — akoky
=— 2o k§ (‘I’ - ’(/Jge;g) — ks Y3ko + (k% + k%) (‘I’ — 1/)3(—33) + —wgk‘% — r1k1ks
34 Wik + ks (k3 + E3)ys
1 Vsky —th1k§ — kol
== | (5 — @) (¥ — vses) — kg Y3k + K2 (U — thges) + | —1hok? — Prkiks
57 ¢ Y1k + Poky (k3 + E3)ys
ks 1
N . - b
+¢363+k§fq§a k%*qg
where
Y3k (’fz - k%)¢1 — Pakiko
a = ’L/Jgkz and b = (KJ2 — k%)wg — ’lﬁlklkg
Prky + hoks (k3 + k3)vs
Using that
k3—1(1+1)and1—1(1—1)
k3—q2 2\ks—q Fks+q. k3—q?  2¢. \ks—qc ks+q
we get
(T x k) x k 1 /1 1 1 /1 1
— + ¥ - = —a — b — b|. A4
B-g e e 0T T BT (A-4)

This shows Equation A.1.
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Therefore we can apply the residual Theorem A.1: For this purpose let

1 ]411 k'l
zeC— f(z):= e Wx | k|| x|k |+W—1ses. (A.5)
£ VA z

Then, since ¢, is complex with positive imaginary part, f has only one pole in the upper half plane, and
we get

f f(kg)eik:"("‘”’_T;’)dkg = 27iRes (f(z)eiZ(TS_Tg); z = q5>
R

kl kl ) -
= 27 U x | ky x | ko olae(rs—rg’)
2¢.
Ge ge

This implies
L g (W x k) x k) iy z o ieiee(ra=rs)
\/%]'"3 ks — ‘IH—W e ihaTs (rs):wsega(rg—rg)+T(quq5)qus.
€

B. DERIVATION OF THE FAR FIELD APPROXIMATION FOR THE ELECTRIC FIELD

Lemma B.1 Let  be the function defined in Equation 6.11. That is, for all k1o € R? ((ki2) =
k1o v + q(ki2), with ¢ = \/k% — k3 — k3; note the formal definition of q in Equation 5.10 is via the limit
€ — 0. Then the gradient of ¢ is given by

k
Vi(ki) = v — —— =, (B.1)
A/ I<62 — |k12|
which vanishes for
IA{12 = #V. (BQ)

A1+

Consequently r = rzes + r3 (v l)T as in Equation 6.9 satisfies

Ti' )i i [v[? G) ' o

Moreover, with q as defined in Equation 5.10, we get the following identities

~ o 9 ~ ~ ~ K
(k) =kia-v+qg=r\1+]v| and q:q(k):\/f@—k%—k%:iﬁ. (B.4)

1+|v
The Hessian of ¢ is given by
IRY Lluc o (m2—|§2\2>3/2 RGeS
H(¢)(ki2) = " _12 s ko B 1 - k2 )
(r2—|k12|?)3/2 \/f#flklzl2 (k2 —|k12|?)3/2

which evaluated at k gives

2 3 213/2 viw? 3 213/9 2
HOR) < eV GU A 2 i —o (L VDY G
3 2 2 2 3 2 2 2
—S A+ V)R 2010 —LA L+ V[T = S (1 + [v[*)32. FNT

. 2 (1+v]  wvivo
=——4/1
w + [V (1111)2 14+03)°
and the determinant satisfies

det(H(¢)(k)) =
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C. BESSEL IDENTITIES

For z € R and ¢ € [0, 27) the Bessel-identities hold:

2T

27 (=1)™1" Jp () cos(mepg) = f eTiweos(e=¢0) cos(mep)dep,

(C1)
27 (—=1)™" Jp () sin(mepg) = J e~ eos(=%0) gin(mp)dep,

0

where J,, is the Bessel function of the first kind of order m.
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