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Abstract 

Majority of derivative-free fitting engines applied in electrochemical impedance spectroscopy (EIS) 

study utilize the original Nelder and Mead algorithm. However, the original algorithm cannot adapt itself 

to the size of the problem as it applies the standard choice of parameters. The inability to adapt increases 

simplex distortions that disorient search direction; and consequently, fit can finish in local minima. Note 

that the application of the adaptive choice of parameters can resolve the aforementioned drawbacks. 

However, the impact of the adaptive parameters choice on an ability to escape from local minima while 

solving complex nonlinear least squares problem has not been clarified yet. 

This paper recommends a design of a new EIS fitting engine that uses both standard and adaptive 

choice of parameters. The application of adaptive (vs. standard) choice of parameters prevented sudden 

simplex distortions and preserved the search direction; and thus, algorithm escaped from local minima up 

to ≈ 5.6 times more frequent. Additionally, the new adaptive technique (vs. Levenberg-Marquardt 

algorithm) avoided local minima up to 3 times more efficiently. Consequently, the new engine was 

embedded into MIT licensed software by using Python programming language. 
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1. Introduction 

The Nelder-Mead “simplex” algorithm (NMA) [1] is one of the most used derivative-free algorithms [2, 

3]. However, here [4] are listed several commonly applied different algorithms and some various 

optimization methods. NMA is inspired by the “simplex” method (proposed by Spendley et al. [5]) and 

NMA should not be related to Dantzig’s simplex method [6]. Also, it can be straightforwardly applied to 

study noisy data since it does not require derivatives [2, 7]. Therefore, NMA can solve different problems 

in chemistry, medicine, and engineering [4, 8, 9]. 

Dellis et al. [10] developed first NMA-based software for solving complex nonlinear least squares 

(CNLS) problems, which is based on the original Nelder and Mead paper [1]. However, Caceci et al. [11] 

produced one of the first NMA data fitting software. They developed a PASCAL program to conduct 

curve fitting. Nowadays, NMA is widely used and one of many algorithm’s implementation [12] it is also 

applied in SciPy1 module for Python programming language.   

Although NMA was proven worthy in solving data fitting problems [8, 11], the Levenberg-Marquardt 

algorithm (LMA) [13, 14] which applies first derivatives has been commonly used for this purpose 

(detailed discussion in Section 4.1). Still, the first derivatives computation can be demanding which 

hinders LMA implementation. On the other hand, NMA does not require derivatives and it can be 

straightforwardly implemented.  

NMA is commonly used to minimize scalar functions of one or two variables (𝑛) [1, 12, 15, 16]. 

However, an increase in the problem (e.g. CNLS) size induces bad simplex distortions [12, 17] that might 

disorient search direction [17] and stuck the algorithm in local minima. Thus, to reduce bad distortions 

Gao et al. [12] proposed application of the adaptive choice of parameters. However, the impact of the 

                                                           
1 See: https://docs.scipy.org/doc/scipy/reference/optimize.minimize-neldermead.html 
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adaptive (vs. standard) parameters choice on the simplex distortions while solving different noisy CNLS 

problems has not been discussed yet. 

Currently, researcher use EIS to study a variety of materials [18-21]; and thus, it becomes a demanding 

computing technique which requires the constant development of software [22, 23] and hardware [24]. 

Although many software development packages are available, the open source Python programming 

language is continuously used by the academic community [25-27]. This suggests to use Python to develop 

and test NMA fitting engine. 

The aim of present work was i) to design a new contemporary NMA-based fitting engine, ii) to enable 

the utilization of the adaptive parameters, iii) to determine the impact of the adaptive parameter choice on 

simplex’s distortions, iv) to escape from local minima with more success and to compare it with LMA-

based engine. Overall, it was required to design/code the new fitting engine and to embed it into the 

existing [28] software solution. 

 

2. Experimental 

2.1 Open-source tools used in developing process 

The open-source Python programming language (v.2.7.15.) was used to develop a new fitting engine. 

The new engine was implemented in the new software product [29], which is an extended version of the 

previously developed one [28]. The following open-source Python modules were used: 

-Numpy [30] v1.14.3, 

-Matplotlib [31] v2.2.2, 

-wxPython v3.0.2.0, 

-Cython 0.23.3 and 

-PyInstaller v3.3.1. 
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2.2 Polluted and non-polluted synthetic impedance data used in this work 

It was decided to use the synthetic data of different origin; and thus, the electrical equivalent circuits 

(EECR(CR), EECR(CR)(CR) and EECR(QR)(QR)) were used to prepare the different synthetic CNLSR(CR), 

CNLSR(CR)(CR) and CNLSR(QR)(QR) problems. The aforementioned EECs were carefully selected to prepare 

CNLS problems with a gradually incensed number of parameters (3, 5 and 7). This was an important 

decision as NMA is well efficient while solving small problems up to 2 variables [15], whilst its 

performances decrease when the number of parameters is > 2 [12]. So, by gradual variation in the CNLS 

size, it was possible to monitor fine changes in the algorithms performances (see e.g. Figs 8 and 9).  

The EEC parameters used to compute synthetic data are given in Table 1 and the frequency range was 

from 0.01 Hz to 100 kHz, taking five points per decade, although some authors reported studies which 

required the higher number of points ≈10 (see e.g. [32]). The parameters values in this study were chosen 

carefully (Table 1). For example, the synthetic and starting parameters values for EECR(CR)(CR) and 

EECR(QR)(QR) were taken to yield identical synthetic data and equal starting 2-values (see Fig. 4 and Fig. 

7). Therefore, the impact of the number of parameters on the new engine performances can be observed 

when solving CNLSR(QR)(QR) and CNLSR(CR)(CR) problems. 

Table 1 

Parameter values used in CNLSR(CR), CNLSR(CR)(CR) and CNLSR(QR)(QR) studies. The presented final parameters were obtained 

by successful ANMA/SNMA fitting attempts. Convergence criteria values: TolX = TolFun = 1 10-4. The solved CNLS 

problems were polluted by NF = 0.01 (see Eq. (1))  

Parameters R1 

( cm2) 

C2 

(F cm-2) 

Q2 

(S sn cm-2) 

n2 R2 

( cm2) 

C3 

(F cm-2) 

Q3 

(S sn cm-2) 

n3 R3 

( cm2) 

2-value 

Synth. EECR(CR)  10 1 10-4   100      

Start. EECR(CR) 1 0.001   60      

Final EECR(CR) 9.98 9.97 10-5      99.93     *4.992 10-3 

Synth. EECR(CR)(CR)  0.738  0.289   0.086 0.223   1723  

Start. EECR(CR)(CR)  1 1   1 1   60  

Final. EECR(CR)(CR) 0.737 0.270   0.086 0.223   1721 *4.373 10-3 

Synth. EECR(QR)(QR)  0.738  0.289 1 0.086  0.223 1 1723  

Start. EECR(QR)(QR)  1  1 1 1  1 1 60  

Final EECR(QR)(QR) 0.736  0.315 0.956 0.088  0.224 0.99 1772 *4.322 10-3 

Synth. : parameters used to prepare data; Start. : parameters used to start a fit. ; Final: parameters obtained at the end of a fit. 
*Fit reached expected 2-values.  
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Herein, the synthetic data was polluted by the artificial noise, which is a common approach when 

analyzing freshly developed fitting engines [10, 28, 33]. The noise was prepared by random number 

generator from NumPy [30]. However, the noise intensity of the polluted data was gradually increased by 

multiplying noise with the noise factor (NF) values from [0, 0.01] interval:  

 𝑍𝑝𝑜𝑙𝑙(𝜔) = 𝑍𝑠𝑦𝑛𝑡(𝜔) ∙ (1 + 𝑁𝐹 ∙ (𝜂′ + 𝑖𝜂′′)), (1) 

where η’ and η’’ are two independent normally distributed variables with zero mean and unit variance, 

respectively. It should be emphases that the same η’ and η’’ variables were used to prepare data, whilst 

only the NF values were gradually increased. 

The above approach to prepare polluted synthetic data is very similar to the one represented here [23]. 

However, there are other tactics for the synthetic data preparation and one comprehensive tutorial on how 

to use a random number generator can be found here [34]. 

 

3. Theory and calculation 

3.1 Nelder-Mead algorithm 

The Nelder-Mead algorithm (NMA) is an iterative algorithm [12] commonly used to minimize real-

valued functions: 

 𝑓(𝐱), (2) 

where 𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛]𝑇 is a vertex that consists of 𝑛 parameters (𝑥). At any stage of the iteration 

process the algorithm keeps track of n+1 points of interest:  

 [𝐱1, 𝐱2, … , 𝐱𝑛+1], (3) 

which form vertices of a simplex [3]. The simplex in 𝑛 dimensions is a geometric shape that comprises 

𝑛 + 1 vertices [35], i.e. a simplex in two dimensions is a triangle. As explained in the original Nelder and 

Mead paper [1], in each stage of the iteration process the worst vertex which yields the highest (2) value 

is replaced by a new vertex. 
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3.2 Formation of the initial simplex 

The Nelder-Mead method requires starting point (𝐱0), which is used to form an initial simplex. The first 

vertex (𝐱1) of the initial simplex is set to be equal to (𝐱0): 

 𝐱1 = 𝐱0. (4) 

According to Gao et al. [12], the remaining 𝑛 vertices of the initial simplex can be computed by using:  

  𝐱𝑘+1 = 𝐱0 + 𝜏𝑘𝐞𝑘,      𝑘 = 1, … , 𝑛  (5) 

where 𝐞𝑘 is the unit vector with 𝑘𝑡ℎ component 1 and other components 0 and 𝜏𝑘 is a priori chosen as:  

 𝜏𝑘 = {
0.05          if   (𝐱0)𝑘 ≠ 0,

0.00025   if   (𝐱0)𝑘 = 0.
 (6) 

 

3.3 Nelder-Mead algorithm with the standard choice of parameters (SNMA) 

As the original Nelder and Mead paper [1] contains several ambiguities, a standard ambiguity-free 

procedure given by Lagarias et al. [15] is reviewed herein. First, to describe Nelder-Mead method, it is 

necessary to a priori define the four standard scalar parameters: 

 𝛼 = 1, 𝛽 = 2, 𝛾 = 𝛿 = 0.5. (7) 

The source of the standard parameters can be tracked down to the original paper [1] and the values should 

satisfy the following criteria: 

 𝛼 > 0, 𝛽 > 1,     0 < 𝛾 < 1,     0 < 𝛿 < 1. (8) 

Furthermore, the values given in Eq. (7) govern the four possible operations/steps (Scheme 12) that occur 

during the iteration process. Although Spendley et al. [5] intention was to use simplexes in the 

optimization of the mathematical functions, Nelder and Mead made the procedure broadly applicable by 

enabling the simplex to exhibit a sequence of elementary transformation (reflection, expansion, 

contraction or shrinkage) [36]. Through this sequence of transformation, the initial simplex moves and 

                                                           
2 Scheme was inspired by the Colloquium Talk given by Lixing Han (see: http://homepages.umflint.edu/~lxhan/NelderMead2013.pdf). 
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each transformation is associated with 𝛼, 𝛽, 𝛾 𝑎𝑛𝑑 𝛿 [37]. However, remember that only one of the steps 

occurs at the end of each iteration [6, 12, 15].  

 

Scheme 1. Schematic representation of the Nelder-Mead algorithm steps for 𝑛 =  2. Symbol reference: v1-best vortex, v2-next-

to-worst, v3-worst vertex, E-expansion, R-reflection, OC-outside and IC-inside contraction and 𝑣2
′ /𝑣3

′ -shrink.  

 

Second, the following procedure represents one NMA iteration, which is presented here in a generally 

accepted form (see e.g. [12, 15]): 

1. Order/sort vertices in simplex, 𝑓(𝐱1) <  𝑓(𝐱2) < ··· <  𝑓(𝐱𝑛+1), where 𝐱1 can be referred to as the best 

vertex, whilst 𝐱𝑛+1 is denoted as the worst vertex. 

2. Compute the reflection point 𝐱𝑟 and evaluate 𝑓(𝐱𝑟): 

 𝐱𝑟 = �̅� + 𝛼(�̅� − 𝐱𝑛+1), (9) 

where �̅� is the centroid calculated by ignoring the worst point 𝐱𝑛+1: 

 �̅� =
1

𝑛
∑ 𝐱𝐢

𝑛

𝑖=1
. (10) 

3. If 𝑓(𝐱1)  ≤  𝑓(𝐱𝑟)  <  𝑓(𝐱𝑛) then accept 𝐱𝑟 and terminate iteration step. 

4. If 𝑓(𝐱𝑟)  <  𝑓(𝐱1) then determine the expansion point 𝐱𝑒  and evaluate 𝑓(𝐱𝑒): 

 𝐱𝑒 = �̅� + 𝛽(𝐱𝑟 − �̅� ). (11) 

If 𝑓(𝐱𝑒)  <  𝑓(𝐱𝑟) then accept 𝐱𝑒 and terminate iteration step, otherwise (if 𝑓(𝐱𝑒)  ≥  𝑓(𝐱𝑟)) accept 𝐱𝑟 

and terminate iteration step. 

5. If 𝑓(𝐱𝑟)  ≥  𝑓(𝐱𝑛) then perform a contraction: 
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a) If 𝑓(𝐱𝑛)  ≤  𝑓(𝐱𝑟)  <  𝑓 (𝐱𝑛+1) than perform an outside contraction and evaluate 𝑓(𝐱𝑜𝑐): 

 𝒙𝑜𝑐 = �̅� + 𝛾(𝐱𝑟 − �̅�), (12) 

if 𝑓(𝐱𝑜𝑐)  ≤  𝑓(𝐱𝑟) then accept 𝐱𝑜𝑐 and terminate iteration step; otherwise, perform a shrink. 

b) If 𝑓 (𝐱𝑟) ≥  𝑓(𝐱𝑛+1) then perform inside contraction, compute 𝐱𝑖𝑐  and evaluate 𝑓(𝐱𝑖𝑐): 

 𝐱𝑖𝑐 = �̅� − 𝛾(�̅� − 𝐱𝑛+1). (13) 

If 𝑓(𝐱𝑖𝑐)  <  𝑓(𝐱𝑛+1) then accept 𝐱𝑖𝑐 and terminate iteration step. 

6. Perform a shrink step, i.e. compute 𝑛 points: 

 𝐯𝑖 =  𝐱1 + 𝛿(𝐱𝐢 −  𝐱1), 𝑖 = 2, … , 𝑛 + 1, (14) 

and form simplex (for next iteration) consisted of 𝐱1, 𝐯2, … , 𝐯𝑛+1 vertices. The steps presented in the above 

procedure for 𝑛 =  2 are shown in Scheme 1. The Nelder-Mead procedure given by Lagarias et al. [15] 

with the standard choice of the parameters will be addressed here as SNMA. 

 

3.4 Nelder-Mead algorithm with the adaptive choice of parameters (ANMA) 

The Nelder-Mead algorithm was intentionally developed to adapt its simplex to the local landscape 

[1, 15, 38]. However, SNMA cannot adapt its simplex to the size of the problem. Therefore, to boost a 

descent property of SNMA when the number of parameters is ≥  2, Gao et al. [12] proposed the 

application of the adaptive choice of parameters (see Table 2): 

 𝛼 = 1, 𝛽 = 1 +
2

𝑛
, 𝛾 = 0.75 −

1

2𝑛
, 𝛿 = 1 −

1

𝑛
. (15) 

Please note that the aforementioned parameters (, ,  and ) do not change during the iteration process 

and they should not be mistaken for the EEC parameters. In continuation of this work, the standard 

algorithm based on an implementation by Lagarias et al. [15] with the adaptive choice of parameters (Eq. 

(15)) will be commented on in terms of ANMA. 
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Table 2 

Impact of the size of CNLS problem on the adaptive parameter values (see under ANMA) that govern four simplex operations. 

Simplex operation Parameters SNMA ANMA 

   CNLSR(CR) CNLSR(CR)(CR) CNLSR(QR)(QR) 

   No. EEC parameters 

 
 

- 3 5 7 

Reflection 𝛼 1.00 1.00 1.00 1.00 

Expansion 𝛽 2.00 1.67 1.40 1.29 

Contraction 𝛾 0.50 0.58 0.65 0.68 

Shrink 𝛿 0.50 0.67 0.80 0.86 

SNMA: Nelder-Mead algorithm with the standard choice of parameters; ANMA: Nelder-Mead algorithm with the adaptive 

choice of parameters. 

 

 

3.5 Iteration stopping criteria applied in the new fitting engine  

The iteration procedure given in Section 3.3 continues until it is interrupted by stopping criteria. Dennis 

and Woods [39] gave a short discussion related to the application of several different stopping criteria in 

the Nelder-Mead algorithm. According to the authors, selection of proper stopping criterion is an 

important issue, since it is required to simultaneously focus on both objection function value and size of 

the simplex. However, in this work a general approach was applied, i.e. iteration processes were stopped 

when both convergence tolerance on the objective function value (TolFun) and on the size of the step 

(TolX) were satisfied:  

 𝑚𝑎𝑥2≤𝑘≤𝑛+1|𝑓(𝐱𝑘) − 𝑓(𝐱1)| ≤ 𝑇𝑜𝑙𝐹𝑢𝑛, (16) 

and 

 𝑚𝑎𝑥2≤𝑘≤𝑛+1‖𝐱𝑘 − 𝐱1‖∞ ≤ 𝑇𝑜𝑙𝑋. (17) 

 

3.6 Problems solvable by Nelder-Mead algorithm 

Generally, the algorithm is used to solve unconstrained problems of the form: 

 min 𝑓(𝐱), (18) 

where 𝑓 is called the objective (or cost) function. In order to extract, for example, the parameters 𝐱 =

(𝐱1, 𝐱2, 𝐱3) of the EECR(CR) model: 
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 EECR(CR)(𝜔, 𝐱) = 𝐱1 +
1

𝑖𝜔𝐱2 +
1

𝐱3

 (19) 

from impedance data (Table 1), the following function given by Sheppard et al. [40] was utilized in this 

work:  

 𝑓(𝐱) = 𝜒2(𝜔𝑖 , 𝐱) = ∑(𝑤𝑖(Re(𝑌𝑖) − Re(𝑦𝑖))2 + 𝑤𝑖(Im(𝑌𝑖) − Im(𝑦𝑖))2)

𝑛

𝑖=1

;   𝑦𝑖 = EECR(CR)(𝜔𝑖 , 𝐱), (20) 

 𝑤𝑖 =
1

Re(𝑌𝑖)2 + Im (𝑌𝑖)2
, (21) 

where 𝑛, 𝑌𝑖, 𝑦𝑖, 𝑤𝑖 and 𝜔𝑖 are the number of data points, the 𝑖𝑡ℎ value of experimental impedance data, the 

𝑖𝑡ℎ value of computed e.g. EECR(CR) impedance data, the “weighting” modulus (Eq. (21)) factor associated 

with the 𝑖𝑡ℎ data point and the frequency value associated with the ith data point. Please note that the same 

data agreement was used as reported previously [28]. The physical meaning of the EECR(CR) parameters 

𝐱 = (𝐱1, 𝐱2, 𝐱3) is as following: x1 and x3 play roles of resistance R1 and R2, whereas x2 represents 

capacitance C2 (see Table 1).   

As it was explained in Section 2.2, the synthetic and starting EECR(CR)(CR) and EECR(QR)(QR) parameters 

were chosen to yield the exact starting 2–value for both fits. Since solving of EECR(CR)(CR) and 

EECR(QR)(QR)  can be monitored by using 2 vs. (iteration number) curves (Fig. 4 and Fig. 7), it was decided 

not to divide 2-value (Eq. (220)) by the degrees of freedom.  

 

4. Results and discussion 

4.1 Nelder-Mead vs. Levenberg-Marquardt algorithm in data fitting 

NMA can minimize a variety of real-valued functions [1]; and thus, it is not intentionally designed to 

solve data fitting problems. On the other hand, LMA is designed exactly for the data fitting [34]. 

Therefore, CNLS problems in EIS are commonly solved by so-called regular CNLS-fit, which applies 
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LMA, and one of such regular procedures is presented here [28]. Hence, the reader should be aware that 

only in some situations SNMA/ANMA fit will outperform the so-called regular CNLS-fit (see Fig. 9). 

NMA and LMA are rather complementary algorithms that can be simultaneously used to solve diverse 

CNLS problems. However, LMA is the most widely used optimization method in EIS [41] and it will 

yield a good fit (in several fitting attempts) with reliable [34] errors values. On the other hand, NMA can 

easily solve noisy problems, but it cannot yield a reliable information regarding the errors values [42, 43]. 

And a final comment, there are various Nelder-Mead modifications (see, e.g. [37, 44]) but one 

proposed by Gao et al. [12] is especially suitable for CNLS solving as it can be additionally adapted to the 

problem size. As NMA does not require derivatives [2, 3] it can be directly applied to solve various EIS 

mathematical tasks. Thus, NMA should be further studied and implemented in EIS study and this paper 

presents one such attempt. 

 

4.2 Design of the new engine 

The new engine was based on the procedure given in Section 3.2. The engine was additionally modified 

to yield data that were used to compute simplex distortions (see Figs. 10ab). Therefore, e.g. SciPy 

implementation of Gao et al. [12] was not applied in this work. Furthermore, the larger edges of the initial 

simplex might result in better ANMA (vs. LMA) performances when starting parameters are far from 

solution (see Figs. 9ab). For same reasons, Dellis et al. [10] multiplied vertex coordinates by factor 1.1 (or 

1.2): 

 𝐱𝑘+1 = 𝐱0(1.1𝐞𝑘), 𝑘 = 1, … 𝑛. (22) 

Therefore, Eqs. (5) and (22) were combined to form a more appropriate initial simplex: 

 𝐱𝑘+1 = 𝐱0(1 + 𝜏𝑘𝐞𝑘), 𝑘 = 1, … 𝑛. (23) 

In order to facilitate computing tasks, data related to both 𝐱 and 𝑓(𝐱) were used to form the following 

initial simplex matrix (SM): 
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 𝑆𝑀 = [

𝑥1,1 … 𝑥1,𝑛+1

⋮ ⋱ ⋮
𝑥𝑛,1 … 𝑥𝑛,𝑛+1

𝑓(𝐱1) … 𝑓(𝐱𝑛+1)

]. (24) 

The above data arrangement yields 𝑛 + 1 by 𝑛 + 1 matrix, which is straightforwardly handled in NumPy 

[30]. The initial simplex matrix obtained by Eq. (23) when solwing, e.g. CNLSR(CR) problem (see Table 

1), is presented here: 

 [

1 1.05 1 1
0.1 0.1 0.105 0.1
60 60 60 63

30.74 30.59 30.81 30.75

], (25) 

where, the first 3 values of the first column are equal to the starting parameter values (𝐱𝟎), which is in 

accordance to Eq. (4). Detailed inspection of (25) shows that parameters values were perturbed by 5% 

(see Eq. (6)), which was enabled by application of the unit vector used in Eq. (23). 

 

 

4.3 Solving noisy CNLSR(CR) problem by SNMA, ANMA, and LMA 

The polluted CNLSR(CR) problem (Table 1) was solved by using the standard and adaptive Nelder-

Mead algorithm (SNMA and ANMA). Fig. 1 shows the presence of noise at frequencies > 251.19 Hz that 

has not perturbed the trend of the overlapping ANMA and SNMA simulated lines. As expected, both 

algorithms yielded the same simulated data as the problem size was small. It is obvious that noise was not 

an issue as the algorithm is well known to be suitable for noisy problems [2, 3]. Please note that under the 

same starting conditions fit conducted by the Levenberg-Marquardt algorithm (LMA) was also successful 

(see inset in Fig. 1). 
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Fig. 1. The impedance spectra of two overlapped successful SNMA and ANMA fits that were obtained by solving polluted 

(NF=0.01) CNLSR(CR) problem. The inset presents a good LMA fit. The symbol reference: the polluted synthetic (·) and 

simulated data (−). 

 

Interestingly, 𝜒2 vs. (iteration number) data (Fig. 2ab) indicate that both SNMA and ANMA rapidly 

decreased 𝜒2-value in the first 63 and 65 iterations. However, SNMA and ANMA experienced somehow 

diverse descent paths, which is attributed to the different values of the standard and adaptive parameters 

(Table 2).  Generally, the Nelder-Mead algorithm allows simplex to adjust its shape to better suit the 

function’s curvature [45]. However, according to the literature [17]  the simplex shape can be quickly 

distorted (see, e.g. Fig. 10) and such sudden distortions could have a negative impact of fit [12]. 

 

Fig. 2. The 𝜒2-value vs. (iteration number) data collected during solving polluted (NF=0.01) CNLSR(CR) problem. The a) 

standard (SNMA) and b) adaptive (ANMA) parameters were used.  

 

4.4 Solving noisy CNLSR(CR)(CR) problem by SNMA, ANMA, and LMA 

Nelder-Mead algorithm yields fair descent properties when analyzing problems with n ≤ 3 variables 

[12, 16, 46]; and thus, the new engine was applied to solve polluted CNLSR(CR)(CR) problem (Table 1). 

a) b) 
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Although the problem size was increased and the noise was observed at frequencies > 2.51 Hz, both 

SNMA and ANMA fits resulted in identical simulated data (Fig. 3). The trend of simulated lines is in 

accordance with the experimental data trend, which suggests that the fits were not trapped in local minima 

(see e.g. Fig. 9a). On the other hand, the LMA fit that used identical starting parameters failed to match 

experimental data (see Fig. 3 inset). 

  

Fig. 3. The impedance spectra of two overlapped successful SNMA and ANMA fits that were obtained by solving polluted 

(NF=0.01) CNLSR(CR)(CR) problem. Inset presents a failed fit conducted by the Levenberg-Marquardt algorithm (LMA). The 

symbol reference: the polluted synthetic (·) and simulated data (−). 

 

The detailed examination of Fig. 4ab indicates that SNMA (vs. ANMA) quickly reduced 𝜒2-value in 

first 41 (vs. 44) iterations. Such rapid 𝜒𝑆𝑁𝑀𝐴
2  decrease was supported by 3 expansion steps between 23th-

25th iteration. On the other hand, 𝜒𝐴𝑁𝑀𝑆
2 -value was moderately decreased between 31th - 40th iteration by 

series of steps. It appears that the CNLS problem size was too small to induce bad simplex distortions. 

However, remember that sudden simplex distortions might be a problem, especially when solving larger 

problems. 



15 
 

 

Fig. 4. The 𝜒2-value vs. (iteration number) data collected during solving polluted (NF=0.01) CNLSR(CR)(CR) problem. Two 

different Nelder-Mead algorithms were used: a) original (SNMA) and b) adaptive (ANMA) algorithms. Only first 300 iterations 

were presented. 

 

4.5 Solving noisy CNLSR(QR)(QR) problem by SNMA, ANMA, and LMA 

The data disagreement (see f > 2.51 Hz) obtained while solving polluted CNLSR(QR)(QR) problem 

suggests that SNMA was trapped in local minima (Fig. 5a). This data dissimilarity can be observed better 

in residual plot presented in the inset of Fig. 5a. Furthermore, data match in Fig. 5b confirms that ANMA 

successfully escaped from local minima. The so-called regular CNLS-fit was also efficient due to good 

data match presented in the inset in Fig. 5b. Although the number of parameters was relatively large (n = 

7) for the Nelder-Mead algorithm (see [12]), ANMA and LMA yielded extract simulated data. 

 

Fig. 5. The impedance spectra of two fits that were obtained by solving polluted (NF=0.01) CNLSR(QR)(QR) problem by a) SNMA 

and b) ANMA. Inset in the plot a) presents residual plot (see explanation in [28]). Inset in the plot b) presents a good fit 

conducted by LMA. The symbol reference: the polluted synthetic (·) and simulated data (−). 

 

b) a) 

a) b) 



16 
 

The aforementioned statements that claim that fits were trapped in secondary minima can be verified 

by visual inspection of the 2-function minima. This “visual” approach was introduced recently in EIS 

study [28] and the idea was to plot 2 functions (i.e. 𝜒2(𝐱𝑘
∗ ) vs. 𝛿(𝐱𝑘

∗ )) in the vicinity of the final parameter 

(𝐱𝑘
∗ ) values:  

 𝛿 = [{
(1 − 10−4) ∙ 𝐱𝑘

∗

𝐱𝑘
∗ ,

(1 + 10−4) ∙ 𝐱𝑘
∗

𝐱𝑘
∗ }] ;      𝑘 = 1 𝑡𝑜 𝑛. (26) 

Fig. 6b confirms that ANMA extracted EEC parameters from global minimum since all curves in 

subplots are bell-shaped. On the other hand, SNMA fit failed as parameters were taken from secondary 

minima (see almost straight lines in subplots d and g of Fig. 6a). Thus, visual inspection confirmed that 

SNMA was stuck in local minima, whilst ANMA successfully reached global minimum. An alternative 

discussion whether fits reached global minimum can also be found in Section 4.6. 

 

Fig. 6. Subplots show 2 vs.  values obtained after solving CNLSR(QR)(QR) problem (Fig. 5) by a) SNMA and b) ANMA. The 

sequence of subplots (a,…,g) corresponds to the parameter sequence in the Circuit Description Code (“R(QR)(QR)”). The 

symbol reference: the 𝜒2(𝐱𝑘
∗) value (●) and calculated 𝜒2(𝐱𝑘

∗) vs. 𝛿(𝐱𝑘
∗ ) values (−) 

 

Furthermore, as Fig. 5ab presented different fitting results, one might focus on the impact of sudden 

simplex distortions onto the algorithm’s ability to escape from local minima (see Scheme 2). Fig. 7a 

demonstrates that 𝜒𝑆𝑁𝑀𝐴
2 -value was rapidly decreased between 61th-68th iteration, whereas 𝜒𝐴𝑁𝑀𝐴

2 -value 

was moderately reduced between 64th-80th iteration (Fig. 7b). More comprehensive analysis shows that 

a) b) 
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SNMA simplex diameter(size) was increased by 36.3(27.4) % per iteration, which resulted in 𝜒𝑆𝑁𝑀𝐴
2 -

value reduce for 9.5 % per iteration. On the other hand, ANMA simplex diameter/size was more gradually 

augmented by 4.6(2.8) % per iteration which yielded decrease in 𝜒𝐴𝑁𝑀𝐴
2 -value for 3.8 % per iteration. 

Therefore, a rapid decrease in 𝜒𝑆𝑁𝑀𝐴
2 -values indicates that SNMA simplex experienced more sudden 

distortions that yielded a bed fit.  

 

 

Fig. 7. The 𝜒2-value vs. (iteration number) data collected during solving polluted (NF=0.01) CNLSR(QR)(QR) problem. Two 

different Nelder-Mead algorithms were used: a) standard (SNMA) and b) adaptive (ANMA) algorithms. Only first 300 

iterations were shown. Inset in the plot a) presents simplex diameter vs. (iteration number) data, whilst inset in the plot b) 

presents simplex size vs. (iteration number) data. 

 

A rapid increase in SNMA simplex’s diameter/size (see insets in Fig. 7a) suggests that it might 

eventually become needle sharp or flat. According to Conn et al. [38] when simplex becomes needle sharp 

or flat, the global convergence cannot be established. This indicates that sudden SNMA simplex 

distortions disoriented the search direction; and consequently, the algorithm was trapped in local minima 

(Scheme 2). The above observations are in accordance to previously reported papers [12, 17] which goal 

was to avoid rapid simplex distortions.  

 

Scheme 2. The impact of the adaptive/standard parameter choice values on the algorithm’s ability to 

escape from local minima.  

b) a) 
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4.6 Impact of noise intensity on SNMA, ANMA, and LMA ability to escape from secondary minima 

In order to determine which algorithm escapes from local minima with more success, differently 

polluted CNLS problems were solved in this section. Fig. 8 shows that when small CNLSR(CR) problem 

was studied, 𝜒𝑆𝑁𝑀𝐴
2 , 𝜒𝐴𝑁𝑀𝐴

2  and 𝜒𝐿𝑀𝐴
2  values  were equal (see overlapping symbols). The gradually shifted 

𝜒2-values (≈10-26 to ≈0.005), indicate that the global minimum was reached in all fitting attempts. Since 

CNLSR(CR) problem has only 3 fitting parameters, the local “landscape” imposed no “barrier” to conducted 

fits. Interestingly, both SNMA and ANMA reached global minima which suggest that simplex distortions 

were too moderate to corrupt the search direction.  

 

Fig. 8. Data obtained when solving differently polluted CNLSR(CR) problems by SNMA, ANMA and LMA. 

 

Next, when the problem size was further increased to CNLSR(CR)(CR) (Fig. 9a) and  CNLSR(QR)(QR) (Fig. 

9b), the number of SNMA fits that finished in local minima was increased from 10 to 18. At the same 

time, the number of ANMA fits that get stuck in local minima was increased from 0 to 4. It can be 

concluded that ANMA escaped from local minima 1.91 (Fig. 9a) and 5.66 (Fig. 9b) times more frequently 

than SNMA. Thus, it is fair to claim that ANMA simplex distortions were not so intense to disorient a 

search direction (see insets in Figs. 7ab). Please note that this particular claim will be thoroughly 

elaborated in the following section. 
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Fig. 9. Data obtained when solving differently polluted CNLSR(CR)(CR) (a) and CNLSR(QR)(QR) (b) problems by SNMA, ANMA, 

and LMA. 

 

Furthermore, the same problems were also solved by LMA fitting engine [28]. One can observe that 

14 and 15 LMA fits were trapped in local minima (Fig. 9a and b). Detailed examination of Fig. 9b indicates 

that when NF values were taken from 0.0025 to 0.004 all SNMA, ANMA and LMA fits get stuck. This 

leads to the conclusion that the local minima in Fig. 9b have a rather specific landscape structure which 

presented a “barrier” to all fits. However, the specific landscape structure was no obstacle when solving 

polluted (NF = [0.0040,…, 0.0050]) CNLSR(CR)(CR) problems (Fig. 9a). Therefore, it is obvious that 

occurrence of this specific ‘barrier’ is one of many possible outcomes that is highly dependent upon both 

the starting parameter and the CNLS problem choices. 

To summarize, the findings in this exercises (Figs. 9ab) indicate that ANMA was superior to 

LMA/SNMA while solving diverse noisy CNLS problems. What is more, due to the existence of specific 

local landscape ANMA (vs. LMA) escaped from local minima up to 3.0 times more often (see Figs. 9ab). 

However, bear in mind that LMA (vs. SNMA/ANMA) is usually a better choice for data fitting (see 

Section 4.1) and this work shows that there are situations in which ANMA will outperform a commonly 

applied regular CNL-fit. 

a) b) 

10/0/14 of SNMA/ANMA/LMA fits 
were trapped in local minima 18/4/15 of SNMA/ANMA/LMA fits  

were trapped in local minima 
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4.7 Simplex distortions and steps efficiency 

To monitor simplex distortions, one could compute changes in both simplex diameter3 (𝐷𝑆𝐷) [2, 38] 

and in relative simplex size4 (𝐷𝑆𝑆) [47]: 

 
𝐷𝑆𝐷 =

𝑑𝑖𝑎𝑚(𝑆𝑡+1)

𝑑𝑖𝑎𝑚(𝑆𝑡)
, 𝐷𝑆𝑆 =

𝑠𝑖𝑧𝑒(𝑆𝑡+1)

𝑠𝑖𝑧𝑒(𝑆𝑡)
, 

(27) 

where, 𝑆 represent simplex in 𝑡𝑡ℎ + 1 and 𝑡𝑡ℎ iterations. Interestingly, to deduce which algorithm 

experienced more sudden simplex distortions it was necessary to compare DSD and DSS intensity values. 

 

Fig. 10. Simplex distortions vs. (iteration number) computed from data obtained while solving polluted (NF=0.01) 

CNLSR(QR)(QR) problem. Please note that SNMA(ANMA) finished fit after ≈ 800(950) iterations. 

  

Figs. 10ab show that both simplexes have undergone series of distortions while solving polluted 

CNLSR(QR)(QR) problem. The size of this problem is the same as problem size that is usually applied in EIS 

(see [41] and reference therein). Furthermore, it appears that 𝐷𝑆𝐷 and 𝐷𝑆𝑆 intensity values were 

relatively lower in the case of ANMA, which correlates to data presented in insets of Figs. 7ab. This 

suggests that the adaptive choice of parameters alleviated simplex distortions and preserved search 

direction (see e.g. Scheme 2). Therefore, by preventing simplex bad distortions, which could result in 

needle shape or flat simplex, one can improve convergence properties (see ANMA data in Figs. 9ab). The 

                                                           
3 𝑑𝑖𝑎𝑚(𝑆) = max

1≤𝑖,𝑗≤𝑛+1
‖𝐱𝑖 − 𝐱𝑗‖. 

4 𝑠𝑖𝑧𝑒(𝑆) =
∑ ‖𝐱𝑖−𝐱1‖𝑛+1

𝑖=2

max(1,‖𝐱1‖)
. 

a) b) 
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aforementioned statement agrees well to literature (see [12] and [38]). Thus, it seems that the Nelder-

Mead algorithm can be further improved to meet EIS data fitting requirements. 

 
Table 3 

Values present the amount (%) of two successive steps, i.e. predecessor and successor step, that occurred during solving 

polluted (NF = 0.01) CNLSR(QR)(QR) problem by SNMA. Values in parenthesis represent the amount (%) of reduced 𝜒2-value. 

SNMA 

Successor step Predecessor step 

 Reflection Expansion Cont. Out. Cont. In. 

Reflection 36.90 (4.93) 7.98 (0.01) 2.37 (0.03) 11.98 (0.99) 

Expansion 7.60 (78.27) 1.37 (6.12) 0.00 (0.00) 1.37 (9.09) 

Cont. out. 2.37 (0.00) 0.12 (0.00) 0.00 (0.00) 1.37 (0.00) 

Cont. in. 12.34 (0.14) 0.10 (0.00) 1.50 (0.00) 11.72 (0.41) 

SNMA: the standard Nelder-Mead algorithm. 

 

 

Furthermore, when solving polluted CNLSR(QR)(QR) problem, two ANMA (vs. SNMA) successive 

expansion steps were 2.18 (i.e. 3.000 vs. 1.372 %) times more frequent (Tables 3-4). Interestingly, the 

expansion step can drastically elongate simplex (Scheme 1), which can become flat or needle sharp. Please 

note that this specific simplex “shapes” might prevent global convergence [38]. However, it was presented 

that the intensity of ANMA (vs. SNMA) simplex distortions was still lower (Fig. 10ab). Moreover, the 

amount of repeated ANMA (vs. SNMA) reflection steps was also decreased from 36.90 vs. 28.20 %. This 

also agrees well with the literature [12] which claims that avoiding the chance of the reflection step 

improves ANMA performances.  

 

 

Table 4 

Values present the amount (%) of two successive steps, i.e. predecessor and successor step, that occurred during solving 

polluted (NF = 0.01) CNLSR(QR)(QR) problem by ANMA. Values in parenthesis represent the amount (%) of reduced 𝜒2-value. 

 ANMA 

Successor step Predecessor step 

 Reflection Expansion Cont. Out. Cont. In. 

Reflection 28.20 (4.90) 7.70 (0.00) 2.10 (0.00) 13.20 (3.93) 

Expansion 7.30 (46.67) 3.00 (41.61) 0.30 (1.81) 0.80 (0.98) 

Cont. out. 2.00 (0.00) 0.30 (0.00) 0.20 (0.00) 1.60 (0.00) 

Cont. in. 13.90 (0.08) 0.50 (0.00) 1.40 (0.00) 16.90 (0.00) 

ANMA: the adaptive Nelder-Mead algorithm. 
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According to Tables 3-4, the repeated contraction inside step was more frequent in the case of 

successful ANMA (vs. SNMA) fit (16.90 vs. 11.72 %). Although contraction steps have not contributed 

to 𝜒2-value decrease as expansions steps have, they do have an important impact on simplex diameter 

reduce. However, if the size of the simplex is reduced too fast, it can lose the ability to move [48]. Thus, 

adaptive 𝛽 and 𝛾 ANMA values (Eq. (15)) were both responsible for improved fitting properties while 

solving CNLSR(QR)(QR) problem.  

To recapitulate, ANMA escaped from local minima more often than SNMA (see, e.g. Fig. 9), since 

lower 𝛽 and greater 𝛾 parameter values (Table 2) preserved the search direction by alleviating sudden 

simplex distortions (Fig. 10). The derived conclusions and the fact that ANMA (vs. LMA) was more 

superior further supports its application in EIS study (see Figs. 9ab). 

 

5. Conclusion 

It was explained that the Nelder-Mead algorithm with the standard choice of parameters (SNMA) 

cannot be adapted to the size of the complex nonlinear least squares (CNLS) problems which hinders its 

application in EIS. This problem was resolved by the application of the adaptive choice of parameters 

(ANMA). 

The findings in this work evidently indicate that when the ANMA (vs. SNMA) was applied, the new 

engine was up to ≈ 5.6 times more efficient in escaping from local minima. It was concluded that the 

application of the adaptive parameters yielded better ANMA fitting performances. 

One should keep in mind that ANMA fits were up to 3 times more successful in avoiding local minima 

when compared to fits conducted by the Levenberg-Marquardt algorithm (LMA). In contrast to ANMA, 

the presence of specific local minima while solving CNLSR(QR)(QR) represented a barrier to the majority of 

SNMA and LMA fits. Thus, the application of ANMA in this work was justified. 
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A more comprehensive study revealed that when polluted CNLSR(QR)(QR) was solved, ANMA (vs. 

SNMA) simplex distortions were more alleviated which preserved the search direction. It was elaborated 

that the adaptive 𝛽 and 𝛾 parameters were responsible for preserved search direction which boosted 

ANMA properties.  

Herein, it was demonstrated that the SNMA/ANMA engine can be easily designed and implemented. 

Thus, due to SNMA/ANMA engine simplicity and the fact that ANMA outperformed LMA, it follows 

that NMA-based engines should be continuously modified and improved to match the requirements of 

EIS study. 

In the end, to enable wider usage of ANMA and SNMA fitting engines, they were embedded in MIT 

licensed5 software by using Python programming language and hosted online (see [29]). 
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