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PARAMETER CHOICE STRATEGIES FOR LEAST-SQUARES
APPROXIMATION OF NOISY SMOOTH FUNCTIONS ON THE
SPHERE

S. V. PEREVERZYEV*, I. H. SLOANT, AND P. TKACHENKO*

Abstract. We consider a polynomial reconstruction of smooth functions from their noisy values
at discrete nodes on the unit sphere by a variant of the regularized least-squares method of An et
al., STAM J. Numer. Anal. 50 (2012), 1513-1534. As nodes we use the points of a positive-weight
cubature formula that is exact for all spherical polynomials of degree up to 2M, where M is the
degree of the reconstructing polynomial. We first obtain a reconstruction error bound in terms of
the regularization parameter and the penalization parameters in the regularization operator. Then we
discuss a priori and a posteriori strategies for choosing these parameters. Finally, we give numerical
examples illustrating the theoretical results.
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1. Introduction. In recent decades methods for approximation of a continuous
function y on the sphere S? := {x = (z1,22,73)T €R3: 23 + 23 + 23 = 1} by means
of polynomials have been discussed by many authors (see, for example, [8, 26, 33, 34]).
Often the underlying motivation has been the need to approximate geophysical quan-
tities. For example, such a task appears in the satellite gravity gradiometry problem
(SGG-problem) [6, 23], in which the task is to find a spherical harmonic representa-
tion of Earth’s gravitational potential from satellite observations. The present study
was motivated by this example. We shall return to it several times throughout the
paper.

The mathematical problem considered in this paper is to find a polynomial
approximation to y € C(S?), given noisy data values y°(x;) at points x; € S2,
i =1,...N, using a least-squares strategy developed in [1]. (In the SGG applica-
tion the sphere in question is determined by the satellite orbits. The gravitational
potential at the satellite height is smoother than at earth’s surface, a complicating
feature for the inverse problem.) We shall assume, in a slight generalization of [1],
that the point set Xy := {x1,...,Xy} consists of the points of a cubature rule which
is exact for all polynomials p € Pops, where Py is the set of all spherical polynomials
of degree less than or equal to M, or in other words the restriction to S? of the set
of all polynomials in R?® of degree less than or equal to M. Thus the point set must
satisfy

N
L1) W€ Par, Y wipx) = [ px)dat)

i=1

where dw(x) denotes area measure on S?, and w;,i = 1,..., N are positive cubature
weights associated with the pointset X . For sufficiently large N one can find in the
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literature a variety of suitable cubature formulas (see, e.g., [11, 12, 36]). Moreover,
in principle the point sets for such a rule can be generated by selecting from any
sufficiently dense set of points on the sphere, see [20, 9].

The strategy is to take the approximant yy; € Pp; to be the minimizer of the
regularized discrete least-squares problem

N N
(1.2)  ym = argmin {sz(p(xz) —y (x:)* +a Y wi(Rup(x:))*, pe PM} ;

i=1 i=1

where y°(x;) := y(x;) + €; represent noisy values of a perturbed version y¢ of the
original function y calculated at the points of Xy, « is a regularization parameter,
and Ry : Py; — Py is a linear “penalization” operator given by

2k +1
47 2

M
(1.3) Ryp(x) := > B Py.(x - 2)p(z)dw(z)
k=0

M N

2k +1

= E B pp E w; P (x - x;)p(x), x € S?, pelPy,
k=0 i=1

where P, is the Legendre polynomial of degree k, and in the last step we used (1.1).
Here the numbers B,k = 1,..., M are a non-decreasing sequence of positive parame-
ters. With [ fixed in some appropriate way, the important feature of the parameters
B is their rate of growth. The central task in this paper will be to assign appropriate
values for the Sj.

As pointed out in [1], the expression in (1.3) is the most general rotationally
invariant expression for a linear operator on the space Pj,.

In [1] the point set Xy was taken to be a spherical 2M-design, which simply means
that (1.1) must hold with equal weights w; = 47 /N. We gain considerable freedom in
this paper by allowing general positive weights w; in (1.1). The only effective difference
in the present approximation scheme is that the least-squares problem (1.2) is slightly
non-standard because of the appearance of the cubature weights w;.

It was observed in numerical experiments in [1] that a proper choice of the penal-
ization operator Rj; together with the regularization parameter o can significantly
improve the approximation. However, the choice of the model parameters in (1.3) was
not settled, and still remains an open issue. In our paper we will tackle this crucial
question by proposing parameter choice strategies (strategies for choosing 3; and «)
that allow good approximation of noisy smooth functions on the sphere.

The paper is organized as follows: in the next section we present necessary pre-
liminaries, and give an explicit solution of the regularized least-squares problem.. In
Section 3 we derive theoretical error bounds for the resulting approximation. Sec-
tions 4 and 5 discuss error bounds and parameter choice strategies. Finally, in the
last section we present some numerical experiments that test the theoretical results
from previous sections.

2. Preliminaries. We introduce a real spherical harmonic basis for P/, see [18]
Yy k=0,1,..,. M, j=1,..,2k+ 1},

assumed to be orthonormal with respect to the standard L? inner product,

Fothiniey = [ Fx)g)au).



PARAMETER CHOICE STRATEGIES 3

Then for p € Py, an arbitrary spherlcal polynomial of degree < M there exists a
unique vector v = (y,;) € RM+1 such that

M 2k+1

(2.1) p(x) = Z Z Vi Vej (%), x €S?.

k=0 j=1
The addition theorem for spherical harmonics (see [18]), which asserts

2k+1
2k +1
(2.2) Z Yy i (%)Y i(z) = y Pu(x-z), x,z¢€8?%

will play an important role.
The assumption that a function y on the unit sphere is continuous implies that
y € L%(S?), and hence that its Fourier coefficients <Yk7j7y>L2(S2) with respect to the
basis of spherical harmonics are square-summable, i.e.
oo 2k+1

Z Z ‘ Yk,ja Y12 (S2)

k=0 j=1

<oo.

To measure any additional smoothness of y it is convenient to introduce a Hilbert
space W7 that is especially tailored to the particular problem, namely

2
oo 2k+1 ‘ Yk
2 dr 9 LQ(SQ)
y€W¢aﬁ = Q:HQHW%B = ZZ —)<OO 5
k=0 j=1

where ¢ is an non-decreasing function such that ¢(0) = 0 and 8 = {fo, 51, ..., B} is
the sequence of coefficients appearing in the regularizer (1.3). In the literature, see,
e.g., [14], the function ¢ goes under the name of smoothness index function.

In this context the smoothness of y is encoded in ¢ and (. For example, if the
smoothness index function ¢(¢) and the sequence = {f;} increase polynomially
with ¢ and k, then Jackson’s theorem on the sphere (see [25], Theorem 3.3) tells us
that for y € W7 there exists v > 0 such that

(2.3) mf ly = pllogsey = O (M)

On the other hand, if the sequence § = {0} increases exponentially then for
polynomially increasing ¢ and y € W®# we have
inf ||y — =0 (e ™
ple%,M ly p||c(32) (6 ) )
where ¢ is some positive number that does not depend on m.

In the error analysis later in the paper we make use of a linear polynomial ap-
proximation that in a certain precise sense mimics best approximation in the space
of spherical polynomials of half the degree. The approximation, proposed in [30],
approximates a function y € C (82) by Viry € Py defined by

2k+1

(24) VMy Zh ( > Z ij Yk,gay>L2(52)
k=0

=§:h< )2 [ e aaita)

—0 52
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where h is a real-valued function on R, called a filter function, which satisfies

N (1, telo,1/2],
(2.5) h(t) € [0,1]Vt € R™, h(t) = { 0. te(Loo).
It is shown in [30] that for suitable choices of the filter h (including any filter in
C3(R*), or the unique C! quadratic spline with breakpoints at 1/2, 3/4 and 1 that
satisfies (2.5)), the norm of the operator Vj; as an operator from Py, to C(S?) is
bounded independently of M. Since, as is easily seen, V}; reproduces polynomials of
degree less than or equal to M /2, it follows in the usual way that

-V <c¢ inf — ,
1y My||C(S2) = € P/ ly P||c(s2)
where [] denotes the floor function. (In this paper c¢ is a generic constant, which
may take different values at different occurrences.) In view of (2.3), for polynomially
increasing ¢, # and y € W%# we have

1y = Varyllogey < e[M/2]7" <eM™".

On the other hand, for exponentially increasing 8 and polynomially increasing ¢
the theory [27] suggests taking h(t) = 1 for ¢ € [0,1] (in which case Vi y is just the
Mth-degree partial sum of the Fourier-Laplace series). Then for y € W# there holds

ly = Vmyllose) < ev Mpiélp}jw ly = pllege) < ev MetM,

3. Weighted regularized least-squares problem and its solution. The

penalization operator (1.3) can equivalently be written, using the addition theorem
(2.2) and (2.1), as

M 2k+1

(3.1) Ryp(x) = Z/Bk Z Y5 (%) <Yk,j,p>L2(52)
k=0  j=1
M 2k+1

= Zﬁk Z Vi,j Vi 5 (%),
k=0  j=1

allowing us to write the minimization problem as one of linear algebra. For the noisy
function y¢ defined on S?, let y¢ := y¢(Xx) be the column vector

o=y () y (ew)]T €RY,

and let Yr = Y (Xy) € RMHAD*XN be the matrix of spherical harmonics evaluated
at the points of X . Using this notation we can reduce the minimization problem in
(1.2) to the following discrete minimization problem:

(3.2) min _ |[|[WY2y Ty — W/ 2ye

2 2
tao le/zRM%H L a>0,
~ERM+1)2 2 2

where ||-]|, is the standard Euclidean vector norm, Ry = Rm(Xn) = BmMYwMm €
R(M+1)2XN7 By is a positive diagonal matrix defined by
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(3.3) B = diag(Bo, 81, 81, B, - B, By - Bur) € RMAD*x(M+1)*
3 2M+1

and W is a diagonal matrix of cubature weights
W := diag(wy, ..., wy) € RVV,

The solution of (1.2) can be found from the following system of linear equations

(3.4) (YMWYn” + aBuYMWYn ' Bu)y = YMWy©

THEOREM 3.1. Assume y¢ € C(S?). Let M > 0 be given, and let (1.1) hold true
for the set of points Xn. Then (3.4) has the unique solution v = (g ;) € R(M+1)?

(3.5) Vg = T BQZwZY;” X))y (Xi),

and the minimizer of (1.2) is given by

M 2k+1 Y,
k
(36) yJW(X) - a]\ly Z Z j T a2 Zw’LYk] X1 z)
=0 j—1 1+ afy
Lok4+1 1

C4m 1+ap? ;wipk(x %)y (%)

Proof. On using (1.1) we have

Zink,j(xi)Yn,L(xi) = <Yk,j7Yn,L>L2(S2) = 5k,n(5j,u

i=1
where k,x = 0,....M, j =1,...,2k+1, + = 1,...,2c + 1. Thus YWY ! is the
identity matrix. Since By and W are diagonal matrices, the solution of (3.4) is given
by (3.5) and from (2.1) we obtain (3.6). 0

4. Error bounds. In this section we estimate the uniform error of approxima-
tion of y by yar, see (3.6). It is convenient here to regard y° as a continuous function
on S?, constructed by some interpolation process from its values on the discrete set
Xn. The operator T v defined in (3.6) can then be considered as an operator on

the space C(S?). Since yp = TavMy it is clear that

y—ym =y — T4 yyVay + T (Vary —y +y — ),

and hence

41 = o < |y -1 H
(4.1) ly yM||c(s y =T, v Vy o)

+ ‘ Ta,MH

ooy (8= Varyllogsy +ly = vl
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T8

o, M

where ‘ : is the norm of the operator Tf,M :C(S?) — C(S?).

c(s?

Let € = [e1,€2,...,en] € RY, and |l¢]|, = max|e;|. It is natural to assume, and
from now on we shall do so, that [y — y[|¢(s2) = [[€[|- This means that we adopt
the deterministic noise model, which allows the worst noise level at any point of X .
Then it is also natural to assume that M is large enough to ensure ||y — Vayllos2) <
|l€]| o since otherwise data noise is dominated by the approximation error and no
regularization is required. Then the bound (4.1) can be reduced to

T2 i) o el

(4.2) ly —ymllos2) < Hy T u MyH os?)

+2|
c(s?)
We will call the first term of the right-hand side in (4.2) the regularization error
and the second the noise propagation error.
The noise propagation error can be quantified by the following result for the norm
of TfM, which is a consequence of (3.6).
THEOREM 4.1. Under the conditions of Theorem 3.1

M
2k+1
Z Ar( = P (x-x;)

B
@ e

= max w;
O"MHC(S2) x6S2Z ‘

< maxiw % Rl | P (x - %x;)] -
T xes? ’ 47r(1 + af?) !

Theorem 4.1 reduces to Proposition 5.1 in [1] on setting w; = 47/N, but note
that the result as stated in [1] corresponds to the upper bound in (4.3), and so is not
correctly stated.

Now we are going to bound the regularization error Hy — TfMVMyH sy’ We

start with the following decomposition

(4.4) y—T% i Vary =y — To s Vary + (To.ar — Ty pp)Vary,
where Tj a7 is the so-called hyperinterpolation operator [29],

M 2k+1 N

(4.5) To,mg(x Z Z Y. j(x )Zink,j(xi)g(Xi)
k=0 j=1 i=1

N

> wiPi(x - x;)g(x;)-

k=0 i=1

M ook +1

From (4.5) and (1.1) it immediately follows that for any p € Pa; we have Ty pp =
p. Therefore, Ty prVary = Vary. In view of this property and the decomposition (4.4)
we can derive a bound for the regularization error

v =72V sm—wmmw+HnM T2 Vi

o(s2) C(s2?)

< Toar —T7 ,, H :
< felloe + |(Toas = T200Vars|
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An estimate of the term H (To.m — Tf,M)VM HC(S2) in (4.6) is given by the following

theorem.
THEOREM 4.2. Assume that the smoothness index function ¢ is such that the
function t — t/¢(t) is monotone. Then for y € WP there holds

(4.7) |Toe = T2 anVars| < eMO@) Byllyers
where d(a) = ¢(a) if t/(t) is non-decreasing, and () = o if t/(t) is non-
mcreasing.

Proof. In view of (3.6), (4.5) and (2.4), together with the fact that the cubature
formula in (1.1) is exact for p € Paps, we may write

H(To,M - Tf,M)VMyH

c(s2)

M 2k+1
= Z Z 1+ 62< k,j’VMy>L2(S2)

k=0 j=1 ;

C(s?)
M 2k+1
k 52

= Zzh< > )1_|_ /62 <Y,]7y>L2(§2) ,

k=0 j=1 C(s?)

where in the last step we used (Yx j, Vary)r2(s2y) = h(k/M)(Yk,j,y)2(s2). Now using
the Nikolskii inequality (see, e.g., [19], Proposition 2.5) and also h(k/M) < 1, we
obtain

M 2k+1 2
o
IToas =T s Varsllon = M [ 3 (57 ) YO gy (s 01
Jj=1

k=0

M 2k+1 E\2 afB? 2 2
B k (.
=cM E h <M) (1+0[ﬁ£> ‘<Yk,]( )ay>L2(S2)

k=0 j=1
IR Yies (o8 oo
2k+1 2 2 ’ kil'),y
ap _ J\') I L2 (s?)

<M (125, ) oo :

g; L+af; ’ 0*(8,°)

(6% N
<eM sup 60 lhyo.s < @) Dl
wel0,8; 2] a+u
where the last inequality follows from [14], Proposition 2.7. d

It is instructive to note that if, for example, ¢(t) = ¢”, then the function ¢A> defined
in Theorem 4.2 is given by

o, 0<v<l.

(i(a):{a; VZI,

Thus the error bound in the theorem does not improve if ¢(t) grows faster than t.
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5. Parameter choice strategies. In this section we will be concerned with the
choice of the design parameters for the least-squares approximation y;, namely the
regularization parameter @ and the penalization parameters (. In the first subsec-
tion we discuss an a priori choice for the penalization parameters fg. In the next
subsection we consider an adaptive strategy for choosing the regularization parame-
ter a. In the third subsection we present an a posteriori choice for the penalization
parameters .

The choice of parameters is motivated by the error bound (4.2) for y — yps. From
(4.6) and (4.7) it follows that the bound (4.2) can be reduced to the following:

G1) Ny =yl < el + M) [yllyons +2lelloe || 72 0|

o(s?)
TB

< M) [y +elello [ T2 -

5.1. A priori choice of the penalization parameters. For definiteness, we
assume in this subsection that ¢(¢) = ¢, which means that 6 has the highest order
in o, namely é(a) = «. The error bound (5.1) now provides useful guidance in the
choice of the regularization parameters §;. If 5y is considered to be fixed, and we
increase the rate of growth of the i, then the first term on the right-hand side of
the last line of (5.1) will increase, while from (4.3) the second term has an upper
bound that decreases with increasing rate of growth of the §;. Even more can be
said: for the first term to be finite the W norm of y must be finite, which imposes
the constraint

oo 2k+1

(5.2) Z Z 513 <Yk,jay>i2(s2) < 0.

k=0 j=1

To see what this condition means in a particular application, we consider the SGG-
problem mentioned in the Introduction. In this problem y is the second order radial
derivative of the gravitational potential measured pointwise at the orbital sphere of a
satellite. It can be shown [7, 13, 32] that after a proper normalization of this sphere
to S? we have

(53) <Yk,j7 y>L2(SZ) = QkJk.j,
k

%) W, p is the radius of the orbital sphere, R is the radius

of the surface of the Earth considered as a sphere, and {gx ;} is some (unknown)

sequence, which, for physical reasons, should satisfy the requirement

where a;, = (

oo 2k+1

Z Z (k+ 1/2)39,2w< < 0.

k=0 j=1
In view of the last requirement, the condition (5.2) is satisfied by the choice
(5.4) B = ap P (k+1/2)%%, k=0,1,...

Of course the condition (5.2) will also be satisfied if the S increase more slowly, but
at the likely expense of a larger second term in the error bound (5.1).
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Since R < p, it is clear that the 8x given by (5.4) increase exponentially. In the last
section we illustrate a good performance of the scheme (1.2) with these penalization
weights.

5.2. Regularization parameter choice strategy. For regularization of our
problem we will implement an adaptive regularization parameter choice strategy
known as the balancing principle (see, e.g., [14, 15, 24] and references therein).
In this method the regularization parameter « is selected from some finite set, say
Ap = {ai =dqd'ag,i=1,2, ...,L}, with ¢ € (0,1) and L large enough.

Applying the balancing principle to our problem we start with the smallest pa-
rameter oy, and increase stepwise ;1 = «;/q,i = L, L — 1,..., until a,, := «, is the
parameter for which

for the first time. Here w is a design parameter. The regularization parameter «, is
the parameter of our choice. Note that for choosing «, we need only the knowledge

| iven by (4.3).
a,M o(s?) g y ( )
In the Section 5 we will present a numerical test showing a good reconstruction

of the function on the sphere from noisy observations with the above a posteriori
regularization parameter.

> w e

—7’ ’
oY~ o) oo

B
To‘z‘*'l’MHC(S2)

of (3.6) and an upper bound of ‘

5.3. A posteriori choice of the penalization weights. We start with the
observation that the space Pp; of spherical polynomials p is a reproducing kernel
Hilbert space (RKHS) H. By the Riesz representation theorem, to every RHKS H
there corresponds a unique symmetric positive definite function K : S? x §? — R,
called the reproducing kernel of H = H -, that has the following reproducing property:
p(x) = (p(-), K(-,%))4,.- A comprehensive theory of RKHSs can be found in [2].

It is easy to check that the kernel

2k+1

(5.5) Z,@k Z Y ; (%)Y ;(2), x,2 € S?

has the above mentioned reproducing property if the inner product in Py, is defined
as follows

2k+1

Zﬁk Z (Ye,j, f>L2(SZ) <Yk,j79>L2(g2) :
Jj=1

Indeed, for p € Py we find

2k+1

(p(), K Zﬂk Z (Ye3:P) p2(s2) Yy KX, ) 262
7=1
M 2k+1

= Zﬁk D Vigsb) o) B Y (%) = p(x).

j=1
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In this RKHS setting the spherical polynomial yy = yas (N, K, «) defined by
(1.2) also can be seen, using the addition theorem and (1.1), as the minimizer of the
following quadratic functional

(5.6) o(N, K;p) ZU% (x:) =y (x:))* + @ llpll3,c - P € P,

which makes (5.5) a natural way of defining the reproducing kernel in this context.

At this point the problem of the choice of the penalization weights {0} is trans-
formed into that of selecting a kernel K from the set K of kernels of the form (5.5).

In the literature there are several methods for choosing a kernel from the available
set of kernels (see, e.g., [17, 22|, and references therein). For example, in [17] the
authors suggest selecting a kernel by minimizing the value of the functional (5.6)
evaluated at its minimizer yp;. In the present context, according to [17], the kernel
K = K, of choice is given as

K, =argmin {T, (N, K;ym (N, K, «)), K € K}.

Note that such K, depends on the value of the regularization parameter «. Therefore,
the approach [17] can be realized only for an a priori known «. However, in practice
we are not provided with this knowledge, and have to use a posteriori regularization
parameter choice strategies (for example, the balancing principle described in Sub-
section 4.1). Thus, in practice we are dealing with kernel dependent regularization
parameter o = a(K).

This situation has been discussed in [22]. In the present context the kernel choice
suggested in [22] can be written as follows

(5.7) Ky =argmin {T,x)(N, K;yu (N, K, a(K))), K € K}.

The existence of such Ky has been proved in [22] under rather general assumptions on
the set of admissible kernels I and regularization parameter choice strategy a = a(K).

From a practical point of view, it is a challenging issue to use the strategy (5.7)
in our case because one has to minimize a function depending on M + 1 unknown
penalization weights (. Therefore, it is natural to reduce the complexity of the model
before applying the strategy from [22].

For example, one may parametrize {8} as follows: 87 = M D (B41)22 A Ag >
0. In other words, in (5.7) the set of kernels IC consists of the functions

M 2k+1
(5.8) => e MED (1) N V()Y 4(7), T €SP
k=0 j=1

Then the kernel K can be found by minimizing a function of two variables A1, As.
In the last section we will illustrate such a reduced approach by a numerical test
showing good performance of the scheme (1.2) with a posteriori chosen penalization
weights.
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6. Numerical examples. In this section we present some numerical experi-
ments to verify the analysis from the previous sections. Note that we work not with
real data but with artificially generated ones. In all our experiments we follow [9, 21]
and assume that the set of points X is the set of Gauss-Legendre points, for which
the positive quadrature weights are known analytically. The number of points in this
case is N = 2(M +1)2, and the corresponding cubature formula (1.1) is indeed exact
for all spherical polynomials of degree 20 . In all our experiments M = 30.

We start with an experiment illustrating that a proper choice of the penalization
weights By, ..., Bas is crucial for the approximation of functions on the sphere. Consider
again the SGG-problem corresponding to (5.3). We follow [4, 13] and assume that the

k
orbit height is 400 km. Note that for £k = 1,2, ..., 30 the values a; = (%) (k“f))w

in (5.3) are increasing, and so, they do not exhibit a typical behavior of the singular
values of the compact operators. This effect is well-known (see, e.g, [6], Fig. 4.2.3, p.
280).

Therefore, to mimic SGG-problem for M = 30 one usually omits the factor
W (see, e.g., [4]). In this case the decay character of the coefficients a; in
(5.3) can be modeled as

ap = (1.06)7%, k=0,1,..., M,

where 1.06 is the value of % with p = R + 400 = 6734 (km). We conduct our first
experiment in the following way. First we generate a spherical function

M 2k+1 1
y=y(x)= 2(1.06)_k Z ng;Yk’j(X), x € 82,
k=0 Jj=1

where g, ; = (k+ 1/2)_3/2301@,3-, k=0,.,M, 7=1,..2k+ 1, and z} ; are random
numbers uniformly distributed on [0, 1]. The blurred spherical function 3¢ is simulated
by adding a random point-wise noise to the values of the initial function y at the point
set X . The simulated noise values are given as the components of a random vector
0.05¢/ ||€]| o, Where € = [e1, €2, ..., en], and ¢; are uniformly distributed on [—1,1]. To
mimic the SGG-problem we reconstruct the vector g = (g ;) by g*™ = (gz‘”jM),
where gz"’JM = a; 'Y, and 7 ; are given by (3.5).

To assess the obtained results and compare the performance of the considered
schemes we measure the relative error

lg =9l

91l

The results are displayed in Figure 6.1, where each circle exhibits a value of
the relative error in solving the problem with one of 50 simulated data, for each of
two methods: regularization with the penalization weights chosen according to (5.4),
and regularization with default values 5, = 1. Note that such a form of graphical
illustration of the comparative performance of different regularization algorithms is
rather common (see,e.g, [10]). In these experiments the choice of the regularization
parameter « for both schemes was made to achieve the best possible performance of
each method.
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Penaliz. accord. to (5.4-)F

Default penaliz. |

Fig. 6.1: Numerical illustration. The figure presents relative errors for the cases of
default penalization and the penalization according to (5.4) for 50 simulations of the
data. The horizontal axis shows values of the relative errors (the vertial axis has no
significance)

From Figure 6.1 one can conclude that the proper choice of the penalization
weights according to the proposed a priori recipe can significally improve the accuracy
of the reconstruction.

In our second experiment we will confirm that the balancing principle gives a value
of the regularization parameter o, that is competitive with the best value manually
found in [1]. We choose the regularization parameter from the geometric sequence
Ago 1= {ozi =q'ag,i=1,2, ...,60} with ¢ = 0.8 and ap = 8.

Similarly to [1], as a test function y we take the sum of the Franke function
modified by Renka [28] (p.146) and a function yeap [35], namely y = y1 + Yeap With

(6.1) Y1(w1, 2, 23) = 0.75¢ (971—2)% /4= (922-2)% /4~ (925-2)* /4
+ 0.75¢ (9x1+1)? /49— (922+1) /49— (925+1)/10
+ 0.5e—(9m1=7)?/4=(922-3)? /4= (923 —5)* /4
— 0.2e~ a1 = (0221 =(923=5)" (1 4 1) € S2,

and
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(b) y with N(0,0.25) noise

S
(C) To,,mY©
Fig. 6.2: Franke function recovery
| 2cos (marccos(x. - X)), Xc - x > c0s(0.5),
(6.2) Yeap (X) = { 0, otherwise,

27 V2

function y was then contaminated by noise, taking for the noise €(x) at each x € X an
independent sample of a normal random variable with mean 0 and standard deviation
o =0.5.

Figure 6.2a illustrates the function y, while Figure 6.2b shows the blurred function
Y(x) = y(x) + e(x).

For the reconstruction, following [1] we choose a Laplace-Beltrami penalization
operator that corresponds to the matrix

T
where x. = (—%, -1 i) and (-) defines the dot product of two vectors. The

B = diag(0,4,4,4, ..., (M(M + 1))%, ..., (M(M + 1)) € RM+D*x(M+1)*
——
3 2M+1

Figure 6.2c illustrates the reconstructed function Tf* MY The regularization
parameter a, was obtained according to the balancing principle described above. We
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A p riori pen aliz. + 1@I1001:40))(@ €)))

A posteriori penaliz. r  OCOCMTRINHIRIID

0.05 0.1 0.15

Fig. 6.3: Numerical illustration. The figure presents relative errors for the cases of
a priori penalization with Sy = k(k + 1) and a posterior: penalization with B,ﬁ =
0320+ 1) (k + 1)19 for 50 simulations of the data. The horizontal axis indicates the
values of the relative errors (there is no significance on the vertical axis)

found automatically the regularization parameter o, = 1.42 - 10~* which agrees well
with the value 10~* from [1] obtained manually.

In our last experiment we will illustrate an application of the a posteriori rule
(5.7) for choosing the penalization weights. As a test function y¢ we again consider
the blurred function from the previous example, where we used the a priori chosen
penalization weights 8y = k(k + 1) corresponding to Laplace-Beltrami operator. Now
we are going to estimate the penalization weights using the a posteriori strategy
described in Subsection 4.3.

Recall that we are looking for the minimizer (5.7) among the set of admissible
kernels IC consisting of the functions (5.8). This approach allows us to take into
account an exponential, as well as a polynomial growth of (.

To find an approximate minimizer of (5.7) we have implemented the Random
Search method [16] over the set of parameters (A1, A2) € [0,5] x [0,5]. The method
was implemented 10 times, and in each implementation 10 random steps have been
performed. Then the mean values of the parameters A, Ao appearing after each
implementation of the Random Search method have been taken as an approximate
minimum point. As the result, the values \; = 0.32, Ao = 1.9 have been obtained.

Figure 6.3 displays the relative errors in solving the problem (6.1), (6.2) with one
of 50 simulated noisy data, for each of two methods: regularization with the penal-
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ization weights S = k(k + 1), and regularization with a posteriori chosen weights.

From Figure 6.3 we see that the choice of the penalization weights according to

the proposed a posteriori choice rule can improve the accuracy of the reconstruction.
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