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Abstract. We consider the Navier–Stokes system in a bounded domain with a smooth
boundary. Given a time-dependent solution and an arbitrary open subset of the bound-
ary, we prove the existence of a boundary control, supported in the given subset, that
drives the system to the given solution in finite time.
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1. Introduction

Let Ω ⊂ R3 be a connected bounded domain located locally on one side of its smooth
boundary Γ = ∂Ω. We consider the controlled Navier–Stokes system in Ω:

(1) ∂tu+ 〈u · ∇〉u− ν∆u+∇p+ h = 0, div u = 0, u|Γ = γ + ζ.

Here u = (u1, u2, u3) and p are the unknown velocity field and pressure of the fluid,
ν > 0 is the viscosity, 〈u · ∇〉 stands for the differential operator u1∂1 + u2∂2 + u3∂3, h
and γ are fixed functions, div u := ∂1u1 + ∂2u2 + ∂3u3 and ζ is a control taking values
in the space E of square-integrable functions in Γ whose support in x is contained in a
given open subset Γc ⊂ Γ.

If, instead of system above we consider the case of internal controls under homogeneous
Dirichlet boundary conditions, namely

(2) ∂tu+ 〈u · ∇〉u− ν∆u+∇p+ h+ η = 0, div u = 0, u|Γ = 0.

where now η a control supported in a given open subset w ⊆ Ω, then the problem
of exact controllability to trajectories is now rather well understood. Namely, it was
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proven that, given a time T > 0 and a smooth solution û of system (2) with η ≡ 0,
for any initial vector field u0 sufficiently close to û(0) one can find a square integrable
control η supported in (0, T )×w such that the corresponding solution u(t) of system (2),
supplemented with the initial condition

(3) u(0, x) = u0(x)

is defined on [0, T ] and satisfies the relation u(T ) = û(T ). We refer the reader to [4, 6, 9,
11,13] for the exact statements and the proofs of these results.

From the results on internal controllability we can derive similar results on boundary
controllability, at least if we consider the control acts in a connected component of the
boundary. The idea is that from [9–11]: (I) the reference solution û solving (1) with
ζ = 0 is extended to a function ũ defined in a bigger domain G containing Ω, and the
extension ũ solves the Navier–Stokes system in G under homogeneous Dirichlet boundary
conditions (with a suitable external force h̃); a given vector field u0(x) defined in Ω, is also
extended to ū0 in G, ū0 vanishing at the boundary ∂G. Both extensions being continuous
in appropriate spaces. (II) An internal control η̄ supported in (0, T )×G \ (Ω∪Γ) driving
the equation in G from ū0 to ũ(T ) is taken. (III) Let ū be the solution associated with
the pair (ū0, η̄); then the boundary control ū|∂Ω\∂G drives the equation in Ω from u0(x)

to û(T ). For the details see the referred works.
The fact that the controlled part is a connected component is important in [9–11] to

construct the extensions to G satisfying the homogeneous Dirichlet boundary conditions
in ∂G and then, to be able to apply the internal controllability results known for this
type of boundary conditions. A question arises: what can be done if Γc, the part of
boundary we are able to apply the control in, is not an entire connected component? As
an illustration see figure 1. In particular, can we extend a vector field in {v ∈ H1(Ω, R3) |
div v = 0 in Ω and v = 0 on ∂Ω ∩ ∂G} to a vector field in {v ∈ H1(G, R3) | div v =
0 in G and v = 0 on ∂G}? This last question has a partial answer in the case Ω ⊆ R2: it
is shown in [7, Theorem 4.2] that we can extend the vector fields that satisfy an additional
Sobolev regularity condition on a neighborhood of the points in ∂(∂Ω\∂G). The extended
domain G being constructed also in a suitable (simple) way. Here we are not going to
answer this extension problem. Instead, with a remark on a result from [6], we claim we
can overcome the boundary conditions problem, by taking a boundary control supported
in (0, T − ρ)× ∂G \ ∂Ω, together with the internal control η̄.

I

N

Γcw

Ω

Figure 1. Extension of Ω to G = Ω ∪ w ∪ Γc. Γc = ∂Ω \ ∂G.

The aim of this paper is to establish the exact boundary controllability of the Navier–
Stokes system, where the controls are supported in a given open subset of the boundary.
Namely, we will prove the following theorem, whose exact formulation is given in section 5.

Main Theorem:Let (û, p̂) be a solution for system (1), with ζ = 0 and t ∈ (0, T ),
such that |û|L∞((0, T )×Ω,R3) + |∂tû|L2((0, T ), Lσ(Ω,R3)) ≤ R, where R > 0 and σ > 6/5 are
constants. Then for any open subset Γc ⊆ Γ and any (admissible) initial condition u0
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sufficiently close to û(0), there exists a boundary control ζ ∈ L2((0, T ), L2(Γc)), such
that u(T ) = û(T ).

Note that, although we confine ourselves to the three-dimensional (3D) case, this the-
orem remains true for the two-dimensional (2D) Navier–Stokes system.

The rest of the paper is organized as follows. In section 2, we introduce the functional
spaces arising in the theory of the Navier–Stokes equations and set up our problem. In
section 3 we present some remarks concerning the compatibility conditions to be satisfied
by the data of the system, in order to have existence of so-called weak solutions, for
a linearized auxiliary system. Section 4 is devoted to the null controllability of that
linear system. In section 5, we establish the main result of the paper on local exact
controllability of the full Navier–Stokes system. The appendix gathers the proof of two
auxiliary results used in the main text.

Notation. We write N and R for the sets of nonnegative integers and real numbers,
respectively, and we define N0 = N \ {0}. We denote by Ω ⊂ R3 a bounded domain with
a C2-smooth boundary Γ = ∂Ω. The partial time derivative ∂u/∂t of a function u(t, x)
will be denoted by ∂tu.

For a normed space X, we denote by | · |X the corresponding norm, by X ′ its dual,
and by 〈·, ·〉X′,X the duality between X ′ and X.The dual space is endowed with the usual
dual norm: |f |X′ := sup{〈f, x〉X′,X | x ∈ X and |x|X = 1}.

If X and Y are normed spaces, we consider the intersection X ∩ Y endowed with the

norm: |a|X∩Y :=
(
|a|2X + |a|2Y

)1/2
. If X and Y are endowed with a scalar product then,

(a, b)X∩Y := (a, b)X + (a, b)Y defines a scalar product in X ∩ Y .
Given open interval I ⊆ R, then we write

W (I, X, Y ) := {f ∈ L2(I, X) | ∂tf ∈ L2(I, Y )},
where the derivative ∂tf is taken in the sense of distributions. This space is endowed

with the natural norm |f |W (I,X, Y ) :=
(
|f |2L2(I,X) + |∂tf |2L2(I, Y )

)1/2
. Again, if X and Y are

endowed with a scalar product then,

(f, g)W (I,X, Y ) :=

∫
I

(f(τ), g(τ))X dτ +

∫
I

(∂ta(τ), ∂tb(τ))Y dτ

defines a scalar product in W (I, X, Y ).
If Ī ⊂ R is a closed interval, then C(Ī , X) stands for the space of continuous functions

f : Ī → X with the norm |f |C(Ī,X) = maxt∈Ī |f(t)|X .

C [a1,...,ak] denotes a function of nonnegative variables aj that increases in each of its
arguments.
C, Ci, i = 1, 2, . . . , stand for unessential positive constants.

2. Preliminaries

2.1. Functional spaces. Let Ω ⊂ R3 be a connected bounded domain of class C2 located
locally on one side of its boundary Γ = ∂Ω. More precisely we suppose that each point
p ∈ Γ has a tubular neighborhood Tp ⊂ R3 that is diffeomorphic to a cylinder Cp :=
{(w1, w2, w3) ∈ R3 | w2

1 + w2
2 < 1 and |w3|R < εp}, for a suitable εp > 0: There exists a

bijective mapping

(4)
Φp : Cp → Tp

(w1, w2, w3) 7→
(
w1, w2, Φ0

p(w1, w2)
)

+ w3nΦ0
p(w1, w2)

where (see Figure 2 as an illustration), for C0
p := {(w1, w2, w3) ∈ Cp | w3 = 0} and

C−p := {(w1, w2, w3) ∈ Cp | w3 < 0} we have
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• both Φp and its inverse Φ−1
p : Tp → Cp are of class C1,

• Φp(C0
p) = Tp ∩ Γ and Φp(C−p ) = Tp ∩ Ω,

• Φ0
p is of class C2 and nΦ0

p(w1, w2) is the unit outward normal vector to Γ at the

point Φ0
p(w1, w2) ∈ Γ.

n
HHY

w3

@@I

Cp

Tp

Figure 2. Tubular neighborhood.

Let us denote by Lp(Ω), q ≥ 1, the usual Lebesgue space of measurable functions f
defined in Ω, and such that |f |p is integrable over Ω. By W s,p(Ω), for s ∈ R, denote the
usual Sobolev space of order s. Denote also by Lp(Ω,R3), respectively W s,p(Ω,R3), the
space of vector fields in Ω whose components belong to Lp(Ω), respectively W s,p(Ω). In
the case p = 2, and as usual we put Hs(Ω) := W s,2(Ω) and Hs(Ω, R3) := W s,2(Ω, R3).
Recall that H0(Ω) = L2(Ω) and H0(Ω, R3) = L2(Ω, R3).

Due to the incompressibility condition, div u = 0, some important subspaces in the
study of the Navier–Stokes system (1) are the Sobolev subspaces

Hs
div(Ω, R3) := {u ∈ Hs(Ω,R3) | div u = 0 in Ω}, s ≥ 0.

We consider we are able to apply a boundary control through an open subset Γc ⊆ Γ.
The incompressibility condition allows us to define the trace of u · n on the boundary Γ,
where n is the unit outward normal vector to the boundary Γ, and then to write

Hc := {u ∈ L2
div(Ω, R3) | u · n = 0 on Γ \ Γc}, H := {u ∈ L2

div(Ω, R3) | u · n = 0 on Γ}.

Some spaces of more regular vector fields we find throughout the paper are

V := {u ∈ H1
div(Ω, R3) | u = 0 on Γ}, Vc := {u ∈ H1

div(Ω, R3) | u = 0 on Γ \ Γc}.

The spaces Hs
div(Ω, R3) are endowed with the scalar product induced by the scalar

product in Hs(Ω,R3); the spaces H and Hc with that induced by the scalar product in
L2(Ω,R3); the spaces V and Vc with that induced by the scalar product in H1(Ω,R3);
and D(L) with that induced by the scalar product in H2(Ω,R3).

For each s > 0, we recall also the dual space H−s(Ω) = (Hs
0(Ω))′ of

Hs
0(Ω) = closure of {f ∈ C∞(Ω) | supp f ⊂ Ω} in Hs(Ω).

H−s(Ω, R3) is defined analogously.
Finally, fix σ > 6/5, and introduce the following Banach space of measurable vector

fields

(5) W :=
{
u ∈ L∞((0, T )× Ω, R3)

∣∣∣ div u(t) = 0 in Ω for a.e. t ∈ (0, T ),

and ∂tu ∈ L2((0, T ), Lσ(Ω, R3))
}

endowed with the norm |u|W := |u|L∞((0, T )×Ω,R3) + |∂tu|L2((0, T ), Lσ(Ω,R3)).
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2.2. Setting of the problem. We start by recalling that the space of the traces u|Γ at
the boundary Γ of the elements u in the Hilbert space

W ((0, T ), Hs
div(Ω, R3), Hs−2(Ω, R3))

is given explicitly in [8, section 2.2], for each s > 1/2, s /∈ {3/2, 5/2}. Moreover, denot-
ing that trace space by Gs((0, T ), Γ), we have that Gs((0, T ), Γ) in a Hilbert space,
the mapping u 7→ u|Γ is continuous and there exists a continuous extension Es from
Gs((0, T ), Γ) into W ((0, T ), Hs

div(Ω, R3), Hs−2(Ω, R3)) such that (Esa)|Γ = a, for all
a ∈ Gs((0, T ), Γ).

Together with system (1), (3), consider also the system

(6)
∂ty + 〈y · ∇〉y + 〈z · ∇〉y + 〈y · ∇〉z − ν∆y +∇p+ f = 0, div y = 0,

y |Γ = 0, y(0) = y0

where z ∈ W ((0, T ), H1
div(Ω, R3), H−1(Ω, R3)).

Definition 2.1. Given y0 ∈ H and f ∈ L2((0, T ), H−1(Ω, R3)), we call a function y ∈
L2((0, T ), V )∩L∞((0, T ), H), with ∂ty ∈ L1((0, T ), V ′), a weak solution for system (6)
if it is a weak solution in the classical sense of [21] (see also [16]).

Remark 2.1. Recall that V ′, in [21], is the image LV = {Lv | v ∈ V } ⊂ H−1(Ω, R3) where
L is the Stokes operator L : V → V ′ with 〈Lv, u〉V ′,V = ((v, u)) := (∇u, ∇v)L2(Ω,R9).
The elements of V ′ are completely defined by their values in V and, a complement of V ′

in H−1(Ω, R3) is the set G of distributions vanishing in V . It turns out (see, e.g., [21, Ch.
I, Remark 1.9]) that G = {∇p | p ∈ L2(Ω)}. Hence we may write

(7) H−1(Ω, R3) = V ′ ⊕G.
To see that the sum is a direct one we take h ∈ V ′ ∩ G, and set u ∈ V satisfying
Lu = h; the last identity means that there exists p ∈ L2(Ω) such that −ν∆u +∇p = h.
Then, taking the product with u, we obtain ν|∇u|2L2(Ω,R9) + 〈∇p, u〉H−1(Ω,R3),H1

0 (Ω,R3) =

〈h, u〉H−1(Ω,R3),H1
0 (Ω,R3) and, since h ∈ G, we arrive to |∇u|2L2(Ω,R9) = 0. Thus, together

with u|Γ = 0, we conclude that u = 0. Consequently h = 0, i.e., V ′ ∩G = {0}.

Remark 2.2. The existence of a weak solution for system (6) with z = 0, and f ∈
L2((0, T ), V ′) is classical (see, e.g., [21, Ch. III]). If f(t) ∈ H−1(Ω, R3), by (7), we may
write f(t) = fV (t) +∇r(t) where fV (t) ∈ V ′ and r(t) ∈ L2(Ω). So, in the first equation
in (6), we may replace ∇p by ∇(p+ r) and f by fV reducing, in this way, the problem to
the case the force f is in L2((0, T ), V ′). In the case z 6= 0 we may define weak solution
in the same way.

Remark 2.3. Given a weak solution for system (6), the function p ∈ L2((0, T ), L2(Ω)) is
uniquely defined up to an additive constant.

Definition 2.2. Given u0 ∈ L2
div(Ω, R3), h ∈ L2((0, T ), H−1(Ω, R3)), and γ + ζ ∈

G1((0, T ), Γ), we say that u ∈ L2((0, T ), H1
div(Ω, R3)) ∩ L∞((0, T ), L2

div(Ω, R3)), with
∂tu ∈ L1((0, T ), H−1(Ω, R3)), is a weak solution for system (1), (3) if y = u−E1(γ + ζ)
is a weak solution for system (6) with z = E1(γ + ζ), f = h+ ∂tE1(γ + ζ) + 〈E1(γ + ζ) ·
∇〉E1(γ + ζ)− ν∆E1(γ + ζ), and y0 = u0 − E1(γ + ζ)(0) ∈ H.

Remark 2.4. The existence of a weak solution for system (1), (3) does not depend on
the extension E1. Indeed if there exists a weak solution in the form u = y + E1(γ + ζ),
and if another extension F1(γ + ζ) ∈ W ((0, T ), H1

div(Ω, R3), H−1(Ω, R3)) is given, then
we may write u = y + E1(γ + ζ) − F1(γ + ζ) + F1(γ + ζ) and we can check that k :=
y + E1(γ + ζ) − F1(γ + ζ) = u − F1(γ + ζ) solves system (6) with z = F1(γ + ζ),
f = h+∂tF1(γ+ζ)+〈F1(γ+ζ)·∇〉F1(γ+ζ)−ν∆F1(γ+ζ), and k0 = u0−F1(γ+ζ)(0) ∈ H.
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Remark 2.5. The trace z(0) of a function z ∈ W ((0, T ), H1
div(Ω, R3), H−1(Ω, R3)) ⊂

C([0, T ], L2(Ω, R3)) at time t = 0 is well defined in L2(Ω, R3) (see, e.g, [17, Ch. 1,
Theorem 3.1 and Lemma 12.1]). Clearly we have that that trace must belong to the
closure of H1

div(Ω, R3) in L2(Ω, R3), which implies z(0) ∈ L2
div(Ω, R3). On the other

hand, if u|Γ = γ + ζ, then y := u − E1(γ + ζ) vanishes at the boundary Γ. If y is a
weak solution for system (6), then y(0) is well defined in V ′, since both u0 and z(0) are
in L2

div(Ω, R3) we necessarily have that y(0) = u0−E1(γ+ ζ)(0) ∈ V ′∩L2
div(Ω, R3) = H.

Let us fix two functions h ∈ L2((0, T ), H−1(Ω, R3)) and γ ∈ G1((0, T ), Γ). Suppose
that û solves the Navier–Stokes system (1) with ζ = 0 on Γ; that û(0) makes sense and
that we have û(0) ∈ L2

div(Ω, R3).
Given a function u0 ∈ L2

div(Ω, R3) such that u0−û(0) ∈ Hc, and an open subset Γc ⊆ Γ,
our goal is to find a control ζ ∈ G1((0, T ), Γ) with supp ζ(t) ⊂ Γc for a.e. t ∈ (0, T ), and
such that the corresponding solution to system (1), (3), satisfies u(T ) = û(T ).

Let us note that seeking a solution of (1), (3) in the form u = û + v, we obtain the
following equivalent problem for v:

(8)
∂tv + B(û)v + 〈v · ∇〉v − ν∆v +∇p = 0, div v = 0,

v |Γ = ζ, v(0) = u0 − u(0)

where p = pu − pû, pu and pû are the pressure functions associated with the solutions u
and û, respectively; and B(û)v stands for 〈û · ∇〉v+ 〈v · ∇〉û. It is clear that it suffices to
consider the problem of null controllability for solutions v of this problem.

We will start by studying the linearization around zero of system (8); for the moment
we include an external force:

(9)
∂tv + B(û)v − ν∆v +∇p+ g = 0, div v = 0,

v |Γ = ζ, v(0) = v0.

Definition 2.3. Given v0 ∈ L2
div(Ω, R3), and the forces g ∈ L2((0, T ), H−1(Ω, R3)),

and ζ in G1((0, T ), Γ), we say that v ∈ W ((0, T ), H1
div(Ω, R3), H−1(Ω, R3)) is a weak

solution for system (9), if v − E1(ζ) ∈ W ((0, T ), V, V ′) is a weak solution for system

(10)
∂ty + B(û)y − ν∆y +∇p+ f = 0, div y = 0,

y |Γ = 0, y(0) = y0

with f = g+∂tE1ζ+B(û)E1ζ−ν∆E1ζ, and y0 = v0−E1ζ(0) ∈ H. Again, weak solution
for (10) is understood in the classical sense of [21].

Remark 2.6. Note that if v is a weak solution for (9), then necessarily we have v0 · n =
E1ζ(0) · n on Γ.

Remark 2.7. Note that in Definition 2.3 we ask more regularity for the solution than in
Definition 2.2. It turns out that for the linear system a weak solution in the sense of
Definition 2.2 has necessarily the regularity asked in Definition 2.3. Hence the two defini-
tions are equivalent (in the linear case). We “repeat” the definition to stress that in the
linear case we (can) look for more regularity. The presentation of two separated “defini-
tions” for the linear and nonlinear problem is classical: compare Problems (3.17)–(3.19)
and (1.36)–(1.38) in [21, Chapter III].
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Remark 2.8. The existence and uniqueness of a weak solution in W ((0, T ), V, V ′) for (10)
can be proved by standard arguments as in [21], taking into account that, formally〈

〈û · ∇〉y + 〈y · ∇〉û, w
〉
H−1(Ω,R3),H1

0 (Ω,R3)

=
3∑

i, j=1

∫
Ω

ûi(∂iyj)wj dx+
3∑

i, j=1

∫
Ω

yi(∂iûj)wj dx

= −
3∑

i, j=1

∫
Ω

ûi(∂iwj)yj dx−
3∑

i, j=1

∫
Ω

yi(∂iwj)ûj dx

that leads to the estimate |〈û · ∇〉y + 〈y · ∇〉û|H−1(Ω,R3) ≤ |û|L∞(Ω,R3)|y|L2(Ω,R3).

3. Further remarks on the weak solutions

3.1. On the admissible initial conditions. From Remark 2.6 we see that the weak
solution for system (9) will exist only under some conditions, indeed it gives us one
compatibility condition v0 have to satisfy if we take controls in G1((0, T ), Γ). In the
weak solutions framework, is this the only condition to be satisfied by v0? Here we
discuss this question for a slightly more general setting, which is useful if we want to
change the control space.

Let us fix û ∈ W , and consider the system

(11)
∂tv + B(û)v − ν∆v +∇p+ g = 0, div v = 0,

v |Γ = Ksζ, v(0) = v0

with, g ∈ L2((0, T ), H−1(Ω, R3)), Z a Hilbert space, s ∈ [1, 2] \ {3/2} and Ks : Z →
Gs((0, T ), Γ) a continuous linear mapping. The values s > 1 are necessary to consider
solutions more regular than weak ones. We exclude the case s = 3/2 because it presents
some singularities, see [8]; it will be not needed in what follows.

Let us start with the following general Lemma:

Lemma 3.1. Given a linear mapping Λ : Y → X from a Hilbert space Y into a vector
space X. Denote by ker Λ := {y ∈ Y | Λy = 0} the kernel of Λ and by ker Λ⊥ its
orthogonal in Y . Then the range ΛY := {z ∈ X | z = Λy and y ∈ Y } of Λ is a Hilbert
space when endowed with the scalar product

(12) (a, b)ΛY := (ya, yb)Y

where for each z ∈ ΛY , yz ∈ Y is defined by

(13) Λyz = z and yz ∈ ker Λ⊥.

Moreover, for the respective induced norms, we have: for each a ∈ ΛY

|a|ΛY = inf{|y|Y | y ∈ Y and Λy = a}.

Proof. Let z ∈ ΛY and let h, g ∈ ker Λ⊥ satisfy Λh = z and Λg = z, then Λ(g−h) = 0 and
so, g − h ∈ ker Λ ∩ ker Λ⊥ = {0}. Hence yz is unique and so, well defined. Moreover, the
mapping z 7→ yz is linear, because given w, z ∈ ΛY and α, β ∈ R, we have Λ(αyw+βyz) =
αw + βz = Λyαw+βz; since αyw + βyz ∈ ker Λ⊥, necessarily yαw+βz = αyw + βyz.

It is straightforward to check that (·, ·)ΛY is a scalar product. Now, given a Cauchy
sequence (am) in ΛY , from the linearity of z 7→ yz we have that (yam) is a Cauchy sequence
in Y . Denoting by z the limit of yam in Y , by the closedness of ker Λ⊥ (see [12, section
I§12, Theorem 1]) it follows that z ∈ ker Λ⊥. Then, from |yam − z|Y := |am − Λz|ΛY , we
conclude that Λz is the limit of am in ΛY . Hence ΛY is complete.
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Finally, given h ∈ {y ∈ Y | Λy = z}, writing h = hK + hK⊥ with hK ∈ ker Λ and
hK⊥ ∈ ker Λ⊥, we have |h|Y = |hK |Y + |hK⊥|Y and it is clear that hK⊥ = yz. Thus
|z|ΛY = |yz|Y = |hK⊥|Y = inf{|h|Y | h ∈ Y and Λh = z}. �

Remark 3.1. Note that Λ : ker Λ⊥ → ΛY is an isometry.

To simplify the presentation we introduce the following:

Definition 3.1. Given a triple (Λ, Y, X) as in Lemma 3.1 we call the scalar product (12)
and associated norm by range scalar product and range norm, respectively.

Let E1 : G1((0, T ), Γ)→ W ((0, T ), H1
div(Ω, R3), H−1(Ω, R3)) be the extension in the

beginning of section 2.2. By Lemma 3.1 the space HK1,s := E1KsZ(0) = {γ(0) | γ ∈
E1KsZ} can be endowed with the range scalar product (12), taking Λζ := E1Ksζ(0).
Note that E1KsZ ⊂ W ((0, T ), H1

div(Ω, R3), H−1(Ω, R3)) and, by classical interpolation
results (see, e.g, [17]), we have that {η(0) | η ∈ W ((0, T ), H1(Ω, R3), H−1(Ω, R3))}
coincides with L2(Ω, R3). Hence HK1,s ⊂ L2(Ω, R3). From [17, Ch. 1; Theorem 3.2,
Remark 3.6 and Lemma 12.1] we also know that the usual L2(Ω, R3)-norm is equivalent
to the range norm associated with the mapping from W ((0, T ), H1(Ω, R3), H−1(Ω, R3))
into L2(Ω, R3), sending η to η(0). We have |h|HK1,s

= inf{|ζ|Z | ζ ∈ Z and E1Ksζ(0) =

h}, for all h ∈ HK1,s ; then from the continuity of the mapping ζ 7→ E1Ksζ we obtain

|h|HK1,s
≥ C1 inf

{
|E1Ksζ|W ((0, T ), H1

div(Ω,R3), H−1(Ω,R3))

∣∣∣ ζ ∈ Z and E1Ksζ(0) = h
}

≥ C1 inf
{
{|γ|W ((0, T ), H1(Ω,R3), H−1(Ω,R3))

∣∣∣
γ ∈ W ((0, T ), H1(Ω, R3), H−1(Ω, R3)) and γ(0) = h

}
≥ C2|h|L2(Ω,R3).

Hence, taking the constant C = C−1
2 , we have that for all h ∈ HK1,s

(14) |h|L2(Ω,R3) ≤ C|h|HK1,s
.

However, note that, depending on the space Z and mapping Ks, we may have that the
range norm in HK1,s is not equivalent to the L2(Ω, R3)-norm.

On the other hand, for example, from classical existence results for weak solutions
for the linearized Navier–Stokes system with homogeneous Dirichlet boundary condi-
tions (see, e.g., [21, chapter III, Theorem 1.1]), we can conclude that H = {γ(0) | γ ∈
W ((0, T ), V, H−1(Ω, R3)}. Therefore, for weak solutions and for system (11), the ad-
missible initial conditions are those elements in AK1,s = H +HK1,s .

Now, considering the addition mapping Σ : H × HK1,s → L2
div(Ω, R3), defined by

Σ(h, v) 7→ h+ v, where H ×HK1,s is endowed with the usual Cartesian scalar product:

((h1, v1), (h2, v2))H×HK1,s
:= (h1, h2)H + (v1, v1)HK1,s

.

We endow its range H + HK1,s = AK1,s with the range scalar product, making AK1,s a
Hilbert space. Finally, note that AK1,s ⊆ L2

div(Ω, R3) continuously, i.e.,

(15) |u|L2
div(Ω,R3) ≤ C|u|AK1,s

for all u ∈ AK1,s .

Moreover from the definition of the AK1,s-norm, it follows that

|u|AK1,s
= inf

{(
|h|2H + |v|2HK1,s

)1/2 ∣∣ (h, v) ∈ H ×HK1,s and h+ v = u

}
≤ |u|H , for all u ∈ H.(16)

and we can conclude that the H-norm and AK1,s-norm are equivalent in H.
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3.2. On the existence and uniqueness of solutions. Now we can state the following
existence result:

Theorem 3.2. Given v0 ∈ AK1,s, g ∈ L2((0, T ), H−1(Ω, R3)), and ζ ∈ Z, then there
exists a unique weak solution v ∈ W ((0, T ), H1

div(Ω, R3), H−1(Ω, R3)) for system (11).
Moreover v depends continuously on the given data (v0, g, ζ):

|v|2W ((0, T ), H1
div(Ω,R3), H−1(Ω,R3))

≤ C [|û|L∞((0, T )×Ω)]

(
|v0|2L2

div(Ω,R3) + |g|2L2((0, T ), H−1(Ω,R3)) + |ζ|2Z
)
.

Remark 3.2. Note that (15) and the inequality in the previous theorem implies that

|v|2W ((0, T ), Vc, H−1(Ω,R3)) ≤ C1

(
|v0|2AK1,s

+ |g|2L2((0, T ), H−1(Ω,R3)) + |ζ|2Z
)

, which looks more

coherent with the “continuity on the data” statement.

Proof of Theorem 3.2. Let y be the solution of system (10) with f = g + ∂tE1Ksζ +
B(û)E1Ksζ − ν∆E1Ksζ, and y0 = v0 −E1Ksζ(0) ∈ H. Then v = E1Ksζ + y solves (11).
Since the mapping η 7→ ∂tη + B(û)η − ν∆η from W ((0, T ), H1

div(Ω, R3), H−1(Ω, R3))
into the space L2((0, T ), H−1(Ω, R3)) is continuous, we can proceed in a standard way
to derive the estimate

|y|2W ((0, T ), V,H−1(Ω,R3))

≤ C
(
|y0|2H + |g|2L2((0, T ), H−1(Ω,R3)) + |E1Ksζ|2W ((0, T ), H1

div(Ω,R3), H−1(Ω,R3))

)
for the Oseen-like system (10), with C = C [|û|L∞((0, T )×Ω)]. From this estimate and the
continuity of E1Ks we obtain

|v|2W ((0, T ), H1
div(Ω,R3), H−1(Ω,R3))

≤ |y|2W ((0, T ), H1
div(Ω,R3), H−1(Ω,R3)) + |E1Ksζ|2W ((0, T ), H1

div(Ω,R3), H−1(Ω,R3))

≤ C|y0|2H + C|g|2L2((0, T ), H−1(Ω,R3)) + (C + 1)|E1Ksζ|2W ((0, T ), H1
div(Ω,R3), H−1(Ω,R3))

≤ C|y0|2H + C|g|2L2((0, T ), H−1(Ω,R3)) + C1|ζ|2Z .

From y0 = v0 − E1Ksζ(0), inequality (14), and |E1Ksζ(0)|HK1,s
≤ |ζ|Z we have

|y0|2H ≤
(
|v0|L2

div(Ω,R3) + |E1Ksζ(0)|L2
div(Ω,R3)

)2

≤ 2|v0|2L2
div(Ω,R3) + 2C2|ζ|2Z ,

and we arrive to

|v|2W ((0, T ), H1
div(Ω,R3), H−1(Ω,R3))

≤ C [|û|L∞((0, T )×Ω)]

(
|v0|2L2

div(Ω,R3) + |g|2L2((0, T ), H−1(Ω,R3)) + |ζ|2Z
)
.

�

Remark 3.3. From Remark 2.4, we have that the weak solution v for system (11) does
not depend on the extension E1. Hence also the set of admissible initial conditions
must be independent of the extension. We can confirm that fact as follows: let F1 :
KsZ → W ((0, T ), H1

div(Ω, R3), H−1(Ω, R3)) be another extension such that, for all a ∈
KsZ, we have (F1a)|Γ = a. Let AEK1,s

= H + HE
K1,s

and AFK1,s
= H + HF

K1,s
stand

for the respective admissible sets of initial conditions defined as above. The equality
E1Ksζ |Γ = F1Ksζ |Γ implies that E1Ksζ − F1Ksζ ∈ W ((0, T ), V, H−1(Ω, R3)), then
necessarily E1Ksζ(0) − F1Ksζ(0) ∈ H, which means that HE

K1,s
⊂ HF

K1,s
+ H = AFK1,s

,

and we conclude that AEK1,s
⊆ AFK1,s

. Analogously we can arrive to AFK1,s
⊆ AEK1,s

.
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4. Exact null controllability of the linear system

Now we consider the case our controls are supported in (0, T ) × Γc. Say, Γc is the
open subset of the boundary where we are able to act. Let us denote by G1

c((0, T ), Γ) ⊂
G1((0, T ), Γ) the space of the traces at Γ of the functions in W ((0, T ), Vc, H

−1(Ω, R3)),
and consider the system (11) with g = 0, Z = G1

c((0, T ), Γ), and K1(ζ) = ζ, i.e.,

(17)
∂tv + B(û)v − ν∆v +∇p = 0, div v = 0,

v |Γ = ζ, v(0) = v0

with ζ ∈ G1
c((0, T ), Γ) and v0 ∈ AK1,1 where AK1,1 = H+HK1,1 is the space of admissible

initial conditions for this system with AK1,1 and HK1,1 defined as in section 3.1. Note
that since W ((0, T ), Vc, H

−1(Ω, R3)) is a closed subspace of W ((0, T ), V, H−1(Ω, R3)),
it follows that G1

c((0, T ), Γ) is a closed subspace of G1((0, T ), Γ) (due to the continuity
of extension E1 and restriction u 7→ u|Γ).

Here we prove the null controllability property for the linear system (17).

Remark 4.1. In this section we find already, in the simpler linear setting, an idea about
what we are going to do in the next section for the study of the full system. On the other
hand we believe the results on this section, by themselves, may be useful in the study of
other controllability problems of the Navier–Stokes system.

Theorem 4.1. Given v0 ∈ AK1,1, there exists a control ζ = ζ(v0) ∈ G1
c((0, T ), Γ)

such that, for the corresponding weak solution S(v0, ζ)(t), to system (17), we have that
S(v0, ζ)(T ) = 0. Moreover the control may be chosen so that the mapping v0 7→ ζ(v0) is
linear and continuous: |ζ(v0)|G1

c((0, T ),Γ) ≤ C [|û|W ]|v0|AK1,1
.

Let us extend our domain Ω to a bigger domain Ω̃ of class C2 such that

Ω̃ = Ω ∪ w ∪ Γc, Ω ∩ w = ∅;
see Figure 1 as an illustration. We choose w such that

(18) w ⊆ ∪{Tpj | j = 1, 2, . . . , s, and pj ∈ Γ}
where the Tpj are the tubular neighborhoods in section 2.

For the proof of Theorem 4.1 we will need the following two auxiliary extension results,
whose proofs follow some ideas from [10]. Since we are going to use some tools we do not
want to introduce here, the proofs are given in the appendix.

Proposition 4.2. Recall the set W defined in (5), and denote

W̃ :=
{
u ∈ L∞((0, T )× Ω̃, R3)

∣∣∣ div u(t) = 0 in Ω̃ for a.e. t ∈ (0, T ),

and ∂tu ∈ L2((0, T ), Lσ(Ω̃, R3))
}

Then a given u ∈ W can be continuously extended to ũ ∈ W̃: |ũ|W̃ ≤ C|u|W for some
constant C independent of u. Moreover the mapping u 7→ ũ is linear.

Proposition 4.3. Let us define Ṽc := {u ∈ H1(Ω̃, R3) | div u = 0 in Ω̃ and u|∂Ω̃∩∂Ω =
0}. A given γ ∈ W ((0, T ), Vc, H

−1(Ω, R3)) can be continuously extended to a γ̆ ∈
W ((0, T ), Ṽc, H

−1(Ω̃, R3)). Moreover, if γ ∈ W ((0, T ), H2(Ω, R3)∩Vc, L2(Ω, R3)) then

γ̆ ∈ W ((0, T ), H2(Ω̃, R3) ∩ Ṽc, L2(Ω̃, R3)), and

|γ̆|W ((0, T ), Ṽc, H−1(Ω̃,R3)) ≤ C|γ|W ((0, T ), Vc, H−1(Ω,R3)),

|γ̆|W ((0, T ), H2(Ω̃,R3)∩Ṽc, L2(Ω̃,R3)) ≤ C|γ|W ((0, T ), H2(Ω,R3)∩Vc, L2(Ω,R3)),

for some constant C independent of γ. Moreover the mapping γ 7→ γ̆ is linear.
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We will also need the following:

Lemma 4.4. Given u ∈ H, its extension to Ω̃ by zero outside Ω is in H̃ := {u ∈
L2(Ω̃, R3) | div u = 0 in Ω̃ and u · ñ = 0 on ∂Ω̃}. Where ñ stands for the unit outward

normal vector to the boundary ∂Ω̃ of Ω̃.

Proof. Let ũ be the extension of u by zero outside Ω. We have (ũ, ∇φ)L2(Ω̃,R3) =

(u, ∇φ)L2(Ω,R3) = 0 for all test function φ ∈ {ψ ∈ C∞(Ω̃) | suppψ ⊂ Ω̃}, which means

that div ũ = 0 in Ω̃. Now, that ũ · ñ = 0 on ∂Ω̃ is clear. �

Proof of Theorem 4.1. Write v0 = v0H + v0H where (v0H , v0H) ∈ H × HK1,1 is defined
by (13) taking Λ : H × HK1,1 → L2

div(Ω, R3) with Λ(h, v) = h + v. Let also γv0H ∈
W ((0, T ), Vc, H

−1(Ω)) be defined by (13) taking Λ : W ((0, T ), Vc, H
−1(Ω))→ Hc with

Λy = y(0).

Extend v0H to the vector ṽ0H defined in Ω̃, by zero outside Ω; by Lemma 4.4 ṽ0H ∈ H̃.

Also, extend both û and γv0H to ũ and γ̆v0H to the bigger domain Ω̃ using Propositions 4.2
and 4.3, respectively. Now, consider the system

(19)
∂tv̄ + B(ũ)v̄ − ν∆v̄ +∇p̄ = η, div v̄ = 0,

v̄ |∂Ω̃ = ζ, v̄(0) = v̄0 := ṽ0 + γ̆v0H(0)

where the pair (η, ζ) is our control. Then in the interval (0, T/2) we apply the control
(0, ξ(t)γ̆v0H |Γ (t)) where ξ is a real smooth function, defined in [0, T/2], taking the value
1 in a neighborhood of t = 0, and vanishing in a neighborhood of t = T/2. In this way

we arrive at time T/2 to a point v̄(T/2) ∈ H̃. Note that ξγ̆v0H |Γ ∈ G1
c((0, T/2), ∂Ω̃), where

G1
c((0, T/2), ∂Ω̃) is the space of traces u|∂Ω̃, with u ∈ W ((0, T/2), Ṽc, H

−1(Ω̃, R3)). By
Theorem 3.2, the solution exists in the interval of time [0, T/2].

Now on (T/2, T ) we apply a control (ηw1 , 0) where ηw1 ∈ L2((T/2, T ), L2(Ω̃, R3)) is an

internal control with support contained in w1 ⊂ w1 ∪ ∂w1 ⊂ w = Ω̃ \Ω, with w1 an open
set, and driving the solution from v̄(T/2) to v̄(T ) = 0 at time T . The existence of such
a control ηw1 is proven in [6, section 3, Proposition 1], it follows from an appropriate
Carleman estimate, namely [6, section 3, Lemma 1], for the system

(20)
−∂tq + B∗(ũ)q − ν∆q +∇p+ f = 0, div q = 0,

q |Γ = 0, q(T ) = q1 ∈ H
that is, somehow, adjoint to system (17). Where B∗(ũ) is the formal adjoint to B(ũ):

(21) (B∗(ũ)q, v)L2(Ω̃,R3) := 〈q, B∗(ũ)v〉H1
0 (Ω̃,R3), H−1(Ω̃,R3), q ∈ V, v ∈ Vc.

It turns out that

(22) B∗(ũ)q = û ·Dsq; Dsq :=
(
∇q + (∇q)>

)
,

where A> denotes the transpose matrix of A.
Thus the concatenation of the two controls (0, ξγ̆v0H |∂Ω̃) and (ηw1 , 0) drives the system

from v̄(0) = v̄0 to v̄(T ) = 0. We observe that the restriction v := v̄ |(0, T )×Ω of the corre-

sponding solution v̄ to (0, T )× Ω solves system (17) with ζ = v̄ |(0, T )×Γ ∈ G1
c((0, T ), Γ),

and satisfies v(T ) = 0. It remains to check that the control driving the system to zero at
time T may be chosen depending linearly and continuously on the initial condition.

We note that the mappings v0 7→ (v0H , v0H), v0H 7→ γ̆v0H |Γ, and v0H 7→ ṽ0H are
linear and continuous. Thus v0 7→ (0, ξγ̆v0H |∂Ω̃) is linear and continuous, the control

(0, ξγ̆v0H |∂Ω̃) drives the system (19) from v̄0 to a point v1 = v̄(T/2) ∈ H̃, and from Theo-
rem 3.2 we can conclude that the mapping v̄0 7→ v1 is linear and continuous. Moreover,
from the proof of Proposition 1 in [6] we know that we can find a control ψ0, driving
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the system from v1 at time T/2 to 0 at time T , that is the weak limit, ψεn ⇀ ψ0 in
L2((T/2, T )× w1), of a sequence ψεn satisfying |ψεn|L2((T/2, T )×w1) ≤ C |ũ|W̃ |v1|H̃ (see equa-

tion (61) in [6]). Thus |ψ0|L2((T/2, T )×w1) ≤ lim inf
n→+∞

|ψεn|L2((T/2, T )×w1) ≤ C |ũ|W̃ |v1|H̃ . If vψ0

is the solution associated to this control we can conclude that, for the pair (vψ0 , ψ0) =
(vψ0 , ψ0)(v1), we have the bound

(23) |(vψ0 , ψ0)(v1)|L2((T/2, T ), Ṽ )×L2(I, L2(w1)) ≤ C |ũ|W̃ |v1|H̃ .

Next, we consider the following minimization problem:

Problem 4.1. Given v1 ∈ H̃,

|v|2
L2(I, Ṽ )

+ |η|2L2(I, L2(w1)) → min, A(v, η) = v1,

I = (T/2, T ) (v, η) ∈ X
with

X :=
{

(v, η) ∈ W (I, Ṽ , H−1(Ω̃, R3))× L2(I, L2(w1))
∣∣∣u(T ) = 0 and

∂tv + B(ũ)v − ν∆v + η = 0
}
,

and A : X → H̃ defined by (v, η) 7→ v(T/2).

The space X , endowed with the norm inherited from the space W (I, Ṽ , H−1(Ω̃, R3))×
L2(I, L2(w1)), is a nontrivial Banach space. We can prove that the minimizer exists and
is unique. Moreover, if (vµ, ηµ) = (vµ(v1), ηµ(v1)) denotes that minimizer, then the
mapping v1 7→ (vµ(v1), ηµ(v1)) is linear (see, for example, [2, section A.2], for more
details). The continuity follows from (23) because, necessarily

|(vµ(v1), ηµ(v1))|L2((T/2, T ), Ṽ )×L2(I, L2(w1)) ≤ |(vψ0 , ψ0)(v1)|L2((T/2, T ), Ṽ )×L2(I, L2(w1)).

It easily follows that the mapping

v0 7→ (η, ζ)(v0)(t) :=

{
(0, ξγ̆v0H |∂Ω̃) if t ∈ [τ, T/2]

(ηµ(v1), 0) if t ∈ (T/2, T )

is linear and continuous. Hence the weak solution v̄ = S(η, ζ)(v0) for system (19),
corresponding to the control (η, ζ)(v0) and initial condition v̄0 depends continuously
on v0, from which we can conclude the linearity and continuity of the mapping v0 7→
v̄ |(0, T )×Γ ∈ G1

c((0, T ), Γ), with |v |(0, T )×Γ |G1
c((0, T ),Γ) ≤ C [|û|W ]|v0|AK1,1

. �

Remark 4.2. In [6] the authors consider, at the very beginning, that the reference solution
ȳ solve the Navier–Stokes equation under homogeneous Dirichlet boundary conditions.
Here our extension ũ, of û, takes the role of ȳ but, we can see that it does not necessarily

vanish on ∂Ω̃, even if û takes its values in V . It turns out that, although in [6] the
homogeneous Dirichlet boundary conditions are supposed for the reference solution ȳ,
this fact is never used to derive the inequality in [6, Lemma 1] that is used to derive the

controllability results. Only the fact that ȳ ∈ W̃ , |ȳ|W̃ = R < +∞, plays a role in the
derivation of the several auxiliary estimates to arrive to the inequality.

Also, to go from the referred inequality to the controllability results, “mainly” we need
to have that the operator in (22) is the formal adjoint of B in the sense of (21) but, we

can see that that is the case because our extension ũ is divergence free in Ω̃.
For a reference solution ȳ satisfying nonhomogeneous Dirichlet boundary conditions

we can also use the null controllability result in [15]. Again we must remark that, the
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authors suppose that the reference solution satisfy the nonhomogeneous Dirichlet bound-
ary conditions on an open subset Γ0 ⊆ Γ, and some nonstandard boundary conditions on
the interior Γ1 of Γ \ Γc but, now the case Γ0 = Γ is allowed.

We have chosen to follow the result in [6], because it asks less regularity for the
reference solution. In [15] the reference solution ȳ is supposed to be in the space
W 1,∞((0, T ), W 2,α(Ω̃, R3)) with α > 3.

5. Exact null controllability of the full system

In this section we prove the local null controllability of the nonlinear system (8). As
a corollary it will follow the local exact controllability to the desired reference solution
û. This case is much more complicated than the linear case because we have to take
into account the problem of possible nonexistence and/or nonuniqueness of solutions.
Nevertheless, the idea is, again, to reduce the problem in order to apply the results in [6].

It is known that the uniqueness holds if the solutions are regular enough. Having
this in mind we will start with more regular data: let us denote by G2

c((0, T ), Γ) ⊂
G2((0, T ), Γ) the Hilbert space of the traces at Γ of the functions in W ((0, T ), Vc ∩
H2(Ω, R3), L2(Ω, R3)).

Let us set AL4
H

= L4
H(Ω, R3) +H as the set of initial conditions, with L4

H(Ω, R3) :=

L4(Ω, R3)∩H, and H := {E2ζ(0) | ζ ∈ G2
c((0, T ), Γ)}. The space L4

H(Ω, R3) is supposed
to be endowed with the norm inherited from L4(Ω, R3), which makes it a Banach space.
Analogously as in section 3.1 we endow H, with the range scalar product and norm
induced by the mapping ζ 7→ E2ζ(0), with ζ ∈ Z (now taking E2 instead of E1, see
beginning of section 2.2). While the space AL4

H
is endowed with the norm defined by

|a|A
L4
H

:= inf

{(
|a1|2L4

H(Ω,R3) + |a2|2H
)1/2 ∣∣∣ (a1, a2) ∈ L4

H(Ω, R3)×H(24)

and a1 + a2 = a

}
making it a Banach space (see, e.g., [24, section 1.2.1]).

Remark 5.1. In [24, section 1.2.1] the author considers |a1|L4
H(Ω,R3) + |a2|H, instead of(

|a1|2L4
H(Ω,R3)

+ |a2|2H
)1/2

in (24) but, since these two norms are equivalent in L4
H(Ω, R3)×

H, the statement on completeness follows. We use the norm in (24) just to be coherent
with the “choice” made before for the case of Hilbert spaces, see (16).

Remark 5.2. Note that AL4
H
⊂ AK1,2 = H + H (see Remark 3.3) is a subset of the

set of admissible initial conditions for weak solutions for system (11), with s = 2, Z =
G2
c((0, T ), Γ) and K2 : ζ 7→ ζ, found in section 3.1. Moreover the inclusion is continuous.

The next Theorem states the local exact null controllability property of system (8), in
the case we take initial conditions in AL4

H
:= L4

H(Ω, R3)×H.

Theorem 5.1. There exists ε > 0 such that for all v0 ∈ {v ∈ AL4
H
| |v|A

L4
H

< ε},
we can find a control ζ ∈ G1

c((0, T ), Γ) such that, the corresponding weak solution
S(v0, ζ)(t) to system (8) exists and is uniquely defined in L4((0, T ), L12(Ω)), and satisfies
S(v0, ζ)(T ) = 0.

Before the proof, we introduce some tools and make some remarks.
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Let us fix a domain w1 ⊂ w1 ∪ ∂w1 ⊂ w = Ω̃ \ (Ω ∪ ∂Ω) and consider the following
Banach spaces (see [6, section 3]):

E0 :=
{

(y, p, η)
∣∣ ψ1y ∈ L2((0, T )× Ω̃, R3); ψ2η |w1

∈ L2((0, T )× Ω̃, R3);

ψ3y ∈ L2((0, T ), Ṽ ) ∩ L∞((0, T ), H̃) ∩ L4((0, T ), L12(Ω̃, R3));

and ψ3p ∈ L2((0, T ), L2
µ(Ω̃, R3))

}
,

E :=
{

(y, p, η) ∈ E0

∣∣ ψ2
3(Lũy +∇p+ η |w1

) ∈ L2((0, T ), W−1,6(Ω̃, R3));

and y(0) ∈ L4
H̃

(Ω̃, R3)
}
,

G :=
{
g
∣∣ψ2

3g ∈ L2((0, T ), W−1,6(Ω̃, R3))
}
,

where Ṽ := {v ∈ H1(Ω̃, R3) | div v = 0 and v |∂Ω̃ = 0}; H̃ := {v ∈ L2(Ω̃, R3) | div v =

0 and v · ñ = 0}; L2
µ(Ω̃, R3) := {p ∈ L2(Ω̃, R3) |

∫
Ω̃
p dx = 0}; L4

H̃
(Ω̃, R3) := L4(Ω̃, R3) ∩

H̃; ũ is the extension of û given by Proposition 4.2; Lũy = ∂ty + B(ũ)y − ν∆y; and
ψ1, ψ2 and ψ3 are suitable weight functions from [0, T ) into R. For further details of
these functions we refer to [6], here we just remark some properties we will need:

– Given ρ ∈ (0, T ), there exists Mρ ∈ R0 such that |ψi|C1([0, T−ρ],R) ≤ Mρ, for all
i ∈ {1, 2, 3};

– ψ−1
i ∈ C1([0, T ], R), for all i ∈ {1, 2, 3};

– ψi(t) = Ci, for a suitable constant Ci > 0, for all t in the interval [0, T/2], and for
all i ∈ {1, 2, 3};

– For all (y, p, η) ∈ E we have y(T ) = 0.

The spaces E0, E and G are supposed to be endowed with the “natural” norms

|(y, p, η)|E0 :=
(
|ψ1y|2L2((0, T )×Ω̃,R3)

+ |ψ3y|2L2((0, T ), Ṽ )∩L∞((0, T ), H̃)∩L4((0, T ), L12(Ω̃,R3))

+ |ψ2η |w1
|2
L2((0, T )×Ω̃,R3)

+ |ψ3p|2L2((0, T ), L2(Ω̃,R3))

) 1
2
;

|(y, p, η)|E :=
(
|(y, p, η)|2E0

+ |ψ2
3(Lũy +∇p+ η |w1

)|2
L2((0, T ),W−1,6(Ω̃,R3))

+ |y(0)|2
L4
H̃

(Ω̃,R3)

) 1
2
;

|g|G := |ψ2
3g|L2((0, T ),W−1,6(Ω̃,R3)).

Remark 5.3. Notice that in [6], the pressure p is taken depending on (y, η) and so, the
elements of E are just the pairs (y, η). Here we consider the elements of E as the set
of corresponding triples (y, p, η) just to simplify the exposition. Note that if we take
p depending on (y, η), by Remark 2 in [6], we have that y is a weak solution and so

p is in L2((0, T ), L2(Ω̃, R3)); then by definition of the spaces we can also derive that

ψ3p ∈ L2((0, T ), L2(Ω̃, R3)). On the other side, in [6], the condition y(0) ∈ L4
H̃

(Ω̃, R3)
does not appear in the definition of E but, it is implicitly used in the analysis; its addition
to the definition of E, as well as the addition of the term |y(0)|2

L4
H̃

(Ω̃,R3)
in the definition

of the norm of E, is appropriate for us to make the exposition here clearer.

It is not difficult to check that E0 and G are Banach spaces. That E is a Banach space

follows from the following Lemma 5.2, taking X = E0, Y = L2
ψ2

3
((0, T ), W−1,6(Ω̃, R3))×
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L4
H̃

(Ω̃, R3), Z = L2((0, T ), H−1(Ω̃, R3))×H̃, and A : (y, p, η) 7→
(
Lũy+∇p+η |w1

, y(0)
)
,

where L2
ψ2

3
((0, T ), W−1,6(Ω̃, R3)) := {f | ψ2

3f ∈ L2((0, T ), W−1,6(Ω̃, R3))}.

Lemma 5.2. Let X, Y and Z be normed spaces such that X and Y are complete, and Y ⊆
Z continuously. Given a continuous linear mapping A : X → Z, then the space A−1Y :=

{x ∈ X | Ax ∈ Y } is complete, if endowed with the norm |x|A−1Y := (|x|2X + |Ax|2Y )
1/2

.

Proof. It is clear that | · |A−1Y is a norm in the vector space A−1Y . To prove the com-
pleteness we take an arbitrary Cauchy sequence (xn) in A−1Y , n ∈ N. Then, from
|xn − xm|2A−1Y := |xn − xm|2X + |Axn − Axm|2Y , we have that necessarily (xn) is also a
Cauchy sequence in X, and (Axn) is a Cauchy sequence in Y . Since X and Y are com-
plete, the limit x of (xn) exists in X, and the limit y of (Axn) exists in Y . The continuity
of the inclusion Y ⊆ Z implies that y is also the limit of (Axn) in Z. Finally, from the
continuity of A we have that Axn converges to Ax in Z, from which we derive y = Ax.
Therefore we can conclude that xn converges to x in A−1Y . �

Given b ∈ H, let γb ∈ W ((0, T ), Vc∩H2(Ω, R3), L2(Ω, R3)) be defined by (13), taking
Λ : W ((0, T ), Vc ∩H2(Ω, R3), L2(Ω, R3))→ Vc with Λk = k(0), and extend γb to γ̆b, to

the bigger domain Ω̃, using Proposition 4.3. Let ξ : [0, T ] → R be a smooth mapping
taking the value 1 in a neighborhood of t = 0 and the value 0 in a neighborhood of t = T .

Now, for a ∈ L4
H̃

(Ω̃, R3), consider the following system in (0, T )× Ω̃:

(25)
∂ty + 〈y · ∇〉y + B(ũ)y + B(ξγ̆b)y − ν∆y +∇p+ η |w1

+ gb = 0, div y = 0,
y |∂Ω̃ = 0, y(0) = a,

with gb = ∂tξγ̆b + 〈ξγ̆b · ∇〉ξγ̆b − ν∆ξγ̆b + B(ũ)ξγ̆b.

Lemma 5.3. There exists δ > 0 such that for all (a, b) in {(x, y) ∈ L4
H̃

(Ω̃, R3) × H |
|(x, y)|L4

H̃
(Ω̃,R3)×H < δ} we can find a control η̄ with ψ2η̄ |w1

∈ L2((0, T ) × Ω̃, R3), such

that there exists a corresponding weak solution ȳ to system (25) with ȳ(T ) = 0. Moreover

ȳ ∈ L4((0, T ), L12(Ω̃, R3)) and is unique in this space: ȳ = ȳ(a, b, η̄).

In the proof we will follow the ideas used in the proof of Theorem 2 in [6, section 4];
the following inverse mapping Lemma (see [6, Theorem 3]) will be one of the tools:

Lemma 5.4. Let E and G be two Banach spaces and let A : E → G satisfy A ∈
C1(E, G). Assume that e0 ∈ E, A(e0) = g0, and the derivative DA|e0 : E → G is
surjective. Then there exists a δ > 0 such that, for every g in the ball {g ∈ G | |g−g0|G <
δ}, the equation A(e) = g has a solution e ∈ E.

The next Lemma shows the setting where we will use Lemma 5.4.

Lemma 5.5. Setting the spaces

(26) E = E×H, G = G× L4
H̃

(Ω̃, R3)×H,

and the mapping A : E → G, defined by

(27) A(y, p, η, b) = (Lũy + 〈y · ∇〉y +∇p+ η |w1
+ B(ξγ̆b)y + gb, y(0), b),

Then A ∈ C1(E, G) and DA|(0, 0, 0, 0) is surjective.

Proof. It is clear that the mapping (y, p, η, b) 7→ (Lũy+∇p+η |w1
, y(0), b) is in C1(E, G).

The continuity of the mapping
(
(y1, p1, η1, vb1), (y2, p2, η2, vb2)

)
7→ 〈y1 ·∇〉y2 was shown
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in [6, section 4, Proposition 3]. Hence to show that A ∈ C1(E, G), it remains to prove
that

(28) (y, p, η, b) 7→ B(ξγ̆b)y + gb is in C1(E, G).

From the boundedness of b 7→ γ̆b ∈ W ((0, T ), Vc ∩ H2(Ω, R3), L2(Ω, R3)), by standard
estimates, we easily derive the boundedness of

(b1, b2) 7→ ∂tξγ̆b1 + 〈ξγ̆b2 · ∇〉ξγ̆b1 − ν∆ξγ̆b1

from H×H into L2((0, T ), L2(Ω̃, R3)). Then, since ξ vanishes in neighborhood of t = T ,
it turns out that the mapping

b 7→ ∂tξγ̆b + 〈ξγ̆b · ∇〉ξγ̆b − ν∆ξγ̆b

is in C1(H, G), because ψ2
3 ∈ C1([0, T − ρ], R), for any ρ ∈ (0, T ).

On the other side, we can also easily derive that |B(ũ)ξγ̆b|W−1,6(Ω̃,R3) is bounded by

C|ũ|L∞(Ω̃)|ξγ̆b|L6(Ω̃,R3) and,

|ψ2
3B(ũ)ξγ̆b|L2((0, T ),W−1,6(Ω̃,R3)) ≤ C|ũ|L∞((0, T )×Ω̃)|ψ

2
3ξγ̆b|L2((0, T ), L6(Ω̃,R3)).

From the continuity of the inclusion H1(Ω̃, R3) ⊂ L6(Ω̃, R3) (see, e.g., [19, Chapter 2,
Theorem 3.6])

|ψ2
3B(ũ)ξγ̆b|L2((0, T ),W−1,6(Ω̃,R3)) ≤ C1|ũ|L∞((0, T )×Ω̃)|γ̆b|L2((0, T ), H1(Ω̃,R3))

≤ C2|b|H

showing that the linear mapping b 7→ B(ũ)ξγ̆b is in C1(H, G). Therefore we may conclude
that

(29) b 7→ gb ∈ C1(H, G).

Now, by the Agmon inequality (see, e.g., [22, Chapter II, Section 1.4] ) we have

|B(ξγ̆b)y|W−1,6(Ω̃,R3) ≤ C|ξγ̆b|L∞(Ω̃,R3)|y|L6(Ω̃,R3) ≤ C1|ξγ̆b|
1/2

H1(Ω̃,R3)
|ξγ̆b|

1/2

H2(Ω̃,R3)
|y|L6(Ω̃,R3)

and then

|ψ2
3B(ξγ̆b)y|L2((0, T ),W−1,6(Ω̃,R3))

≤ C2|ψ2
3ξγ̆b|

1/2

C([0, T ], H1(Ω̃,R3))
|ψ2

3ξγ̆b|
1/2

L2((0, T ), H2(Ω̃,R3))
|y|L4(0, T ), L6(Ω̃,R3))

≤ C3|b|H|y|L4(0, T ), L6(Ω̃,R3))

from which, we can conclude that (y, p, η, b) 7→ B(ξγ̆b)y ∈ C1(E, G). Therefore,
from (29), we have that (28) holds and so, A ∈ C1(E, G).

Now, let us set e0 = (0, 0, 0, 0). The surjectiveness of the linear mapping

DA|e0 : (y, p, η, b) = (Lũy +∇p+ η |w1
+ glb, y(0), b),

with glb := ∂tξγ̆b − ν∆ξγ̆b + B(ũ)ξγ̆b, follows from Proposition 2 in [6, section 3]. �

Proof of Lemma 5.3. From Lemmas 5.4 and 5.5 it follows, in particular, that there exists

δ > 0 such that, for every (a, b) in {(x, y) ∈ L4
H̃

(Ω̃, R3) × H | |(x, y)|L4
H̃

(Ω̃,R3)×H < δ},
the equation A(e) = (0, a, b) has a solution e = (ȳ, p̄, η̄, b) ∈ E but, this implies that ȳ
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is a weak solution for system (25) because, from the differentiability of the functions ψi,
i ∈ {1, 2, 3}, we have that

E ⊆
{

(y, p, η)
∣∣ y ∈ L2((0, T )× Ω̃, R3); η |w1

∈ L2((0, T )× Ω̃, R3);

y ∈ L2((0, T ), Ṽ ) ∩ L∞((0, T ), H̃) ∩ L4((0, T ), L12(Ω̃, R3)),

y(0) ∈ L4
H̃

(Ω̃, R3); p ∈ L2((0, T ), L2
µ(Ω̃, R3));

Lũy +∇p+ η |w1
∈ L2((0, T ), W−1,6(Ω̃, R3))

}
,

from which we can conclude that necessarily we have yt ∈ L2((0, T ), H−1(Ω̃, R3)). More-

over from (ȳ, p̄, η̄) ∈ E we also have ȳ(T ) = 0, and from ȳ ∈ L4((0, T ), L12(Ω̃)), it follows
that ȳ is uniquely defined, within this regularity, by the data (a, b, η) (see [16, Chapter
1, Theorem 6.9]): ȳ = ȳ(a, b, η̄). �

Proof of Theorem 5.1. Given v0 ∈ AL4
H

we write v0 = v0L4 + v0H where (v0L4 , v0H) ∈
L4
H(Ω, R3)×H. It is clear, from (24), that we may choose the pair (v0L4 , v0H) such that
|v0L4|2

L4
H(Ω,R3)

+ |v0H|2H < 4|v0|2A
L4
H

. Then if δ is like in Lemma 5.3 we set ε = δ/2. Hence

given |v0|A
L4
H

< ε we choose (v0L4 , v0H) ∈ L4
H(Ω, R3)×H, with |(v0L4 , v0H)|L4

H(Ω,R3)×H <

δ. Also, if ṽ0L4 ∈ L4
H̃

(Ω̃, R3) is the extension of v0L4 by zero outside Ω, we still have

|(ṽ0L4 , v0H)|L4
H(Ω,R3)×H < δ.

Now, from Lemma 5.3 there exists a control η |w1
∈ L2((0, T ) × Ω, R3) such that, the

corresponding solution ȳ = ȳ(ṽ0L4 , v0H, η)(t) to system (25), with the data (a, b) =

(ṽ0L4 , v0H) exists, is uniquely defined in L4((0, T ), L12(Ω̃)), and satisfies ȳ(T ) = 0. Hence
k := ȳ + ξγ̆b solves the system

(30)
∂tk + 〈k · ∇〉k − ν∆k +∇p+ η |w1

= 0, div k = 0,
k |∂Ω̃ = ξγ̆b |∂Ω̃ , k(0) = ṽL4 + γ̆b(0),

and the restriction v = k |(0, T )×Ω of k to (0, T )× Ω solves the system

(31)
∂tv + 〈v · ∇〉v − ν∆v +∇p = 0, div v = 0,

v |Γ = k |Γ , v(0) = vL4 + v0H.

Since it is clear that ζ := k |Γ ∈ G1
c((0, T ), Γ), to complete the proof it remains to prove

that v(T ) = 0. From ȳ(T ) = 0 it follows that k(T ) := ξγ̆b(T ) but, from its definition we
know that ξ(T ) = 0, then k(T ) = 0, which implies v(T ) = 0. Moreover v is unique in
L4((0, T ), L12(Ω)). �

Finally we can prove the main Theorem:

Corollary 5.6. Let (û, p̂) be a weak solution for system (1), with ζ = 0, such that
|û|L∞((0, T )×Ω,R3) + |∂tû|L2((0, T ), Lσ(Ω,R3)) < +∞, where σ > 6/5 is a constant. Then for
any open subset Γc ⊆ Γ there exists a constant ε > 0 such that, for any vector field
u0 ∈ L2

div(Ω) satisfying u0− û(0) ∈ AL4
H

with |u0− û(0)|A
L4
H

< ε, we can find a boundary

control ζ ∈ G1
c((0, T ), Γ), supported in (0, T ) × Γc such that, the corresponding weak

solution to system (1), with u(0) = u0 exists, is uniquely defined by the data (u0, ζ) in
the affine space û+ L4((0, T ), L12(Ω)), and satisfies u(T ) = û(T ).

Proof. The difference v = u− û solves system (8) with v0 = u0 − û(0). By Theorem 5.1,
there exists ε > 0 such that, if |v0|A

L4
H

< ε, we can find a control ζ ∈ G1
c((0, T ), Γ)

such that, the corresponding weak solution v(t), unique in L4((0, T ), L12(Ω)), satisfies
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v(T ) = 0. This means that the same control ζ drives system (1) from u(0) = u0 at time
t = 0 to u(T ) = û(T ) at time t = T . �

Appendix: Proof of Propositions 4.2 and 4.3

We assume some familiarity with some basic tools from differential geometry. We refer
to [3, 5, 14,23].

Proof of Proposition 4.2 Given u ∈ W we have in particular, by definition, that
u ∈ L∞((0, T ) × Ω). Then for a.e. t ∈ (0, T ) we have that u(t) is integrable (see,
e.g., [18, section X.2, proof of Theorem 2]), and then u(t) ∈ L∞(Ω) ⊆ L2(Ω).

Following the idea from [10], we start by solving the system

(A.1) curl k(t) = u(t) and div k(t) = 0 in Ω; k(t) · n = 0 on Γ.

The existence of a solution k(t) is known, for example, from [1, section 12]. The solution
is, in general, not unique but, there exists (choosing κ̃ = 0 in [1, equation 12.20]) a
well defined linear choice u(t) 7→ ku(t) that is continuous in the following sense: ku(t)

solves (A.1) and |ku(t)|H1(Ω,R3) ≤ C|u(t)|L2(Ω,R3) with the constant C independent of u.
From now we consider this choice when making reference to the solution of (A.1).

Let p ∈ Γc and consider the diffeomorphism Φp, in (4), mapping the cylinder Cp onto
the tubular neighborhood Tp. We shall start by extending u to Ω∪Tp. First we recall that
we may see the open subset Tp ⊂ R3 with its induced Euclidean metric as the manifold

(Cp, g) for a suitable Riemannian metric tensor g =
∑3

i, j=1 gijdw
i ⊗ dwj.

Remark A.4. Here we use superscripts to denote the coordinates of the vector fields w
because that notation is often used, and convenient to deal with some tools, in differential
geometry.

Let ∂/∂wi be the vector field induced in Tp by the new coordinate function wi, i = 1, 2, 3.
If (x1, x2, x3) are the Euclidean coordinate functions in Tp ⊂ R3 we find that

(A.2)
∂/∂wi |(w1, w2, w3) = ∂/∂xi + ∂Φ0

p/∂wi |(w1, w2, w3)
∂/∂x3 for i = 1, 2

∂/∂w3 |(w1, w2, w3) = nΦ0
p(w1, w2).

Since Φ0
p(w

1, w2) ∈ Γ we can see that both ∂/∂w1 and ∂/∂w2 are orthogonal to ∂/∂w3.

Moreover the length of ∂/∂wi, for i = 1, 2 is given by

(
1 +

(
∂Φ0

p

∂wi

)2
)1/2

, the Euclidean

scalar product (∂/∂w1, ∂/∂w2) is equal to
∂Φ0

p

∂w1

∂Φ0
p

∂w2 , and the length of ∂/∂w3 is 1. Thus the
metric tensor becomes

g =

(
1 +

(
∂Φ0

p

∂w1

)2
)

dw1 ⊗ dw1 +
∂Φ0

p

∂w1

∂Φ0
p

∂w2
(dw1 ⊗ dw2 + dw2 ⊗ dw1)

+

(
1 +

(
∂Φ0

p

∂w2

)2
)

dw2 ⊗ dw2 + dw3 ⊗ dw3.

The Euclidean volume element in Tp may then be written as

dCp =
√
ḡ dw1 ∧ dw2 ∧ dw3, with ḡ := det[gij] = 1 +

(
∂Φ0

p

∂w1

)2

+

(
∂Φ0

p

∂w2

)2

.

Remark A.5. We may suppose that the ordered triple (∂/∂w1, ∂/∂w2, ∂/∂w3) preserves the
orientation of Tp (otherwise we just reorder the coordinate functions as (w2, w1, w3) ).
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Now we extend the vector field k(t) = k =
∑3

i=1 k
i∂/∂wi that is defined in C−p to a

vector field k̄ =
∑3

i=1 k̄
i∂/∂wi defined in all Cp as follows

(A.3) k̄(w1, w2, w3) =


k(w1, w2, w3), if w3 ≤ 0,

k1(w1, w2, −w3)∂/∂w1 + k2(w1, w2, −w3)∂/∂w2

− k3(w1, w2, −w3)∂/∂w3, if w3 > 0,

with the ∂/∂wis evaluated at (w1, w2, w3). Note that the extension is well defined for
H1(Cp, TC−p )-vector fields k =

∑3
i=1 k

i∂/∂wi with k3(w1, w2, 0) = 0. It is moreover con-

tinuous from H1(C−p , TC−p ) into H1(Cp, TCp), and from Lσ(C−p , TC−p ) into Lσ(Cp, TCp)
for σ ≥ 1.

Now we may compute curl k̄ using the Hodge star ?, sharp ], flat [, and exterior
derivative d mappings: curl k̄ = (?dk̄])[. To simplify the writing we use the Einstein
summatiom convention, i.e., repeated indices are implicitly summed over, from 1 to 3.
For example, with this convention the metric tensor becomes just g = gijdw

i ⊗ dwj.
We find

k̄] = gij k̄
idwj, dk̄] =

∂gij k̄
i

∂wk
dwk ∧ dwj,

?dk̄] = sign(k, i, r)
∂gij k̄

i

∂wk
∂/∂wk], curl k̄ = sign(k, i, r)

∂gij k̄
i

∂wk
∂/∂wk,

where sign(k, i, r) stands for the sign of the permutation (1, 2, 3) 7→ (k, i, r) in the
case {k, i, r} = {1, 2, 3}, and sign(k, i, r) = 0 otherwise. We omit the details of this
computations; they may be found, together with some remarks on the mappings involved,
for example, in [20, Section 5.7].

Hence we find

curl k̄ =

(
∂(g3ik̄

i)

∂w2
− ∂(g2ik̄

i)

∂w3

)
∂/∂w1 +

(
∂(g1ik̄

i)

∂w3
− ∂(g3ik̄

i)

∂w1

)
∂/∂w2

+

(
∂(g2ik̄

i)

∂w1
− ∂(g1ik̄

i)

∂w2

)
∂/∂w3

=

(
∂k̄3

∂w2
− ∂(g21k̄

1 + g22k̄
2)

∂w3

)
∂/∂w1 +

(
∂(g11k̄

1 + g12k̄
2)

∂w3
− ∂k̄3

∂w1

)
∂/∂w2

+

(
∂(g21k̄

1 + g22k̄
2)

∂w1
− ∂(g11k̄

1 + g12k̄
2)

∂w2

)
∂/∂w3;

in particular, for w3 > 0, we have the identity

curl k̄ |(w1, w2, w3) =

(
− ∂k

3

∂w2
+
∂(g21k

1 + g22k
2)

∂w3

)
|(w1, w2,−w3)

∂/∂w1

+

(
−∂(g11k

1 + g12k
2)

∂w3
+
∂k3

∂w1

)
|(w1, w2,−w3)

∂/∂w2

+

(
∂(g21k

1 + g22k
2)

∂w1
− ∂(g11k

1 + g12k
2)

∂w2

)
|(w1, w2,−w3)

∂/∂w3.

Note that, from (A.2), we see that ∂/∂wi is independent of w3, for i = 1, 2, 3. Then, for
w3 > 0 we see that curl k̄ |(w1, w2, w3) differs from curl k |(w1, w2,−w3) only on the signs of

the components of ∂/∂w1 and ∂/∂w2. Therefore, since curl k ∈ L∞(C−p , TC−p ) we have that

curl k̄ ∈ L∞(Cp, TCp). From ∂tk ∈ Lσ(C−p , TC−p ) it follows that also ∂tk̄ ∈ Lσ(Cp, TCp).
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We take ũ := curl k̄ as the extension of u. Then we have that, for w3 > 0,

(A.4) ũ|(w1, w2, w3) = −u1 |(w1, w2,−w3)
∂/∂w1 − u2 |(w1, w2,−w3)

∂/∂w2 + u3 |(w1, w2,−w3)
∂/∂w3.

From the extension in each tubular neighborhood, now we construct an extension to
the open set w. From (18) we have that w ⊂ ∪{Tpj | j = 1, 2, . . . , s, and pj ∈ Γ}. Since
∂/∂wi |(w1, w2,−w3) = ∂/∂wi |(w1, w2, w3), then from (A.4) it follows that the extension ũ does

not depend on the chart (Tpj , Φpj). Indeed from (A.4) we see that the extension ũ is
obtained in the following way: given x = Φp(w

1, w2, w3) ∈ w we find its “symmetric”
x− = Φp(w

1, w2, −w3) in a given chart, then write

u(x−) = u1 |(w1, w2,−w3)
∂/∂w1 + u2 |(w1, w2,−w3)

∂/∂w2 + u3 |(w1, w2,−w3)
∂/∂w3

= ut + u3 |(w1, w2,−w3)
∂/∂w3 = ut + u3 |(w1, w2,−w3) nµx

where µx ∈ Γ is the “middle” point µx := Φp(w
1, w2, 0), nµx is the unit outward normal

at µx, and ut ∈ TµxΓ is in the tangent space to Γ at µx. Of course the decomposition
u(x−) = ut + u3nµx is unique and does not depend in any chart. The extension ũ,
accordingly to (A.4), is given by ũ(x) = −ut + u3nµx , and so it is linear and independent
of the chart.

It is now clear that |ũ|W̃ ≤ C|u|W and that the constant C can be taken independent
of u. Finally, from ũ = curl k̄ it follows that div ũ = 0. The proof of the Lemma is
complete. �

Remark A.6. Note that in general ũ is not in H1(Ω̃, R3). Indeed, from (A.4), we can see

that ũ ∈ H1(Ω̃, R3) iff u ∈ H1(Ω, R3) and u is normal to Γ.

Proof of Proposition 4.3 We proceed analogously as in the proof of Proposition 4.2.
First solve the system (A.1) for γ(t):

curl k(t) = γ(t) and div k(t) = 0 in Ω; k(t) · n = 0 on Γ

the only difference is that now we extend k = k(t) as in [10]:

(A.5) k̄st(w
1, w2, w3) =


k(w1, w2, w3), if w3 ≤ 0,

6k(w1, w2, −w3)− 32k(w1, w2, −w3/2)

+ 27k(w1, w2, −w3/3), if w3 > 0.

Note that (A.5) is a classical linear extension to guarantee the continuity of k 7→ k̄st in
both L2-norm, H1-norm, H2-norm, and H3-norms. Then we set γ̆(t) := curl k̄st(t). The
statement of the Lemma follows. �
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[18] J. Mikusiński, The Bochner integral, Mathematische Reihe, no. 55, Birkhäuser Verlag Basel, 1978.
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[20] S. S. Rodrigues, Methods of geometric control theory in problems of mathematical physics, PhD

Thesis, Universidade de Aveiro, 2008.
[21] R. Temam, Navier–Stokes equations: Theory and numerical analysis, revised ed., Studies in Math-

ematics and its Applications, no. 2, North-Holland Publishing Company, 1979.
[22] , Infinite-dimensional dynamical systems in mechanics and physics, second ed., Applied

Mathematical Sciences, no. 68, Springer, 1997.
[23] A. Trautman, Differential geometry for physicists (stony brook lectures), Monographs and textbooks

in physical science, Bibliopolis, 1984.
[24] H. Triebel, Interpolation theory, function spaces, differential operators, North-Holland, 1978.

Johann Radon Institute for Computational and Applied Mathematics, ÖAW,
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