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Abstract

We study an algebraic multigrid (AMG) method for solving elliptic finite element
equations of linear elasticity problems. In this method, which has been proposed in
[J.K. Kraus, SIAM J. Sci. Comput., 30 (2008), pp. 505–524], the coarsening is based
on so-called edge matrices, which allows to generalize the concept of strong and weak
connections, as used in classical AMG, to “algebraic vertices” that accumulate the
nodal degrees of freedom in case of vector-field problems. The major contribution
of this work is related to the investigation of the measure for the nodal dependence
and on the generation of the edge matrices, which are the basic building blocks of
this method. A natural measure is the cosine of the abstract angle between the two
subspaces spanned by the basis functions corresponding to the respective algebraic
vertices. Another original contribution of this work is a two-level convergence analysis
of the method. The presented numerical results cover also problems with jumps in
the Young’s modulus of elasticity and orthotropic materials.

1 Introduction

We are concerned with the solution of large-scale systems of linear equations

Ax = b (1)

arising from first-order finite element discretization of linear elasticity problems. In this
case the system matrix A is symmetric and positive definite (SPD). It is well known that
algebraic multigrid (AMG) methods can serve as efficient linear solvers or preconditioners
for this type of problems. Especially two classes of methods, namely AMG using element
interpolation (AMGe), see, e.g., [3, 9, 10], and AMG based on smoothed aggregation
[18, 19], provide powerful solution tools. Recently, a variant of AMGe, called algebraic
multigrid based on computational molecules (AMGm), has been proposed by one of the
authors [13], see also [14]. The goal of this modification of AMGe is to combine the
favorable properties of classical AMG [20], such as an inexpensive set-up phase due to a
simple coarsening procedure based on strong connections, with the superior convergence
properties of AMGe, which are achieved by local harmonic interpolation.

A basic step in the construction of this method, is the computation of so-called “edge
matrices”, which represent the nodal dependence, and, when assembled globally, define a
spectrally equivalent auxiliary problem. This auxiliary problem determines the coarsen-
ing process. Our approach originates in so-called element preconditioning techniques first
introduced in [8, 15]. The computation of edge matrices has initially been considered in
[14] for scalar problems, and has then been generalized to problems in linear elasticity in
Reference [13].
In the present paper we offer an alternative way to compute edge matrices in linear elas-
ticity that improves the approximation properties of the auxiliary problem. Moreover, we

1



propose a natural measure for the strength of nodal dependence defined via the constant in
the strengthened Cauchy-Bunyakowski-Schwarz inequality associated with local (vertex)
subspaces, and provide a two-level convergence analysis of the obtained AMGm method.
Towards the end of the paper we present several numerical experiments summarizing con-
vergence results for reference configurations of three-dimensional bodies, including the
cases of orthotropic materials, e.g., cancellous bone, hard wood, or soft wood, and prob-
lems with jumps in the Young’s modulus of elasticity.

2 Problem

As noted above, we are dealing with problems arising in linear elasticity. Therefore,
let Ω be a bounded, connected and open subset of Rd, d = 2, 3, denoting the reference
configuration of an elastic body. The boundary of Ω is divided into two disjoint parts Γ0

and Γ1, i.e., Γ̄0 ∪ Γ̄1 = ∂Ω and Γ0 ∩ Γ1 = ∅. From the theory of linear elasticity (see [2]
for instance) it is well known that the governing equations of our problem are given by

−div σ = f in Ω, (2a)
u = 0 on Γ0, (2b)

σ · n = g on Γ1. (2c)

These equations describe the deformation of the body under the influence of body and
surface forces. Thereby only first-order terms of the displacement are taken into account.
In this system, σ denotes the stress tensor, f the body forces, and u the displacements.
Moreover, n denotes the outwards pointing unit normal vector on ∂Ω and g the applied
load on Γ1. Additionally to the Neumann-boundary conditions we fix the displacement u
at Γ0 in order to guarantee the uniqueness of the solution.

Writing the stress tensor σ and the strain tensor ε in vector form, that is σ = (σ11, σ22,
σ33, σ12, σ13, σ23)T and ε = (ε11, ε22, ε33, 2ε12, 2ε13, 2ε23)T we obtain the stress-strain re-
lation by Hooke’s law, i.e., σ = Ciso ·ε. For St. Vernant-Kirchhoff-materials (homogeneous
and isotropic) the stress-strain matrix Ciso is defined by

C−1
iso :=



1/E −ν/E −ν/E 0 0 0
−ν/E 1/E −ν/E 0 0 0
−ν/E −ν/E 1/E 0 0 0

0 0 0 1/µ 0 0
0 0 0 0 1/µ 0
0 0 0 0 0 1/µ

 , (3)

with the modulus of elasticity E, the Poisson ratio ν and the shear modulus µ:= E
2(1+ν) .

We further introduce the Lamé constant λ: = Eν
(1+ν)(1−2ν) and the symmetric gradient

∇(s)u:= ε(u) with εij(u) = 1
2

(
∂ui
∂xj

+ ∂uj

∂xi

)
. Then, (2a) yields the classical Lamé differential

equation
−2µdiv∇(s)u− λ grad div u = f . (4)

Hence, we end up with the following weak formulation of the boundary-value problem
(2a)-(2c): Find u ∈ V = V (Ω):= {v ∈ [H1(Ω)]d : v = 0 on Γ0} such that

a(u, v) = L(v) ∀v ∈ V (5)

with

a(u, v) = aiso(u, v):= 2µ(∇(s)u , ∇(s)v) + λ (div u , div v) , (6)

L(v):= (f , v)−
∫

Γ1

gTv ds, (7)
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where f ∈ [L2(Ω)]d and g ∈ [L2(Γ1)]d.
To investigate the robustness of the proposed method we will also consider one example

with an orthotropic material (cf. [12, 24]). In this case Hooke’s law is given by σ = Cortho·ε
where

C−1
ortho:=



1/E1 −ν12/E1 −ν13/E1 0 0 0
−ν12/E1 1/E2 −ν23/E2 0 0 0
−ν13/E1 −ν23/E2 1/E3 0 0 0

0 0 0 1/µ23 0 0
0 0 0 0 1/µ13 0
0 0 0 0 0 1/µ12

 , (8)

Ei is the Young’s modulus in the xi-direction, µij is the shear modulus in the xi-xj-plane
and νij is the major Poisson ratio. This constitutive law is determined by 9 unknowns.
Hence, using (8) in (2a) yields the following bilinear form

aortho(u, v):=
∫

Ω
Cortho · ε(u) : ε(v) dx . (9)

The existence and uniqueness of our variational problem (5) for both bilinear forms, (6)
and (9), follows from the Lax-Milgram-theorem together with Korn’s inequality, since the
stress-strain matrices Ciso as well as Cortho are SPD for reasonable parameter settings.

In order to solve this system numerically we use finite elements. Therefore, we consider
a regular triangulation Th = {T} depending on the mesh size parameter h of the d-
dimensional (here d = 3) domain. We use tetrahedral meshes. Furthermore, we restrict
all our considerations to first-order schemes in this article. That is, we define the piecewise
linear (vector-valued) continuous functions by

Vh:= {vh ∈ [C0(Ω)]d : vi|T ∈ P1(T ), 1 ≤ i ≤ d, ∀T ∈ Th}. (10)

We will focus on linear systems (1) that stem from the following FE-problem, which we
will refer to as linear elasticity problem.

Problem 2.1. Find uh ∈ Vh defined by (10) such that

a(uh, vh) = L(vh) ∀vh ∈ Vh , (11)

where the bilinear form a(·, ·) is either given by (6) or by (9) and the linear form L(·) is
defined by (7).

When employing the bilinearform aiso(·, ·) and aortho(·, ·) we will call Problem 2.1
isotropic or orthotropic, respectively.

3 Approximation via edge-matrices

The AMGm method, introduced in [14] for scalar problems and extended to problems in
linear elasticity in [13], is based on the construction of edge matrices, which can be used
for measuring the nodal dependence. In the following we briefly describe this approach
and thereby take it to a more abstract level.

We therefore introduce the terms of algebraic vertices and algebraic edges. Let D:=
{di : i ∈ {1, . . . , n}} be the set of n degrees of freedom (DOF).

Definition 3.1 (algebraic vertex, algebraic edge and edge matrix). An algebraic vertex
vi is an accumulation of nvd vertex degrees of freedom (VDOF), i.e., vi = {dij : j ∈
{1, . . . , nvd}}. Furthermore for any vi and vj with i 6= j it holds that vi ∩ vj = ∅. Let V
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denote the set of all vertices and nv its cardinality, that is nv = |V|.
An algebraic edge eij is a connection of two different algebraic vertices vi and vj; E :=
{eij : 1 ≤ i < j < nv} denotes the set of all ne edges1.
An edge matrix Eij is an 2nvd×2nvd-matrix associated with the edge eij which represents
the relation between the algebraic vertices vi and vj

2.

Definition 3.1 is rather general and allows us to extend the following concept to different
discretizations or finite elements, respectively. In our particular situation, we identify the
algebraic vertices with the nodes of the mesh and assume that nvd = d. Since we restrict
ourselves to Problem 2.1 with continuous, piecewise linear shape functions this choice is
quite natural.

Aligning with Defintion 3.1 we define the set of neighbors Ni of a vertex vi, that is
Ni:= {vj : eij ∈ E}.

Our aim is to determine the nodal dependence by means of edge matrices. For this
sake we first have to investigate their desired properties. Therefore, following [13], let
A = {AT : T ∈ Th} bet the set of element matrices AT corresponding to our FE-
discretization of Problem 2.1 with the triangulation Th of the d-dimensional domain Ω.
From the coercivity of the bilinearform a(·, ·) it follows that AT ≥ 0, that is, AT is
symmetric positive semidefinite (SPSD). We target in approximating each single element
matrix AT by a sum of corresponding edge matrices Eij . That is, we want a set of edge
matrices BT associated with the set of algebraic edges ET of T , such that AT ≈ BT :=∑

Eij∈BT
Eij . Here summation has to be understood in the sense of assembling. Note that

BT contains only one matrix Eij corresponding to each edge eij ∈ ET . This setting aligns
with our general adjustment to set up one edge matrix for each algebraic edge. We want
to compute an approximation BT of AT via a set of SPSD edge matrices BT such that BT

is spectrally as close as possible to AT . This idea has already been considered in [8]. For
a more detailed discussion for systems of equations as in our case see [13].

In the following part of this section, we will characterize such approximate splittings.
First, we note that an approximate splitting yields a finite condition number, i.e.

κ(AT , BT ):=
inf

{
λ : xT ATx ≤ λxT BTx ∀x ∈ Rd

}
sup {λ : xT ATx ≥ λxT BTx ∀x ∈ Rd}

<∞ , (12)

if the splitting BT is kernel preserving. In other words, for every splitting BT with SPSD
edge matrices Eij ∈ BT , we have

κ(AT , BT ) <∞ ⇔ ker(BT ) = ker(AT ) ⇒ ker(Eij) = ker(AT )|(ij) ∀Eij ∈ BT (13)

For a proof see [13]. Being aware of the necessity of kernel preservation, one can investigate
the required properties of the edge matrices. In [13] the following theorem has been shown.

Theorem 3.2 (characterization of semipositive splittings). Let AT be an SPSD element
matrix arising form the (first-order) FE discretization of the 3D elasticity problem, Prob-
lem 2.1, using a (shape-regular) tetrahedral triangulation Th. Further, let BT = {Eij :
Eij ≥ 0 ∧ 1 ≤ i < j ≤ 4} be a set of SPSD edge matrices providing the splitting
BT =

∑
Eij∈BT

Eij.
Then κ(AT , BT ) <∞ if and only if the 2nvd× 2nvd (nonzero) edge matrices Eij have the
form

Eij = cij

(
vT

ijvij −vT
ijvij

−vT
ijvij vT

ijvij

)
with vij =

 xj − xi

yj − yi

zj − zi

 1 ≤ i < j ≤ 4, (14)

1Note that we do not distinguish between eij and eji in general since we are dealing with symmetric
problems.

2Aligning with the convention of the edges we have Eji:= Eij for i < j.
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and cij > 0. Furthermore, the vectors (xk, yk, zk), 1 ≤ k ≤ 4, are the vertices of the
tetrahedron T .

It is obvious that the edge matrices in Theorem 3.2 are of rank one. Additionally the
exact representation of each edge matrix is given by (14) which is determined up to the
scalar constant cij since the vector vij is the directional vector of the edge eij .

As compared to the method presented in [13] we modify the construction of the edge
matrices Eij . This modification has several advantages, e.g., the computation of the coarse
edges can be performed straightforward.

Let us consider the matrix Gh, which is assembled from all element stiffness matrices
AT of our problem. That is, we neglect all boundary terms. Hence, we have

A = Ah =
∑

T∈Th

AT + Fh = :Gh + Fh (15)

where Fh contains the boundary terms. The matrix Gh can be represented in the form

Gh =



. . .
...

...
...

...
...

...
. . . Gij + Gik + . . . . . . −Gij . . . −Gik . . .
...

...
. . .

...
...

...
...

. . . −GT
ij . . . GT

ij + . . . . . . . . . . . .
...

...
...

...
. . .

...
...

. . . −GT
ik . . . . . . . . . GT

ik + . . . . . .
...

...
...

...
...

...
. . .


(16)

with nv × nv blocks of size nvd × nvd. Based on the off-diagonal blocks of Gh we want
to determine the contribution of the connection of the vertices vi and vj (algebraic edge
eij). One possible choice is to use

Ẽ
(1)
ij =

(
Gij −Gij

−GT
ij GT

ij

)
, (17)

which is a nonsymmetric matrix in general because Gij is not necessarily symmetric. On
the other hand, since the diagonal blocks of Gh are symmetric Ẽij can also be chosen
according to

Ẽ
(2)
ij =

( 1
2(Gij + GT

ij) −Gij

−GT
ij

1
2(Gij + GT

ij)

)
. (18)

Note that Ẽ
(2)
ij is symmetric. Now, we aim at approximating Ẽ

(p)
ij , p = 1, 2, by

Eij := arg minE

∥∥∥E − Ẽ
(p)
ij

∥∥∥2
. (19)

Since we know the form of Eij (cf. Theorem 3.2) we only have to determine cij . The
solution of (19) is much easier when using the Frobenius norm instead of the l2-norm.
With this choice we arrive at

cij = arg minc

∥∥∥Eij(c)− Ẽ
(p)
ij

∥∥∥2

F
(20)

with

Eij(c) = c

(
vT

ijvij −vT
ijvij

−vT
ijvij vT

ijvij

)
,

where vij is the directional vector of the edge eij .
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Theorem 3.3. Let Ẽ
(p)
ij , p = 1, 2, be defined by (17) or (18). Then the minimization

problem (20) has the solution

cij =
vT

ijGijvij

‖vij‖42
. (21)

Proof. For simplicity we neglect the subscripts ij of the occurring vectors and matrices.
From the representation of the Frobenius norm via the trace-operator we obtain

‖E(c)− Ẽ(p)‖2F = tr(E(c)2) + tr((Ẽ(p))2)− 2 tr(E(c) Ẽ(p)) . (22)

Thus we have

tr(E(c)2) = tr
(

c2

[
2vvTvvT −2vvTvvT

−2vvTvvT 2vvTvvT

])
= 4c2‖v‖42 , (23)

and (for p = 1)

tr(E(c) Ẽ(1)) = tr
(

c

[
vvT (G + GT ) −vvT (G + GT )
−vvT (G + GT ) vvT (G + GT )

])
= 2c tr(vvT (G + GT )) = 2c(tr(vvT G) + tr(vvT GT ))
= 4cvT Gv . (24)

For p = 2 the matrix product looks different, but its trace is identical to (24). In summary,
by plugging (23) and (24) into (22) we obtain

ζ(c):= ‖E(c)− Ẽ(p)‖2F = 4c2‖v‖42 + tr((Ẽ(p))2)− 8cvT Gv .

Then, solving ζ ′(c) = 0 for c results in (21). Since ζ ′′(c) is positive, the solution is a unique
minimum.

Considering Problem 2.1 it is possible that the off-diagonal submatrices Gij of the
matrix Gh are indefinite and hence it might happen that (21) yields a negative cij . In this
case we use the absolute value of cij . Finally, note that we get a nonnegative cij if Gij is
positive semidefinite which is the usual case.

4 Detection of strong couplings (nodal dependence)

In any multigrid method the error is reduced by relaxation on the one hand and by coarse-
grid correction on the other hand. These two components should complement each other
which means that error modes not effected by the one should be treated efficiently by
the other component. In AMG one first chooses the smoother S, which is Gauss-Seidel
relaxation in our case, and then constructs a coarse-grid correction that is capable of
reducing algebraically smooth error modes, namely errors e for which

‖Se‖A ≈ ‖e‖A (25)

holds (cf. [20]). This leads, for Gauss-Seidel-smoothers among others, to the condition
that the residual r = Ae has to be small as compared to the error itself, which means that

(ri =)aiiei +
∑

aijej ≈ 0 . (26)

In other words, the i-th error-component ei is mainly determined by those ej for which
the corresponding |aij | are large. In standard AMG methods (cf. [20, 6, 22]), the coarse
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grid is selected based on a measure for the strength of nodal dependence. According to
Reference [20] point i strongly depends on j if

−aij ≥ θ max
l 6=i
{−ail} ,

with some threshold θ ∈ (0, 1], e.g., θ = 0.25. This concept works very well for M-matrices
(and for small perturbations of M-matrices), but for non-M-matrices it is not clear how
to take into account positive and negative off-diagonal entries. As a remedy, proposed
in [4] for finite element problems, strong connections (i, j) can be selected based on the
criterion

|aij |√
aii ajj

≥ θ . (27)

Thereby, the entries of the local stiffness matrices AT are used. Note that (27) measures
the energy-cosine of the abstract angle between the i-th and the j-th nodal basis function.
While this approach has no difficulties with non-M-matrices, it is not directly applicable in
the multilevel setting since the element stiffness matrices are normally not available on all
levels. Another disadvantage of measure (27) is that it is not obvious how to generalize it to
vector-field problems. Considering each DOF for its own typically yields more connections
than desired and might result in a lack of robustness (cf. [22, 5]).

Therefore, we propose the following approach to measure the strength of an algebraic
edge eij connecting the algebraic vertices vi and vj . We collect all edges ekl, i.e., edge
matrices Ekl, building a loop of length 3 which contains the edge eij . By assembling all
these edge matrices Ekl we get an SPSD so-called computational molecule M(i, j).

M(i, j) = Eij +
∑

k∈Ni∩Nj

(Eik + Ejk) =

 Mii Mij Mik

Mji Mjj Mjk

Mki Mkj Mkk

 (28)

with Mii, Mjj ∈ Rnvd×nvd and Mkk ∈ R|Ni∩Nj |nvd×|Ni∩Nj |nvd . Now, we consider the part
corresponding to the unknowns of vi and vj based on which we shall measure the cosine of
the angle between the subspaces related to vi and vj , which is given by the smallest possible
constant in the strengthened Cauchy-Bunyakowski-Schwarz inequality (CBS constant).

Definition 4.1 (strong connection via CBS constant). Let the computational molecule be
defined as in (28). Then the strength sij of an algebraic edge eij is defined by

sij :=

√
1− inf

x

xtSiix
xtMiix

, (29)

where Sii:= Mii −MijM
−1
jj Mji.

Note that in Definition 4.1 we implicitly assume that Mjj is regular. If this is not the
case, the Schur complement Sii is replaced by the generalized Schur complement introduced
in [13] (Algorithm 3.9). Nevertheless, if Mii and Mjj both are regular, the strength sij

of the edge eij is independent of the order of i and j and thus sij can equivalently be
computed according to

sij =

√
1− inf

x

xtSjjx
xtMjjx

,

with the Schur complement Sjj := Mjj − MjiM
−1
ii Mij . This follows directly from the

definition of the CBS constant (cf. [1]).
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Now, as in (27), we say a connection between the vertices vi and vj is strong, vi

strongly depends on vj , or the edge eij is strong, iff

sij ≥ θ , (30)

with θ ∈ (0, 1]. In other words, a connection between two algebraic vertices is strong if
the angle between their respective subspaces, generated by M(i, j), is less than a certain
threshold arccos(θ). In the following, let Si denote the set of strongly connected neighbors
of a vertex vi, i.e., Si:= {vj : vj ∈ Ni ∧ sij ≥ θ}.

It is reasonable to choose θ ∈ (0, 1] in order to control the fraction Θ · ne of weak
edges. Later, in the numerical examples (see Section 8) Θ = 0.08 was chosen. Note
that increasing the number of strong edges, i.e., decreasing Θ, typically results in a faster
coarsening.

5 Coarse-grid selection

Based on the strength of connectivity sij , associated with the algebraic edges eij , we
select our coarse grid. Following the recent articles [13, 14] the same coarsening strategy
as explained in [14] is used, which is a slight modification of the coarse-grid selection
procedure proposed by Ruge and Stüben in [20]. We divide our set of vertices V into a set
of fine vertices Vf , nvf := |Vf |, and a set of coarse vertices Vc, nvc:= |Vc|. Corresponding
to this partitioning we define the set of fine neighbors N f

i := {vj : vj ∈ Ni ∩ Vf} and the
set of coarse neighbors N c

i := {vj : vj ∈ Ni ∩ Vc} of a vertex vi. Moreover, let the sets of
strongly connected fine and coarse neighbors be denoted by Sf

i := {vj : vj ∈ Si ∩Vf} and
Sc

i := {vj : vj ∈ Si ∩ Vc}, respectively.
When we have selected the coarse grid, we can set up a prolongation operator P and

compute the coarse grid matrix AH via the Galerkin approach, i.e., AH := P T AhP . In the
case of a two-level method, the knowledge of Ah and P is sufficient to set up the whole
procedure. However, in the multilevel setting we need edges ec

ij and their corresponding
matrices Ec

ij on the coarse level. Those can be constructed in a straightforward way.
We consider the matrix Gh (see (16)). Via the Galerkin approach we compute GH =

P T GhP . Then, if we know the coordinates of the coarse vertices we can proceed in the
following way. We set up a coarse edge eij connecting the coarse vertices vi and vj if
they are strongly connected on the fine grid via at most two edges. The respective edges
can be determined via the adjacency matrix product Ec = ((Es

fc)
T × Es

fc) ∨ Ecc. Here Es
fc

denotes the adjacency matrix of the strong connections between fine and coarse vertices,
Ecc represents the coarse-to-coarse adjacency on the fine mesh, and Ec is the coarse-level
adjacency matrix. Alternatively, one could add coarse edges between any pair of coarse
vertices vi and vj if there exists a strong path of length three between them. However,
if these latter mentioned coarse edges are added the coarse-grid operators of our method
typically become significantly denser.

As can be seen later (in Section 6), we will use a locally energy-minimizing interpolation
that involves the inverse of a small-sized matrix Mff (cf. (32)–(34)). The regularity of Mff

demands a proper selection of coarse vertices locally, which in practice can be achieved by
enriching Vc.

To illustrate the effect of the coarsening process let us consider Problem 2.1 on the
unit square Ω in 2D. We examine the effect of varying the stress-strain matrix C and also
the influence of changing the mesh.

Figure 1(a) shows the fine grid and the first four coarse grids of the actual example for
an isotropic constitutive-law. Thereby a uniform mesh is used. Especially, the first two
coarse levels exhibit the expected uniform coarsening in all directions. In Figure 1(b) we
can see the selected grid points using some orthotropic material with a different Young’s
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modulus in x- and y-direction, namely Ey/Ex = 30. Thereby we see that coarsening
proceeds faster in y-direction. On the first coarse level, many additional vertices are made
coarse due to the requirement of a regular Mff (sub)matrix, see (34). As Figure 1(c) shows
this situation improves when using an unstructured mesh, which results in a smaller grid
complexity σΩ in this example.

(a) (b)

(c)

Figure 1: The coarse grid for different types of the stress-strain matrix on different meshes:
isotropic material on a uniform gird (upper left); orthotropic material with Ey/Ex = 30
on a uniform mesh (upper right); unstructured mesh (lower picture)

6 Interpolation and smoothing

The interpolation we are using here does not differ from the one used in References [13, 14].
After reordering the vertices such that we have first the fine and then the coarse vertices,
the prolongation operator P ∈ R(nvnvd)×(nvcnvd) is given by

P =
[

Pfc

Ic

]
, (31)

where Ic is the identity corresponding to the coarse vertices and Pfc is a mapping from the
(nvcnvd)-dimensional coarse space onto the (nvfnvd)-dimensional fine space. In order to set
up the interpolation for the DOF of a fine vertex vi, we define the so-called interpolation
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molecule

M(i):=
∑

vk∈Sc
i

Eik +
∑

vj∈Sf
i : ∃vk∈Sc

i ∩Nj

Eij +
∑

vk∈Sc
i ,vj∈Sf

i :vk∈Sc
j

Ekj . (32)

The molecule M(i) emerges from the assembling of different edge matrices. The first sum
in (32) comprises all edges connecting vi strongly to a coarse vertex vk. Further, all strong
fine edges eij are added if there exists a strong connection from vj to one strong coarse
neighbor vk of vi. Additionally, all connections between the strong fine neighbors vj ∈ Sf

i

and the strong coarse neighbors vk ∈ Sc
i are taken into account. Hence, M(i) has the

following block-structure

M(i) =
[

Mff Mfc

Mcf Mcc

]
. (33)

Moreover, M(i) is SPSD by construction. Following the ideas of AMGe (cf. [3, 7]) the
optimal interpolation coefficients P ∗

fc,i with respect to the molecule M(i) are given by

P ∗
fc,i:= −(M−1

ff Mfc)i , (34)

where P ∗
fc,i denotes the nvd rows of the local interpolation matrix Pfc corresponding to

the fine vertex vi. Note that this choice minimizes the following measure for the defect
df:= ef − Pfcec of the local interpolation, i.e.,

P ∗
fc:= arg min

P
max

e⊥ ker(M)

(ef − Pec)T (ef − Pec)
eT Me

. (35)

For further details we refer to [7, 14].
So far, we have collected all ingredients that are required to set up an AMG algorithm.

As it is quite common, we use AMG to precondition the conjugate gradient (CG) method.
Smoothing is performed by Gauss-Seidel, denoted by S, with a certain number of pre- and
post-smoothing steps ν1 and ν2. Then the 2-grid algorithm reads:

Algorithm 6.1 (2-grid algorithm).
y = AMG2(b,x)

x̃ = Sν1(x) apply ν1 pre-smoothing steps
dh = b−Ax̃ compute defect
dH = P Tdh restrict defect to coarse level
vH = (P T AP )−1dH solve the defect equation on the coarse grid
vh = PvH prolongate the coarse grid update to the fine level
x̃← x̃ + vh update the solution
y = Sν2(x̃) apply ν2 post-smoothing steps

Its error propagation is given by e(k+1) = (I −B−1
AMG,2A)e(k).

In order to set up a multilevel procedure, let us identify the components of level l with
subscript (l). That is A(l):= P T

(l−1)A(l−1)P(l−1) for l = 1, . . . , nL with A(0):= A, where
nL denotes the number of coarse levels. Additionally we introduce an integer parameter
η which determines the AMG cycle. The multigrid algorithm is defined as follows.

Algorithm 6.2 (multigrid algorithm).
y = AMG(b, x, l)

if l = nL

x = A−1
(l) b solve exactly on the coarsest level

else

10



for s = 1 : η
x̃ = Sν1(x) apply ν1 pre-smoothing steps
d(l) = b−A(l)x̃ compute defect
d(l+1) = P T

(l)d(l) restrict defect to coarse level
v(l+1) = AMG(d(l+1), 0, l + 1) solve the coarse defect equation recursively
v(l) = P(l)v(l) prolongate the coarse grid update
x̃← x̃ + v(l) update the solution
y = Sν2(x̃) apply ν2 post-smoothing steps

end for
end if

The choice η = 1 results in the so-called V-cycle while η = 2 is typically referred to as
W-cycle.

7 Two-level convergence

In this section we will investigate the convergence properties of the two-level AMGm
method, see Algorithm 6.1. As mentioned in the previous section we use AMG as a
preconditioner for CG and hence the condition number of B−1

AMG,2A, i.e., κ(B−1
AMG,2A), is

the decisive measure for the convergence rate. The derivations in this section are based
on the results in References [17] and [7].

First, let us assume to have a splitting of the n DOF into fine and coarse ones. Hence,
we can rearrange the matrix A to obtain the following block structure

A =
[

Aff Afc

Acf Acc

]
. (36)

Using the interpolation matrix P , see (31), we compute the coarse grid matrix

Âc:= P T AP = Acc + AcfPfc + P T
fc Afc + P T

fc AffPfc . (37)

Let us study the error propagation matrix I − B−1
AMG,2A now. It is defined via the com-

position of pre-smoothing, the coarse-grid correction and post-smoothing. The iteration
matrix of the coarse-grid correction step is given by

I − PÂ−1
c P T A (38)

and the iteration matrix of the smoothing step is

S = I −M−1A . (39)

In order to obtain a symmetric method, the matrices for the pre- and post-smoothing
steps are transposed to each other. Thence, we obtain B−1

AMG,2 from

I −B−1
AMG,2A = (I −M−1A)(I − PÂ−1

c P T A)(I −M−T A) . (40)

Using the interpolation (31), we set up a basis transformation matrix

J =
[

I Pfc

I

]
. (41)

In view of (36) the system matrix A in a hierarchical basis reads

Â:= JT AJ =
[

Aff Afc + AffPfc

Acf + P T
fc Aff Âc

]
. (42)
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Note that this basis transformation leaves the ff-block unchanged, while the cc-block is
equal to the Galerkin coarse grid matrix Âc. Furthermore, mind that the interpolation
matrix Pfc is composed of the locally harmonic interpolation matrices (34).

Now, let us introduce the measure µ, defined by

µ := max
z 6=0

(zf − Pfczc)T Xff(zf − Pfczc)
zT Az

, (43)

where Xff is the ff-block corresponding to the fine-coarse partitioned matrix

X:= M(M + MT −A)−1MT , (44)

see [17]. Note that the quantity µ is closely related to the choice of the interpolation matrix
Pfc according to (35). Moreover, the smoothing process enters in (43) via the matrix Xff.
Since A−1 −X−1 = (I −M−T A)A−1(I −AM−1) is SPSD it follows that X −A ≥ 0 in a
positive semidefinite sense. Reformulating (43) then yields

µ = max
(dT

f , zT
c ) 6=0

dT
f Xffdf[

df

zc

]T

Â

[
df

zc

] ≥ max
(dT

f , zT
c ) 6=0

dT
f Affdf[

df

zc

]T

Â

[
df

zc

] ≥ 1 , (45)

where df = zf−Pfczc is the defect of the interpolation. It is usually assumed that M fulfills
the so-called smoothing property, which implies that X is SPD (cf. [22]). For instance,
Gauss-Seidel relaxation has this property.

After this short summary of the basic ingredients, we recall the following theorem, cf.
[17].

Theorem 7.1 (Analysis of AMG,2). Let A be an SPD matrix partitioned in 2 × 2 block
form (see (36)) and let Pfc be some interpolation matrix. Let BAMG,2 be the AMG pre-
conditioner defined by (40), with non-singular and symmetric smoother M such that
‖I − M−1A‖A < 1. Let Â be the matrix defined by (42), and let γ̂ be the CBS con-
stant associated with Â. Let X and µ be defined by (44) and (43) respectively. Then, we
have

κ(B−1
AMG,2A) ≤ µ

≤ 1
(1− γ̂2)λmin(X−1

ff Aff)

≤ 1
(1− γ̂2)(2− λmax(M−1A))λmin(M−1

ff Aff)

Note that this statement is the restriction of Theorem 12 in [17] to symmetric smooth-
ing matrices M . Additionally we have omitted the lower bounds on the condition number,
since those expressions are quite involved. For instance, Jacobi relaxation yields a sym-
metric smoothing matrix M as well as the Gauss-Seidel method does if it is applied in a
symmetric way, i.e., consecutive forward and backward smoothing.3

The requirement ‖I−M−1A‖A < 1 is equivalent to the condition that the smoother S
has to define a convergent iterative process. The CBS constant γ̂ determines the abstract
angle between the subspaces corresponding to the 2 × 2 partitioning of Â. Mind, that
therein also the quality of interpolation is taken into account.

3The smoothing property holds for any composed relaxation process for which each component fulfills
this property.
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Remark. The best possible–in view of convergence–choice Pfc = −A−1
ff Afc results in a

block-diagonal matrix Â and therefore γ̂ = 0. However, this choice is computationally far
too expensive in most practical applications.

Since in general it is difficult to determine µ, Theorem 7.1 provides further condi-
tion number bounds that involve the quality of interpolation via γ̂ and spectral relations
between the (sub)matrices (of) A, M and X.

In the following, we will examine the CBS constant γ̂. Therefore, we will use the
spectral equivalence of the element matrices AT and the molecule matrices BT assembled
from the set BT (see Section 3). That is, for each element T ∈ Th, there exist constants
cT , cT > 0, such that

cT (BTv , v) ≤ (ATv , v) ≤ cT (BTv , v) ∀v . (46)

Summing up the contributions Eij,T of all elements T that share a given edge eij , finally
yields the edge matrix Eij , i.e., Eij =

∑
T : eij⊂T Eij,T . Using G =

∑
T∈Th

AT (see (15))
and B:=

∑
eij∈E Eij =

∑
T∈Th

BT gives

c(Bv , v) ≤ (Gv , v) ≤ c(Bv , v) ∀v (47)

with c:= minT∈Th
cT and c:= maxT∈Th

cT .
Now, let us examine the prolongation we are using according to Section 6. For simplic-

ity in the following we assume that for interpolation of a fine vertex vi ∈ Vf the compu-
tational molecule consists of all coarse connections of vertex vi, i.e., M(i):=

∑
vj∈N c

i
Eij .

Then the matrix B can be rewritten in the form

B =
∑

vi∈Vf

M(i) +
∑

vi,vj∈Vf∧eij∈E
Eij +

∑
vi,vj∈Vc∧eij∈E

Eij = :M + H , (48)

where

M :=
∑

vi∈Vf

M(i) and H:= B −M =
[

Hff 0
0 Hcc

]
.

That is, B consists of the sum of all interpolation molecules M plus a block-diagonal
remainder H. In the following we will estimate the CBS constant γ(B̂) of the matrix
B̂:= JT BJ . Since JT M(i)J is a block diagonal matrix4 for all vi ∈ Vf it follows that
γ(JT M(i)J) = 0. Thus γ(JT MJ) = 0, cf. Lemma 5.1 in [16]. For the examination of
γ(Ĥ) = γ(JT HJ) we write B̂ = JT BJ in the form

B̂ = M̂ − c0T + Ĥ + c0T

with c0 > 0 and the block-diagonal matrix T := diag(0, P T
fc HffPfc). If Mcc − c0P

T
fc HffPfc is

SPSD and does not vanish, we have γ(M̂ − c0T ) = 0. These requirements are fulfilled for
sufficiently small c0 > 0 due to the construction of Pfc.
On the other hand, with J given by (41), we get

H̄:= Ĥ + c0T = JT HJ + c0T =
[

Hff HffPfc

P T
fc Hff Hcc + (1 + c0)P T

fc HffPfc

]
.

Since Hff and Hcc are SPSD we have (Hcc + (1 + c0)P T
fc HffPfc)vc = 0 for all (vT

f , vT
c )T ∈

ker(H̄), which implies that γ(H̄) < 1, cf. Lemma 9.1 in [1]. Now we introduce the
projections Pf and Pc onto ker(Hff)⊥ and ker(Hcc +(1+c0)P T

fc HffPfc)⊥, respectively. Since
γ(H̄) < 1 we can quite easily see that

γ(P T
H̄H̄PH̄) = γ(H̄) ,

4This is due to the special form of Pfc, see (34).
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with PH̄ = diag(Pf, Pc). Further, using P̄fc:= PfcPc the Schur complement Scc of P T
H̄

H̄PH̄

is given by

Scc = P T
c HccPc + (1 + c0)P̄ T

fc HffP̄fc − P̄ T
fc HffPf(P T

f HffPf)−1P T
f HffP̄fc

= P T
c HccPc + c0P̄

T
fc HffP̄fc

because Hff is symmetric. Thence, with ¯̄Hcc:= P T
c HccPc we obtain

γ(H̄)2 = 1−min
v

vT Sccv
vT (P T

H̄
H̄PH̄)ccv

= 1−min
v

vT ( ¯̄Hcc + c0P̄
T
fc HffP̄fc)v

vT ( ¯̄Hcc + (1 + c0)P̄ T
fc HffP̄fc)v

= 1− 1

1 + maxv
vT P̄ T

fc HffP̄fcv

vT ( ¯̄Hcc+c0P̄ T
fc HffP̄fc)v

= 1− 1
1 + 1

c0+minv
vT ¯̄Hccv

vT P̄T
fc

HffP̄fcv

=
1

1 + c0 + ‖ ¯̄H−1
cc P̄fcHffP̄fc‖2

.

The previous equations hold true if Hcc 6= 0 and Hff 6= 0. For Hcc ≡ 0 we conclude
γ(H̄)2 = 1

1+c0
. On the other hand, if Hff ≡ 0 we have γ(H̄) = 0 and hence γ(B̂) = 0.

Summarizing,
γ(B̂) ≤ γ(H̄(c0)) < 1 . (49)

For further discussions we need the following lemma, which states the spectral equiv-
alence of the Schur complements of spectrally equivalent matrices.

Lemma 7.2. Let A, B be some Rn×n matrices, n ∈ N, partitioned into 2× 2 blocks, see
(36). Further, let Aff and Bff be regular and let A and B be spectrally equivalent, i.e.,

c(Av , v) ≤ (Bv , v) ≤ c(Av , v) ∀v ∈ Rn (50)

for some c > c > 0. Then the Schur complement SB
cc is spectrally equivalent to SA

cc with
the same constants c and c.

Proof. The bounds follow from the minimization-property of the Schur complement and
the spectral equivalence of A and B. For the upper bound we get

vT
c SB

ccvc = min
vf

[
vf

vc

]T

B

[
vf

vc

]
≤ cmin

vf

[
vf

vc

]T

A

[
vf

vc

]
= cvT

c SA
ccvc .

The lower bound is obtained in an analogous manner.

In view of the previous observations we are able to derive the following upper bound
for γ(Ĝ).

Theorem 7.3. Let Ĝ = JT GJ and B̂ = JT BJ be defined by (15) and (48) using (41).
Further, let (47) be satisfied. Then, we get the following bound for the CBS constant γ(Ĝ):

γ(Ĝ) ≤
√

1− (1− γ(H̄)2)
c

c
. (51)

Proof. First, note that (47) implies the spectral equivalence of Ĝ and B̂ with the same
constants c and c. Now, let Pf : Rdim(ker(Ĝff)⊥) → ker(Ĝff)⊥ and Pc : Rdim(ker(Ĝcc)⊥) →
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ker(Ĝcc)⊥ denote the projectors onto the orthogonal complements of the kernels of Ĝff

and Ĝcc, respectively. Then we conclude for γ(Ĝ)

γ(Ĝ) = sup
vf /∈ ker(Ĝff)
vc /∈ ker(Ĝcc)

vT
f Ĝfcvc√

vT
f Ĝffvf · vT

c Ĝccvc

= sup
vf,vc 6=0

vT
f P T

f ĜfcPcvc√
vT

f P T
f ĜffPfvf · vT

c P T
c ĜccPcvc

= γ(P̂ T ĜP̂ ) ,

with P̂ := diag(Pf, Pc). Analogously, we get γ(B̂) = γ(P̂ T B̂P̂ ). Now, we obtain with
Lemma 7.2 (using also Lemma 9.2 in [1])

1− γ(Ĝ)2 = 1− γ(P̂ T ĜP̂ )2 = inf
vc 6=0

vT
c SP̂ T ĜP̂

cc vc

vcP T
c ĜccPcvc

≥ c

c
inf

vc 6=0

vT
c SP̂ T B̂P̂

cc vc

vcP T
c B̂ccPcvc

=
c

c
(1− γ(P̂ T B̂P̂ )2) =

c

c
(1− γ(B̂)2)

≥ (1− γ(H̄)2)
c

c
,

from which (51) follows.

Remark. So far we have investigated the CBS constant of Ĝ = JT GJ , where G is
defined by (15). From Â = Ĝ + F̂ we conclude that

γ(Â) ≤ max{γ(Ĝ), γ(F̂ )} .

Hence, assuming that γ(F̂ ) ≤ γ(Ĝ) we obtain with (51)

γ(Â) ≤
√

1− (1− γ(H̄)2)
c

c
. (52)

In the remainder of this section we study by means of an example the spectral equiv-
alence of AT and BT , i.e., the evaluation of γ(Ĝ).

We have seen in Theorem 3.2 that the edge matrices Eij are of the form (14), that
is, only cij is left to be determined. Therefore, we investigate the minimal relative con-
dition number κ(AT , BT ) for the reference element, see Figure 2. In the two-dimensional
case we compare the best possible κ(AT , BT ),5 depicted by the solid line, to the relative
condition number that is obtained when choosing cij according to (21). The latter curve
is dotted. We see that using (21) yields a condition number which is quite close to the
optimal. Additionally to the condition numbers in 2D, the dashed line in Figure 2 de-
scribes κ(AT , BT ) obtained for the reference tetrahedron in 3D. For reasonable ν we still
get acceptable results. Furthermore we observe the large slope of κ when ν approaches
to 1/2. This is due to the ill-posedness of the system (2) in the limit case ν = 1/2. For
instance, we have κ(AT , BT ) = 11.2 (22.6) for ν = 0.45 in 2D (3D).

8 Numerical results

In the following we discuss the numerical results obtained by applying the AMGm method
to selected linear elasticity problems. We consider three different examples. The first one
is a composite material consisting of two different matters which differ in their Young’s

5The best possible κ was computed by minimizing κ(AT , BT ) with respect to the cij .
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Figure 2: The general condition numbers κ(AT , BT ) for optimal constants cij (solid line)
and for the constants according to AMGm in 2D (dotted line) and 3D (dashed line).

modulus. The second example is a beam with a locally refined grid. In the last part of
this section we are dealing with orthotropic materials, such as wood and cancellous bones.

AMGm has been implemented as a preconditioner for the preconditioned conjugate
gradient method in the finite element software package NGSolve (see [21]). As a smoother
we use a symmetric block Gauss-Seidel method. We perform tests with the V- and with
the W-cycle AMGm preconditioner with one pre- and one post-smoothing step, denoted
by V(1,1) and W(1,1). For these settings the number of iterations (#it) and the average
convergence factor (ρ) are listed for a reduction of the initial residual by a factor of 108.
The numbers in the tables are the results obtained when using the auxiliary matrix G
for the computation of the edge matrices, while the numbers in parenthesis refer to edge-
matrices that are computed directly from A instead of G on all levels. Furthermore, we
report the grid and operator complexity σΩ and σA.6 All the computations are performed
on three different meshes; The two finer meshes have been generated from the coarsest
mesh by uniform refinement. Finally, we mention that we use a fraction Θ = 0.08 of weak
edges (cf. Section 4) in all computations.

8.1 Composite Material

In this example we are dealing with a composite material. Therefore, let Ω be the unit
cube, i.e., Ω = (0, 1)3, where the material is distributed checkered, as depicted in Fig-
ure 3(a). We solve Problem 2.1 where the same Poisson ratio ν, but different moduli of
elasticity E, referred to as E0 and E1, are used. Note that only the ratio E1/E0 is of
importance.

We fix the displacement u = 0 at the bottom, i.e., Γ0:= [0, 1]× [0, 1]× {0}. Further,
we apply a force in the negative z-direction on the top, i.e., Γ1,1:= [0, 1] × [0, 1] × {1}
and impose homogeneous Neumann-boundary conditions on the remaining part of the
boundary Γ1,0:= ∂Ω\(Γ0 ∪ Γ1,1), which results in

g =
{

0 on Γ1,0

(0, 0, −gz)T on Γ1,1
. (53)

The computations are performed for varying ratio E1/E0, ranging from 1 to 1 000, on
three different meshes. Additionally, we have chosen two values for the Poisson ratio ν,
namely ν = 0.2 and ν = 0.4. In Figure 3(b) the solution for ν = 0.2 and E1/E0 = 10 is
illustrated.

In Table 1 and Table 2 the convergence properties and complexities of the method
are reported for ν = 0.2 and ν = 0.4, respectively. Firstly, we observe that the W-cycle

6σΩ denotes the ratio of the total number of vertices (nodes) on all levels and the number of vertices
on the finest grid; σA, on the other hand, is the total number of nonzeros in the matrices (on all levels)
divided by the number of nonzeros in the fine-grid matrix.
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(a) geometry (b) solution for E1/E0 = 10 and nu = 0.2

Figure 3: Geometry and solution for the composed cube.

AMGm preconditioner results in convergence rates that are independent of the mesh size h.
The operator complexity σA is also almost constant. For the V-cycle method, we observe
a dependence of the iteration count on the mesh size h, i.e., on the number of levels
nL. Under weak assumptions the general condition number for the V -cycle preconditioner
typically depends on the number of levels nL, see, e.g., [23].7 For a detailed discussion we
refer to [23]. The second important result is the robustness with respect to the ratio E1/E0.
Throughout both tables we can clearly see that this quotient has almost no influence on
the convergence of the method. Thirdly, when comparing Table 1 to Table 2 we observe a
moderate increase of the number of iterations for ν = 0.4. This is due to the deterioration
of κ(AT , BT ) defined by (12) which can be seen in Figure 2.

Table 1: Comparison of V (1, 1) and W (1, 1)-cycle of PCG for ε = 10−8 and ν = 0.2
applied to a composite material.

#elements (#DOF) 22 043 (14 028) 176 344 (99 639) 1 410 752 (750 135)
#levels 4 6 8
ν = 0.2 #it. ρ #it. ρ #it. ρ
E1/E0 = 1: V(1,1) 38 (28) 0.61 (0.51) 56 (42) 0.72 (0.64) 68 (50) 0.76 (0.69)

W(1,1) 18 (13) 0.33 (0.24) 21 (13) 0.40 (0.24) 19 (14) 0.36 (0.24)
σΩ 1.56 (1.59) 1.50 (1.50) 1.48 (1.48)
σA 3.38 (3.49) 3.41 (3.45) 3.58 (3.56)

E1/E0 = 10: V(1,1) 44 (39) 0.65 (0.62) 66 (59) 0.76 (0.73) 88 (60) 0.81 (0.73)
W(1,1) 20 (17) 0.37 (0.31) 20 (17) 0.40 (0.31) 18 (14) 0.34 (0.25)

σΩ 1.57 (1.56) 1.50 (1.50) 1.48 (1.48)
σA 3.41 (3.31) 3.38 (3.44) 3.58 (3.57)

E1/E0 = 100: V(1,1) 51 (39) 0.70 (0.62) 71 (70) 0.77 (0.76) 77 (73) 0.79 (0.78)
W(1,1) 19 (15) 0.38 (0.27) 19 (17) 0.36 (0.33) 17 (14) 0.32 (0.25)

σΩ 1.56 (1.56) 1.50 (1.50) 1.48 (1.48)
σA 3.33 (3.34) 3.44 (3.43) 3.58 (3.57)

E1/E0 = 1000: V(1,1) 42 (36) 0.64 (0.60) 78 (75) 0.79 (0.78) 79 (84) 0.79 (0.80)
W(1,1) 16 (14) 0.31 (0.25) 19 (18) 0.36 (0.35) 15 (15) 0.28 (0.27)

σΩ 1.58 (1.57) 1.50 (1.50) 1.48 (1.48)
σA 3.45 (3.38) 3.40 (3.43) 3.58 (3.58)

7Only under a stronger “smoothing property” an h- and nL-independent convergence rate can be proven.
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Table 2: Comparison of V (1, 1) and W (1, 1)-cycle of PCG for ε = 10−8 and ν = 0.4
applied to a composite material.

#elements (#DOF) 22 043 (14 028) 176 344 (99 639) 1 410 752 (750 135)
#levels 4 6 8
ν = 0.4 #it. ρ #it. ρ #it. ρ
E1/E0 = 1: V(1,1) 46 (33) 0.67 (0.57) 63 (53) 0.74 (0.70) 73 (61) 0.78 (0.74)

W(1,1) 22 (16) 0.42 (0.31) 23 (17) 0.44 (0.33) 22 (16) 0.42 (0.31)
σΩ 1.56 (1.58) 1.51 (1.51) 1.48 (1.48)
σA 3.35 (3.45) 3.45 (3.43) 3.49 (3.49)

E1/E0 = 10: V(1,1) 52 (44) 0.70 (0.65) 83 (56) 0.80 (0.71) 78 (68) 0.79 (0.76)
W(1,1) 23 (20) 0.45 (0.38) 25 (16) 0.47 (0.30) 20 (17) 0.39 (0.32)

σΩ 1.56 (1.57) 1.50 (1.50) 1.48 (1.48)
σA 3.34 (3.44) 3.42 (3.41) 3.51 (3.49)

E1/E0 = 100: V(1,1) 58 (50) 0.73 (0.69) 81 (68) 0.79 (0.76) 97 (86) 0.83 (0.81)
W(1,1) 23 (20) 0.43 (0.39) 22 (17) 0.42 (0.34) 19 (16) 0.36 (0.31)

σΩ 1.56 (1.57) 1.51 (1.51) 1.48 (1.48)
σA 3.37 (3.41) 3.45 (3.44) 3.50 (3.49)

E1/E0 = 1000: V(1,1) 45 (40) 0.66 (0.63) 84 (55) 0.80 (0.71) 110 (97) 0.84 (0.83)
W(1,1) 18 (15) 0.35 (0.29) 21 (15) 0.40 (0.28) 19 (17) 0.38 (0.30)

σΩ 1.56 (1.57) 1.51 (1.51) 1.48 (1.48)
σA 3.34 (3.41) 3.47 (3.47) 3.51 (3.49)

8.2 Beam

Now, we investigate the influence of the shape of the reference configuration by means of
a beam, i.e., Ω = (0, 20) × (0, 2) × (0, 1) consisting of an isotropic material (C = Ciso

defined by (3)). We fix the deformation on both ends of the beam to be zero, that is,

u = 0 on Γ0:= {0, 20} × [0, 2]× [0, 1] .

Moreover, we apply some force in negative z-direction on a circle Γ1,1:= {x : (x1− 10)2 +
(x2− 1)2 ≤ 0.25∧ x3 = 1}. On the remaining part of the boundary Γ1,0:= ∂Ω\{Γ0 ∪Γ1,1}
we impose homogenous Neumann boundary conditions. Hence g is given by (53) for some
gz > 0.

In Figure 4 the solution of the system (2) on the second finest mesh is shown. The
shading represents the absolute value of the stress. One can see the local refinement
of the mesh around Γ1,1. We report the convergence history of AMGm in Table 3 for
ν = 0.1, 0.25, 0.4 on three different meshes, which are obtained by uniform refinement of
the coarsest mesh.

We discover again a uniform convergence with respect to the mesh size when dealing
with the W-cycle and an nL- or h-dependence of the V-cycle method. Moreover, we also
see a slight diminishment of the performance for increasing ν, for which the approximation
BT of AT suffers. Another interesting observation is the rise in the operator complexity
σA for finer meshes, the reason for which is that on coarser levels less interpolants are
available for each fine vertex due to the thin-body geometry. That is, on levels with a
small number of algebraic vertices we observe fewer strong connections and hence the
nonzeros in the matrices A(l) for large l and small numbers of algebraic vertices are less
than usual. Contrary, we observe a similar coarsening ratio as for standard geometries,
like a cube, on the finer levels.
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Figure 4: The deformed beam.

Table 3: Comparison of V (1, 1)- and W (1, 1)-cycle of PCG for ε = 10−8 for the 3D beam.

# elements (#DOF) 22 008 (14 493) 176 064 (101 379) 1 408 512 (756 435)
#levels 4 6 8

#it. ρ #it. ρ #it. ρ
ν = 0.10: V(1,1) 59 (47) 0.73 (0.67) 99 (78) 0.83 (0.79) 128 (95) 0.87 (0.82)

W(1,1) 24 (17) 0.45 (0.32) 28 (19) 0.51 (0.36) 25 (16) 0.46 (0.31)
σΩ 1.54 (1.56) 1.51 (1.51) 1.49 (1.49)
σA 2.65 (2.73) 3.11 (3.13) 3.43 (3.44)

ν = 0.25: V(1,1) 58 (41) 0.72 (0.63) 103 (57) 0.83 (0.72) 142 (84) 0.88 (0.80)
W(1,1) 26 (16) 0.48 (0.31) 27 (15) 0.50 (0.27) 25 (15) 0.48 (0.28)

σΩ 1.54 (1.54) 1.50 (1.51) 1.49 (1.49)
σA 2.66 (2.66) 3.05 (3.09) 3.37 (3.37)

ν = 0.4: V(1,1) 71 (40) 0.77 (0.63) 116 (77) 0.85 (0.79) 125 (104) 0.86 (0.84)
W(1,1) 29 (18) 0.52 (0.34) 33 (20) 0.56 (0.38) 28 (18) 0.51 (0.35)

σΩ 1.53 (1.54) 1.50 (1.50) 1.48 (1.48)
σA 2.64 (2.69) 3.03 (3.01) 3.30 (3.29)

8.3 Orthotropic Materials

In our last example we treat orthotropic materials with C = Cortho defined by (8). We
will consider system (2) for three different materials, which are cancellous bone, hard and
soft wood. The parameter settings for these materials are taken from [24] and for the
cancellous bone additionally from [11]. As in Subsection 8.1 we consider again a cube
Ω:= (0, 1)3 with no displacement on the bottom Γ0:= [0, 1]2 × {0} and some applied
force on the top Γ1,1:= [0, 1]2×{1}. Moreover, we have homogeneous Neumann-boundary
conditions on the remaining part of the boundary Γ1,0:= ∂Ω\(Γ0 ∪ Γ1,1), which yields

g =
{

0 on Γ1,0

g · (1, 1, −1)T on Γ1,1
,

with g > 0. In Table 4 we list the parameters for Cortho as given in [24]. Thereby φ
denotes the volume fraction of the cancellous bone, that is, the ratio between the volume
of the solid phase of the bone and its total volume. Additionally, we identify Et with the
isotropic tissue modulus. We choose Et = 5.4 GPa throughout all computations, which
is an average value of different types of bones (cf. [11]). According to [24], the apparent
density ρ of wood is related to φ via ρ = γ φ with γ ≈ 1.9 g/cm3.

In the following we will examine the degree of anisotropy ω, which we define as the
maximum ratio of the Youngs’s moduli, that is, ω:= maxi6=j∈{1, 2, 3} Ei/Ej . In Figure 5(a)
ω is depicted for varying volume fraction φ. For soft wood we find an increase of the
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Table 4: Parameters for the stress-strain matrix Cortho for three different materials.

cancellous bone hard wood soft wood
E1 1 240Et φ1.80 1.307 ρ0.89 GPa 2.05 ρ1.71 GPa
E2 885 Et φ1.89 2.97 ρ1.50 GPa 3.14 ρ1.59 GPa
E3 528.8 Et φ1.92 27.63 ρ1.41 GPa 32.01 ρ1.01 GPa
µ12 486.3 Et φ1.98 0.4125 ρ1.21 GPa 0.083 ρ0.66 GPa
µ13 316.65 Et φ1.97 1.57 ρ1.37 GPa 2.05 ρ1.36 GPa
µ23 266.65 Et φ2.04 1.97 ρ1.23 GPa 2.28 ρ1.27 GPa
ν12 0.176 Et φ−0.25 0.724 ρ0.90 0.269 ρ−0.17

ν13 0.316 Et φ−0.19 0.016 ρ−0.76 0.019 ρ0.10

ν23 0.256 Et φ−0.09 0.024 ρ−0.73 0.028 ρ0.18

anisotropy for decreasing φ. For φ→ 0 the degree of anisotropy ω converges to infinity for
all materials due to different exponents of φ and ρ in the expressions for Ei, see Table 4.
For comparison, in Figure 5(b) the relative condition number κ(AT , BT ) on the reference
element is plotted against φ. Note that the experimental data, used in [24] to derive the
model (see Table 4), was available only for φ ∈ (0.05, 0.40).

(a) the anisotropy ω (b) the relative condition number κ(AT , BT )

Figure 5: Anisotropy and the relative condition number for the 3 materials and varying
φ.

For the numerical tests, we use two values of φ, i.e., φ = 0.3 and φ = 0.1. The
corresponding values of Cortho are listed in Table 5. The solution of Problem 2.1 for
φ = 0.1 on a mesh of approximately 33 000 vertices is shown in Figure 6. We choose
g = 2kN for a cube with a side length of 1 cm. One can clearly see a stronger deformation
of the hard wood, while the cancellous bone does almost not deform due to the higher
Young’s moduli Ei.

Finally, in Table 6 and Table 7 the computational results are listed. First we note
the stable operator complexity σA. Furthermore we observe uniform convergence with
respect to the mesh size h and the number of levels nL for all considered materials when
employing the W (1, 1)-cycle preconditioner. The iteration counts and the convergence
factors are reflected in the relative condition numbers of the edge-matrix approximations,
see Figure 5(b). For the cancellous bone the number of iterations slightly increases when
changing φ from 0.3 to 0.1. On the other hand, the convergence in the latter case is even
faster for hard wood. Soft wood shows similar properties in both settings.

Acknowledgments. The authors gratefully acknowledge the support by the Austrian
Academy of Sciences and by the Austrian Science Foundation (FWF). The first author
has been supported by the FWF (Project No. P19170-N18).
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Table 5: Parameters for the stress-strain matrix Cortho for three different materials. The
moduli Ei and Gij are given in GPa. Et = 5.4 GPa and ρ = γ φ with γ = 1.9g/cm3

(constant) were chosen.

φ = 0.3 φ = 0.1
cancel. bone hard wood soft wood cancel. bone hard wood soft wood

E1 766.7 0.793 0.784 106.1 0.298 0.120
E2 491.0 1.278 1.285 61.57 0.246 0.224
E3 283.0 12.51 18.14 34.33 2.657 5.982
µ12 242.1 0.209 0.057 27.50 0.055 0.028
µ13 159.6 0.727 0.954 18.32 0.161 0.214
µ23 123.5 0.987 1.117 13.13 0.255 0.277
ν12 0.238 0.437 0.296 0.313 0.162 0.357
ν13 0.397 0.025 0.018 0.489 0.057 0.016
ν23 0.285 0.036 0.025 0.315 0.081 0.021

(a) soft wood (b) hard wood

(c) cancellous bone

Figure 6: The deformed cube using the stress-strain matrix of different orthotropic mate-
rials. The color corresponds to the absolute value of the stress.
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Table 6: Comparison of V (1, 1)- and W (1, 1)-cycle of PCG for ε = 10−8 for the different
orthotropic materials and a volume fraction φ = 0.3.

#elements (#DOF) 21 473 (13 992) 171 784 (98 259) 1 374 272 (735 303)
#levels 4 6 8

#it. ρ #it. ρ #it. ρ
bone: V(1,1) 34 (32) 0.58 (0.56) 49 (51) 0.68 (0.69) 57 (58) 0.72 (0.73)

W(1,1) 16 (14) 0.30 (0.24) 16 (15) 0.30 (0.27) 14 (13) 0.26 (0.22)
σΩ 1.58 (1.58) 1.51 (1.51) 1.48 (1.48)
σA 3.41 (3.49) 3.42 (3.42) 3.39 (3.39)

hard wood: V(1,1) 42 (35) 0.64 (0.59) 65 (61) 0.75 (0.74) 78 (67) 0.79 (0.76)
W(1,1) 19 (15) 0.36 (0.29) 24 (20) 0.45 (0.40) 21 (18) 0.41 (0.34)

σΩ 1.59 (1.58) 1.51 (1.51) 1.48 (1.49)
σA 3.54 (3.42) 3.46 (3.44) 3.47 (3.47)

soft wood: V(1,1) 51 (44) 0.69 (0.65) 81 (75) 0.79 (0.78) 100 (86) 0.83 (0.81)
W(1,1) 24 (22) 0.46 (0.41) 30 (29) 0.53 (0.52) 29 (27) 0.53 (0.50)

σΩ 1.60 (1.59) 1.52 (1.52) 1.49 (1.49)
σA 3.57 (3.51) 3.58 (3.54) 3.57 (3.58)

Table 7: Comparison of V (1, 1)- and W (1, 1)-cycle of PCG for ε = 10−8 for the different
orthotropic materials and a volume fraction φ = 0.1.

#elements (#DOF) 21 473 (13 992) 171 784 (98 259) 1 374 272 (735 303)
#levels 4 6 8

#it. ρ #it. ρ #it. ρ
bone: V(1,1) 37 (34) 0.61 (0.57) 58 (51) 0.73 (0.70) 71 (61) 0.77 (0.74)

W(1,1) 17 (15) 0.34 (0.28) 20 (16) 0.37 (0.32) 19 (15) 0.36 (0.28)
σΩ 1.59 (1.58) 1.51 (1.51) 1.48 (1.48)
σA 3.59 (3.41) 3.44 (3.41) 3.37 (3.38)

hard wood: V(1,1) 41 (34) 0.63 (0.58) 63 (54) 0.74 (0.71) 79 (63) 0.79 (0.74)
W(1,1) 18 (16) 0.36 (0.30) 23 (18) 0.45 (0.36) 22 (17) 0.43 (0.33)

σΩ 1.58 (1.59) 1.51 (1.52) 1.49 (1.49)
σA 3.39 (3.48) 3.51 (3.53) 3.53 (3.53)

soft wood: V(1,1) 46 (44) 0.67 (0.66) 83 (76) 0.80 (0.78) 103 (80) 0.84 (0.79)
W(1,1) 21 (21) 0.40 (0.40) 30 (26) 0.53 (0.49) 26 (25) 0.49 (0.47)

σΩ 1.59 (1.59) 1.52 (1.52) 1.50 (1.50)
σA 3.46 (3.49) 3.60 (3.57) 3.63 (3.61)
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