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OPTIMAL CONTROL IN NONCONVEX DOMAINS:
A PRIORI DISCRETIZATION ERROR ESTIMATES

T. APEL*, A. ROSCH', AND G. WINKLER#

Abstract. An optimal control problem for a 2-d elliptic equation is investigated with pointwise
control constraints. The domain is assumed to be polygonal but non-convex. The corner singularities
are treated by a priori mesh grading. Approximations of the optimal solution of the continuous
optimal control problem will be constructed by a projection of the discrete adjoint state. It is proved
that these approximations have convergence order h?2.
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1. Introduction. The paper is concerned with the discretization of the 2-d el-
liptic optimal control problem

u) = i 1.1
J(@) = min J(u), (1.1)
J(u) := F(Su,u), (1.2)

1 v
F(y.) = 2y~ vallaey + 2l (1.3

where the associated state y = Su to the control u is the weak solution of the state
equation

Ly=wu 1in Q, y=0 onI =0Q, (1.4)
and the control variable is constrained by
a<u(xr)<b for a.a. z € Q. (1.5)

Here, y4 is the desired state, a and b are real numbers, and the regularization pa-
rameter v > 0 is a fixed positive number. Moreover,  C R? is a bounded polygonal
domain with boundary I, the second order elliptic operator L is defined by

2
0 0 0

I — g () — , 1.6

y(z) ”221 oz, (azg () azjy(w)) + 2 a;(x) 8ziy(m) +ao(z)y(z),  (1.6)
and the set of admissible controls is

Usd i ={u e L?Q): a<u<b ae. in Q}.
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We discuss here the full discretization of the control and the state equations by a finite
element method, where we focus on the case that the domain 2 has concave corners.
The asymptotic behavior of the discretized problem is studied, and superconvergence
results are established.

The approximation theory of discretized optimal control problems is well developed,
we refer to Falk [9], Geveci [11], Malanowski [14], Arada, Casas, and Troltzsch [3],
and Casas, Mateos, and Troltzsch [6] for piecewise constant controls. Piecewise linear
controls are investigated by Casas [5], Casas and Troltzsch [7], Meyer and Rosch [16]
and Rosch [20],[21]. In all those papers, a family of quasi-uniform meshes is discussed,

and the convergence is of order « =1 or a = % in the discretization parameter h,

|l — unllL, ) < ChY,
provided that the solution is sufficiently smooth.

Moreover, it is possible to achieve the approximation order oo = 2 for elliptic optimal
control problems in conver domains by at least two different approaches. Hinze [12]
discretizes only the state equation and its adjoint. The control is obtained by a pro-
jection of the adjoint state to the set of admissible controls. In the superconvergence
approach by Meyer and Rosch [15], the control variable is discretized as well, but a
postprocessing step generates the final approximation of .

If the domain is not convex the solution of elliptic boundary value problems contains
corner singularities leading to a reduced convergence order of numerical algorithms.
Adapted methods have been developed in order to retain the optimal convergence or-
ders. Local mesh grading was introduced by Oganesyan and Rukhovets [18], Raugel
[19], Babuska, Kellogg and Pitkdranta [4], and Schatz and Wahlbin [23]. All these pa-
pers treat only the case of piecewise linear finite elements, higher order finite elements
were discussed by Apel in [1]. The results were extended to systems of differential
equations and to the three-dimensional case by Apel, Sindig and Whiteman [2]. Other
methods include the singular function method (augmenting technique) described in
Strang and Fix [24].

In this paper, we derive error estimates for elliptic optimal control problem (1.1)—(1.5)
in non-convex domains. We integrate the local mesh grading technique into the above
mentioned approach by Meyer and Rosch [15] where a control @y, is calculated by the
projection of the adjoint state pj in a post-processing step. We will show that this
post-processing step improves the convergence order from v = 1 to a = 2.

The paper is organized as follows: In Section 2 we recall regularity results for the
elliptic boundary value problem with differential operator L from (1.6). In Section 3
the discretization is introduced and the main results are stated. Section 4 contains
results from the finite element theory. The proofs of the superconvergence results are
placed in Section 5. The paper ends with results from a numerical experiment.

In this paper, we denote by c¢ a generic constant which may have a different value at
each occurrence but is independent of the discretization parameter h.

2. Regularity. An appropriate discretization is adapted to the solution that has
to be computed. Therefore we formulate our assumptions in more detail and provide
some regularity results for the solution.



Throughout this paper, Q C R? denotes a bounded polygonal domain. For simplicity,
let us assume that there is exactly one reentrant corner with interior angle w > 7
located in the origin. We denote by

e o2 2
ri=/T] + 25

the distance to this corner.
The coefficients a;;, a; and ag of the operator L are smooth in {2 and satisfy the
ellipticity condition

2
m0|§|2 < Z aij(x)&fj V(f,.’L‘) S R2 X Q, mg > 0,

4,j=1
and the usual condition

1 2 aai
apg — 5 ,
i=1

>0 v Q
81‘1'_ Te

ensuring coercivity. Moreover, we require ai2(x) = a21(z) and yq € L°°(2). This
assumption on the regularity of the desired state y4 simplifies the further presentation
but could be weakened.

The regularity of the solution of the elliptic boundary value problem can be described
favorably by using the weighted Sobolev spaces

V;7P(Q) = {’U S D/(Q) : ||U||V/§’p(ﬂ) < 00}7

with k € N, p € [1, 0], § € R. By using the standard multi-index notation, the norm
is defined by

1/p
lolly oy == / S pAkHaD Doy d
B Q

lal<k

with the standard modification for p = oco. We will make use of the fact that

cl|rﬂv|W;€,p(Q) < ||v||Vk,p(Q) < 02|rﬂv|Wk,p(Q). For proving the desired regularity
B

result, we follow here the outline by Séndig in [22].

REMARK 2.1. The regularity of the solution y of the elliptic boundary value problem
Ly=g inQ, y=0 onT, (2.1)

is characterized by one particular eigenvalue of an operator pencil, which is obtained
by an integral transformation of the Dirichlet boundary value problem for the equation
Loy = g in 2, where the operator Lg is obtained from the principal part of the operator
L by freezing the coefficients in the corner point (here the origin of the coordinate
system). That means, the regularity is not influenced by the lower order terms with
the coefficients a;, 1 = 0,1, 2.

Moreover, the coefficient functions ai;(x) are of interest only in the origin, see, for
example, [22]. In that paper the eigenvalue of interest is denoted by A\_ € C. For our
purposes we introduce the real quantity A = —Im A_.
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In the case of the Dirichlet problem for the Laplace operator and a two-dimensional
domain with a reentrant corner with interior angle w € (mw,2m), the value of X\ is
explicitly known, A = w/w. That means in particular X € (1/2,1).

In the more general case of the operator L from (1.6) we follow [17, Chap. 5] and
consider the linear coordinate transformation y1 = x1 + d1x2, yo = doxs, with di =

—a12/azz and da = +/ajiaas —a%Q/agg. In this way, the differential operator Ly
is transformed into a multiple of the Laplace operator, and the meighborhood of the
corner, a circular sector with opening w, into another sector with opening w’. The
quantity of interest is then A = w/w’. Since W' € (7,27) for w € (w,27) we have also
in the general case A € (1/2,1).

LEMMA 2.2. Let A € (1/2,1) be the real number associated with the differential
operator L and the domain ), as introduced in Remark 2.1. Let p and 3 be given
real numbers with p € (1,00) and > 2 — X — 2/p. Moreover, let g be a function
n Vﬁo’p(ﬂ). Then the weak solution y of the boundary value problem (2.1) belongs to

HYOQ)N V;’p(Q). Moreover, there exists a positive constant ¢, such that

1yllvzr ) < cllgllvorqy-

Proof. The regularity of elliptic boundary value problems is studied in many ref-
erences. We follow here the outline by Séndig in [22]. With Remark 2.1 we have
ImA_ = =)\, and Lemmata 1 and 2 of [22] state the assertion of our lemma. O

REMARK 2.3. Forp <2/(2—X) we can choose 3 =0 in Lemma 2.2 and obtain that

y is contained in the classical Sobolev space W?2P(Q). Since this space, for p > 1, is
embedded in C(2) we can conclude that the solution of (2.1) is bounded,

yeC) ifgeLP(Q), p>1.

The assertion holds for all p € (1,00] because the data can, of course, be smoother
than necessary.

Let us now return to our optimal control problem. Via (1.4), the operator S associates
a state y = Su to the control u. The solution operator S acts from L () into L%(Q).
Even better, from Lemma 2.2 and Remark 2.3 we get y = Su € L>(Q) N H(Q) N
2,
VB p(Q)a
Sullzey + [1Sullay + [Sullyzog < clullyarg < clullie@,  (22)

for all p € (1,00) and 3 > 2 — X\ — 2/p. The last estimate makes use of the fact that
a function u that is contained in L*°(2), is also contained in VBO P(Q) since

p — PR\ ulP do < P P8 .
[l gy = [ Pl do < ull iy [ 17 do

The integral is finite due to p8 > (2 —AN)p —2 > —2.
4



Next, we introduce the adjoint problem
L'p=y—yq in Q, p=0 onTl, (2.3)
and denote by S* the solution operator of this problem, that means we have
p=5"(y —ya)
Since we can also write
p=S"(Su—yq4) = Pu

with an affine operator P we call the solution p = Pu the associated adjoint state
to u. The right hand side y — y4 of (2.3) is contained in L*°(€2). Due to Lemma 2.2,
the adjoint equation admits a unique solution Pu € L>(Q) N H(2) N V;’p(Q). We
have

[PullLoe (o) + [[Pull g (@) + [1Pullyze ) < el Su—=yallL=@)
<c(l[ull L) + lallie@)  (2:4)
for any p € (1,00) and 3 > 2 — A — 2/p. By Remark 2.3, we have also Pu € C(Q).

COROLLARY 2.4. Foru,yq € L>®(Q) and 3 > 1— X, the adjoint state is also contained
in V;>(Q),

1Pully ) < e (lullzoy + lyallL=e) (2.5)

Proof. For given 8 with 1 — A\ < 8 < 2 — X\ we define e = (8 — 1+ \)/2 and observe
that 0 < e < % and 3 > 1 — XA+ e. There exists a p > 2, namely p = 2/(1 — ), such
that the inequality 8 > 1 — A+ ¢ can be rewritten as 8 > 2 — A — 2/p. Of course, this
inequality is also valid for arbitrary p > 2 if 8 > 2 — A. We can summarize that we
have shown the existence of a p > 2 such that 8 > 2 — X\ —2/p.

From (2.4) we find Pu € V;’p(ﬂ) with this choice of p and 8. This is equivalent to
rBPu € W2P(Q); by the Sobolev embedding theorem we conclude r® Pu € W1>°(Q),
and this is equivalent to Pu € Vﬁ1 (). This chain of conclusions can also be ex-
pressed in form of inequalities, ||PuHVﬁ1,DO(Q) < c||rP Pullyr.(a) < cl|lr? Pullw2sq) <

CHP’U’HVBZ")(Q) < ¢ (ull ey + lyallLe(y) -0

REMARK 2.5. The regularity of the solution of an elliptic boundary value problem
Ly=finQ, by =g on 0%, is determined by the smoothness of the coefficients in the
operators L and £, the smoothness of the right hand sides f and g, and the geometrical
properties of the domain Q. If the coefficients of L and £ as well as the boundary of )
are smooth, then the solution y is smoother than the right hand side (shift theorem).
Therefore it is generally observed that the adjoint state p is more regular than the state
y. In the case of nonconver polygonal domains, however, the regularity is in general
limited by singularities due to the corners of the domain such that the state y and the
adjoint state p show the same reqularity in the context of Sobolev spaces, as described
above.



We finish the section by recalling some results from the analysis of optimal control
problems. Introducing the projection

H[ayb]f(x) := max(a, min(b, f(z))), (2.6)

we can formulate the necessary and sufficient first-order optimality condition for the
optimal control problem (1.1)—(1.5).

LEMMA 2.6. The optimal control problem (1.1)-(1.5) has a unique solution 4. The
variational inequality

(D + vi,u — )2 >0 for all u € Uag (2.7)

is necessary and sufficient for the optimality of w. This condition can be expressed

equivalently by
1
—=pn . 2.
(-57) (28)

Here, p = Pu denotes the corresponding adjoint state.

Proof. Since the optimal control problem is strictly convex and the objective is ra-
dially bounded, we obtain the existence of a unique optimal solution. The necessary
optimality condition can be formulated as variational inequality (2.7). The strict
convexity implies that the necessary condition is also sufficient. For the equivalence

of this variational inequality with the above formulated projection formula, see, e.g.
[14]. O

COROLLARY 2.7. The optimal control @ belongs to C(Q).

3. Discretization and superconvergence results. We will now discretize the
optimal control problem by a finite element method. To this aim, we consider a family
of graded triangulations (T})p~0 of €. All meshes are admissible in Ciarlet’s sense

[8]. With & being the global mesh parameter, 1 € (0, 1] being the grading parameter,
and rp being the distance of a triangle T' to the corner,

rp:= inf (/2% + 23,
(z1,x2)ET

we assume that the element size hr := diam T satisfies

cyh/H

17
crhry B

hy < cohl/r for rp =0,

1
hr < czhr;jL for rp > 0. (3.1)

<
<

It has been proved that the number of elements of such a triangulation is of order
h=2, see, for example, [2]. Moreover, we set

Uy = {uh € LOO(Q) : uh|T €Poforal T € Th}a
U = Uy, N Uy,
Vi i={yn € C(Q) : yp|lr € Py for all T € T}, and y, = 0 on T'},

where Py, k = 0, 1, is the space of polynomials of degree less than or equal to k.
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For each u € L?(2), we denote by Sju the unique element of Vj, that satisfies
a(Spu,vn) = (u,vp)r2Q)  Von € Vi, (3.2)
where a : H'(Q) x H(Q) — R is the bilinear form defined by

2

o) = [ | ayle)g o+ Zaz Jola) + ao(@)y(eol) | de.

i,j=1 1
In other words, Spu is the approximated state associated with a control u.

The finite dimensional approximation of the optimal control problem is defined by

Jh(ﬂh) = min Jh(uh), (3.3)

uhGU}":d
1 2 v 2
Jn(un) = §||5huh - deLZ(Q) + §Huh||L2(sz)-

The adjoint equation is discretized in the same way. We search pj, = S} (Shup —ya) =
Pyuy € Vi, such that

a(vn,pn) = (Spun — ydavh)L2(Q) Yop, € Vi (3.4)

REMARK 3.1. The optimal control problem (3.8) admits a unique solution @p. In
the following, we use the notation yn = Spuy, and py, = Ppuy, for the optimal discrete
state and adjoint state. The vartational inequality

(Pn + vip, up, — ’ﬁh)L2(Q) >0 forallup € Uﬁd (3.5)
is necessary and sufficient for the optimality of up,.

For our superconvergence result we need an additional assumption. The optimal
control % is obtained by the projection formula (2.8). Therefore, we can classify the
triangles T' € T}, in two sets K7 and Ko,

Ky = U T, Ky:= U T. (3.6)

TET),: agVy5, (T) TET,: weVyS,, (T)

Clearly, the number of triangles in K; grows for decreasing h. Nevertheless, the
assumption

meas K; < ch (3.7
is fulfilled in many practical cases.

For continuous functions f we define now the projection into the space Uj, of piecewise
constant functions by

(Bnf)(x) == f(Sr) ifxeT,

where St denotes the centroid of the triangle T'. Note that R,u € U,?d. Now we are
able to formulate our superconvergence results.

7



THEOREM 3.2. Assume that the assumption (3.7) holds. Let @y be the solution of
(3.8) on a family of meshes with grading parameter y < X. Then the estimate

[an — Rutil| 20y < ch® (|1 L) + lyall L) (3-8)
holds true. The proof of this theorem is postponed to Section 5.

Theorem 3.2 means that the values of the numerical solution @y in the centroids have
already quadratic convergence rate. This property allows us to prove the following
error estimates for state and adjoint state. Note that the right hand side in the state
equation is only first order accurate in the L2-sense but we get second order accuracy
in the state and the adjoint state.

COROLLARY 3.3. Assume that the assumption (3.7) holds. Let §j be the associated
state and Gp, be the associated adjoint state to the solution @y of (3.3) on a family of
meshes with grading parameter u < X. Then the estimates

19n = Fllz20) < ch® (|all L= (9) + lyallL=(2)) (3.9)
15n — Pl L2y < cb® ([l () + 1yallL=(x)) (3.10)
are valid. The proof is carried out in Section 5.

The idea is now to construct controls in a post-processing step. The control uy is
calculated by a projection of the discrete adjoint state pj := Ppup to the admissible

set Uad,
- 1_
ap, := g <;ph> .

Note that in general 4 ¢ U and 4y € Vi, but @y is still piecewise linear and
continuous. The next theorem states, that it has superconvergence properties.

THEOREM 3.4. Assume that the assumption (3.7) holds. Let @y, be the control con-
structed above on a family of meshes with grading parameter p < X. Then the in-
equality

o — an 2@) < ch® (||l L (@) + [allLe)) (3.11)

is satisfied. The proof is also given in Section 5.

4. Results from finite element theory. In this section, we collect results from
the finite element theory for elliptic equations and from numerical integration.

LEMMA 4.1. The norms of the discrete solution operators Sy and S} are bounded,

1Skl L2 () =1 ) < ¢, [Sillz2@)—r= @) < ¢
ISull2 ()= r2(0) < ¢ 1ShllL2)—r20) < ¢
1Skl z2(@)—H1 () < € 1Si 22 (@) —H1 () < €
1Skl Lo (@)—L>(@) < ¢ 1S5l Lo ()= L) < ¢,

where ¢ is, as always, independent of h.



Proof. With Remark 2.3 we see that S is a bounded operator from L?(Q) into L>(12).
By embedding theorems, we conclude that S is also bounded from L?(Q) into L*(Q)
and from L*°(€2) into L>°(€2). Hence, we have only to prove that the operator S — S},
is bounded in these pairs of spaces. Then the assertion for Sj follows by using the
triangle inequality.

By standard interpolation arguments and the Aubin-Nitsche trick we find that the
convergence of ||Sf — IS f||L2(q) and ||Sf — Sk f| r2(q) is better than first order even
on quasi-uniform meshes [2]. This crude estimate allows to conclude

IInSf = SufllLe() < ch IS — Suflli2) < cll fllrz)
where we have used an inverse inequality and the triangle inequality. Since also
1Sf = InSfllp(e) < cllSFllL=@) < clfllLze

we conclude by using the triangle inequality again that

1Sf = Sufllre() < cllfllLa o)

holds. The other inequalities for S}, follow by embedding theorems. The proof for S*
can be carried out similarly. O

LEMMA 4.2. Letu € L*(Q) be any function. The discretization error can be estimated
by
Su — Shul p20) < ch2||u||L2(Q), (4.1)
15%u — Shull 20y < ch®|lull 20,
1Pu— Poullr2iy < ch? (lull 2oy + lyallz2e))
provided that the mesh grading parameter satisfies p < \.

Proof. The proof of (4.1) and (4.2) can be found in the literature, see [4, 17, 19]. For
proving (4.3), we use

Pu — Ppu= S*"(Su—ya) — S;(Spu —ya) = (S* — Sp)(Su — yq) + S5 (S — Sh)u,

The assertion (4.3) follows with the approximation error estimate (4.1) and (4.2) in
the form

5% = Srllr2()—r2(0) < ch?, 1S = Shllr2)—r2(0) < ch?,
and the boundedness of S and S; as operators from L?(§) into L?(€2). O

Next, we prove an estimate for the numerical integration. This estimate is the key
for our superconvergence results. Numerical integration has second order accuracy
although piecewise constants are used only.

LEMMA 4.3. Let Ty, be a triangulation with grading parameter p. Then the estimate
Ch2|T|1/2|f|V2,2 (1) if rp >0
2-2u
< Ch2|T|1/2Hf||V22L22u(T) Zf rr = 0
Ch2||f||Loo(T) ’LfTT :0

holds for any triangle T € Ty, and for any function f € ‘/22_’22u(T) or f € L>*(T),
respectively.

|-
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Proof. The key idea in the case 7 > 0 is that the integral vanishes for f € Py such
that on the reference element 7' the estimate

S C|f|W22(T)

G -Fap as

T

is obtained by using the Bramble-Hilbert lemma. The transformation to the ele-
ment 7' leads to

< Ch%|T|1/2|f|Wzv2(T)-

[ 4= g ds

Here we have used that f € W22(T) when rr > 0. The assertion of the lemma is
obtained by using hr < CQhr;_” and rr <rinT.

In the case 7 = 0 we can proceed by using that Ry is a bounded operator from
L>°(T) to L*°(T') with norm 1, and that ‘/22;22# (T') is continuously embedded into
L*°(T) for all y4 in the possible range (0, 1]. This leads to the estimate

2—(2-2
< efTlIfllpery < ATIV?RT "0 fllyza ()

JEE

The proof is finished by observing that hQT” < ch? and |T| < ch? for T with rp = 0. O

LEMMA 4.4. On a mesh with grading parameter p < A the estimate
(vh, @ — Rp)L2(0) < ch? (thlle(n) + ||Uh|\H5(Q)) (1l ooy + NFall (o)) (4.4)

can be proved for all vy, € V3, provided that Assumption (3.7) is fulfilled.

Proof. With the sets K7 and K introduced in (3.6) we have

(’Uh, u — Rh’&)[g(g) = /

K

Uh(fb — Rpu) dz + / Uh(fb — Rpu) dz. (4.5)

Ko

The Ki-part can be estimated as follows:

‘/ ’Uh(’a — Rh’l_l,) dx
K

Next, we split K into the union K, s of triangles T' with rr = 0 and the union K ,
of triangles T" with r7 > 0. The set K; ; contains only a finite number of triangles
independent of h. Since Ry, is a bounded operator from L*(2) to L>°(2), we can
continue by

<ol 3 [ la) - Raa@)| o (46)

TeK,

/ |@(I) - Rh’ﬁ(l‘)| dr < |K1,s|||’ﬁ — RhﬂHLoo(Q) < Ch2H’a||Loo(Q). (4.7)
Kl,s

On each triangle T C K, we have & = a, @ = b, or 4 = —p/v due to (2.8). This
10



means in any case |@|y 1.0 (1) < ¢[plw1.(7), such that we can conclude

/ i(2) — Ruti(@) de < 3" [T hrfalws
Ky r

TCKi,r

<e Y AT e Pl

TCKy,r
<ch Y ITIIpllva o)
TCKy,r

< Ch2||15||v11;°;(9)
< ch® (]| Lo o) + lyall =) » (4.8)

using assumption (3.7) and estimate (2.5) with g < A in the last two steps. Combining
(4.6)—(4.8), we obtain

< ch? (|all Lo (o) + llyall (@) lvall L) (4.9)

VK on(@ — Rpa) da

For a triangle T" of the Ks-part we have

/TRhavh dz:/Tﬂ(ST)vh dx:/Tﬁ(ST)vh(ST) da.

This is a formula for the integration of uvy. Consequently, we obtain by Lemma 4.3
and the fact that rp = 0 holds only for a finite number (independent of i) of triangles

-5

TCK>

‘/ (’ﬁ — Rhﬂ)vh dzr
Ky

/T(fwh —a(St)vn(St)) dx

< ch?|[avn || L) +ch® Y |T|1/2|avh|vz2f%m
TCK>

1/2
S Ch2||ﬂ||Loc((z)||’Uh||Loc(Q) + Ch2 < Z |UU}L|%/22,22”(T)> . (410)
TCK>

Next, we divide each triangle T C K5 in an active part Ap and an inactive part Ip
with A7 U It = T. In general, we will have for triangles T' C K>, that either Ax = ()
or It = (), but we cannot exclude the case that both components are nonempty.
The optimal control @ is constant on the active component Ar (& = a or @ = b).
Therefore, the seminorm is 0 on these parts. On the inactive parts I, we have
@ = —p/v. Therefore, we can estimate

[@nlvza, ooy = W0nlvzs, o) = plPUrlvzs, an) < clPonlzs o)
< cllonll Lo lplyzs () + cllonllmy o Plyps, ()

Consequently, we can conclude by means of (2.4) and (2.5)

1/2
( Z |th|%/22122“(T)> < cllvnll oo (o) |I5|V22;22u(9) + cllonl |I5|v21f;u(g)
TCK>

< (Ilonll o) + lonll3gg g ) (e + lvallze) -
11



Hence, we can continue the estimate in (4.10) by

‘/ (a — Rh@)vh dx
Ko

< oh? (Jlonll ) + Ionlifg ) )l + lvall o)) -

(4.11)
Inserting (4.9) and (4.11) into (4.5), we obtain the desired estimate (4.4). O

COROLLARY 4.5. Consider meshes with grading parameter p < A. Under Assumption
(3.7) the estimates

1Shit — SpRutll L2(0) < ch* (||| L) + yall L= (o)) (4.12)
| Pt — Py Rptil| 120y < ch® (@]l Lo o) + 1Yall Lo (@) (4.13)
hold.

Proof. We start with

||Shﬂ — Sthﬁ”%z(Q) = (Shﬂ — Sy Rpu, Spu — Sthﬂ)Lz(Q)
= a(Shﬂ — Sy Ry, Pru — Pth’l_L)L2(Q)
= (u — Rpu, Pyu — Pthﬂ)Lz(Q)
< ch? (||Pha — PuRnyit|| ey + || Pait — PthaHHé(Q)) .
(1l Lo @) + llvallL=(e)) » (4.14)
where we have used Lemma 4.4 with v, = Pyu — P, Rpu. We benefit now from the
fact that Pnu and Py Rpu are the solutions of the discretized adjoint equation (3.4),
that means Pyu — P,Ryu = S;(Sh@ — yd) — SZ(Sthﬂ —yq) = S;(Shﬂ — Sth@).
Hence, we have by using Lemma 4.1
HthL — PthﬂHLoc(Q) + ||Ph’ﬁ — PthaHHé(Q) < C||Sh@ - SthﬂHLz(Q). (4.15)
HP}I@ — PthfL||L2(Q) < C||Shﬂ — Sthﬂ||L2(Q). (4.16)

Inserting (4.15) into (4.14) and dividing by [|Satt — SpRpil|12(q) we get inequality
(4.12). By using (4.16) we obtain (4.13) from (4.12). O

COROLLARY 4.6. Let u be the solution of our optimal control problem. If the problem
s discretized on meshes with grading parameter u < A, we have the error estimate

15 — PuRpil| 2 (o) < ch?® ([[allz= o) + lyallL=(s)) - (4.17)

Proof. We apply Lemma 4.2 with v = @, the identity p = Pu, and estimates (4.3)
and (4.13) and get

1P — PoRpil|L2q) = | P — Ppiil|2(q) + || Patt — Pr Ryl L2(a)
< ch® (lall L2 () + lvall2) + 1@l L) + [1Yall Lo @) -

By using the embedding L>°(Q) < L?(Q2) we obtain the assertion. O
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5. Superconvergence properties. We start with another auxiliary result.
LEMMA 5.1. The inequality
V||[Ryt — apl|F 20y < (Rup — Phy @n — Ra) 12 (o) (5.1)
is valid .

Proof. The optimality condition (2.7) is true for all w € U,q. Therefore, we have
pointwise a.e.

(p(x) + va(x)) - (u(x) —a(z)) >0  Vu € Uyg.

Consider any triangle T" with center of gravity St and apply this formula for z = St
and u = up. This can be done because of the continuity of @, p, and %, in these
points. We arrive at

(p(St) + va(St)) - (un(St) — u(Sr)) >0 for all T.
Due to the definition of Ry, this is equivalent to
(Rrp(ST) + vRpu(St)) - (un(St) — Rpu(St)) >0 for all T.
We integrate this formula over 7', add over all T" and get
(Rnp + vRu, Uy — Rpt) p2(q) > 0.
Moreover, we can test the optimality condition (3.5) for @, with the function Rja@
and get
(Pr + vin, Ryt — p) 2y > 0.
We add these two inequalities and obtain
(Rnp — pn + v(Rpt — Up), up — Rptt)p2(q) > 0
which is equivalent to the formula (5.1). O
We are now ready to prove Theorem 3.2.
Proof. We begin by rewriting formula (5.1),
V|| Ruti — Gpl|72(q) < (RnD — Phy Un — Rali)r2(o)

= (Rnp — P, un — Rpt)p2(q) + (b — PoBRat, up — Rptl)12(0)
+(PrnRyt — pp, tn — Rpti) 12 (). (5.2)

The first term represents again a formula for the numerical integration, since 4, — Rp@
is piecewise constant. We obtain by using again Lemma 4.3 and estimate (2.4)

(Rnp — P tin — Rpll)r20) = Y /T(Rhﬁ(z) = p(@))(tn(z) — Rpu(z)) do

TET),

= " (an(Sr) — Rai(Sr) / (Rup — ) do
TET, T

< 32 eWlan(Sr) — Bua(SOITIY [ly2, o
TeT)

< ch?| Ryt — | 12 (0) (18]l Lo (0) + 1yl L= (@) - (5-3)
13



The second term in (5.2) can be estimated by using the Cauchy—Schwartz inequality
and formula (4.17)

(P — PuRpti, W — Rytt)2(0) < ch? (||l () + llvallL2) 1RaE — @nllL20)- (5.4)

The third term can simply be omitted, since due to pp, = Prup and the definition
of Ph

(PhRpt — pp, Up — Rpti)poo () = (SnRatt — Sptin, Sptin — SpRut)p2() < 0. (5.5)
Inserting (5.3)—(5.5) into (5.2), we get
V[[Ruti — G720y < ch® (|l zoe ) + [vallo @) |1RRE — tn| 22 (-
This formula is equivalent to the assertion of Theorem 3.2. O
Next, we prove Corollary 3.3.

Proof. We start with

19— gnllz2) = [1S% — Shinl|L2(o)
<||Su— ShﬁHLz(Q) + ||Sha — SthﬁHLz(Q) + ||ShRra — ShﬁhHLZ(Q).

The first term was estimated in Lemma 4.2. Corollary 4.5 delivers an inequality for
the second term. Theorem 3.2 contains the estimate of the third term. Consequently,
we find

15 = Tnllr2) < b (1a)l L) + yall L)) »

i.e., (3.9). The second inequality can be obtained similarly,
1P — Pullz2) = 1S™(F — ya) — Sp(Jn — ya)ll L2 (@)
<|1S*(F — ya) = S (¥ — ya)llL2) + IS5 (T — In)llL2 ()
< ch®||§ — yallr2(e) + ch® (]| L= () + |yallL=())
< ch? ([l oo () + 1l L= (ay)

by means of Lemma 4.1 and (3.9). O
It remains to prove Theorem 3.4.

Proof. The projection operator Ilj, ) is Lipschitz continuous with constant 1 from
L?(Q) to L?(Q). Therefore, we get

1 1_
a5 (—;p) — I[q 3 (—;Ph)

<||p = pull2(e)
< ch? (lallz= (o) + yall L= () -

V”’U — ﬂhHLz(Q) =v

L2 ()

where we used (3.10) in the last step. The superconvergence result (3.11) is proved. O
14
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Fia. 6.1. Q with a graded mesh; left: p = 0.6,
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F1G. 6.2. The exact state y and the optimal control function u.

6. Numerical example. In this section we present a numerical example show-
ing the predicted convergence behavior. In order to construct meshes that fulfil the
conditions (3.1) we transformed the mesh using the mapping

T(x) = al|a||+ "

near the corner, see Figure 6.1, left hand side. An alternative is to use dyadic par-
titioning [10]: Starting with a coarse mesh the elements are divided until condition

(3.1) is satisfied with suitable constants ¢; and cq, as an example see Figure 6.1, right
hand side.

Consider the optimal control problem in the form

“Ay+y=u+f in Q,
—Ap+p=Y—Yd in €2,
u = I, ) (—%p) in (6.1)

with homogeneous Dirichlet boundary conditions for y and p. The data f = Ly —u
and yq = ¥ — L*p are chosen such that the functions

ylr,p) = (I = %) sin Ap
p(r, ) = v(r* —rP)sin \p
with A = % anda=0= g solve the optimal control problem exactly. Note that these

functions have the typical singularity near the corner, as can also be seen in Figure
6.2. The control @ is defined via (6.1) where we used v = 1074, a = —0.3 and b = 1.
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@ — tnl L2 @ — tnl L2 1@ — an L2 1@ = @l 20
ndof value rate value rate value rate value rate
18 | 1.54e+00 1.53e+00 1.54e+00 1.53e4-00

55 | 5.15e—01 1.58 | 5.91e—01 1.37 | 4.86e—01 1.67 | 5.47e—01 1.48
189 | 1.98e—01 1.38 | 2.04e—01 1.54 | 1.62e—01 1.59 | 1.65e—01 1.73
697 | 7.05e—02 1.49 | 6.92e—02 1.56 | 4.97e—02 1.70 | 4.74e—02 1.80

2673 | 2.70e—02 1.39 | 2.56e—02 1.44 | 1.64e—02 1.60 | 1.41e—02 1.75
10465 | 1.09e—02 1.30 | 9.94e—03 1.36 | 5.73e—03 1.52 | 3.75e—03 1.91
41409 | 4.55e—03 1.26 | 3.88e—03 1.36 | 2.37e—03 1.28 | 9.41e—04 2.00

164737 | 1.92e—03 1.25 | 1.54e—03 1.33 | 1.11le—03 1.09 | 2.12¢—04 2.15
TABLE 6.1
L2-error of the computed control @y, and of the postprocessed control iy,

Fi1G. 6.3. Plot of Ip(u — ay); left: p= 1.0, right: p = 0.6.

Table 6.1 shows the computed errors for various meshes differing in the numbers
of degrees of freedom (ndof) and in the grading parameter u. For the piecewise
constant control u;, we see the predicted first order convergence only on the finest mesh
computed with mesh grading. The superlinear convergence is therefore certainly an
indication that we are not yet in the asymptotic range. We see also that mesh grading
leads to a smaller error; the factor is about two. Moreover, the improved convergence
rate for the postprocessed control @y, is evident. On quasi-uniform meshes (u = 1) we
get a rate of about 2\, and on graded meshes (u = 0.6) we obtain convergence with
second order. The error is significantly smaller on fine meshes.

Finally, we display in Figure 6.3 the error @ — 4y, (we actually plot |Ip (@ — @y)|) for
pw=1and p = 0.6. We see that the error near the corner dominates the global error
in the case p = 1, while it is smaller and more equilibrated for p = 0.6.

All solutions were computed with the finite element program of G. Winkler using a
multigrid preconditioned conjugate gradient method for solving the systems of linear
equations. The active sets were identified by a primal-dual active set strategy, see e.g.
[13]. The moderate mesh grading slightly perturbed the mesh hierarchy. However,
the number of iterations grew only by a factor of two compared to uniform meshes.
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