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Monday, October 3
16:00 – 20:00 Registration (Bürglhaus)

Tuesday, October 4
08:30 – 09:15 Registration (Bürglhaus)
09:15 – 09:25 Opening by Ulrich Langer (chair) and Meinhard Lukas (Rector of the JKU)
Session 01: Chair: Ursula van Rienen
09:25 – 10:15 IT 1: Victorita Dolean

Microwave Tomographic Imaging of Cerebrovascular Accidents by Using High-
Performance Computing

10:15 – 10:40 CT 1: Sebastian A. Schuhmacher
Sensitivity of Lumped Parameters to Geometry Changes in Finite Element
Models

10:40 – 11:10 Coffee Break
Session 02: Chair: Jörg Ostrowski
11:10 – 11:35 CT 2: Raffael Casagrande

A Trefftz Method for the time-harmonic Eddy Current Equation
11:35 – 12:00 CT 3: Yun Ouédraogo

Modelling and simulation of electrically controlled droplet dynamics
12:00 – 12:25 CT 4: Jennifer Dutiné

Survey on Semi-Explicit Time Integration of Eddy Current Problems
12:30 – 13:30 Lunch
Session 03: Chair: Michael Guenther
14:00 – 14:25 CT 5: Neil V. Budko

On the spatial variations of the electric network frequency
14:25 – 14:50 CT 6: Wim Schoenmaker

Stability Analysis of Electromagnetic Transient Simulations
14:50 – 15:15 CT 7: Christoph Winkelmann

Electro-Thermal Simulations with Skin-Layers and Contacts
Poster Session 1: Chair: Gerd Bramerdorfer
15:15 – 15:50 PS 1: Posters fast-forward presentation (2 minutes presentations)
15:50 – 16:40 PS 1: Presentation of Posters & Coffee Break
Session 04: Chair: Herbert De Gersem
16:40 – 17:30 IT 2: Joachim Schöberl

Mapped Tent-pitching methods for Maxwell Equations
17:30 – 17:55 CT 8: Scott Bagwell

Finite Elements for the Simulation of Coupled Acousto-Magneto-Mechanical
Systems with Application to MRI Scanner Design

17:55 – 18:20 CT 9: Idoia Cortes Garcia
Structural and Implementational Aspects of Field/Circuit Coupling in A-V and
T-Ω Based Formulations

18:30 – 19:30 Dinner / Get-together
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Wednesday, October 5 - Industrial Day
Session 05: Chair: Wolfgang Amrhein
09:00 – 09:35 IT ID 1: Stefan Reitzinger

Broadband Solution Methods for Maxwell’s Equations in Laplace Domain
09:35 – 10:10 IT ID 2: Lars Kielhorn

A Symmetric FEM-BEM Formulation for Magnetostatics
10:10 – 10:45 IT ID 3: Siegfried Silber

Optimization of mechatronic components with MagOpt
10:45 – 11:15 Coffee Break
Session 06: Chair: Georg Denk
11:15 – 11:50 IT ID 4: Massimiliano Cremonesi

A Lagrangian approach to the simulation of a vacuum arcs in a transverse
magnetic field

11:50 – 12:25 IT ID 5: Ehrenfried Seebacher
Compact Modeling for HV CMOS Technologies

12:30 – 13:30 Lunch
13:30 – 19:00 Excursion
19:00 – 20:00 Dinner

Thursday, October 6
Session 07: Chair: Caren Tischendorf
09:00 – 09:50 IT 3: Peter Benner

Parametric model order reduction for ET simulation in nanoelectronics
09:50 – 10:40 IT 4: Roland Pulch

Global sensitivity analysis for parameter variations in electric circuits
10:40 – 11:10 Coffee Break
Session 08: Chair: Ruth Sabariego
11:10 – 11:35 CT 10: Andrea Böhme

An Atlas Model for Simulating Deep Brain Stimulation in the Rat Model for
Parkinson’s Disease

11:35 – 12:00 CT 11: Giovanni De Luca
Fast and Accurate Time-Domain Simulations of Industrial PLLs

12:00 – 12:25 CT 12: Thorben Casper
Equivalent Netlist Extraction for Electrothermal and Electromagnetic Problems
Discretized by the Finite Integration Technique

12:30 – 13:30 Lunch
Session 09: Chair: Michael Günther
14:00 – 14:50 IT 5: Carlo de Falco

Numerical Modeling of Organic Electronic and Photovoltaic Devices
14:50 – 15:15 CT 13: Andreas Pels

Multirate Partial Differential Equations for Pulsed Excitations
Poster Session 2: Chair: Walter Zulehner
15:15 – 15:50 PS 2: Posters fast-forward presentation (2 minutes presentations)
15:50 – 16:40 PS 2: Presentation of Posters & Coffee Break
Session 10: Chair: Jan ter Maten
16:40 – 17:05 CT 14: Piotr Putek

Robust optimization of a RFIC isolation problem under uncertainties
17:05 – 17:30 CT 15: Kai Gausling

Density Estimation in Cosimulation using Spectral- and Kernel Methods
Session 11: Chair: Gabriela Ciuprina
17:30 – 17:55 CT 16: Rokibul Hasan

POD-based reduced-order model of an eddy-current levitation problem
17:55 – 18:20 CT 17: Christoph Hachtel

Multirate DAE/ODE-Simulation and Model Order Reduction for Coupled Circuit-
Field Systems

19:00 – 22:00 Conference Dinner
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Friday, October 7
Session 12: Chair: Vittorio Romano
09:00 – 09:50 IT 6: Ram Achar

Challenges and Opportunities: Modeling and Simulation for the Emerging High-
Speed Multi-Function Designs

09:50 – 10:15 CT 18: Stefan Takacs
Fast multigrid solvers for isogeometric discretizations

10:15 – 10:40 CT 19: Gerhard Unger
Convergence analysis of a boundary element method for Maxwell’s time-
harmonic interior and exterior eigenvalue problem

10:40 – 10:50 Coffee Break
Session 13: Chair: Wil Schilders
10:50 – 11:40 IT 7: Eric Keiter

Gradient-Enhanced Polynomial Chaos Methods for Circuit Simulation
11:40 – 12:30 IT 8: Hans-Georg Brachtendorf

Coupled Multirate Simulation by the MPDE technique for Radio Frequency Cir-
cuits

12:30 – 12:35 Closing
12:35 – 13:30 Lunch
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Poster Session 1: Applications
P 1: Muhamet Alija

A New Charge Simulation Approach for Dielectric Design of High Voltage Switchgear
P 2: Kai Bittner

Coupled circuit device simulation
P 3: Andreas Blaszczyk

Virtual High Voltage Lab
P 4: Gerd Bramerdorfer

Topology optimization of synchronous reluctance motors for achieving maximum torque
capability

P 5: Gabriela Ciuprina
Compact Reduced Order Multiphysics Models for Electrostatic Actuated MEMS
Switches

P 6: Nhung T.K Dang
Solution of linear systems for electronic circuits with large numbers of parasitics capac-
itances

P 7: Viktoria O. Gaidar
Automatic epilepsy seizure detection using wavelet transform

P 8: Tomas Gotthans
Different DC fusing scenarios of encapsulated bonding wires

P 9: Jonas Pade
Convergence of a Waveform Relaxation Method for Index-2 DAEs of Electromagnetic
Field/Circuit Simulation

P 10: Theresa Roland
Simulation of the EMG for evaluation of capacitive sensors

P 11: Christian Strohm
Holistic Transient Coupled Field and Circuit Simulation

P 12: Duy T. Truong
The cell contractility model and the cell adhesion model: Reducing the complexity and
preparing the coupling to electrical forces

P 13: Ursula van Rienen
Preliminary numerical study on electrical stimulation at alloplastic reconstruction plates
of the mandible

P 14: Wei Wu
Thermal modeling of liquid-filled transformer radiators using network approach
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Poster Session 2: Methods
P 15: Nicodemus Banagaaya

Modified Block-Diagonal Structured Model Order Reduction for Electro-Thermal Prob-
lems in Industrial Electronics Simulations

P 16: E. Jan W. ter Maten
Fitting Generalized Gaussian Distributions for Process Capability Index

P 17: Marco Coco
Heat effects in graphene due to charge transport

P 18: Ana Drandić
Computation of electric field in transformers by boundary element method and fast
multipole method

P 19: Armin Fohler
Adaptive Meshrefinement for Rotating Electrical Machines taking Boundary Approxi-
mation Errors into Account

P 20: Peter Gangl
An Efficient Optimization Tool for the Design of Electric Motors

P 21: Qingzhe Liu
Numerical methods for derivative based global sensitivity measures in high dimensions

P 22: Sangye Lungten
Fill-reducing reordering of saddle-point matrices for block LD−1L> factorization

P 23: Jan Philipp Pade
The dynamical impact of structural perturbations in electrical circuits

P 24: Marta Piñeiro
Numerical Simulation of Magnetization and Demagnetization Processes

P 25: Vittorio Romano
Deterministic and stochastic solutions of the Boltzmann equation for charge transport
in graphene on substrates

P 26: Ruth V. Sabariego
Time-domain reduced-order modelling of linear finite-element eddy-current problems
via RL-ladder circuits

P 27: Markus Schöbinger
Error Estimation for MSFEM for elliptic problems in 2D
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Microwave Tomographic Imaging of Cerebrovascular Accidents by
Using High-Performance Computing
P.-H. Tournier1,2, I. Aliferis3, M. Bonazzoli4, M. de Buhan5, M. Darbas6, V. Dolean4,7, F. Hecht1,2, P. Jolivet8,

I. El Kanfoud3, C. Migliaccio3, F. Nataf1,2, C. Pichot3, and S. Semenov9

1 Laboratoire Jacques-Louis Lions, UMR CNRS 7598, Sorbonne Universités, UPMC, Paris, France
2 INRIA-Paris, EPC Alpines, Paris, France
3 Université Côte d’Azur, CNRS, LEAT, France
4 Université Côte d’Azur, CNRS, LJAD, France
5 MAP5, UMR CNRS 8145, Université Paris-Descartes, Sorbonne Paris Cité, France
6 LAMFA, UMR CNRS 7352, Université de Picardie Jules Verne, Amiens, France
7 Dept of Maths and Stats, University of Strathclyde, Glasgow, UK
8 IRIT, UMR CNRS 5505, Toulouse, France
9 EMTensor GmbH, TechGate, 1220 Vienna, Austria

Summary. The motivation of this work is the detection
of cerebrovascular accidents by microwave tomographic
imaging. This requires the solution of an inverse problem
relying on a minimization algorithm (for example, gradient-
based), where successive iterations consist in repeated solu-
tions of a direct problem. The reconstruction algorithm is
extremely computationally intensive and makes use of ef-
ficient parallel algorithms and high-performance comput-
ing. From the mathematical and numerical point of view,
this means solving Maxwell’s equations in time-harmonic
regime by appropriate domain decomposition methods, which
are naturally adapted to parallel architectures.

Cerebrovascular accidents (CVA) or strokes are caused
by a perturbation in the blood supply of the brain
leading to a quick loss of cerebral functions, that is
very often lethal. There are two categories of CVA:
ischemic (80% cases) resulting from the occlusion of
a cerebral artery and hemorrhagic (20% cases) pro-
voked by a bleeding vessel. From a medical point
of view, the detection and characterization of a CVA
are crucial for patient survival. Moreover, a continu-
ous monitoring requires an image of the brain every
fifteen minutes. Nowadays physicians use two imag-
ing systems of the brain: Magnetic resonance imag-
ing (MRI) and CT (cerebral tomogram) scan. Even
if these techniques are very precise their use is not
well adapted to a prompt medical care. They can be
also harmful in the case of a continuous monitor-
ing with CT scan that measure the absorption of X
rays by the tissues. Our research team, has carried out
its work in collaboration with EMTensor1, an Aus-
trian innovative SME, dedicated to biomedical imag-
ing. For the first time in the world, we have demon-
strated on synthetic data the feasibility of a new imag-
ing technique based on microwave, allowing both the
characterization of the CVA from the very first pa-
tient care in an ambulance and throughout his con-

1 http://emtensor.com/

tinuous monitoring during hospitalization. How does
it work? Electric properties of biological tissues are
a great indicator of their functional and pathological
conditions. Microwaves can image them, on the basis
of differences in their dielectric properties. In such a
system, the patients head is equipped with a helmet
consisting of electromagnetic antennas, that transmit
data to a high-performance computing center which
is sending back images of the brain to doctors at the
hospital where the patient will be treated. This type
of imaging requires a reduced data acquisition phase
with a satisfying spatial resolution and it is less harm-
ing than a mobile phone. These characteristics make
microwave imaging very attractive. From a compu-
tational point of view, this implies the solving of an
inverse problem and subsequently a fast solution of
Maxwell equations. To prove the feasibility of such
a technique, we have developed a high-performance
computing approach which generates brain images in
less than 15 minutes.

Fig. 1. Principle of microwave imaging—courtesy of
EMTensor
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In order to develop a robust and precise methodology
for microwave imaging, a few distinct research fields
must be mastered: optimization, inverse problems, ap-
proximation and solution methods for the simulation
of the direct problem modeled by Maxwell equations.
The precise simulation of a direct problem for a com-
plex and highly heterogeneous medium is a challenge
in itself. A few tools already developed by the re-
searchers of the team were used: the HPDDM2 library
for domain decomposition and its interface with the
FreeFem++3 software (finite elements).
EMTensors experimental system to be simulated con-
sists in an electromagnetic reverberating chamber sur-
rounded by five layers of 32 antennas each, able to
work alternately as an emitter or a receptor. The ob-
ject to be reconstructed is introduced in the chamber.
Alternately, each of the 160 antennas emits a signal at
a fix frequency, typically 1 GHz. The electromagnetic
field is propagated within the chamber and the object
to be imaged regarding its properties. The other 159
antennas record the total field in the form of complex
transmission. The inversion algorithm is reconstruct-
ing a brain image on the basis of these data. A first
step was to successfully compare the measure of data
acquisition made with EMTensors system with those
numerically performed by the resolution of Maxwell
equations on a 3D mesh.

Fig. 2. Measurement chamber (above) and corresponding
mesh (below) for numerical simulation (diameter: 28.5 cm).
Image courtesy of EMTensor.

2 https://github.com/hpddm/hpddm
3 http://www.freefem.org/

For the second step, we have created synthetic data on
a brain model coming from scan sections (362x434x362
voxels) and then simulated a hemorrhagic CVA. At
last, we designed and tested an inversion algorithm for
monitoring the evolution of the CVA, reconstructed
by successive slices. Here, a slice corresponds to one
layer of 32 antennas on the five equipping the exper-
imental system. Thanks to the use of parallelism, the
reconstruction of each layer can be generated inde-
pendently. The inversion algorithm helps reconstruct
an image in less than 2 minutes (94 seconds) using
4096 computing cores. This restitution time, that can
be further refined, already fits the physicians objective
to get an image every fifteen minutes for an efficient
monitoring of the patient.
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Fig. 3. Reconstruction time of an image regarding the num-
ber of computing cores

The medical and industrial challenge of this work is
very important. It is the first time that such a realistic
study demonstrates the feasibility of microwave imag-
ing with a promising potential for the future.

Acknowledgement. This work has been supported in part
by ANR4 through the project MEDIMAX (led by C. Pi-
chot from the University of Nice). Large-scale numerical
simulations have been possible thanks to the technical sup-
port and computing hours on large supercomputers: Curie
(CEA, Bull) and Turing (CNRS, IBM) via GENCI5 (alloca-
tions 2016-067519 and 2016-067730) or PRACE6 calls.

More details can be found in the preprint ”Microwave
Tomographic Imaging of Cerebrovascular Accidents
by Using High-Performance Computing”, P.-H. Tournier,
I. Aliferis, M. Bonazzoli, M. de Buhan, M. Darbas,
V. Dolean, F. Hecht, P. Jolivet, I. El Kanfoud, C.
Migliaccio, F. Nataf, C. Pichot, S. Semenov, http:
//arxiv.org/abs/1607.02573.

4 French National Research Agency
5 http://www.genci.fr/en
6 http://www.prace-ri.eu/
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Mapped Tent-pitching methods for Maxwell Equations
Joachim Schöberl1, Jay Gopalakrishnan2, Christoph Wintersteiger1, and Matthias Hochsteger1

1 Institute for Analysis and Scientific Computing, TU Wien joachim.schoeberl@tuwien.ac.at,
christoph.wintersteiger@tuwien.ac.at, matthias.hochsteger@tuwien.ac.at

2 Maseeh Department of Mathematics + Statistics, Portland State University gjay@pdx.edu

Summary. We present a new numerical method for solv-
ing time dependent Maxwell Equations. It is based on the
tent-pitching algorithm, which is a domain decomposition
method in space-time. Provided that an approximate so-
lution is available at the tent-bottom, the equation can be
locally evolved up to the top of the tent. With mapped
tent-pitching, we present a new, completely explicit ver-
sion of tent-pitching. This leads to an highly parallel al-
gorithm, which utilizes modern computer architectures ex-
tremely well.

1 Tent-pitching space time meshes

We are solving time dependent Maxwell equations
with the usual initial and boundary conditions. The
tent-pitching method is based on a conforming spa-
tial mesh, which can be loaclly refined for resolving
geometric details or singularities. For the initial time
t0, we are given initial conditions for E and H. Now
we errect the first layer of tents by pitching a set of
vertices forward in time, see Firgure 1. The slope of

Fig. 1. First layer of tents

the tents are limited by the speed of light. Thus, the
solution withing one tent only depends on the initial
conditios on the tent bottom. We can now apply some
numerical method to compute an approximate solu-
tion on every tent, independently and parallel on every
tent of this layer. This method propagates the solution
up to the top boundary. Now, we build the next layer
of tents on top of the first one, and solve there, and
so on. In every step, we store the solution field for the
current front manifold. This requires the same amount
of memory as storing the spatial field.

1.1 Mapped tent-pitching (MTP) method

Tent-pitching algorithms from [2, 3] use space-time
discontinuous Galerkin discretizations within one tent-
domain. In [1] we have proposed an alternative lo-
cal solution method named mapped tent-pitching: The
tent is considered as a deformed space-time cylinder,
which allows to pull-back the equation to the cylinder.
Here, we can apply conventional space discretization
and implizit or explizit time-stepping methods. In this

Fig. 2. Mapping from cylinder to tent

work we present new explizit time-stepping methods
which lead to optimal order of convergence.

The methods are implemented in an extension
module to NGSolve-Python. Numerical results on mod-
ern computer architectures are presented.

References

1. J. Gopalakrishnan, J. Schöberl, and C. Wintersteiger.
Mapped tent pitching schemes for hyperbolic systems.
arXiv:1604.01081, 2016.

2. P. Monk and G. R. Richter. A discontinuous Galerkin
method for linear symmetric hyperbolic systems in in-
homogeneous media. J. Sci. Comput., 22/23: 443–477,
2005

3. L. Yin, A. Acharia, N. Sobh, R. B. Haber, and D. A.
Tortorelli. A spacetime discontinuous Galerkin method
for elastodynamics analysis in Discontinuous Galerkin
Methods: Theory, Computation and Applications, B.
Cockburn, G. Karniadakis, and C.W.Shu (eds), 459–464,
2000
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Parametric model order reduction for ET simulation in nanoelectronics
Peter Benner and Lihong Feng

Max Planck Institute for Dynamics of Complex Technical Systems, Sandtorstr. 1, 39106 Magdeburg, Germany
benner@mpi-magdeburg.mpg.de, feng@mpi-magdeburg.mpg.de

Summary. Electro-thermal (ET) simulation is essential in
today’s design of integrated circuits. Numerical simulation
of the ET problems results in very large-scale ET coupled
systems. Especially, when parameter variations are consid-
ered in multi-query tasks, such as optimization, or uncer-
tainty quantification, repeated simulation of large-scale sys-
tems causes unaffordable computational load. We discuss
using parametric model order reduction to construct small-
sized parametric reduced-order models replacing the large-
scale systems in the numerical simulations required in the
given multi-query context. The reliability and automatic
generation of the reduced-order models are guaranteed by
a robust a posteriori error bound recently proposed in [5].

1 Introduction

With the scaling down of integrated circuits, thermal
issues have attracted increasingly more attention and
become a major consideration in design of integrated
circuits. Detailed description of ET problems easily
leads to very large-scale ET coupled systems with di-
mension (degrees of freedom) as high as 106, which
require a significant amount of memory in computer
simulations. Simulation software can often not run
the simulation due to memory limitations or since
they are too time-demanding. Furthermore, parameter
variations have become essential in design of micro-
and nano-electronic (-mechanical) systems as well as
ET coupled problems, since in many analyses such
as optimization and uncertainty quantification, simu-
lation at varying values of the parameters is unavoid-
able. This implicates that simulations have to be re-
peatedly implemented due to parameter variations in
the corresponding multi-query tasks.

Parametric model order reduction (PMOR) com-
putes a reduced-order model (ROM) of much smaller
size, which can replace the large-scale system for
device- and chip-level simulation under parameter
variations, without large-memory requirements and
without loss of accuracy. As a result, simulation using
the ROM can be accomplished much faster than us-
ing the detailed system, which is especially useful for
multi-query tasks. In recent years, numerous model
order reduction (MOR) methods for parametrized sys-
tems have been developed [1]. Among these methods,
only for the reduced basis method, a posteriori error
bounds have been derived systematically [4]. These

enable automatic generation of reliable reduced para-
metric models.

We have recently proposed an a posteriori er-
ror bound [5] in frequency domain for linear non-
parametric and parametric systems. The error bound
is the bound for the difference between the transfer
function of the original system and that of the ROM,
and is applicable to any MOR or PMOR methods
based on approximation/interpolation of the trans-
fer function, including the (multi-)moment-matching
methods [2]. Technically, the error bound provides a
way of automatically generating reliable ROMs com-
puted by the (multi-)moment-matching methods, which
is desired in design automation for integrated circuits.

As an example, we show in the next section au-
tomatic PMOR of a nonlinear coupled parametric
power-MOS device model shown in Figure 2. Under
the guidance of the proposed error estimate, the ROM
can be automatically constructed, and is further used
for accelerating uncertainty quantification of the ET
problem with conductivity variation. To deal with the
coupling of the electrical and the thermal fields, the
error bound is applied to the electrical subsystem and
the thermal subsystem separately, so that projection
matrices (reduced subspaces) for the state vectors of
the two subsystems are separately constructed. Due
to limited space, details of constructing the ROM of
the coupled system will not be presented and can be
found in [3].

2 Automatic PMOR of a ET coupled
power-MOS device model

The power-MOS device model has 6 inputs and 12
outputs. It is an ET system coupling the electrical and
the thermal subsystems. The system is parameterized
by the conductivity σ of the third metal layer and ex-
cited by the inputs:

ui =





0, i = 1,2,
107t, i = 3, t ∈ [0,10−6],
10 i = 3, t > 10−6,
26.85 i = 4,5,6.

The initial condition for all electrical state variables
is 0 V, and for all thermal state variables is 26.85 de-
grees centigrade. The electrical subsystem is a para-
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Fig. 1. A power-MOS device (stretched in the vertical di-
rection)

metric system of 1160 algebraic equations, and the
thermal subsystem consists of 11556 differential al-
gebraic equations. Using the adaptive pMOR algo-
rithm [5] developed based on the error bound, the
electrical subsystem is reduced from order 1160 to or-
der 2, and the thermal subsystem is reduced from or-
der 11556 to order 35. The convergence behavior of
the algorithm is shown in Table 1. At the final iteration
step, the ROM meeting the accuracy requirement εtol ,
is derived. In the mid column are the samples of the
Laplace variable s, and/or the samples of the parame-
ter σ , which are automatically selected by the PMOR
algorithm according to the error bound.

The output of the original model at the output port
7 changing with the parameter and the time, as well
as the corresponding relative error of the ROM are
shown in Figure 2. In Figure 2(b), the relative error is
large at first because the thermal flux is still very close
to zero, O(10−14) (the circuit is hardly heated up)
and the numerical error arising from the discretiza-
tion of the original model results in numerical noise,
which dominates the output of the original model
when the true physical dynamics is small. As Fig-
ure 2(b) shows, the ROM approximates the thermal
flux accurately after the thermal flux dominates the
numerical error (t > 2× 10−7). Therefore, the ROM
not only approximates the true dynamics accurately,
but also is robust to the numerical error present in the
original model due to discretization. Simulating the
ROM shows a speedup factor of 65.93 as compared
with simulating the original model.

The ROM is again used in uncertainty quantifica-
tion (UQ) of the ET problem. The means and stan-

Table 1. Convergence behavior of the pMOR method for the
electrical and the thermal sub-systems, respectively (εtol =
10−4).

Electrical-subsystem

Iteration Selected sample σ Error bound

1 107 7.165399×10−24

Thermal-subsystem

Iteration Selected sample (σ ,s) Error bound

1 (2.736×107,0) 43.73

2 (2.537×107,106) 4.225×10−4

3 (1.694×107,2.632×105) 4.345×10−8
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Fig. 2. The thermal flux and its relative error at the drain.

dard deviations of the thermal fluxes on the drain, on
the source, as well as on the back contact are com-
puted using both the original model and the ROM.
The means computed by the ROM are accurate up to
the 4-th digit, and the errors of the standard deviations
are also acceptable, though the standard deviations are
as small as (10−10). UQ analysis with stochastic col-
location using the ROM has achieved a speedup factor
of 20 as compared with that using the original model.

3 Conclusions

In this work, automatic parametric model order re-
duction for electro-thermal coupled problems is dis-
cussed. An a posteriori error bound is successfully
applied to PMOR of a power-MOS device model. The
efficiency of the ROM is demonstrated by the simula-
tion results and the UQ analysis. With the guidance of
the error bound, the ROM computed with the adaptive
PMOR algorithm can be generated automatically and
reliably.
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Summary. The mathematical modelling of electric circuits
yields dynamical systems, which include physical param-
eters. The parameters often vary in some domain due to
uncertainties. A global sensitivity analysis decomposes the
variations in the output of a circuit and ranks the impor-
tance of parameters. We investigate numerical methods for
the computation of sensitivity indices. Furthermore, we dis-
cuss the determination of sparse expansions into orthogo-
nal basis functions depending on the parameters. Numerical
simulations of circuit models are illustrated.

1 Problem Definition

We consider dynamical systems in form of ordinary
differential equations (ODEs) or differential algebraic
equations (DAEs), which include physical parameters
p = (p1, . . . , pq) ∈ Π . Without loss of generality, the
system is assumed to be single-input-single-output.
For the linear case, the dynamical system reads as

E(p)ẋ(t,p) = A(p)x(t,p)+B(p)u(t)
y(t,p) = C(p)x(t,p)

(1)

with state variables x : I×Π →Rn, an input u : I→R
and an output y : I×Π → R as quantity of interest in
the time interval I := [t0, tend]. The mapping from in-
puts to outputs can be specified by a complex-valued
transfer function H : C×Π → C with

H(s,p) =C(p)(sE(p)−A(p))−1 B(p) (2)

in the frequency domain. For the nonlinear case, the
dynamical system becomes

M(p)ẋ(t,p) = f(x(t,p),p)+B(p)u(t)
y(t,p) = C(p)x(t,p)

(3)

with a nonlinear function f. The input-output relation
cannot be described by a kind of transfer function ex-
cept for special cases.

Now the aim is to determine global sensitivity
measures for the quantity of interest y with respect
to the variations of the parameters p ∈Π . This sensi-
tivity analysis is related to uncertainty quantification,
where the exact position of the parameters is unknown
within the domain Π . In a stochastic modelling, the
parameters are replaced by independent random vari-
ables. We assume uniform probability distributions
on Π , while generalisations to other probability laws
are feasible.

2 Sensitivity analysis

There are both variance based measures and deriva-
tive based measures for a global sensitivity analysis,
see [5]. In the variance based concept, first order in-
dices and total effect indices can be defined by an
ANOVA (analysis of variance) decomposition. We fo-
cus on the determination of total effect sensitivity in-
dices. Let g : Π → R be a nonlinear function depend-
ing on the parameters, for example, g(p) := y(t,p)
for a fixed time t ∈ I with the output of (1),(3) or
g(p) := |H(s,p)|, g(p) := arg H(s,p) for a fixed fre-
quency s ∈ C with the transfer function (2).

Assuming Π = [0,1]q, the total effect sensitivity
indices can be formulated for j = 1, . . . ,q as

ST
j =

1
2D

∫

Π

∫ 1

0

(
g(p)−g(p′)

)2 dp′j dp (4)

with p′ = (p1, . . . , p j−1, p′j, p j+1, . . . , pq) and the total
variance D > 0 of g. It follows that 0 ≤ ST

j ≤ 1 for
each j and ST

1 + · · ·ST
q ≥ 1.

In the linear case (1), the sensitivity analysis is
applied to the transfer function (2) on the imaginary
axis, which allows for conclusions on the quantity of
interest y in the time domain for arbitrary input u,
see [3]. In the nonlinear case (3), the sensitivity com-
putations require the consideration of the quantity of
interest y for each input u separately in the time do-
main. Moreover, we examine and compare numeri-
cal methods for the computation of the sensitivity in-
dices (4).

3 Orthogonal expansions

The quantity of interest from (1) or (3) can be ex-
panded into a series

y(t,p) =
∞

∑
i=1

wi(t)Φi(p) for each t ∈ I (5)

with a complete system of basis functions (Φi)i∈N,
Φi : Π → R. The basis functions are assumed to be
orthogonal with respect to the inner product on the
Hilbert space L2(Π). In the standard case Π = [0,1]q,
the multivariate Legendre polynomials are typically
applied according to the concept of the (generalised)
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polynomial chaos, see [7]. The coefficient functions
wi : I→R are unknown a priori. Likewise, orthogonal
expansions of the transfer function (2) exist in the fre-
quency domain. Truncated orthogonal expansions of
the type (5) can be used to compute approximations
of the sensitivity indices (4), cf. [6].

If the number q of parameters is large, then a huge
number of basis polynomials appears in a truncation
of the expansion (5). Thus we address the determina-
tion of a sparse representation

ỹ(t,p) =
s

∑
i=1

w̃i(t)Ψi(p) for each t ∈ I (6)

with a low number s for an alternative orthogonal ba-
sis {Ψ1, . . . ,Ψs}. Yet the difference between (5) and (6)
should be small in the norm of L2(Π) for all times.
There are several approaches for this task like least
angle regression, compressed sensing and `1-minimi-
sation, see [2]. In [4], a model order reduction (MOR)
of the linear dynamical system (1) is applied to con-
struct an alternative basis for (6), where the transfer
function (2 yields error estimates. Now we investigate
also nonlinear dynamical systems (1) and an associ-
ated MOR for the determination of a sparse represen-
tation (6).

4 Illustrative Example

We apply a mathematical model from [1] for the elec-
tric circuit of a Miller integrator shown in Fig. 1. An
input voltage is supplied and an output voltage drops
at a specific node. Modified nodal analysis yields a
linear system (1) of DAEs with nilpotency index two.
Nevertheless, the system is stable as well as strictly
proper. Four parameters appear in the system: two ca-
pacitances, a conductance and an amplification fac-
tor. We arrange independent uniform distributions for
each parameter, which vary 10% around the means.

+
uin

uout

Fig. 1. Electric circuit of a Miller integrator.

Now the transfer function (2) of the linear dynam-
ical system (1) is analysed. The total effect sensitiv-
ity indices (4) are computed approximately by a trun-
cated polynomial chaos expansion (5). Figure 2 il-
lustrates the sensitivity coefficients for the magnitude
and the phase of the transfer function in a broad fre-
quency window. We recognise that the amplification
factor represents the most important parameter.

(a) magnitude

(b) phase

Fig. 2. Sensitivities indices for magnitude (a) and phase (b)
of the transfer function with respect to amplification fac-
tor (solid line), two capacitances (dashed lines) and con-
ductance (dotted line).
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Summary. The relatively recent discovery of semiconduct-
ing properties of a class of organic materials represented a
breakthrough opening the way to a plethora of highly inno-
vative products. Organic semiconductors can be exploited
in the production of electronic devices because of their
many advantages, such as easy and low cost fabrication,
high transparency, mechanical flexibility, biocompatibility.
While light emitting devices such as Organic Light Emitting
Diodes (OLED) are already on the market, other devices
(such transistors, organic solar cells and photodetectors) are
still subject of intensive research and accurate numerical
simulation tools can be a key enabling tool for new devel-
opments in this direction. In this communication we give
an account of ongoing research in macro- and meso-scale
numerical modeling of electronic devices based on Organic
Semiconductor materials being carried out in collaboration
between the departments of Mathematics and Electronics of
Politecnico di Milano and the Center for Nano Science and
Technology of the Istituto Italiano di Tecnologia. In doing
so we highlight both similarities and remarkable differences
of the models being studied with the case of more conven-
tional semiconductor materials.

1 Macro- and Meso-scale Numerical
Models for Organic Semiconductors

The discovery of semiconducting properties of a class
of organic materials represented a breakthrough open-
ing the way to a plethora of highly innovative prod-
ucts. Organic semiconductors can be exploited in the
production of electronic devices because of their many
advantages, such as easy and low cost fabrication,
high transparency, mechanical flexibility, biocompati-
bility. While light emitting devices[2] such as Organic
Light Emitting Diodes (OLED) are already on the
market, other devices (such transistors, organic solar
cells and photodetectors) are still subject of intensive
research and accurate numerical simulation tools can
be a key enabling tool for new developments in this
direction.

Development of such numerical tools has been
in recent years a topic of an intense dedicated re-
search carried out in collaboration between the de-
partments of Mathematics and Electronics of Politec-
nico di Milano and the Center for Center for Nano
Science and Technology of the Istituto Italiano di Tec-
nologia which has spawned a number of scientific
pubblications [1–7] as well as Bachelor’s, Master’s
and Ph.D. theses [8–12]. In this communication we

present a review of such research effort highlighting
both similirities and specific differences in the model-
ing of Organic Semiconductors with respect to more
conventional semiconductor materials.

Physical phenomena governing charge transport
in organic materials are inherently different from those
occurring in inorganic semiconductors. While the lat-
ter have a relatively ordered crystalline structure within
which carriers move approximately as free particles,
in the former charge transport occurs via a sequence
of thermally activated hops between strongly local-
ized sites.

Due to such differences in physical origin of charge
transport phenomena between organic and inorganic
semiconductors, particle based simulators adopting
Monte Carlo approaches are very different in the two
cases. On the other hand, the continuum mathemat-
ical models which we focus on, are usually based
in both cases on the so called Drift–Diffusion (DD)
equations; there the peculiarities of the new materials
are represented mainly through appropriate constitu-
tive relations for the equation coefficients.

Complex models are available for the mobility co-
efficients, which represent the ability of the carriers to
move in response to an electric field and play a lead-
ing role in the continuity equations, together with the
net recombination/generation rates due to processes
that exchange carriers between the Highest Occupied
Molecular Orbital (HOMO) and the Lowest Unoccu-
pied Molecular Orbital (LUMO), often mediated by
so–called intermediate charge transfer states whose
lifetime and dynamics can be crucial in determiming
the transient behaviour of (opto-)electronic devices.

In this presentation we will discuss the, on the one
hand, the sensitivity of (opto-)electronic device simu-
lation results on the modility and generation/recombination
model parameters and, on the other hand, techniques
based on a combination of experiments and numerical
simulations for the accurate estimation of such model
parameters.
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Summary. The recent trend towards high-speed and
multi-function designs has presented numerous challenges
and opportunities for EDA tools focused on circuit
simulation and modeling. This paper will focus on these
challenges and opportunities with emphasis on
signal/power integrity and also on exploiting the emerging
multicore computational platforms.

1 Introduction

The massive user demand for higher bandwidth and
advanced communication as well as better
information management are necessitating newer
generations of multi-function electronic circuits and
systems that operate with lower-power and sharper
excitations. However, with the rapid increase in
operating frequencies and the desire for low-power
designs, signal/power integrity in VLSI packages,
interconnects and ground/power planes becomes a
critical factor in determining the overall system
performance.

At higher frequencies, electromagnetic interaction on
interconnects can lead to severe signal degradation
(such as crosstalk, delay and distortion). In such a
scenario, distributed models (such as quasi-TEM
models based on lossy, multiconductor transmission
line (MTL) equations) become necessary. Also, to
model current distribution related effects (such as
skin, proximity and edge effects),
frequency-dependent RLCG parameters become
important. In addition, the desire for nanoscale
designs is causing significantly reduced noise
margins due to the variability issues [1]-[4].
Consequently, managing the intricate nature of
modeling and simulation of modern high-frequency
and low-power design environments presents the
following challenges:

a) Mixed frequency/time analysis presents
significant difficulty for traditional time-domain
based simulators due to the frequency-dependent
nature of high-speed models.

b) CPU efficiency during simulation suffers due to
the large sizes of interconnect circuits.

However, these high-frequency issues are not
handled adequately by the current simulators [1]-[4].

In order to handle these issues, robust
interconnect modeling approaches, such as Matrix
Rational Approximation (MRA) [5], Delay
Extraction based Passive Compact Macromodeling
(DEPACT) [6], Waveform Relaxation and Transverse
Partitioning (WR-TP) [7] have been proposed.

Also in recent years, model-order reduction (MOR)
algorithms have been developed to address the
difficulties with interconnect analysis [8], [9]. In
addition, approaches based on macromodeling of the
tabulated data (such as scattering parameters) have
been developed to include high-speed modules as
black-box entities in a simulation environment [10].
These methods primarily involved using the vector
fitting approach [11] to fit the given data and
subsequently applying passivity verification and
correction algorithms (based on first order
perturbation methods) on the synthesized
macromodel [12], [13].

In addition, the traditional analog circuit simulation
algorithms are based on time stepping methods and
are limited to second order integration formula, in
order not to violate the conditions for stability.
Recently, high-order integration methods with
guaranteed stability for fast circuit simulation were
proposed [14], which removed the instability issues
when orders above 2 are taken. Further efficiency
improvements through their structural
characterization and customization to the case of
high-speed interconnects were introduced in [15],
[16].

Also, with the emergence of affordable computers
with large number of cores, if exploited properly,
parallel processing can significantly reduce the
solution time of VLSI systems by simultaneously
solving partitioned blocks on different processors
and combining the results at the intermediate/final
stages. The major challenges here are to construct
efficient partitions, minimizing communication
between cores and merging the results. Parallel
circuit simulation was traditionally approached via
domain decomposition (DD) [17], however, its
performance doesn’t scale well with the increasing
number of processors. Recently, efficient simulation
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methodologies such as, Parallel Circuit Simulation
Algorithm via Binary Link Formulations (PvB) [18],
[19] have been developed.

In this presentation, while outlining the emerging
high-speed design issues and the recent
developments in the field of modeling and simulation
of high-speed interconnects, the challenges and
opportunities for the next generation tools and
methodologies with emphasis on signal and power
integrity will also be described. Particular attention
will be paid on macromodel properties, such as
causality and passivity. Also, challenges for
exploiting the parallel platforms will be discussed.
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Summary. Uncertainty Quantification (UQ) is an impor-
tant topic in electronic design automation (EDA), as para-
metric uncertainties are a significant integrated circuit de-
sign concern. Sampling methods such as Latin Hypercube
Sampling (LHS) are popular but expensive. Polynomial
Chaos Expansion (PCE) methods are often proposed as an
efficient sampling alternative. One PCE variation, regression-
based PCE, is convenient because it doesn’t require spe-
cific quadrature points. However, this comes at the cost of
accuracy. In this paper we explore the idea of enhancing
regression-based PCE methods with gradient information,
provided by a transient direct sensitivity algorithm in the
circuit simulator.

1 Introduction

Sensitivity analysis and uncertainty quantification (UQ)
are important capabilities for circuit simulation. Sen-
sitivity analysis allows one to determine the most im-
portant parameters governing the response of inter-
est, and UQ allows one to understand the probabil-
ity distribution of the response, given the input prob-
ability distributions. In this work, we describe tran-
sient direct sensitivity for circuit simulation, and ex-
plore the use of these sensitivities in PCE. The im-
plementations of the approaches are in two open-
source software frameworks: Xyce [2], a parallel cir-
cuit simulator developed at Sandia National Laborato-
ries; and Dakota [1], an optimization and UQ toolkit
also developed at Sandia. The approaches presented
here are general, but the specific implementations we
use to demonstrate these approaches are in Xyce and
Dakota.

2 Transient Direct Sensitivities

Many UQ techniques can be enhanced if the applica-
tion code is able to produce parameteretric sensitivi-
ties. with respect to an output of interest. For example:

dO
d p

=
∂O
∂x

(
∂F
∂x

)−1 ∂F
∂ p

+
∂O
∂ p

(1)

Where O is the scalar objective function, p is a scalar
parameter, F is the residual equation vector and x

is the solution vector. dF/dx is the Jacobian matrix.
Transient direct sensitivities can be derived starting
with the differential algebcaic equation (DAE) form,
in which the residual F is given by:

F = q̇(x)+ j(x)−b(t) = 0 (2)

In circuit simulation, the q vector contains quantities
such as capacitor charge, the j vector contains mostly
Ohmic currents and the b vector represents indepen-
dent sources. To obtain the direct sensitivity equation,
equation 2 is differentiated with respect to a parame-
ter, p, and then re-arranged to give a linear system to
be solved at each time step after equation 2 has been
solved. For Backward Euler integration the sensitivity
equation is given by:

J
∂x
∂ p n

=−FD+CR (3)

Where J is the original Jacobian given by:

J =

[
1
h

∂q
∂x

+
∂ j
∂x

]
(4)

FD is the “function derivative”, given by:

FD =
1
h

[
∂q
∂ p n
− ∂q

∂ p n−1

]
+

∂ j
∂ p
− ∂b

∂ p
(5)

The vectors j, q and b are the device model contribu-
tions, h is the step size, and n is the step index. The
remaining term, CR, is referred to as the chain-rule
term, given by:

CR =
1
h

[
∂q
∂x

]
∂x
∂ p n−1

(6)

3 Polynomial Chaos Expansion Methods

Stochastic expansion UQ methods approximate the
functional dependence of the simulation response on
uncertain model parameters by expansion in a poly-
nomial basis. A polynomial chaos expansion (PCE)
is based on a multidimensional orthogonal polyno-
mial approximation. The output response is modeled
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as a function of the input random variables using
a carefully chosen set of polynomials. Dakota im-
plements the generalized PCE approach using the
Wiener-Askey scheme [3]. To apply PCE, Dakota per-
forms the following steps: (1) input uncertainties are
transformed to a set of uncorrelated random variables,
(2) a basis such as Hermite polynomials is selected,
and (3) the parameters of the functional approxima-
tion are determined. The general polynomial chaos
expansion for a response g has the form

g(x)≈
P

∑
j=0

α jΨj(x) (7)

where each multivariate basis polynomial Ψj(x) in-
volves products of univariate polynomials that are tai-
lored to the individual random variables. Regression-
based PCE involves the solution of the linear system:

Ψα = R (8)

for a set of PCE coefficients α that best reproduce a
set of response values R. Additional regression equa-
tions can be obtained through the use of derivative in-
formation from each collocation point:

dg(x)
dx

=
P

∑
j=0

α j
dΨj(x)

dx
(9)

Various methods can be employed to solve (8). Tra-
ditionally, the most frequently used method has been
least squares regression, but compressed sensing meth-
ods have been used when Ψ is under-determined.

4 Results

In this section, we demonstrate gradient-enhanced PCE
methods for a CMOS inverter chain given in figure 1.
The PMOS and NMOS oxide thicknesses are the un-
certain parameters, modeled as normal uncertainties
centered around a nominal value with a standard devi-
ation equal to 10% of nominal. A generalized Elmore

−
Vin

+

Vdd Vdd Vdd Vdd Vdd

Vout

Fig. 1. CMOS inverter chain circuit with five inverters.

delay was used as the objective function, given by:

O = Elmore Delay=

∫ T
0 g′A(t) · t ·dt
∫ T

0 g′A(t)dt
(10)

and represents the approximate time for the signal rise
or fall. Note that gA(t) =Vout .

Fig. 2. Cumulative Distribution Function of Elmore Delay
using Various UQ Approaches

We performed UQ on the inverter chain with sev-
eral methods, including LHS with 100 and 1000 sam-
ples, PCE with full tensor product quadrature of or-
der 5, and two types of regression-based PCE. The
regression-based PCE only used 10 samples. The use
of sensitivities in UQ is highlighted in figure 2. Com-
puted cumulative distribution functions (CDFs), giv-
ing the probability that the Elmore delay is less than
a particular value, are almost the same for an 1000-
sample LHS and all the PCE methods, suggesting that
a PCE using sensitivities for only 10 samples is com-
parably accurate to LHS.
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Summary. In Radio Frequency (RF) circuits one observes
on the one hand slowly varying baseband signals and on the
other modulated or bandpass signals. The spectra of band-
pass signals are centered around a carrier frequency, typi-
cally in the GHz range. The baseband are the envelopes of
bandpass signals.

Communication engineers are mainly interested in dis-
tortions of the baseband signals during transmission. There-
fore the method of the Equivalent Complex Baseband (ECB)
was developed, which splits the envelope from the carrier
waveform. This method circumvents the bottleneck caused
by the sampling theorem, what speeds up the run-time sig-
nificantly.

This technique is however not applicable for nonlinear
circuits. Circuits are described by the Modified Nodal Anal-
ysis (MNA) and device constitutive equations, resulting in
often huge systems of generally nonlinear ordinary differen-
tial algebraic equations (DAEs). Standard DAE solvers em-
ploying Backward Differentiation Formulas (BDF) are pro-
hibitively slow since the time-steps for numerical integra-
tion must be much smaller than the reciprocal of the highest
relevant frequency. The Multirate PDE (MPDE) reformu-
lates the system of ordinary DAEs as a system of partial
differential equations (PDEs) with mixed boundary/initial
value conditions. The baseband and bandpass signals have
then appropriate time-steps, circumventing the restriction of
the sampling theorem. The solution of the ordinary DAE is
obtained along a characteristic curve of the PDE.

The boundary/initial value problem can be solved by
standard techniques such as the well known Harmonic Bal-
ance (HB) method based on trigonometric basis functions,
multistep integration formulas (e.g. BDF methods) etc. On
the one hand, trigonometric basis functions are not com-
pact and do not permit local refinements. BDF methods ex-
hibit, on the other hand, a numerical consumption of energy,
leading to erroneous results, e.g., for oscillator circuits. In
recent research projects spline/wavelet methods with adap-
tive grids have been developed as an alternative. Due to
their compactness B-splines lead to highly sparse systems,
making the solution run-time efficient. Moreover Gibb’s
phenomenon is avoided. Trigonometric B-splines moreover
avoid the numerical damping.

In RF circuitry the lumped model assumption is often
not valid anymore. Moreover critical devices are to be opti-
mized w.r.t. geometry and even - in the case of semiconduc-
tors - doping profile. Therefore, in a current research project

the in-house circuit simulator is coupled with a commer-
cial EM field/device simulator. Critical RF devices are sim-
ulated in full 3D, whereas for the remaining circuit lumped
device models are employed.

Acknowledgement. This work has been partly supported by
the fp7 research project nanoCOPS under grant 619166 and
the Austrian FWF under grant P22549.
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Summary. The robust, efficient and accurate solution of
Maxwell’s equations in Laplace domain is of great interest
for industrial applications. First of all a robust formulation
is proposed which is mandatory for an efficient numerical
treatment of Maxwell’s equations, in the context of varia-
tional formulation and finite element discretization. We will
discuss the driven- and nonlinear eigenvalue-problem and
give appropriate error estimates for the quantities of inter-
est.

1 Problem Formulation

In the following Maxwell’s equations in Laplace do-
main (with Laplace variable s ∈ C) are considered in
a sufficiently smooth and bounded domain Ω ⊂ R3,
i.e.,

sµ(s)H+∇×E = 0
sε(s)E−∇×H = Je−σE

div ε(s)E = ρ
div µ(s)H = 0

and suitable boundary conditions on ∂Ω . E, H are the
electric and magnetic fields, respectively. Je the im-
pressed current, ρ the impressed charge density. The
permeabiltiy µ(s), the permittivity ε(s) and the con-
ductivity σ are assumed to be scalar valued functions.

The above system of equations can be reduced to
the so called E-field formulation, where we addition-
ally assume Je = 0 and ρ = 0 for simplicity. By ap-
plying the variational formulation in H0(curl,Ω) and
appropriate finite elements (see e.g. [1]) the system
can be written as

T (s)E(s) = 2sF(s) (1)

with

T (s) = ∑
k

αk(s)Tk + sB(s)B(s)T (2)

B(s) = ∑
k

βk(s)Bk = F(s) . (3)

The material functions are represented by αk(s) :C→
C, e.g., 1/µ(s), Tk ∈ RN×N the system matrices from

the finite element discretization, Bk ∈ RN×p the sys-
tem matrices for given tangential boundary fields (for
details see e.g. [2]). In order to setup the source on
waveguide ports a generalized eigenvalue problem
has to be solved in Laplace domain a priori (see e.g.
[3]).

1.1 Stable Formulation

It is known that the E-based formulation is not stable
as s→ 0, i.e., the condition number of the discretized
systems tends to infinity and consequently it is not
solveable in a robust way. Therefore the formulation
has to be reexpressed since many applications require
a broadband solution including s = 0. In [4] a low fre-
quency stable formulation was presented which relies
on the splitting of H0(curl,Ω), i.e.,

H0(curl) =U⊕V ⊕W

with, e.g.,

Y = {w ∈ H0(curl) : ∇×w = 0}
U = {u ∈ Y : u = 0 in Ωc}
V = {v ∈ H0(curl) : 〈v,y〉= 0∀y ∈ Y}
W = {w ∈ Y : 〈w,u〉= 0∀u ∈U}

where U, V, W are closed subspaces, Ωc ⊂ Ω with
σ > 0, and Y = ∇H1

0 (Ω) can be considered. With
these prerequisits the electric field is splitted into

E = sEV + s1/2EW +EU

which is equivalent to the standard E-field formula-
tion, but has bounded condition number for s→ 0 on
the discretized system. It is worth noting that

H =− 1
sµ(s)

∇×E =− 1
µ(s)

∇×EV

is evaluated in a robust way if |µ(s)|> 0 for s ∈ C.

2 Driven Problem

For the driven problem it suffices to consider s =
jω , with ω ∈ [0,ωmax] the angular frequency and
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ωmax < ∞. Therefore it is important to use a ro-
bust, efficient and accurate broadband solution pro-
cess, which is achieved by a reduced order model
(ROM) method, see e.g., [5]. A ROM method can
be applied since (2) and (3) have an affine splitting,
which facilitate efficiency for a ROM method. As-
sume m ≥ 1 solution snap shots for different ω are
performed and collected in the matrix V ∈ CN×pm

with V HV = I, then the reduced system reads as

T̃ (s)Ẽ(s) = 2sF̃(s) (4)

with

T̃ (s) = ∑
k

αk(s)V T TkV + sB̃(s)B̃(s)T

B̃(s) = ∑
k

βk(s)V T Bk = F̃(s)

Ê(s) = V Ẽ(s)

Consequently Ê(s) can be evaluated very efficiently
on the reduced system (4). An error estimation for
Ê(s) is given by

||E(s)− Ê(s)|| ≤ 1
γ(s)
||R(s)||?

with γ(s) the inf-sup constant of T (s), || · ||? the dual
norm and residual

R(s) = F(s)−T (s)Ê(s) ,

see e.g., [6]. A typical quantity of intereset is the S-
parameter which is defined via

S(s) = B(s)T E(s)− I .

The approximated S-parameter S̃(s) is calculated ac-
cordingly with Ê(s). Thus error estimations can be
written down with the help of the adjoint problem re-
sulting in

||S(s)− S̃(s)|| ≤ 1
γ(s)
||R(s)||2?.

3 Nonlinear Eigenvalue Problem

If the source of (1) is zero, i.e., F(s) = 0, a nonlin-
ear eigenvalue problem is defined. For further discus-
sion we assume T (s) : Φ ⊂ C→ CN×N a holomor-
phic matrix valued function, which put some addi-
tional restrictions on the material functions and λ ∈Φ
denotes an eigenvalue with corresponding eigenvec-
tor E ∈ CN . For the Maxwell eigenvalue problem it
is well known that there exist a huge eigenspace at
λ = 0. Due to a dedicated low frequency stable formu-
lation (see subsection 1.1) this can be circumvented
very elegantly.

For the solution of the nonlinear eigenvalue prob-
lem the contour integral method of W. Beyn [7] is

used a building block. The advantage of this method is
that all eigenvalues are found in a predefined bounded
area Φ ⊂ C with ∂Φ = Γ . However, the numerical
effort for large systems is very high because of the
equidistant sampling along Γ (due to the trapezoidal
rule), i.e., the contour integral method requires the
solution E(s) along a closed path Γ for some given
source of (2). The ROM method is applied and the so-
lution Ê(s) along Γ can be used to form the required
integrals. Since the integrant is approximated by the
ROM method some error estimations are required. It
can be shown that the exact eigenvalue λk differs with
respect to a calculated eigenvalue λ̃k by

maxk |λk− λ̃k| ≤
√(∫

Γ

|s|
γ(s)
||R(s)||?ds

)2

+ c(Γ ,M)2

with c(Γ ,M) a function of the integration path and M
the number of integration points used on the reduced
system.

4 Outlook

We will show numerical studies for the driven and the
eigenvalue problem from industrial applications, es-
pecially from the external Q-factor calculation, which
show the numerical robustness and efficiency of the
proposed methods.
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Summary. Electrical machines commonly consist of mov-
ing and stationary parts. The electromagnetic simulation of
such devices is a challenging task since the changing ge-
ometry needs to be incorporated into the numerical scheme.
Contrary to Finite Element Methods, FEM-BEM coupling
schemes inherently allow for the treatment of moving parts
since they don’t rely on an artificial discretization of the un-
bounded air region. While the numerics are certainly more
involved, the reward is obvious: The modeling costs de-
crease and the application engineer is issued with a versatile
and accurate simulation tool.

1 Magnetostatic FEM-BEM coupling

We recall the FEM-BEM coupling scheme as it has
been proposed in [2]. With 〈u,w〉M :=

∫
M u ·wdM the

variational formulation for magnetostatics reads: Find
A ∈ H(curl,Ω−) such that

〈µ−1 curlA,curlA′〉Ω− −〈γ−N A,γ−D A′〉Γ = 〈j,A′〉Ω−
(1)

for all test-functions A′ ∈ H(curl,Ω−). Above, A is
the non-gauged vector potential and µ is the – pos-
sibly non-linear – magnetic permeability. The right
hand side is given by a solenoidal excitation current
j. Here, we identify Ω− with the interior domain
and Γ := ∂Ω− with its boundary. The FEM-BEM
coupling is then performed via appropriate transmis-
sion conditions. They connect the interior Dirichlet-
and Neumann-traces γ−D A and γ−N A with their exte-
rior counterparts. The exterior traces fulfill the set of
(weak) boundary integral equations

〈γ+D A,ζ 〉Γ = 〈B(γ+D A),ζ 〉Γ −〈V(γ+N A),ζ 〉Γ
〈γ+N A,w〉Γ = 〈N(γ+D A),w〉Γ −〈B∗(γ+N A),w〉Γ

(2)

for ζ ∈ H(divΓ,0) and w ∈ H(curlΓ,Γ ). Here, w is
an element of the trace space of H(curl,Ω−) while ζ
is taken from the space of vector fields with vanish-
ing surface divergence. In (2), V denotes the Maxwell
single layer potential, N is the hypersingular operator,
and B, B∗ are the Maxwell double layer potential and
its adjoint, respectively. A conforming discretization
of (1) and (2) with Nédélec elements yields the linear
system

[
A+R>NR R>B>

BR −V

]
·
[

afem
abem

]
=

[
f (j)
0

]
. (3)

A, N, B, and V are matrix representations of the for-
merly introduced FEM- and BEM-operators. R is a re-
striction matrix that extracts the boundary degrees of
freedom (dofs). Fast Boundary Element Methods are
used in order to compress the originally dense BEM
matrices. If multiply connected domains are consid-
ered, the linear system (3) is augmented by properly
chosen surface stream functions [3].

2 Iterative Solver

The linear system (3) is symmetric but not positive
definite. We therefore apply a MINRES solver to
the preconditioned system. The block preconditioner
is given by P−1 = diag(P−1

AMS,P
−1
V ) where P−1

AMS is
an AMG/AMS preconditioner [1]. The BEM precon-
ditioner P−1

V is based on operator preconditioning
techniques [5]. Subspace correction methods are used
when higher order schemes are applied [6].

3 Examples

3.1 Magnetized Sphere

First, the FEM-BEM scheme is verified by means of
a unit sphere Ω := {x : |x| < 1} that features a mag-
netization M = 1ez. In Fig. 2 the results for the FEM-
BEM coupling are compared against FEM computa-
tions and against the analytic solution [4]. The FEM
computations are done for various fictitious air re-
gions Ω̂R := Ω ∪{x : 1≤ |x|< R}.

(a) FEM only (b) FEM-BEM

Fig. 1: Comparison between FEM and FEM-BEM

Due to the artificial boundary conditions on ∂Ω̂R
(see Fig. 1) the FEM computations cannot converge
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towards the exact solution. Contrary, the FEM-BEM
scheme reveals accurate results already for the coars-
est grid.

102 103 104 105 106 107

1.32

1.34

1.36

1.38

No. of degrees of freedom (FEM)

µ
−

1
0
‖B
‖ 2
,Ω

analytical

FEM (Ω̂3)

FEM (Ω̂4)

FEM (Ω̂5)

FEM-BEM (Ω )

Fig. 2: Verifying the FEM-BEM scheme

3.2 Circular current loop with magnetic core

The efficiency of the preconditioner is investigated for
a circular current loop that surrounds a magnetic core
(Fig. 3). The model is discretized with three different
grids (Tab. 1a).

Fig. 3: Magnetic flux B and excitation current j.

In Tab. 1b the iteration numbers are given for the
three refinement levels Li as well as for varying per-
meabilities µr. The relative solver tolerance has been
fixed at εr = 10−8. Obviously, the preconditioner is
quite efficient since it reveals only a slight dependence
on the mesh size and on material jumps.

Li Mesh size NFEM NBEM

1 0.60 5402 706
2 0.39 27251 2872
3 0.19 166748 12049

(a) 3 different grids

µr L1 L2 L3

100 47 51 63
102 78 88 117
105 84 92 119

(b) Iteration numbers

Table 1: Performance of the preconditioner

3.3 Periodicities

For industrial applications it is important to deal with
models that feature geometrical periodicities. Fig. 4
shows a simple motor model that exploits periodici-
ties. Only a sixth of the model has been discretized.

Fig. 4: B-field. 1.5 ·106/1.4 ·104 dofs (FEM/BEM)

3.4 Magnetic valve with moving armature

Finally, Fig. 5 shows a magnetic valve that consists
of approximately 9 · 105 tetrahedral elements. At its
bottom the valve features a moving armature. The ex-
citation is given by a circular current j.

(a) Position I (b) Position II

Fig. 5: B-field. 2.4 ·106/1.05 ·105 dofs (FEM/BEM)
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Summary. Optimizing mechatronic components is of in-
creasing importance, e.g. to minimize energy consumption
and the use of rare and critical materials. To address this is-
sue, the dedicated simulation and optimization tool MagOpt
has been developed. MagOpt is a modular tool with a flex-
ible structure for the management and storage of complex
simulation data. It features an open and modular interface
to existing third party programs like CAD systems, finite el-
ement programs and other simulation software. Parametric
design optimization can be carried out using various differ-
ent optimization strategies like gradient-based methods or
multi-objective evolutionary or genetic algorithms.

1 Introduction

Designing mechatronic components typically requires
experience in different engineering disciplines. In-
creased requirements in terms of functionality and
“smartness” result in higher complexity of such com-
ponents. For the design process this means that the
number of design parameters is continuously increas-
ing. Consequently, optimization by manually tuning
the design parameters is hardly feasible anymore.

Model-based simulation and optimization requires
the physics of the considered system to be repre-
sented by mathematical models with sufficient ac-
curacy. Such models typically incorporate different
physical domains with diverse complexity ranging
from simple analytical models to complex finite el-
ement models. Solving such a complex finite element
model may require considerable simulation time es-
pecially if numerous simulations have to be carried
out as in the case of genetic optimization.

For a systematic simulation and optimization ap-
proach the software tool MagOpt (short for Magnetic
Optimization) has been developed. Although MagOpt
was originally designed for magnetic problems it turned
out that, due to the very general structure it can also
be applied for analyses performed in different physi-
cal domains and thus for different mechatronic com-
ponents. For instance electromagnetic actuators, mo-
tors, magnetic bearing systems, hydraulic actuators
and many more can be evaluated using MagOpt.

2 Simulation tool MagOpt

Optimization with MagOpt [3, 6] relies on various
evolutionary algorithms, which share the character-
istic property that a large number of simulations is
required to find optima in multidimensional, multi-
objective optimization problems. A tree-like, hierar-
chic structure is used to represent the components
of the system to be optimized and to define the de-
sign parameters as well as the target functions. During
the setup of the model, the dependencies among the
various components need to be specified in MagOpt.
When varying the design parameters in the actual op-
timization, MagOpt is aware of the dependencies and
only those simulation models and functions affected
by a variation are recomputed.

The tree-structure of MagOpt employs the follow-
ing elements: A Project serves as root element
when specifying a MagOpt project. Each Project
may contain Containers, Fields, Formulas
and Functions as elements.

Containers are node elements for branches
that are used for structuring and encapsulating data
and functionality. Fields are elements for data stor-
age offering various data types for numerical val-
ues, matrices and signals, for instance. Simple alge-
braic equations are realized by Formulas, which
may take Fields as input arguments. The central
elements in MagOpt are Functions, which repre-
sent the interface to both internal and external simula-
tion and computation modules. Functions are im-
plemented in Java or script languages like JavaScript,
Python, Lua or MATLAB. The interface between sim-
ulation modules and internal variables of MagOpt
is realized by input and output lists of parameters.
Functions can execute external simulation tools
in the optimization process. The external tools typ-
ically used in the simulation range from 3D CAD
systems to Finite Element Analysis (FEA) software.
After an external tool has finished computation, the
corresponding output parameters are returned to the
MagOpt project and the data is available for further
processing. For a number of frequently used mecha-
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tronic components, particularly in the context of elec-
tric drives, MagOpt offers templates in the form of
Components, which already contain the Fields,
Formulas and also Functions required for set-
ting up the simulation model.

In MagOpt, well known and widely applied ge-
netic algorithms for multi-objective optimization are
implemented. Additionally, we also implemented im-
proved algorithms in terms of simulation speed. Espe-
cially for FEA problems, an advanced algorithm was
developed that improves convergence of the Pareto-
front significantly [8].

3 Examples

In the last few years various mechatronic components
have been optimized with MagOpt. For instance, the
design of magnetic bearings and the motor of a highly
reliable magnetically levitated fan were optimized with
MagOpt [4]. The cross section of this fan is shown in
Figure 1.
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Motor coils

Axial stop

Sensor coil

AMB coil

Lower PMB

4
8

m
m

72 mm

AMB iron

Upper meas. plane

Lower meas. plane

Damping elements in the
four corners (not shown)

Motor magnets

AMB magnet

Fig. 1. Cross section of the magnetically levitated fan opti-
mized with MagOpt.

Also the efficiency of industrial motors was in-
creased whereas simultaneously the amount of rare
earth magnets could be significantly reduced [1, 7].
MagOpt was also used for hardware in the loop opti-
mization for a fast switching hydraulic valve. In that
case the control parameters and the current waveform
were optimized by controlling the system. Simulation
of a passive permanent magnetic bearing and opti-
mization of its stiffness further demonstrate the ver-
satility of MagOpt [5].

Comparison of different embodiments of mecha-
tronic components by their Pareto-fronts is also sup-
ported by MagOpt and was done in [2] for fast switch-
ing valves.
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Summary. To improve the performance of vacuum inter-
rupters, the numerical simulation of vacuum arc can be very
effective. Standard computational fluid dynamics methods
based on the Eulerian approach were found to have difficul-
ties in dealing with this kind of problems. So that a new
technique, based on a Lagrangian approach, is here pro-
posed. A simplified arc model in a simple geometry is here
used to investigate the capability of a Lagriangian approach
to vacuum arc simulations. Comparisons with commercial
software are also provided to validate the new methodology.

1 Introduction

Vacuum interrupters are electrical protection devices,
that are used extensively in the medium voltage range
up to 36kV in order to both switch nominal currents
of a few kA and interrupt fault currents up to 63kA.
They rely on the insulation properties of the vacuum
in the gap between the two electrodes for their high
voltage withstand capability. When interrupting cur-
rents, a vacuum arc is formed for a time of up to a
half-wave. A vacuum arc is a metal vapor arc formed
by the metal material evaporated by the two electrodes
and heated to a high temperature plasma by the ohmic
heating of the current. A vacuum arc shows some dif-
ferent appearances depending on current and gap dis-
tance [1]. At the relevant conditions the arc is in a
constricted mode, which means that is does not cover
the full cathode or anode and is in a high density and
pressure state. The energy given to the cathode and
anode through the exchange of electrons and ions heat
them up to such high temperatures that the arc roots
are able to provide new metal vapor for the arc to sus-
tain itself. Interruption of large enough currents can
only occur at a natural current zero crossing. At this
moment the current is low, energy input is small and
the gap can be cleared of the plasma and metal vapor.
But this can occur only, if the metal vapor density and
from this the surface temperature is below a critical
level.

To achieve this some arc control is needed. Two
main arc control principles have evolved, that try
to spread the heating through the arc over a larger
area and therefore reducing the temperature and from

this the vapor evaporation at current zero. ABB uses
predominantly so-called ”transverse magnetic field”
principle. In this approach electrode shapes are used,
which generates a magnetic field, which is predom-
inantly transverse to the gap direction and therefore
the arc. The effect of the magnetic field is to gener-
ate a Lorentz force, that tries to move the arc into one
direction. The main mechanism of the TMF arc con-
trol is to move the arc by this with a high velocity over
the surface of the electrodes, spreading the heat power
over a larger area.

In order to improve the performance of such vac-
uum interrupters it is therefore fundamental to under-
stand the motion of the vacuum arc. Experimental in-
vestigations are difficult due to the extreme conditions
and the fast motion of the arc. Instead one would like
to resort to simulations. A detailed arc model was de-
veloped in [2–5] and it was demonstrated that this
model is able in principle to simulate the movement
of an arc. In order to be useful for the development of
new geometries, the simulations needs to be fast and
reliable enough. This was found to be difficult for two
reasons: there are strong gradients at the edge of the
vacuum arc, where the pressures of several bars de-
crease to values well below 1mbar in a short distance.
As the temperature does not change strongly, the den-
sity follows a similar steep decrease. Standard compu-
tational fluid dynamics approaches based on the Eule-
rian approach were found to have difficulties in deal-
ing with this is the ratio is too large. In addition, the
arc does typically fill only a small part of the simu-
lation domain. This means, that most of the mesh are
spent on cells having vacuum conditions. Whereas an
adaptive mesh is one possible option to cope with this,
we want to explore an approach, which automatically
generates a fine mesh in the arc region. The Lagri-
angian approach has the possibility to define a mesh
only in those regions, where a fluid is present. It was
therefore seen as an interesting starting point.

2 Minimal arc model

In order to investigate the capability of a Lagriangian
approach to vacuum arc simulations, we are defining
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here a ”minimal arc model”. The full model is de-
scribed in [2–5] and should be the ultimate aim of
the simulation; but a simplified model can be of help
to demonstrate the capabilities of the approach. We
therefore give here a simplified model. It is the aim of
it to be already very close to the real vaccum arc, that
is, to capture with it realistic values as well as possi-
ble dependencies of parameters of the fluid. Still the
equations should be in a form that they can be easily
implemented. We have also defined a simplified 2D
test geometry, which should mimic the real one.

A plasma simulation requires as input thermody-
namic and transport properties and in addition suit-
able boundary condictions. All boundaries are defined
to be outflowing apart from the region that defines the
arc roots. Here the evaporation is written in the form
of a Hertz-Knudsen evaporation model with the mass
flux given by

mCu√
2πmCukT s

(p∗− p)

as well as the momentum flux

1
2
(p+ p∗)

and the energy flux

2kTs√
2πmCukT s

(p∗− p)

where mCu is the mass of an indivudal copper atom
and Ts = 4000K and p∗= 8.5×105Pa the surface tem-
perature and the vapor pressure chosen in such a way
to be realistic. The current density was assumed to be
homogenous over the arc root and to reproduce the
current density of a realistic arc.

Fig. 1. Contour plot of the pressure.

3 Numerical results

The proposed numerical technique has been tested
against a simplified arc problem. Figure 1 shows the
contour plot of the obtaibed pressure field. A valida-
tion with a commerical software has also been done.
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Summary. Power management and sensor driver integrated
circuits need technologies with high breakdown voltage
(BVdss) and low on-resistance (Rdson) [3]. HV CMOS
technologies include low voltage parts for digital and analog
circuits and additionally HV transistor modules. This com-
plicated technology gives many possibilities for enhanced
integrated circuits and products but is very challenging for
simulation tools and the corresponding compact models. In
this paper, we will discuss the main challenges in compact
modeling for HV CMOS technologies including LV/HV
CMOS transistor modeling [2,4], modeling of process vari-
ability [6], parasitic effects and substrate coupling [1, 5].

1 Introduction

In many new applications like communication and
automotive electronics, the usage of integrated high
voltage MOS transistors (LDMOS and DMOS) re-
quires highly accurate compact models. Compact mod-
els are defined as models for circuit elements, which
are sufficiently simple to be incorporated in circuit
simulators (SPICE) and are sufficiently accurate to
make the outcome useful to circuit design. This ar-
ticle will inform about state of the art of HV tran-
sistor compact models and new developments like
BSIM3/4, sub circuit modeling and the HV FET stan-
dard model HiSIM HV. The requirement of a cir-
cuit design should define the needed accuracy of the
used compact model, which directly defines the used
model, efforts in parameter extraction, test structures
and measurement, and the resulting costs for the pro-
cess design kit (PDK). After a short look in the LD-
MOS transistor physics an overview of the main HV
transistor compact models will be presented. We will
discuss parasitic effects of HV transistors like para-
sitic diodes or bipolar transistor modeling in detail. In
this paper, we will also discuss new developments for
substrate coupling simulation and modeling based on
the results of the EU FP7 project AUTOMICS. The
design of integrated HV circuits is challenged by the
activation of substrate parasitic BJTs, which can af-
fect the whole circuit functionality. The new devel-
oped substrate current simulation environment gives
excellent simulation results proven with silicon based
test structures.
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Summary. The functional behavior of an electronic device
is represented by an idealized circuit. Undesired parasitic
interactions, such as electromagnetic compatibility (EMC)
problems, are modeled by additional lumped elements in the
circuit. Device design parameters, e.g. partial inductances,
must be optimized to improve EMC. This paper presents a
sensitivity analysis which relates circuit to 3D model pa-
rameter changes.

1 Introduction

The increasing integration density in modern elec-
tromechanical systems requires considering EMC is-
sues at an early design stage in order to avoid costly
changes later on. Historically, the electronic behav-
ior of the system is modeled using a purely functional
electronic circuit. Due to undesired parasitic effects,
the physical realization usually behaves differently
than the idealized model.

In [1] a method was proposed that automates the
extraction of lumped elements between a given set
of terminals from a 3D CAD model into a network
model. This is comparable to the more common Model
Order Reduction (MOR) [3] and Partial Element Equiv-
alent Circuit (PEEC) [4] methods. To retain inter-
pretability, the reduced model still embeds the func-
tional aspects of the circuit and merely adds addi-
tional lumped elements accounting for parasitics. This
enables engineers to use their intuition in designing
mitigation strategies.

Once the parasitics are known, the question arises
how to adapt the 3D model to improve the EMC. This
is accomplished by calculating the 3D design changes
related to parameters of the equivalent circuit. The
sensitivity analysis for a comparably large number of
model parameters is enabled by an adjoint technique.
In this paper, we establish a connection between the
method described in [1] and adjoint sensitivity maps.
We show explicitly how those maps can be generated
for the constituents of an equivalent electric circuit.

2 Equivalent Electric Circuits

Starting from the 3D CAD model with suitably de-
fined terminals, the following sections will establish
the connection to the lumped element parameters (ca-
pacitances, ohmic losses and partial inductances).

2.1 Static Capacitances

To explain the method we consider the capacitance of
a two terminal system, e.g. a system comprised of two
galvanically separated metallic bodies. The electro-
static problem is governed by the Laplace equation:

∇ · (ε∇φ) = 0 (1)

where φ is the electric scalar potential and ε is the per-
mittivity. This equation can be approximately solved
for the scalar potential φ using the Finite Element
Method (FEM). With A denoting the FE-matrix and b
containing boundary conditions, the discretized form
reads:

Ax = b (2)

For a known solution x, the electric field energy is:

W3D =
1
2

xT Ax (3)

The energy of the capacitance C12 is given by:

WEEC =
1
2

C12 (φ2 −φ1)
2 (4)

with φ1 and φ2 denoting the imprinted potential of the
respective conducting bodies. Thus the equivalent ca-
pacitance can be computed using:

C12 =
xT Ax

(φ2 −φ1)
2 (5)

Generalizing this approach to a multi terminal system
is straight forward.
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2.2 Ohmic Losses and Partial Inductances

The governing equation for the computation of ohmic
losses is again the Laplace equation:

∇ · (σ∇φ) = 0 (6)

In this case the electric permittivity ε is replaced by
the conductivity σ . Using the above approach, the re-
sistance between terminals can be easily extracted.

The connection between the 3D model and the in-
ductive equivalent electric circuit elements is made
using the admittance matrix Y. The calculation of the
scalar potential φ using a modified formulation of the
Darwin model with appropriate current sources is de-
scribed in [1].

3 Adjoint Sensitivity Method

Using the example of the plate capacitor, we show
how the Adjoint Sensitivity Method (ASM) can be
used to map geometric or material parameter changes
to modified lumped element circuit parameters. So
the question to be asked is, how do 3D model pa-
rameter variations change the capacitance. Mathemat-
ically, the change is described as:

∂pC = (∂xC)T ·∂px (7)

where x is the vector of degrees of freedom from
Eq. (2), representing the potential field, and p a ge-
ometry or material parameter of the 3D model.

Using (5), the expression for ∂xC is:

∂xC =
2

(φ1 −φ2)
2 Ax (8)

The expression ∂px can be derived from (2):

∂px = A−1 (∂pb− (∂pA)x) (9)

However, every evaluation, with respect to a 3D
model parameter, requires an individual solution of
the above equation, which can be quite costly. A more
suitable approach is the ASM. The ASM [2] allows
for an efficient computation of the sensitivity, using
the ansatz:

∂xC = AT λ (10)

where A is the FE-matrix, λ is the so called adjoint so-
lution and ∂xC is known from (8). Inserting eqns. (9)
and (10) into the original problem (7) leads to the fol-
lowing expression:

∂pC = λ T (∂pb− (∂pA)x) (11)

The adjoint solution λ T is independent of the pa-
rameter under consideration and thus only needs to be
computed once. The changes of the excitation ∂pb and

the change of the FE-matrix ∂pA have to be computed
for every variation, but they are usually very sparse
and do not require a matrix inversion. Therefore, the
method allows for the efficient computation of sensi-
tivities with regards to a large number of model pa-
rameters.

4 Examples

We will demonstrate the methodology using various
academic and industrial examples. In Fig. (1) for ex-
ample, a commutation cell for a photovoltaic inverter
is presented. The image shows the sensitivity of ge-
ometric changes related to a variation of the ohmic
resistance between two terminals.

Fig. 1. Sensitivity of ohmic losses in a commutation cell

5 Conclusions

Using an adjoint sensitivity method, the sensitivity of
equivalent circuit parameters to changes in the geom-
etry, or material parameters, can be calculated effi-
ciently.
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Summary. We present an extended Finite Element Method
to resolve the skin effect in conductors on coarse meshes.
The idea is to integrate the exponential decay into the finite
element approach, which enables to resolve the skin layer
independent of the size of the mesh cells. The discontinu-
ous, Trefftz-type basis functions are coupled across the ele-
ment boundaries by the Interior Penalty-/Nitsche’s Method
and numerical experiments affirm the effectiveness of the
method for thin boundary layers.

1 Introduction

We consider the vector potential formulation of the
eddy current problem in the frequency domain with
temporal gauge (ϕ = 0),

∇× (µ−1∇×A)+ iωσA = ji. (1)

Here

• A(x) is a vector potential,
• B(x, t) = exp(iωt)(∇×A)(x) is the magnetic flux

density,
• exp(iωt)ji(x) is the impressed electric current,
• ω ∈ R is the angular frequency, and
• σ(x) is the electric conductivity (which can be

zero in parts of the domain and is assumed to be
piecewise constant).

It is well known that the solution of (1) exhibits
singularities in edges (and corners) of conductors [2],
as well as exponential boundary layers along the sur-
face of conductors (skin effect). I.e. the induced cur-
rent iωσA is concentrated at the surface of conduc-
tors and decays rapidly towards the interior. The thick-
ness of the boundary layer is characterized by the
skin-depth δ =

√
2

µσω .
Induction has many applications in industry. An

example is inductive hardening [5], where the work-
piece is heated quickly at the surface, and is then
rapidly cooled down before the heat is distributed into
the interior by heat conduction. In this case the skin
effect plays a fundamental technical role and resolv-
ing the skin layer is essential.

For the classical Finite Element Method (FEM)
this means that the boundary layers must be resolved
by the underlying mesh. This can be achieved by

adapting the mesh manually or one can refine an ex-
isting mesh towards the boundary layers, which can
be automated (h-refinement).

However, in industrial applications the skin depth
δ can be orders of magnitudes smaller than the di-
ameter of the conductor so that the mesh must be re-
fined multiple times towards the boundary layer(s).
This leads to a vast increase in the number of degrees
of freedom (DOF) which may render the solution of
the linear system prohibitively expensive.

Alternatively one can resolve the skin-layer by p-
refinement, i.e. by increasing the polynomial degree
in elements adjacent to the conductor surface. This
avoids mesh refinement and away from edges (and
corners) of the conductor the solution is generally
smooth so one can expect exponential convergence in
p for a fixed δ . However, we will show in the full pa-
per that p must be chosen as O(δ−1/2) (to keep the
relative L2-error constant) and therefore the number
of DOF scales, in the best case, as O(δ−1/2). Asymp-
totically this is even worse than h-refinement where
the number of DOF scales logarithmically in δ .

A partial remedy for this problem are Impedance
Boundary Conditions (IBC) [5]: The conductor is re-
placed by Robin-type boundary conditions and the
electro-magnetic fields are only calculated at the sur-
face of the conductor. Since the IBC approximation
assumes that the conductor surface is flat, the solution
deteriorates as the radius of curvature of the conductor
surface becomes comparable to the skin-depth δ . In
particular the IBC solution deviates strongly from the
physically correct fields at edges and corners of the
conductor. Moreover, to the best of our knowledge, it
is not possible to replace a conductor in which ji 6= 0
by IBC conditions.

In this work we propose to resolve the bound-
ary layers directly on coarse meshes (we assume the
meshsize h� δ ) by enriching the approximation space
with suitable functions. More precisely, our approxi-
mation space will contain three types of (discontinu-
ous) basis functions:

• Edge elements Rk [4],
• Exponential boundary layer functions,
• Singular functions to deal with singularities of the

exact solution in edges (and corners) of the con-
ductor [2].
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We deal with the discontinuous nature of the basis
functions in the framework of Discontinuous Galerkin
(DG) methods and discretize (1) by the interior penalty
/ Nitsche’s method [1]. Special care must be taken for
the approximation of the volume/surface integrals ap-
pearing in the variational formulation because not all
basis functions are polynomial. This will be detailed
in the full paper.

2 Numerical Example

We consider the setting depicted in Fig. 1: We impose
an external current, ji = 104 A in the gray conductor
which induces a current in the green plate.

Fig. 1. 3D coarse meshes used for the simulation in Fig. 2.
The exciting conductor is shown in gray, the excited con-
ductor in green.

Figure 2 shows the distribution of |A| in a cross
section of the green plate. The top plot shows the ref-
erence solution which was obtained on an extremely
refined mesh and the skin effect is clearly visible.
Here δ = 0.02 m which is 10% of the thickness of
the plate.

The middle plot shows the solution obtained on
the coarse mesh shown in Fig. 1 using standard first
order edge elements and it is apparent that the skin
layer is not resolved properly. Finally, the bottom plot
shows the solution of our proposed method on the
same coarse mesh (not including the singular basis
functions which are still ongoing research). We see
that the exponential functions can capture the expo-
nential boundary layer much better than first order
edge functions alone.

3 Singularities in edges of the conductor

If we take again a close look at the bottom plot of
Fig. 2 we observe that there is still considerable error
in the edges of the green plate where the exponential
approximation is not valid. We expect that the inclu-
sion of singular functions, as mentioned in Sect. 1,
will correct this. In fact, we have already collected

promising results for the 2D eddy current equation
showing that high-order polynomials achieve expo-
nential convergence (in p) in the vicinity of edges of
the conductor if the corresponding singular functions
are also included in the approximation space.

It seems that DG is a particularly well-suited frame-
work when it comes to enriching the approximation
space with singular functions: There is no need for
cutoff functions (cf. [6, Chapter 8], [3]) which leads
to much better approximation properties in practice.
This aspect will be discussed in more detail and based
on numerical evidence in the full paper.

Reference solution

Standard FEM, first order edge functions R1

Enriched with exponentials

Fig. 2. Cross section through green plate (cf. Fig. 1) show-
ing |A|. ω = 400 rad/s, σgreen = 107 S/m, σgray = 105 S/m,
µ ≡ 4π · 10−7 H/m and the dimensions of the green plate
are 0.2m×2m×2m.
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Summary. The electrohydrodynamics of millimetric
droplets under the influence of slowly varying electric
fields is considered. Strong electric fields applied on liquids
induce forces driving fluid motion. This effect can be used,
among others, in on-demand droplet generators. In this
paper we discuss a convection-conduction model for the
simulation of electric fields and droplet motion in an elec-
trically driven droplet generator. The simulated dynamics
for acetone droplets are compared with experiments.

1 Introduction

The application of strong electric fields on liquids is
used in many engineering applications to induce liq-
uid atomization in a controlled manner. In electro-
sprays, the droplet size and the opening angle of the
spray cone can be affected by charging the liquid prior
to its atomization. Electric fields are also used to con-
trol droplet detachment in droplet generators. These
devices are used for on-demand droplet generation in
various experiments with liquid samples under differ-
ent atmospheric conditions [1].
The numerical simulation of electrically driven droplet
motion is a challenging problem. Due to the presence
of intrinsic ionic species and dissolved impurities, liq-
uids generally exhibit some electrical conductivity as-
sociated with charge migration [2, 3]. Free charge ac-
cumulate at the droplet interface and can result in
the generation of charged droplets from initially un-
charged liquid. Such a leaky dielectric behaviour re-
quires an electroquasistatic field representation, tak-
ing into account both conduction and displacement
electric currents in the liquid.
We discuss a conduction-convection model for the
simulation of droplet dynamics under the influence
of electric fields. The model accounts for electroqua-
sistatic droplet charging, contact angle dynamics, and
phase boundary topology changes associated with the
droplet detachment process. The simulation of con-

trolled acetone droplet generation in an electrically
driven droplet generator is presented.

2 Numerical model

The Volume of Fluid (VoF) approach [4] is the method
of choice for the simulation of multiphase fluid prob-
lems. It allows for a numerically efficient representa-
tion of the phase boundaries, in particular when topol-
ogy changes such as droplet breakup and collision are
involved. In this work, the electric and hydrodynamic
problems are both solved with the VoF approach us-
ing a Finite Volume discretization based on the Open-
FOAM simulation framework [5].

2.1 Electric problem

The volume fraction, α , occupied by the liquid in each
cell of the computational mesh defines averaged elec-
tric properties as

1
ε̂
=

α
εliq

+
1−α
εgas

, (1)

1
κ̂
=

α
κliq

+
1−α
κgas

, (2)

where εliq, κliq and εgas, κgas are the permittivities and
electric conductivities of the liquid and gas environ-
ment, respectively. Using this material averaging, the
transient electroquasistatic field is governed by

∇ · ε̂∇Φ =−ρe, (3)
∂ρe

∂ t
+∇ · (ρeu) = ∇ · κ̂∇Φ . (4)

The electric forces applied on the liquid can be cal-
culated from the electric field E = −∇Φ , using the
divergence of the Maxwell stress tensor:

fe = ∇ ·
(

ε̂E⊗E− 1
2

ε̂E2 ¯̄I
)
. (5)
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2.2 Fluid problem

The incompressible fluid flows considered in this work
are described by the Navier-Stokes equations:

∂ ρ̂u
∂ t

+∇ · (ρ̂uu)− µ̂∇ ·
(
∇u+∇uT)

=−∇p+ ρ̂g+ fs + fe

, (6)

∇ ·u = 0, (7)

where ρ̂, µ̂ are the averaged fluid density and dy-
namic viscosity, respectively, obtained by a similar
averaging as in (1) and (2).

Surface wettability is accounted for by a contact
angle model, providing a correction for the surface
tension force fs on the first boundary layer. In this
work, the Kistler correlation is used, representing the
dynamic contact angle θ as a function of the capillary
number Ca at the contact line [6]:

θ = fH
(
Ca+ f−1

H
(
θadv/rec

))
, (8)

with fH (x) = arccos
(

1−

2tanh

[
5.16

(
x

1+1.31x0.99

)0.706
]). (9)

In (8), θadv and θrec represent, respectively, the limit-
ing advancing and receding angles of the liquid on the
given surface.

3 Application and results

The electrohydrodynamic model is applied in the sim-
ulation of the droplet generator shown in Fig. 1.

Fig. 1. Schematic of the droplet generator (cf. [1]).

A metallic capillary tube at ground voltage is
placed between two electrodes in a climate chamber
capable of sustaining a high-pressure, high-temperature
gaseous environment. Liquid is introduced from the
top of the capillary. As the droplet reaches a specified
size, a short voltage pulse is applied at the electrodes.
The electric forces induced on the droplet accelerate
it for the duration of the pulse. The voltage is inter-
rupted before detachment in order to allow the droplet
to discharge before it breaks from the capillary and

Fig. 2. Comparison between the simulated and experimen-
tally recorded droplet dynamics in the generator during the
detachment process.

falls into the pressure chamber.

In order to reduce the computational cost, the
droplet generator is modelled assuming axial sym-
metry. The contact angle parameters on the capillary
are chosen such as to properly reproduce the droplet
shape shortly before the voltage pulse is applied. The
simulated dynamics of detachment are compared in
Fig. 2, for a 3.5µl acetone droplet. Droplet detachment
is controlled by a 2kV voltage pulse with a duration
of 10ms. A very good agreement between simulation
and experiment can be observed. The slight deviations
in the computed droplet shapes are most probably due
to uncertainties related to the determination of capil-
lary surface wettability parameters.
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Jennifer Dutiné1, Markus Clemens1, and Sebastian Schöps2
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Summary. The magnetic vector potential formulation of
eddy current problems is spatially discretized and a general-
ized Schur-complement is applied to the resulting infinitely
stiff differential algebraic system of equations of index 1
to transform it into an ordinary differential equation (ODE)
system of finite stiffness. This ODE can be integrated in
time using the explicit Euler method. The small maximum
stable time step widths require fast computations in every
time step to obtain acceptable overall simulation times. Sev-
eral methods for acceleration are presented.

1 Introduction

Implicit time integration methods are usually used for
the time integration of eddy current problems. Here,
due to the nonlinear characteristics of ferromagnetic
materials, large nonlinear equation systems need to
be linearized in every time step, e.g by the Newton-
Raphson method which may require several iterations
per time step. Stiffness- and Jacobian matrix need to
be updated in every iteration. Application of explicit
time integration methods is proposed in [1,2,6,10,11].
This work is based on [2, 6, 10].

2 Formulation

Spatially discretizing the partial differential equation
of magnetoquasistatic field problems results in an in-
finitely stiff differential algebraic equation system of
index 1 (DAE) [9]. Separating and reordering the de-
grees of freedom (DoFs) depending on their alloca-
tion in nonconducting and conducting media into two
vectors an and ac yields
(

Mcc 0
0 0

)
d
dt

(
ac
an

)
+

(
Kcc Kcn
KT

cn Knn

)(
ac
an

)
=

(
0

js,n

)
, (1)

where Mcc is the conductivity matrix, Kcc (ac) is the
nonlinear part of the stiffness matrix in conducting re-
gions, Knn is the singular part of the curl-curl operator
in air and js,n is the source current density in noncon-
ducting regions. The matrix product

KS := KcnK+
nnK>cn, (2)

is the generalized Schur-complement, where K+
nn is

the matrix representation of the pseudo-inverse of
Knn. This pseudo-inverse is evaluated using the pre-
conditioned conjugate gradient (PCG) method [6].
Alternatively, the singular matrix Knn can be regular-
ized by a grad-div-regularization [2]. The generalized
Schur-complement is applied to (1) and transforms
the DAE into an ordinary equation system (ODE) of
finite stiffness for the vector of degrees of freedom ac
in the conducting regions [2, 6, 10]

Mcc
d
dt

ac +(Kcc (ac)−KS)ac =−KcnK+
nnjs,n, (3)

an = K+
nnjs,n−K+

nnK>cnac. (4)

The explicit Euler method or more sophisticated meth-
ods as Runge-Kutta-Chebycheff (RKC) can be used
for time integration of (3). Here, the pseudo-inverse
needs to be evaluated in every time step and this forms
a multiple right-hand side problem. In [10] it was pro-
posed to update the algebraic equation only in every
n-th step. Improved start vectors for the PCG method
can be computed using the cascaded subspace extrap-
olation (CSPE) method [3, 6]. Solutions from previ-
ous time steps are orthonormalized and become the
column vectors of the operator V. The projected sys-
tem

V>KnnVz = V>r, (5)

is solved for z, where r is the right-hand side. The im-
proved start vector x0,CSPE is computed as linear com-
bination of the column vectors in V weighted with the
coefficients in z:

x0,CSPE := Vz. (6)

Alternatively, improved start vectors for PCG itera-
tions can be computed using a proper orthogonal de-
composition method (POD). Solutions from previous
time steps are used to assemble a snapshot matrix on
which a POD method is used. The number of modes
of the POD can be selected adaptively [5].

The explicit Euler method is only stable for time
step widths ∆ t smaller than the Courant-Friedrich-
Levy time step width ∆ tCFL for which holds [10]:
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∆ tCFL ≤
2

λmax
(
M−1

cc (Kcc (ac)−KS)
) . (7)

The maximum eigenvalue λmax is proportional to

λmax
(
M−1

cc (Kcc (ac)−KS)
)

∝
1

h2κµ
, (8)

where κ is the electric conductivity, h is the smallest
edge length in the mesh, and µ is the permeability.

Due to (8), fine spatial discretizations result in
rather small time steps, possibly in the micro- to nano
second range. Therefore it is proposed to bypass the
matrix update of Kcc (ac) in as many time steps as
possible, as it is expected to be almost constant at suc-
cessive time steps [4].

3 Numerical Validation

The ferromagnetic TEAM 10 benchmark problem is
discretized in space using 1st order edge element FEM
ansatz functions [7, 8]. The excitation current is de-
scribed by a (1− exp(−t/τ)) function. The first 120ms
are simulated and the explicit Euler method is used for
time integration. The applied spatial discretization re-
sults in a maximum stable time step width ∆ tCFL =
1.2µs. Simulations are computed using a Dell Pow-
erEdge workstation with Intel Xeon E5-2660 proces-
sor and an NVIDIA TESLA K80 GPU. For evaluat-
ing the pseudo-inverse, an algebraic multigrid is used
as preconditioner in the PCG method, and the cho-
sen PCG-tolerance is tolCG = 10−6. POD and CSPE
reduce the average number of PCG iterations when
evaluating the pseudo-inverse compared to using the
solution from the previous time step as start vector,
as shown in Fig. 1. The matrix Kcc (ac) is updated
only 165 times instead of 100,000 times in total, with-
out loss of accuracy. The simulation time of the ex-
plicit time integration method using CSPE for start
vector generation and bypassing the matrix update is
reduced in comparison to a reference simulation using
the standard formulation and using the implicit Euler
method for time integration of (1), as shown in Fig. 2.

Fig. 1. Average number of PCG iterations

Fig. 2. Comparison simulation times
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Summary. A mathematical model is proposed explaining
the spatial distribution of the dominant frequency over power
networks. Although the frequency is predominantly uni-
form over well-connected power networks, the weak devi-
ations from the spatial average are not purely random and
reflect the sub-dominant eigenvectors of the effective con-
nectivity matrix. Specific properties of these eigenvectors
dictate that positive deviations at some locations will always
be accompanied by negative deviations at other sites, which
is confirmed be the European ENF data.

An electric power network can be viewed as a
number of generators, transformers, switches, stor-
age units, loads, etc., interconnected by transmission
lines. The actual topology of power networks is ex-
tremely complicated, constantly changing, and is not
a publicly available information. The Electric Net-
work Frequency (ENF) is the maximum (dominant)
frequency of the voltage waveform at a given location.
Although the frequency at each site is very close to a
certain nominal value, e.g., 50 Hz in Europe, due to
the variation in power supplied to the generators and
consumed by the loads, the actual ENF value fluctu-
ates. Typically, ENF is allowed to deviate by at most
20 mHz from its nominal value. Larger deviations are
mitigated by an active control mechanism, e.g., by re-
ducing or increasing the mechanical power supplied
to the generators.

The wave-like nature of large ENF deviations due
to significant load/generator events is well-known and
has been observed and explained by various electro-
mechanical models [1]. Such models explicitly de-
scribe the changes in the angular velocity of rotors as
a function of absorbed electric power and can be used,
e.g., for the design of feedback mechanisms and opti-
mal generator control.

Weaker ENF fluctuations are much less studied,
and are often assumed to be random. A long-term
database of ENF oscillations is maintained in Eu-
rope and can be used for forensic time stamping of
audio and video recordings [2]. Careful observations
show that ENF variations, while almost synchronous,
are not entirely uniform in space even over well-
connected networks. Potentially, this could be used
for spatial localization of recordings. In fact, an at-
tempt to recover the spatial information from ENF
data over the US power network has been reported [3],

where it was shown that the correlation in oscillations
at different sites decreases with distance.

The existing models of power networks and of the
electromagnetic wave propagation in general say sur-
prisingly little about the dominant frequency of the
signals at a given time and location, since the main
emphasis has always been on the space-time depen-
dence of the signal amplitude. Therefore, here we
develop a mathematical model specifically aimed at
the spatial distribution of dominant frequencies. The
present model does not concern the physical origin
of variations, which are presumed to be adequately
described by the aforementioned electro-mechanical
models [1]. Neither are we interested in slowly propa-
gating large-scale electro-mechanical waves. Instead,
we focus on the instantaneous relation between the
dominant frequencies at different locations on the net-
work showing that they obey a simple linear-algebraic
relation involving the effective connectivity matrix
of the power network. The mathematical structure of
this relation explains not only the prevailing unifor-
mity of the ENF value over a well-connected net-
work, but also predicts particular patterns in the even-
tual weak spatial variations of ENF. This prediction is
confirmed by the experimental data provided by the
FNET/GridEye Consortium [4].

We start with a simplified signal generation and
propagation model. Let ui(t) be the voltage waveform
measured at site i = 1, . . . ,n at time t. Assuming that
all measurement sites correspond to the location of
signal sources (power generators, nonlinear elements,
impedance jumps, etc) we use the Telegrapher’s equa-
tions to arrive at

ui(t) =
n

∑
j=1

ri ju j(t− τi j) =
n

∑
j=1

ri jv j(t), (1)

where ri j is the length dependent decay factor of the
transmission line from site j to site i, and τi j is the
corresponding time delay.

To derive the ENF equation we apply the short-
time Fourier transform of (1), then, the Taylor ex-
pansion of the frequency-domain signal amplitudes,
eventually arriving at the following linear algebraic
equation describing the ENF distribution at time tk:

f(k)≈ A(k)s(k) (2)

where the vector f(k) ∈ Rn contains the ENF values
at all measurement sites, the vector s(k) ∈ Rn con-
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Fig. 1. Location of the available ENF measurement sites
and their effective interconnects over the European power
network (data provided by FNET). Turkey’s network has
been synchronized with the rest of Europe in April 2015.

tains the unknown dominant frequencies of the source
waveforms, and the effective connectivity matrix A is
non-negative real and row-stochastic.

The fact that the matrix A in the ENF model (2) is
non-negative real and row-stochastic leads to the fol-
lowing important conclusions concerning the possible
structure of the vector f(k):

(1) The vector e ∈Rn filled with ones is an eigen-
vector of A corresponding to the eigenvalue λ1 = 1,
which, according to the Perron-Frobenius Theorem is
also a largest-magnitude eigenvalue of A.

(2) If matrix A is also symmetric and irreducible
(well-connected network), then λ1 = 1 is simple and
e is the unique dominant eigenvector. This means that
the ENF vector will be approximately uniform, i.e.,
f(k) ≈ α(k)e, where α(k) is some real number. The
small perturbations in the overall uniform structure of
f(k) are due to the sub-dominant eigenvectors corre-
sponding to the next few eigenvalues.

(3) Another consequence of the Perron-Frobenius
Theorem is that e will be the only eigenvector of A
with all positive entries. Hence, all other eigenvectors
will have negative as well as positive entries. There-
fore, small positive deviations of ENF from its spatial
mean at some sites will always be accompanied by
simultaneous negative deviations at other sites. More-
over, if A(k) ≈ A is time-independent, then this be-
havior will be consistently observed at the same sites.

The last conclusion is particularly important since
it may allow approximate localization of ENF mea-
surements within the network. To confirm this predic-
tion experimental ENF data from six European sites
shown in Fig. 1 were employed.

For A(k)≈ A the structure of sub-dominant eigen-
vectors should be visible in the data covariance ma-
trix. Our preliminary experimental results with the
available one hour long ENF data confirm this predic-
tion, with the typical sample covariance matrix shown
in Fig. 2. Each entry Ci j of this matrix corresponds to

Fig. 2. Typical ENF data covariance matrix (normalized).

the sample covariance of ENF data (based on 100 con-
secutive data points) recorded at the sites i and j. In
this matrix the indexes of the measurement sites de-
picted in Fig. 1 are arranged as follows: ’0’–Aalborg,
’1’ – Heverlee, ’2’ – Darmstadt, ’3’ – Huelva, ’4’ –
Manisa, ’5’ – Trabzon. As one can see, strong pos-
itive correlations in ENF oscillations are observed
at the three Northern-European sites as well as at
the two sites in Turkey. A weak positive correlation
is seen between the Spanish Huelva and the Danish
Aalborg. At the same time, strong negative correla-
tion is observed between the Norther-European and
Turkish sites, and weaker negative correlations are
seen between Huelva and Darmstadt/Heverlee, and
Huelva and Turkey. These negative correlations per-
sist throughout differently chosen samples of ENF
data, meaning that, on average, as ENF deviates pos-
itively (from its spatial mean) in Northern Europe,
it simultaneously deviates negatively in Turkey, etc.
This behavior is indicative of the sub-dominant spa-
tial eigenvectors of a row-stochastic matrix predicted
by our theory.
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Summary. We present an analysis of the stability charac-
teristics of the discretized Maxwell-Ampere equations that
result from a finite integration of the potential formulation.
We demonstrate that the derivation of the discrete versions
of these equations will result into unstable formulations due
to a wrong transition from a continuous expression to a dis-
cretized equivalent version. The key message of this con-
tribution is that in the conversion from a continuous ex-
pression to a discrete expression one should be alert for the
original motivation of the presence of the prior form. More-
over, we announce further conditions that must be met in the
discretization procedure in order to define stable and there-
fore physical sensible discrete formulations of the Maxwell-
Ampere equations.

1 Extended Abstract

It is a well-known fact that electrical systems contain-
ing resistors will respond to transient signals in such
a way that when the stimulus stops at some time in-
stant the electromagnetic fields will gradually decay
due to two physical mechanisms. First of all the re-
sistances convert electrical energy into heat such that
the electric energy decreases. Secondly for open sys-
tems there is radiation loss which also results into the
situation that the electrical energy decays when time
proceeds.

When constructing a transient simulation tool of
electrical systems it is required that the basic fact of
above energy decay mechanism is mimiced by the
simulator. For circuit simulation tools this fact is eas-
ily reproduced because the circuit equations that con-
tain resistors are in general stable. We can identify
stability as a property of the circuit equations in the
following way.

Let X(t) be the collection of all system or circuit
variables. The complete system of circuit equations is
given by the state-space equations

E
d
dt

X+AX = 0 (1)

If E is a non-singular matrix we may rewrite (1) as

d
dt

X+ JX = 0, J = E−1A (2)

Stability corresponds to the property of J that all its
eigenvalues have real parts larger than or equal zero.
If some eigenvalues have real part less than zero, the
system has modes that explode when time proceeds
which conflicts the energy conservation law and the
system is therefore unphysical. Of course if it is im-
possible to create initial conditions such that when de-
composed into the eigenvector base there are no com-
ponents corresponding to negative real-part eigenval-
ues one may conclude that these modes will neither
develop in the future and therefore the formulation is
physical acceptable. Unfortunately this does not mean
that if such a formulation of the system equations ex-
ists, e.g. J has negative real-part eigenvalues but the
initial condition projected onto the negative real-part
eigenvectors is empty, that the simulation set up is
physically save. While the transient time steps accu-
mulate, numerical noise can mix into the transient so-
lution and that after some time leap the solution ex-
plodes and yet becomes physically unacceptable. This
was nicely demonstrated in [1].

As is seen from (2), the stability criterion could be
straightforwardly connected to the formal solution

X(t) = X(0)e−Jt (3)

This solution is easily obtained because the system
equations are first order in time. When the Maxwell-
Ampere equations are considered we must account for
the wave-like solutions and these equations are sec-
ond order in time. The stability analysis must be re-
vised. The Maxwell-Ampere equations in the poten-
tial formulation are given in [2]. By introducing the
variable Π = ∂tA the second-order system of equa-
tions is converted to first-order. Of course this step
does not change the characteristic features of the solu-
tion, but it makes the system accessable to regular sta-
bility analysis. Of critical importance are the details
of the implementation of the gauge condition. In or-
der to make the curl-curl operator more laplacian-like
we add the gauge condition to this equation (µr = 1) :

∇× (∇×A)−∇(∇ ·A) = µ0Jc

+
∂
∂ t

(−µ0ε (∇V +Π)) + µ0ξ ∇
(

ε
∂V
∂ t

)
(4)
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There a two terms that contain a mixture of a spatial
and a time derivative, e.g.

−µ0
∂
∂ t

(ε∇V ) and µ0ξ ∇
(

ε
∂V
∂ t

)
(5)

It turns out that these terms need a different dis-
cretization based on the origin of appearance in the
Maxwell-Ampere equation. The first term in (5) needs
to be discretized as is done for the term

∂
∂ t

(−µ0εΠ) (6)

The discretization is based on the finite-surface inte-
gration. whereas the second term in (5) needs to be
discretized as is done for the term

∇(∇ ·A) (7)

The latter is discretized using the finite-volume dis-
cretization. We observed that dealing with both terms
using the finite-volume discretization leads to an un-
stable discretized formulation of the Maxwell-Ampere
system. This is demonstrated in the following numeri-
cal example. In Fig. 1, a twisted metallic bar is shown
and a coarse mesh is used. This allows us to do a de-
tailed eigenvalue analysis of the discretized system. In

Fig. 1. Twisted bar used for computing the spectrum of the
matrix that determines the system stability.

Fig. 2, the spectrum of the matrix J is shown based on
a finite-volume implementation of both terms in (5).
Finally, in Fig. 3, the spectrum of J is shown where
J results from a discretization of (5) using the finite-
surface integration method for the left term and keep-
ing the discretization of the right term unaltered. With
this simple example we have demonstrated that the
conversion of continuous terms to discrete represen-
tative terms must account for the original motivation
behind their presence. In the final submission we will
also discuss the need for a strictly semi-definite dis-
cretization of the laplacian part of (4) in order to arrive
at a stable system of equations.

Fig. 2. Zoom -in to the eigenvalue spectrum around the real
axis using exclusively finite-volume discretization for terms
containing a mixed temporal and spatial differentiation.

Fig. 3. Zoom -in to the eigenvalue spectrum around the real
axis using finite-volume discretization and finite-surface in-
tegration for terms containing a mixed temporal and spatial
differentiation.

Acknowledgement. This work is funded by the European
FP7 project nanoCOPS under grant 619166.

References

1. S. Baumanns and Markus Clemens and Sebastian
Schops. Structural Aspects of Regularized Full Maxwell
Electrodynamic Potential Formulations Using FIT. Pro-
ceedings of the ”2013 International Symposium on
Electromagnetic Theory Proc 2013 ISET, 24PM1C-01:
1007–1010, 2014

2. W. Schoenmaker Q. Chen and P. Galy. Computa-
tion of Self-Induced Magnetic Field Effects Includ-
ing the Lorentz Force for Fast-Transient Phenomena
in Integrated-Circuit Devices. IEEE Transactions on
Computer-Aided Design of Integrated Circuits and Sys-
tems, 33:893–902, 2014.

52



Electro-Thermal Simulations with Skin-Layers and Contacts
Jörg Ostrowski1, Raffael Casagrande3, Ralf Hiptmair3, Philipp-Thomas Müller2, Thomas Werder Schläpfer1,
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Summary. We show a coupled electro-thermal simulation
of a large, complex industrial device that yields a tempera-
ture distribution with only small deviations from measure-
ments. Firstly, the ohmic losses in the conductors are calcu-
lated by a FEM-solver of the time-harmonic Full Maxwell’s
equations. For this we introduce a model to account for elec-
tric contact resistances, and a gradient based error indicator
for h-refinement. Secondly, convective and radiative cool-
ing by the surrounding gas is calculated by a commercial
CFD solver. An interesting finding is that computations on
comparably coarse meshes which do not resolve the skin
layer yield surprisingly high precision of the ohmic losses,
as well as good temperature predictions.

1 Background

Industrial power devices are usually large (some me-
ters) and geometrically complex. Examples of such
devices are transformers or circuit breakers (CB). Dur-
ing nominal operation, the usual 50 Hz sinusoidal cur-
rent produces ohmic losses that heat up the device.
Losses due to contact resistances sometimes amount
up to 50% of all ohmic losses. The devices are cooled
by convection of the surrounding gas and by radia-
tion. In order to prevent damage by over-heating, it
is necessary to keep the temperature everywhere be-
low device-specific limits. The experimental determi-
nation of the temperature distribution is possible but
expensive. Simulations are a cheaper and enlighten-
ing alternative.

In a former research project, we developed a Full
Maxwell solver in Coulomb gauge that is stable in the
low frequency limit [3]. We use this existing solver
for the electromagnetic part of the coupled electro-
thermal simulation. We develop models for the elec-
trical contacts and for adaptive mesh refinement. They
are introduced in the next two chapters. In the last
chapter we show an electro-thermal simulation of a
CB and compare the results with measurements. We
want to point out that for this specific example it
would be sufficient to solve the eddy current equa-
tions instead of the full Maxwell equations. However,
the model for the electrical contacts that we intro-
duce here is general, i.e. also capacitive effects are
included.

2 Electric Contacts

Electric contact resistances (ECR) are a consequence
of the roughness of the contact surfaces [4]. Due to
this roughness, the effective cross section is decreased
and the resistance increases. Because this happens on
a very small scale (µm), it cannot be resolved, and
must be modelled macroscopically. The increase in
the resistance manifests itself in a jump of the voltage.
We model this jump by an additional discontinuous
function s in the electric scalar potential φ = φ̃ + s,
where φ̃ is the continuous part of the potential. The
normal current density in the contact can be written
as jn = (σ + iωε)/d · s, where σ ,ε are the material
parameters inside the electrical contact with thickness
d. We will show in the full paper how this expression
can be included consistently in the our Full Maxwell
solver. We tested the formulation with several config-
urations, see Fig.1.

Fig. 1. Left: Current density in a bar with an ECR the in
center at 50 Hz. Right: Current density in a setup with two
ECRs R1

R2
= 2

1 in the center of the paths at 0 Hz ⇒ I1
I2

= 1
2 .

3 Adaptive Refinement for Ohmic Losses

We perform adaptive h-refinement to reduce the er-
ror in the calculated ohmic losses. To this end, one
could use a rigorous error estimator, e.g. as presented
in [1]. Instead, we choose to develop an ad-hoc error
indicator. Our error indicator ηT for cell T is defined
as ηT = max{ηT,g,ηT,s}. Here, the gradient indicator
ηT,g = |T |

√
qT /σT maxT ′∈N(T ) ||jT − jT ′ ||2 approxi-

mates the error in the ohmic losses using loss density
q, conductivity σ , and current density j on neighbor-
ing conductor cells T ′ ∈ N(T ). If there is only one cell
across the conductor thickness, neighboring conduc-
tor cells will have very similar values, hence ηT,g will
be very small and wrong if the mesh does not resolve
an eventual skin layer. This issue is overcome by the
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skin indicator ηT,s which is an approximation of the
value that the gradient indicator would take if there
was a neighbor cell in thickness direction.

Using the cell-wise error indicator ηT we can con-
struct an error indicator for the total losses on some
part P of the conductor as ηP =

(
∑T∈P η2

T
)1/2.

We use the bar with ECR from Fig.1 (left) as a
test case. Fig.2 shows the error indicator per cell for a
coarse mesh. One can see that it reliably detects cells
at the ECR, next to edges and to surfaces.

Fig. 2. Error indicator ηT / W.

We perform uniform refinement in the conductor,
and plot the error indicator ηP (relative to the total
losses) for the two parts on either side of the contact
against the ratio of mesh size and skin depth in Fig.3
(in orange). For comparison, we also plot the error as
the difference to the finest mesh (in blue). Lines are
plotted for part 1 and markers for part 2. One can see
that the error indicators agree quite well with the ac-
tual errors. Moreover, the total losses per part are well
approximated even on meshes that do not resolve the
skin layer. It is known that smooth functionals con-
verge faster than the local solution in FEM, which ex-
plains this observation at least partly.

Fig. 3. Convergence of losses under refinement.

4 Thermal Simulation

We perform a simulation of convective and radiative
cooling in ANSYS Fluent [2] with the ohmic losses as
source terms until a steady state is reached. Electric
and thermal contact resistances are included, which
both have a similar significant importance. The mesh
is different from the electric computation, and re-
solves thermal boundary layers. We use a robust, con-
servative procedure to map the ohmic losses from the
electric to the thermal mesh.

The Wiedemann-Franz law states that good elec-
trical conductors are also good thermal conductors.

Therefore, any uneven distribution of loss densities in
a good electric conductor is strongly smoothed out in
the steady state temperature profile. Consequently, the
actual skin layer does not need to be resolved for this
application, as long as the total losses per part are well
approximated.

We simulate a 7.5 m long CB with wall thick-
nesses and skin depths in the order of 10 mm. The
streamlines inside the CB are depicted in Fig.4. They
show the natural convection.

Fig. 4. Streamlines in CB.

In Fig.5 we compare the simulation with an ex-
periment by plotting the mean temperature rise along
both the inner conductor part and the enclosure. Sim-
ulation and experiment agree within 3 K.

Fig. 5. Temperature rise along CB.

In the full paper, we will provide practical guide-
lines for balancing accuracy and computation time in
electro-thermal simulations.
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3. R. Hiptmair, F. Krämer, and J. Ostrowski. A robust
Maxwell formulation for all frequencies. IEEE Trans-
actions on Magnetics, 44(6):682–685, 2008.

4. R. Holm. Electric contacts handbook. Springer, 1958.

54



Finite Elements for the Simulation of Coupled
Acousto-Magneto-Mechanical Systems with Application to MRI
Scanner Design

P.D. Ledger, S. Bagwell, and A.J. Gil

Zienkiewicz Centre for Computational Engineering, College of Engineering, Swansea University,
Bay Campus, Swansea SA1 8EN, UK
p.d.ledger@swansea.ac.uk, 638988@swansea.ac.uk, a.j.gil@swansea.ac.uk

Summary. We focus on the generation of a strongly cou-
pled monolithic system to describe the interaction of the
magnetic field, generated mechanical vibrations and corre-
sponding acoustic behaviour active in an MRI environment.
We linearise the resulting nonlinear equations and consider
a frequency domain axisymmetric formulation of the full
three dimensional problem using a hp finite element dis-
cretisation.

1 Introduction

Recently Magnetic Resonance Imaging (MRI) has be-
come an important tool in the medical industry. The
non-intrusive imaging capability and high resolution
makes it desirable for identifying a range of medical
ailments, such as tumours, damaged cartilage and in-
ternal bleeding. The most common type of magnet
used in MRI scanners are superconducting magnets,
consisting of superconducting wire cooled by liquid
helium contained within a vessel known as a cryostat.
Figure 1 shows a typical setup of an MRI scanner,
which consists essentially of four main components.
A set of main magnetic coils produce a strong uniform
stationary magnetic field across the radial section of
the scanner. The secondary magnetic coils are used
to avoid large stray fields arising outside the scanner.
The cryostat consists of a set of metallic vessels used
to maintain the supercooled magnet temperatures and
shield from radiation. A set of resistive coils inside
the imaging volume, known as gradient coils, produce
pulsed gradient magnetic fields to generate an image
of the patient.

Radiation Shields

Main Magnet CoilsSecondary

Gradient Coils

Magnet Coils

Fig. 1: Primary Components of a typical MRI scanner

The presence of eddy currents in these conducting
(metallic) vessels can be caused by changing mag-
netic fields, such as those generated by the pulsed
gradient fields. These eddy currents can cause pertur-
bations in the magnetic field. They also give rise to
Lorentz forces and exert electro-mechanical stresses
in the conducting components which cause them to
vibrate and deform. These deformations cause the
magnetic field to further perturb thus generating more
eddy currents. The vibrations also cause perturbations
of the surrounding air, which in turn produces an
acoustic pressure field. These phenomena can have
undesired effects causing imaging artefacts (ghost-
ing), decreased component life and uncomfortable
conditions for the patient, due to the noise from me-
chanical vibrations.

2 Coupled System

The aim of this work is to develop a computational
analysis tool to aid in the magnet design by providing
a better understanding of the induced vibrations and
acoustic behaviour. The coupling involves the tran-
sient eddy current equation problem

∇×µ−1∇×A =Js(t)− γ
∂A
∂ t

+

γ
∂u
∂ t
×∇×A in R3 (1a)

∇ ·A =0 in R3 \Ωc (1b)

A =O
(
|x|−1) as x→ ∞ (1c)

where A is magnetic vector potential such that B =
µH =: curlA is the magnetic flux density and H is
the magnetic field. The divergence free current source
Js(t) := Js

DC +Js
AC(t) has static and dynamic compo-

nents with subscripts DC and AC, respectively. The
conductivity γ is non-zero in conducting components
Ωc and the magnetic permeability µ reduces to that of
free space in R3 \Ωc. The vector potential A satisfies
the transmission conditions

[n×A]∂Ωc = 0 [n×µ−1∇×A]∂Ωc = 0
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on ∂Ωc where [·]∂Ωc denotes the jump on this inter-
face and n is a unit outward normal vector.

The latter term in (1a) is the Lorentz currents,
where u denotes the mechanical displacements ob-
tained from the solution to

∇ · (σ e +σm) = ρ
∂ 2u
∂ t2 in Ωc (2a)

u = 0 on ∂Ω D
c (2b)

where ∂Ωc = ∂Ω D
c ∪∂Ω T

c , σm := λ tr(ε(u))I+2Gε(u),
is the Cauchy stress tensor, ε := 1

2

(
∇u+∇uT

)
, I the

identity tensor, λ , G denote the Lamé parameters, ρ
the mass densitiy and

σ e :=µ
(

H⊗H− 1
2
|H|2I

)

=µ−1
(

∇×A⊗∇×A− 1
2
|∇×A|2I

)

is the magnetic component of the Maxwell stress ten-
sor [2].

In free space σm has only a volumetric part σm
vol =

p̂I = κ∇ · uI where p̂ is some pressure field. This
means that (2a) reduces to the scalar wave equation
and the pressure field is the solution to

∇2 p̂− 1
c2

∂ 2 p̂
∂ t2 = ∇ · (∇ ·σ e) = 0 in R3 \Ωc

(3a)

lim
|x|→∞

(
∂ p̂
∂ |x| +

∂ p̂
∂ t

)
= O(|x|−1) (3b)

(σ e +σm)n|−∂Ωc
= (p̂I+σ e)n|+∂Ωc

(3c)

ρ
∂ 2u
∂ t2 ·n

∣∣∣∣
−

∂Ωc

= ∇p̂ ·n|+∂Ωc
(3d)

where c is the speed of sound in free space and the
support of ∇ ·σ e has been taken into account for the
transmission conditions included in (3c,3d) [1] . Note
that the latter condition also further reduces to

∇ p̂ ·n|+∂Ω D
c
= 0 ρ

∂ 2u
∂ t2 ·n

∣∣∣∣
−

∂Ω T
c

= ∇p̂ ·n|+∂Ω T
c

in light of the known Dirichlet displacement condition
(2b) for the mechanical problem.

3 Solution Approach

In [2] we have previously proposed a fixed-point com-
putational strategy for the computational solution of
the coupled system of equations (1,2) in axisymmet-
ric coordinates and the frequency domain. Motivated
by industrial need to accurately capture the skin depth
effects in conducting components and the correspond-
ing mechanical response, we chose to discretise the
problem by hp-finite elements, which permit both h

and p refinements. Although the converged results we
achieved were in good agreement with an industrial
benchmark, an unsatisfactory aspect was that a series
of assumptions had to be made in order to arrive a lin-
earised system so that the transient equations could be
posed in the frequency domain. Recently, in [1], we
have linearised the transient equations (1,2,3) about
a static solution associated with the static component
of the current source Js

DC, which permits us to rig-
orously justify the equations we proposed in [2] for
the frequency domain analysis. Moreover, from this
linearisation, we have obtained a monolithic system,
which can be solved in a single iteration to recover the
frequency domain response of the coupled acousto-
magneto-mechical problem. The presentation will ex-
plain our approach in more detail and include a se-
ries of numerical examples obtained by a hp-finite el-
ement discretisation of the equations in axisymmet-
ric coordinates. Illustrative numerical results for the
magnetic field lines associated with the static (DC)
and gradient (AC) coils in a simplified model of an
MRI scanner are shown in Figure 2.

Fig. 2: Static (top) and Gradient (bottom) Magnetic
fields
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Summary. This paper discusses magnetoquasistatic field
and electric circuit coupling in terms of both T -Ω and A-V
formulations. A flexible and efficient software implementa-
tion via TCP/IP sockets is proposed.

1 Introduction

Particularly for the design of electric energy trans-
ducers, it is common to simulate magnetoquasistatic
fields together with the surrounding circuitry, e.g., the
power electronics controlling a drive. In mathemat-
ical literature, mainly the magnetic vector potential
based A-V -formulation coupled to a network based
on nodal analysis has been analyzed, e.g. [7,8]. How-
ever, since the surrounding circuits in power electron-
ics are rather small, loop analysis is still very popular.
Secondly, recent advances in computational cohomol-
ogy [6] have led to increasing interest in the magnetic
scalar potential T -Ω -formulation.

This contribution aims at discussing the structural
implications of the different formulation and proposes
a generic interface based on the software framework
ONELAB to allow an efficient coupling of network
simulator and finite element code [4].

2 Formulation

Let us consider the magnetoquasistatic approximation
to Maxwell’s equations excited by Nstr stranded con-
ductors, which are for example used for modelling
coils with wire radius smaller than the skin depth. The
resulting equations on a computational domain V and
time interval T read

σdtA+∇× (ν∇×A)−χ(A)
str istr = 0

∫

V
χ(A)

str ·dtA dV +Rstristr−vstr = 0

where A : V ×T 7→ R3 denotes the magnetic vector
potential, istr and vstr : T 7→RNstr are applied currents
and voltages; σ and ν : V 7→ R3×3 are conductivity
and reluctivity tensors, Rstr ∈ RNstr×Nstr the DC resis-
tance and χ(A)

str : V 7→ R3×Nstr is the winding func-
tion [9] establishing the 0D-3D coupling. The prob-
lem can be equivalently stated in the T -Ω formulation

Fig. 1. The field problem in Gmsh and a plot of the current
in a coupled field/circuit benchmark problem.

µdtT+∇× (ρ∇×T)−µ∇dtΩ +µχ(T)
str dt istr = 0

∇ ·
(

µ
d
dt

T
)
−∇ · (µ∇dtΩ)+∇ ·

(
µχ(T)

str

)
dt istr = 0

−
∫

V
χ(T)

str · (µ∇dtΩ) dV +Rstristr +Lstrdt istr−vstr = 0

with electric vector potential T : V ×T 7→ R3 and
magnetic scalar potential Ω : V ×T 7→ R, the resis-
tance ρ = σ−1 : V 7→ R3×3, winding function ∇×
χ(T)

str := χ(A)
str and the self-inductance Lstr ∈ RNstr×Nstr

of the windings.
In both cases suitable boundary and initial condi-

tions have to be given. Then, space discretization by
finite elements or the finite integration technique with
subsequent time stepping can be applied [5, 11].

Now, let us consider the case of coupling the field
problem to a network given in terms of the (modified)
nodal analysis [3]

ACCACdtu+ARGA>Ru+ALiL +AViV + ...

...+Astristr +AIis = 0

Ldt iL−A>Lu = 0

A>Vu = vs

where u : T 7→RNu are the unknown nodal potentials,
iV : T 7→ RNV and Astristr : T 7→ RNstr are currents
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Fig. 2. Coupling Between GetDP and Quite Universal Circuit Simulator (QUCS)

through voltage sources and field devices as given
above, respectively. The topology is expressed by in-
cidence matrices A? ∈ {−1,0,1}N?×Nu and the capac-
itors, resistors, inductors, current and voltage sources
are given by C, G, L ∈ RN?×N? , is and vs : T 7→ RN? ,
respectively. The formulation in terms of the (modi-
fied) loop analysis can be stated similarly.

It is important to note that the A-V -formulation in
contrast to the T -Ω one is not formulated in terms
of derivatives of the coupling quantities istr and vstr.
This difference will be discussed in the full paper in
view of the structural properties of nodal (and loop)
analysis, cf. [8].

3 Implementation

Generalizing the Schur complement idea from [7,
10], both formulations, i.e., A-V and T -Ω , allow the
straightforward extraction of generalized (differen-
tial) inductances at each time step. This allows an ef-
ficient coupling where only a small amount of data is
exchanged. Depending on the formulation, Nstr per-
turbed curl-curl or Laplace-type problems have to be
solved.

The implementation is based on a client-server
model, c.f. Fig. 2, with a server-side database and lo-
cal or remote clients communicating in-memory or
through TCP/IP sockets. The TCP/IP-based design
avoids explicit linking of software packages such that
even free and non-free codes can be used. In this con-
tribution, OCS [2] and Quite Universal Circuit Simu-
lator (QUCS) have been coupled to GetDP, see Fig. 1,
which implements both, the A-V and T -Ω formula-
tions [1].

Acknowledgement. This work is supported by the EU within
the FP7-ICT-2013 nanoCOPS project (grant no. 619166),
the BMBF SIMUROM Verbundprojekt (grant no. 05M2013)
and by the Excellence Initiative of the German Federal and
State Governments and the Graduate School of CE at TU
Darmstadt.

References

1. C. Geuzaine. GetDP: a general finite-element solver
for the de Rham complex. In PAMM Volume 7 Issue 1.
Special Issue: Sixth International Congress on Indus-
trial Applied Mathematics (ICIAM07) and GAMM An-
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Summary. Creating realistic in silico models of the parkin-
sonian rat, forms the basis for computing the activation of
periprosthetic nerve fibers. Thereby, the effect of deep brain
stimulation in in vivo rat models can be estimated.

1 Models of Deep Brain Stimulation

Deep brain stimulation is an effective symptomatic
treatment of Parkinson’s Disease (PD). Although DBS
is applied successfully since the late 1980s, its mech-
anisms of action are still to be clarified. Numerous in
vivo animal models and in silico computational mod-
els exist. Most in silico models estimate the effect
of deep brain stimulation on PD patients to predict
the neuronal activation as well as the therapeutic and
side effects. Yet, only few computational models ex-
ist, which study the stimulating field distribution and
neural activation in rodent models. By combining fi-
nite element models (FEM) of the DBS-induced stim-
ulating field with multicompartment cable models of
neurons the effect of DBS can be examined. This
approach has been applied to create patient-specific
models of DBS in PD patients with varying complex-
ity. Thereby, the optimization of clinical DBS ther-
apies [2] has been enabled. This approach has also
been applied to subject-specific simulation of DBS in
parkinsonian macaques [3]. Interrelating the in vivo
and in silico models is an opportunity to optimize
stimulation protocols in future studies. The PD rat
model with long-term stimulation introduced in [1]
can be used as reference in vivo model. Here, minia-
turized DBS electrodes adapted for the rat brain were
used to treat parkinsonian rats with DBS of the sub-
thalamic nucleus (STN) [1]. Therefore, it is the goal
of this work to create an anatomically realistic atlas
model of the PD model of the rat.

2 In silico modeling

The coupling of neuron-models with the stimulating
field distribution, computed in FEM volume conduc-
tor models (VCM), enables for the estimation of the
activation of neurons of a specific type, size, and
orientation [6]. Therefore, an anatomically realistic
model of the DBS target region is needed.

Fig. 1. Ellipsoid, aligned to the rat brain, as simulation do-
main including a stimulation electrode; detailed, cubic re-
gion of interest with white matter fiber tracts (e.g. the corti-
cofugal pathway (CP)) and grey matter including the basal
ganglia nuclei subthalamic nucleus (STN) as well as the en-
topeduncular nucleus (EPN), adapted from [5].

2.1 Volume conductor models

With the FEM software COMSOL Multiphysics R©

(COMSOL) the VCMs are realized. In Fig. 1 the sim-
ulation domain and a detailed cubic region of interest,
including the target structures for DBS, are depicted.
The rat brain surface can be idealized as an ellip-
soid, because the target region for DBS is in the deep
brain. Furthermore, the ellipsoids half-axes match the
anatomical dimensions of the rat brain. The modeled
electrodes are based on the stimulation electrodes in
[1]. As described by [7], Laplace equation

∇ · (σσσ(r)∇φ(r)) = 0 (1)

is solved with the electric conductivity tensor σσσ and
electric potential φ . This is based on the quasi-static
modeling approach [7]. The electrode’s insulation is
defined as perfect insulator, while the two electrode
contacts are defined by Dirichlet boundary conditions.

Heterogeneity

It is necessary to include the heterogeneity of brain
tissue in the modeling procedure, due to the differ-
ing conductivities of grey and white matter as well as
the several orders of magnitude higher conductivity of
cerebrospinal fluid [2,7]. The heterogeneity can be re-
alized either by voxelwise mapping of the tissue data
based on Magnetic Resonance Imaging (MRI) data
sets [2, 6, 7] or by creating three-dimensional (3D)
models of the structures in the target region of DBS
[4]. These are the basal ganglia nuclei STN and en-
topeduncular nucleus (EPN, rodent equivalent of the
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globus pallidus internus) as well as the white matter
fiber tracts passing the target region (see Fig. 1).

Anisotropy

It has been shown, that the anisotropy has a great in-
fluence on the stimulating field distribution [2, 6, 7].
Especially, if the electrode is placed in areas of high
anisotropy, as in white matter fiber tracts. [2] dis-
cusses the impact of how the conductivity tensor σ is
constructed. One of the proposed methods is scaling
and mapping diffusion tensors D, derived from Diffu-
sion Tensor Imaging (DTI) data sets, with

σσσ = sDDD. (2)

Another option is to align the conductivity tensor σ to
a vector field v, which follows the anatomical struc-
ture of a white matter fiber tract. This can be achieved
by creating curvilinear coordinates. By applying the
diffusion method in COMSOL, a vector field v is
computed. This scalar potential method is solved by
Laplace equation with

∆u = 0, (3)

while the vector field v is computed as the gradient of
the solution u with

vvv =−∇u. (4)

2.2 Neuron-models

With cable models of myelinated axons [2] the activa-
tion of neurons by the stimulating field is computed.
Therefore, the position and orientation of neuron-
models is defined in the VCM. Thereby, the com-
puted electric potential φ can be applied as extracel-
lular potential on each segment of the neuron-model.
By solving a set of Hodgkin-Huxley equations it can
be determined, in which neuron an action potential
is triggered. This depends on its orientation and dis-
tance relative to the electrode. To compute the volume
of tissue activated (VTA), straight neuron-models are
placed parallel and orthogonal in planes radially dis-
tributed around the electrode. To estimate the activa-
tion of fibers of passage surrounding the DBS tar-
get structures, tractography can be used to gener-
ate streamlines representing axons [2]. Another, com-
putationally less expensive, approach is to align the
neuron-models to the vector field v defined by the
curvilinear coordinates.

3 Comparative study

Based on the work flow described above, a compara-
tive study is carried out. Computed are the stimulating

field distribution, VTA, and the activation of neuron-
models aligned to curvilinear coordinates. On this ba-
sis, the effects of the uni- and bipolar electrodes de-
scribed in [1] are compared. Furthermore, the influ-
ence of how heterogeneity and anisotropy is imple-
mented in the atlas models, as described in Sect. 2
and depicted in Fig. 2, are evaluated.

Fig. 2. Work flow of the comparative study

Acknowledgement. This work was supported by the Ger-
man Science Foundation (DFG) in the scope of the Re-
search Training Group GRK 1505 welisa.

References
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Summary. We present a methodology to simulate integer-
N phase-locked loops (PLLs), as accurate as and faster than
full transistor-level (TL) PLL’s simulation, extracting lock-
ing time, power consumption, phase noise and jitter. The
speedup tends to the division ratio N for noisy simulations,
drastically reducing the Time-to-Market for these circuits.

1 Introduction

Circuits with very long simulation time are phase-
locked loops (PLLs). PLLs find applications in wire-
less systems, digital circuits and medical devices. Time-
domain analyses are performed by numerically inte-
grating the circuit’s DAEs. For PLLs, the time step
during integration is related to the PLL’s output fre-
quency fout (could be GHz), thus a huge number of
steps needs to be retained. Designers want to simu-
late PLLs for a large period of time to extract power
consumption, locking time, phase noise and jitter.

In the literature, works are based on partial or full
replacement of PLL’s blocks by macromodels, others
on full TL simulation (e.g., see [1], [2], [3]). How-
ever, none of them estimates all the PLL’s factors of
interest, equally important.

We propose a technique to accurately extract all
the PLL’s characteristics while accelerating noise-free
and noisy simulations, by replacing only the VCO
and divider blocks with a single phase macromodel,
built through steady-state (SST) analyses [4], [5], SST
noise methods [6], [7] and the usage of Verilog-A, so
it is not invasive for commercial simulators.

2 Methodology

We replace the VCO and divider by a phase macro-
model (VCODIV), eliminating the fast-varying VCO’s
output. The PLL adjusts the oscillator’s control volt-
age vc(t) to reach the locking condition ( fout = N ·
fre f , with fre f the PLL’s input frequency). We can
think of as the oscillator is composed by a “set of SST
conditions”, and the PLL “perturbs” them by varying
vc(t), mainly generating phase deviations ∆θ(t) on
the SSTs [7]. Thus, we characterize VCODIV by a
phase equation. Since simulators use the MNA form,
we specify the VCODIV contribution to the KCL at

each block’s pin through equivalent, perturbed cur-
rent/voltage sources. E.g., vout(t + j(t)) is the per-
turbed VCODIV’s output. The SST solution is related
to a specific vc(t) = Vc,sst and computed with SST
analysis, extracting the Fourier coefficients. We re-
construct the equivalent sources with

{
i(t + ∆θ(t)

2π fout
) = ∑Nh

k=−Nh
Ike
√
−1k·θtot (t),

θtot(t) = 2π fout · t +∆θ(t),
(1)

with Nh the number of harmonics. Next, we show a
law for ∆θ(t) governing the VCODIV.

The relation between ∆θ(t) (or the frequency)
and vc(t) characterizes the phase equation. It is the
sensitivity of the oscillator with respect to variation
of vc(t). E.g., for a linear VCO it is a line with con-
stant slope. For nonlinear VCO, we compute a set of
slopes Kmacro,i in the curve fout vs vc as

Kmacro,i =
∂ fout,i

∂Vc,sst,i
.

The Kmacro,i is the DC component of the PPV related
to the control pin, or extracted through a finite differ-
ence approach. The VCODIV’s phase-deviation equa-
tion due to perturbations on vc(t) reads as

d
dt

∆θc(t) =
2πKmacro(Vc,sst,i)

N
·∆Vc(t),

with ∆θc(0) = 0, where Kmacro(Vc,sst,i) = Kmacro,i and
∆Vc(t) = vc(t)−Vc,sst,i when vc(t)∈ [Vc,l ,Vc,l+1], with
Vc,l ,Vc,l+1 the values for which a switch happens be-
tween two consecutive SSTs. Fig. 1 shows the origi-
nal curve (data) approximated through the piecewise
curve Kmacro(Vc,sst,i), whose Kmacro,i is valid around
Vc,sst,i for which the ith Fourier coefficients SSTi (di-
amond) are extracted and used within the switch-
ing points [Vc,l ,Vc,l+1] (circles). The SST points are
selected with a greedy algorithm, by minimizing a
cost-function. Besides, to avoid glitches in the re-
constructed waveforms when Fourier coefficients are
switched, θtot(t) in (1) is of the form

θtot(t) =
2π fmid

N
t +
∫ t

0

2π fdi f f ,i

N
dτ +∆θc(t)−θi,

(2)
where we remove the SST phase offsets θi. To ap-
proximate power consumptions, we use linear inter-
polation on the DC Fourier coefficients computed at
the SSTs.
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Fig. 1. Approximating fout vs vc with a combination of in-
tersecting lines, where the ith one has slope Kmacro,i.

For noise analysis, we enrich (2) with two addi-
tional terms: ∆θnoise,vco(t)/N and ∆θnoise,div(t), due
to noise from VCO’s and divider’s device models, re-
spectively. These are obtained by knowing the power
spectral densities (PSDs) of VCO’s and divider’s out-
puts. E.g., a VCO’s phase noise spectrum is approxi-
mated by

Sθ ,vco(∆ f ) = (
c f l

∆ f
+ cwh) ·

1
∆ f 2 . (3)

When building VCODIV, power levels c f l (flicker)
and cwh (white) are extracted by computing and in-
specting Sθ ,vco(∆ f ), transforming it in its time-domain
version ∆θnoise,vco(t) [8]; similarly for ∆θnoise,div(t).
By computing ∆θpll(t) = N · ∆θc(t) + ∆θnoise,vco(t)
for each t, we extract Sθ ,pll(∆ f ) as the PSD of ∆θpll(t).
We extract (RMS) long-term jitter jlt,RMS(k) of the
VCO’s output by reconstructing it with (1) through a
parallelizable, post-simulation interpolation routine

3 Application to an integer-N PLL

Simulations ran on an Intel Xeon R©, 8 processors at
3GHz machine, on an integer-25 PLL.
To estimate the locking time tlk, we let the PLL reaches
the SST with fre f = 110 MHz; at time t1 we sweep to
fre f = 115 MHz and let the PLL locks again at t2:
thus tlk = t2− t1 (sec). Besides, we compare average
power consumption (mW) of VCO PO and divider PD
with those from VCODIV, when the PLL is at SST
and for a time equals to 1/ fre f . We extract jlt,RMS(k)
on the interpolated, reconstructed VCO’s output.
In Fig. 2 we show Sθ ,pll(∆ f ) from noisy simula-
tion of TL and PLL with VCODIV, and SST anal-
ysis on TL: simulation results match well for ∆ f ∈
[0.2,200]MHz. To obtain accurate results near fout ,
one has to increase the simulation time. In Table 1, we
report accuracy results of the PLL with VCODIV’s
(Macro) and TL’s measurements (Data). Noise-free
simulation of PLL with VCODIV is 11.4x faster than
TL; for noisy analysis, the speedup is 18.3x.

Fig. 2. Sθ ,vco(∆ f ) from TL (trans D) and PLL with VCO-
DIV (trans M) time sim, and SST noise on TL (SSTN D).

Table 1. Accuracy of the factors of interest.

tlk PO PD Sθ ,pll jlt,RMS(k)

Data 1.9739µ −5.88m −2.35m

Macro 1.9740µ −5.87m −2.32m

Error 5 ·10−5% 8 ·10−4% 1.5% ≤ 2DB < 10%

4 Conclusion

Our method speeds up time-domain analyses of integer-
N PLLs, accurately extracts all the factors of interest
and is not invasive for commercial simulators.
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Summary. We describe an approach for the synthesis of
field models discretized by the Finite Integration Technique
into electric networks, both describing (non-)linear elec-
trothermal and electromagnetic problems. The result is an
exact and efficient translation of the discretized partial dif-
ferential equations into a circuit representation.

1 Introduction

For already more than half a century, simulation of
electromagnetic devices by electric networks is a pop-
ular and important tool in computer aided design.
However, classical device models have become more
and more complex to account for various, in particu-
lar spatially distributed, phenomena. Their setup and
validation is a tedious task. Instead, one would like
to automate this by starting from the governing par-
tial differential equations. In this work, we employ
the Finite Integration Technique (FIT) [1] for the spa-
tial discretization of the problems. However, other ap-
proaches like Finite Elements can be used similarly.

In contrast to most other approaches, we do not
aim for simulator coupling but we use the result-
ing (possibly nonlinear) grid equations to formulate
equivalent electric networks that represent the prob-
lems at hand. These networks are then straightfor-
wardly exported as SPICE compatible netlists.

For electrothermal and electromagnetic problems,
the circuit extraction is simple and consists of stan-
dard lumped elements such as resistors, capacitors,
inductors, impressed voltage and current sources, as
well as simple controlled sources, [2, 3], cf. Figure 1.

2 Problem Formulation

Let us consider a domain of interest D discretized
into a structured pair of primary and dual grids. The
primary grid is composed of primary edges, primary
facets and primary volumes while the dual grid is
composed of dual edges, dual facets, and dual vol-
umes.

2.1 Electrothermal Modeling

The electrothermal grid equations are given by the
electroquasistatic approximation of Maxwell’s equa-

tions coupled to the transient heat equation [1]. In the
discrete setting, the resulting initial value problem

S̃MεS̃
J 9Φ` S̃MσpTqS̃JΦ “ 0, (1)

Mρc 9T` S̃MλpTqS̃JT “ QelpΦ,Tq (2)

is discussed. The unknowns are the electric potential
Φ and the temperature T. The material distribution
is represented by a set of diagonal material matrices,
namely the electric capacitance matrix Mε, the elec-
tric conductance matrix Mσ, the thermal capacitance
matrix Mρc, and the thermal conductance matrix Mλ.
We assume that initial values are given and bound-
ary conditions are considered by modification of the
material matrices. The matrices S̃ and S̃J denote the
discrete divergence and the negative gradient opera-
tor, respectively. Ohmic losses due to Joule heating
are accounted for by the thermal power Qel.

The modified nodal analysis [4]

ACCAJ
C 9v `ARGAJ

R v “ ´AIIsptq (3)

describes the behavior of a circuit with capacitors, re-
sistors and current branches in terms of nodal poten-
tials v. The topology is expressed by the incidence
matrices AC, AR and AI. The values of the capac-
itors, resistors and current sources are stored in the
circuit capacitance matrix C, the circuit conductance
matrix G and the vector of current sources Is.

By comparison of (1)–(2) with (3), the electric
(and thermal) circuit description readily follows, i.e.,
one constructs an electric network with the topology
AC “ AR “ S̃ [2].

`
´

Fig. 1: Exemplary circuit elements located between
primary nodes on a dual volume.
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2.2 Electromagnetic Modeling

Let us now consider Maxwell’s grid equations in D
written in terms of the auxiliary magnetic vector po-
tential ua [1], viz.

Cue “ ´C
Bua
Bt ,

C̃MνCua “ Mε
Bue
Bt `Mσue`uuji, (4)

with
S̃DGua “ F, (5)

where all quantities have the obvious meaning, i.e.,
ue represents the line-integrated electric field, uuji is the
impressed current source, tC, C̃u are the primary and
dual curl matrices, S̃ is the dual divergence matrix,
Mε, Mν, and Mσ are the diagonal material matrices,
DG is a diagonal grid geometry matrix, and F is an
auxiliary vector.

The system (4)–(5) can be cast as an electric net-
work by employing a tree-cotree decomposition of ua.
In doing so, we construct a tree and cotree graph of
the primary grid and proceed to split ua into its tree
and cotree components, namely uat and uac, respec-
tively. The relation between these two components is
found through (5) by imposing a gauge, e.g., Coulomb
gauge. In this manner, the tree components uat are ex-
pressed in terms of the cotree components uac. Such a
decomposition enables us to regard (4) as the KVL
and KCL of an electric network in which ue repre-
sents the voltages of primary nodes, uac represents the
branch currents, and uat represents current-controlled
current sources. In this network, standard lumped el-
ements are directly obtained from the material matri-
ces, and the electromagnetic interaction is mediated
by means of voltage- and current-controlled sources.

3 Validation

We validate the method described herein by using two
simple structures for which the corresponding electric
circuits are generated and solved. The results are then
compared with the analytic and the FIT solution.

First, the electrothermal problem is validated by
using the RC-structure depicted in Figure 2. A sinu-
soidal excitation is applied and the charging and dis-
charging of the capacitor is observed over time. Fig-
ure 3 shows the comparison of the SPICE and the FIT
temperature solution that is quantified by a relative
error of less than 0.52% only due to different time-
integrators.

Secondly, the electromagnetic problem is vali-
dated by simulating a lossless rectangular resonant
cavity. For this cavity, the resonance frequencies of
the corresponding TM and TE modes obtained via an-
alytic methods are compared with the resonance fre-
quencies of the circuit representation of the cavity.

PEC PEC

R C

VDir

0 ` `` d
x

Fig. 2: Benchmark structure to validate the elec-
trothermal setting.

0 2 4 6 8 10 12

0

20

40

60

Time (µs)

Te
m

pe
ra

tu
re

(K
)

SPICE : T px “ 0q
SPICE : T px “ Lq
FIT : T px “ 0q
FIT : T px “ Lq

Fig. 3: Comparison of the temperature solution in the
electrothermal setting.
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Summary. Multirate Partial Differential Equations have
been successfully applied in radio-frequency applications.
This digest extends the concept to linear low-frequency cir-
cuits excited by pulsed signals. The Multirate Partial Differ-
ential Equation is solved using a Galerkin ansatz and time
integration. Two types of basis functions for the solution ex-
pansion are presented. The recently introduced PWM basis
functions are firstly interpreted in the multirate context.

1 Introduction

Multirate Partial Differential Equations (MPDEs) have
been successfully applied in radio-frequency applica-
tions. By using Kirchhoff’s law and the device con-
stitutive equations, electrical circuits are described
by differential-algebraic equations (DAEs) [1]. Stan-
dard time discretization fastly reaches its limits when
widely separated time-scales are present as very small
time-steps are necessary. Reformulating the DAE into
a MPDE has shown performance increase. This di-
gest applies MPDEs on low-frequency circuits. The
MPDE is solved in context of envelope modulated
signals as introduced by [3]. A Galerkin ansatz and
time discretization is used for solving the MPDE. The
expansion of the solution uses Finite Element (FE)
nodal functions and the recently introduced pulse width
modulation (PWM) basis functions [2], which are in-
terpreted in the MPDE context. An idealized buck
converter is used for exemplary illustration, which is
excited by a periodic pulsed signal, see Fig. 1.

2 Multirate Formulation

In this section the concept of MPDEs is presented (see
[1], [3] for more details). Let the DAE describing a
linear electrical circuit be given as

A
d
dt

x(t)+Bx(t)+ is(t) = 0, (1)

where x(t) is the vector of Ns unknowns (branch cur-
rents and node voltages), A and B are matrices con-
taining topology information and constitutive laws
and is(t) is the vector of input sources.

0 Ts 4 6 8 10

0

50

100

time t / ms

vo
lta

ge
/V

Capacitor voltage
Excitation

Fig. 1: Solution of the idealized buck converter. The
switching cycle of the pulsed excitation is Ts = 2 ms.

Assuming that m different time-scales are present,
the multivariate forms of x(t) and is(t) can be writ-
ten as x̂(t1, . . . , tm) and îs(t1, . . . , tm). The MPDE cor-
responding to (1) is

A
∂

∂ t1
x̂+ · · ·+A

∂
∂ tm

x̂+Bx̂+ îs = 0. (2)

The solution of the MPDE is related to the solu-
tion of (1) by x(t) = x̂(t + c1, . . . , t + cm) and is(t) =
îs(t + c1, . . . , t + cm), where c1, . . . ,cm are constants.
Uniqueness and existence of a solution for quasi-
periodic signals on a Fourier basis were proven in [3].

We assume in the following that the signals in the
circuit can be presented by only m = 2 time-scales. A
fast varying t2, which covers all periodically chang-
ing parts of the signals and a slowly varying t1, which
captures the envelope.

3 Variational Approach

A combination of a variational approach and time in-
tegration are used to discretize the MPDE. We first ap-
ply a Galerkin ansatz to discretize the fast time-scale
t2 of the signal and then use time integration for the
solution of the slow time-scale t1. The multirate solu-
tion x̂(t1, t2) is expanded as follows

x̂ j(t1, t2) =
Np

∑
k=0

pk(τ)w j,k(t1) with τ =
t2
Ts

mod 1,

(3)
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(a) Np = 5 nodal BFs.
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Fig. 2: Nodal and PWM basis functions (BF) and convergence.

where x̂ j(t1, t2) is the j-th component of x̂(t1, t2), pk(τ)
are basis functions (BFs) and w j,k(t1) are coefficients.
Applying a Galerkin ansatz to the MPDE with respect
to t2 yields

t+Ts/2∫

t−Ts/2

(
A

∂
∂ t1

x̂(t1, t2)+A
∂

∂ t2
x̂(t1, t2)+Bx̂(t1, t2) (4)

+is(t1, t2)
)

pk(τ) d t2 = 0 ∀k ∈ [0, . . . ,Np]. (5)

Using the expansion (3), integrating by parts and re-
organizing leads to a system of DAEs, now only de-
pendent on the slow time-scale t1

Ã
d

dt1
w(t1)+ B̃w(t1)+ ĩs(t1) = 0, (6)

where w(t1) = [w1,1, . . . ,w1,Np , . . . ,wNs,1, . . . ,wNs,Np ]
>

is the vector of unknown coefficients, Ã and B̃ are ma-
trices and ĩs(t1) is the excitation term. Due to separa-
tion of scale, the DAE (6) can be solved with larger
time steps compared to the original DAE (1). De-
spite the larger equation system a major speedup is
observed on the buck converter example.

4 Numerics

Two types of basis functions (BFs) are used for the
expansion (3). Nodal BFs which are a simple but uni-
versal choice and the more sophisticated PWM BFs,
which were introduced in [2] and are specifically de-
signed for use with pulsed excitations. They are de-
picted in Fig. 2a and Fig. 2b, respectively.

The PWM BFs are piecewise polynomial [2]. The
zero-th BF is chosen as p0(τ) = 1, which enables the
coefficients w j,0 to capture envelopes of the signals.
The basis is built up recursively starting from a piece-
wise linear function

p1(τ) =

{√
3 2τ−D

D if 0≤ τ ≤ D√
3 1+D−2τ

1−D if D≤ τ ≤ 1
(7)

The higher order BFs pk(τ), 2≤ k≤Np are calculated
by integrating pk−1(τ),

p?k(τ) =
∫ τ

0
pk−1(τ ′)dτ ′ , (8)

which ensures C0 continuity. The extended set is then
orthonormalized by means of k+1 factors nk and ok,l :

pk(τ) = nk p?k(τ)+
k−1

∑
l=0

ok,l pl(τ) . (9)

The convergence of both types of BFs for the buck
converter given in [2] is shown in Fig. 2c. As can
be seen, the PWM BFs lead to much better conver-
gence with respect to the number of BFs but may be-
come problematic for nonlinear problems or warped
MPDEs.

5 Conclusion and Outlook

The MPDE approach was applied to an example in
low-frequency engineering. The MPDE was solved
with a Galerkin ansatz and time integration. Nodal
and PWM basis functions were presented. The PWM
BFs showed a better accuracy per degree of freedom.
Future research will investigate warping and nonlin-
ear problems.
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Summary. Modern electronics systems involved in com-
munication and identification systems impose demanding
constraints on both reliability and robustness of compo-
nents. It results from the influence of manufacturing tol-
erances within the continuous down-scaling process into
the outputs characteristics of electronics devices. Thus, con-
straints in terms of statistical moments have come in a natu-
ral way into optimization formulations of electronics prod-
ucts under uncertainties. Additionally, yield constraints re-
quire an efficient approach for the careful assessment of
the propagation of uncertainties through a model of de-
vice. Therefore, we used a type of a Stochastic Collocation
Method (SCM) with the Polynomial Chaos (PC). It allows
for constructing a surface response model, which can be rel-
atively easily included in a stochastic, constrained optimiza-
tion problem solved for a defined random dependent func-
tional. Finally being inspired by a real engineering problem,
we have illustrated our methodology on a RFIC 1 isolation
problem. Achieved results for the optimization confirmed
efficiency and robustness of the used methodology.

1 Introduction

Since transistor sizes have become smaller and smaller
with respect to each new technology, the impact of
statistical variations in input parameters onto the out-
puts characteristics of electronic devices has played
a crucial role in predictive and reliable simulations.
On the one hand, these statistical variations, result-
ing from manufacturing tolerances of industrial pro-
cesses, could lead to the accelerations of migrations
phenomena in semiconductor devices and finally cause
a thermal destruction of devices due the thermal run-
away [2, 3]. On the other hand, unintended RF cou-
pling, which can occur as a result of industrial imper-
fections, might additionally downgrade the quality of
products and their performance or even be dangerous
for safety of both environment and the end users [1].

1 Radio Frequency Integrated Circuit

Fig. 1. Floorplan model for isolation and grounding strate-
gies [1].

2 RFIC Design & Stochastic Modeling

In order to optimize both the electromagnetic inter-
face and the unintended electromagnetic coupling ef-
fects in RF products, the key issue is to apply a proper
floor planing with grounding strategies. More pre-
cisely, the physical design issues, shown in Fig. 1, in-
volve on-chip coupling effects, chip-package interac-
tion, substrate coupling, leading to the co-habitation.
Thus, a stochastic coupled problem for a time-harmonic
analysis is governed by





∇ · [ε (χ)E(χ)] = ρ (χ) ,
∇ · J(χ)+ iωρ (χ) = 0,
J(χ) = σ (χ)E(χ) ,

(1)

equipped with suitable initial and boundary condi-
tions, where χ := (xxx, f ,ξξξ )∈D×DF×Ξ with D being
a bounded domain in R3, F representing frequency
spectrum DF ∈ ( f1, . . . , fn) and Ξ a multidimensional
domain of physical parameters. The electric conduc-
tivity σ , and the permittivity ε are independent of E.
ρ,E are the charge density, the electric field, whereas
J(χ) denotes the current density.

2.1 Uncertainty Quantification

For the UQ analysis of (1), a type of the SCM in con-
junction with the PC expansion has been used. Let
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y be a square integrable function. We assume now
that ξξξ are random variables. Then, a response surface
model of y can be obtained by a truncated series of
the PC expansion, see [4],

y( f ,ξξξ ) .=
N

∑
i=0

vi ( f )Φi (ξξξ ) (2)

with a priori unknown coefficient functions vi and pre-
determined basis polynomials Φi with the orthogonal-
ity property E [ΦiΦ j] = E

[
Φ2

i
]

δi j (Kronecker delta).
Therein E is the expected value. Specifically, we have
applied a pseudo-spectral approach with the Stroud
formula of order 3 for the calculation of the unknown
coefficients vi. The basic concept of this method is
first to provide the solution at each quadrature node
ξξξ (k), k = 1, . . . ,K of the deterministic problem, de-
fined by the system 1. Next, the multi-dimensional
quadrature rule with associated weights wk allows for
computing

vi( f ) .=
K

∑
k=1

y
(

f , ξξξ (k)
)

Φi

(
ξξξ (k)

)
wk, (3)

which represents an approximation of the exact pro-
jection of y onto the basis polynomials. Finally, the
moments are approximated by, cf. [4, 5],

E [y( f , ξξξ )] .
= v0( f ), Var [y( f , ξξξ )] .

=
N
∑

i=1
|vi( f )|2

assuming Φ0 = 1. Furthermore, we will consider three
functions y1,y2 and y3 to be used in the optimization
procedure. The exemplary result for the UQ analysis
is depicted in Fig. 2 for y2 = |CplRx( f )|, which al-
lows for assessing the influence of the coupled impedance
into a type of the transmittance function (CplRx).
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Fig. 2. Statistical moments for y2 output function.

3 Robust optimization Problem

Finally, when considering statistical moments, an op-
timization problem constrainted by stochastic PDEs

can be reformulated into the robust single objective
optimization problem [3] as follows

min
p

E [F(p)]+η
√

Var [F(p)]

s.t. K
(

p(k)
)

VVV (k) = f(k), k = 1, ...,K,
pmax` ≤ p` ≤ pmin` , `= 1, . . . ,6,

(4)

where K, V and p denote the mass/stiffness matrix,
the electric scalar potential and a vector of optimized
parameters, respectively. The random-dependent func-
tional reads as

F [p(ξξξ )] = ∑
i=1

wi

∫

Γ
|gi [p(ξξξ )] |2dx, (5)

where gi are complex-valued functions, which yield
transmittance functions such as y1 =CplADC( f ), y2 =
CplRx( f ), and y3 = CplXolo( f ), respectively.

4 Conclusions

Results for the UQ analysis of a RIFC isolation prob-
lem have shown that it is possible to find a configura-
tion with decoupled impedances, for which the influ-
ence of both noise and industrial imperfections for op-
erational devices will be minimized in the broad fre-
quencies spectrum. In a full paper we will present an
optimized device structure.
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Summary. When Co-simulation is applied to coupled dif-
ferential algebraic equations (DAEs), convergence can only
be guaranteed if certain properties are fulfilled. However,
introducing uncertainties in the mode might have great im-
pact into this contraction properties. Consequently, uncer-
tainties might destroy convergence. Hence one is inter-
ested to build up the stochastic behavior of those proper-
ties. Within this paper we demonstrate two general tech-
niques with its application in co-simulation to measure den-
sities. Using a field/circuit coupled problem as benchmark,
we clarify the benefits of both schemes.

1 Introduction

Let the i-th subsystem be given by an initial value
problem of DAEs (for i = 1, . . . ,r)

ẏi = fi (y,z) , yi(0) = yi,0, yT = [y1
T , . . . ,yr

T ],

0 = gi (y,z) , zT = [z1
T , . . . ,zr

T ],
(1)

for the unknowns [yT ,zT ]. We assume that the Jaco-
bian ∂gi/∂zi is not singular. Moreover also the over-
all system shall be of index-1, such that we have the
differential part fT = [f1

T , . . . , fr
T ] and algebraic part

gT = [g1
T , . . . ,gr

T ]. Using splitting functions G, F,
the co-simulation scheme is encoded, see [1]. More
precisely we investigate the coupled DAE system with
splitting

F :=
[

f1 (y1,z1,0,0)
f2 (0,0,y2,z2)

]
, G :=

[
g1 (y1,z1,0,z2)
g2 (0,z1,y2,z2)

]
. (2)

Hence, the ODE parts of the subsystems are isolated.
Due to (2), an contraction factor αn := ‖G−1

z(k)
Gz(k−1)‖

occurs, where convergence is only guaranteed if αn <
1 holds. Mainly for nonlinear models the jacobians
G−1

z(k)
,Gz(k−1) are hard to compute. Now, let X(t), X̃(t)

be two waveforms on the nth time window Hn :=
[tn, tn+1]. The difference after k iterations is measured
by δ (k)

n := ‖X(k)
n (t)− X̃(k)

n (t)‖2,∞. Due to algebraic
coupling, see (2), one obtains the error propagation:
[

δ (k)
y,n

δ (k)
z,n

]
≤
[

0 CHn
0 CHn +αn

]k
[

δ (0)
y,n

δ (0)
z,n

]
+ remainder (3)

Thus we found that the contraction factor is bounded
from below by

αn ≥ (δ (k)
z,n/δ (0)

z,n )
1/k−CHn, (4)

which enables to estimate the contraction factor αn
during the co-simulation procedure for Hn small enough.

1.1 Richardson Extrapolation

In (4) an estimator based on a Richardson Extrapo-
lation has been used to measure the errors. At first.
one step with the macro-step size Hn is carried out
which yields the numerical result X(k)

n (t). Then, the
same step is executed using two steps with the half
macro-step size Hn/2 yielding the more accurate solu-

tion X(k)
n/2(t). Using constant extrapolation for the ini-

tial guess, the error of X(k)
n (t) can be estimated by

δ (k)
n = 2‖X(k)

n (t)−X(k)
n/2(t)‖+O(H2

n ). (5)

2 Density Estimation Techniques

Several well known approaches can be found for mea-
suring the pdf of random variables. One prominent
technique is the so-called Kernel Density Estimation
(KDE) based on a brute-force sampling of all ran-
dom variables. Another approach tries to determine
the PDF analytically by covering the stochastic pro-
cess using Polynomial Chaos (PC) expansion, see [2].

However, both methods are from scratch differ-
ently with its own benefits. Thus, a comparison with
its application in co-simulation is of great interest.

2.1 Kernel Density Estimation Method

In contrast to determine stochastic distributions by
simple histograms, KDE techniques allows to get PDFs
without discontinuities and with fewer samples. Let
X = (x1, . . . ,xn)∈R be an independent sample drawn
from some distribution with an unknown density pX .
The shape of this function can be estimated using a
kernel density estimator

p̂X =
1

nh

n

∑
i=1

K(
x− xi

h
), K(x) =

1√
2π

e−x2/2 (6)

where K(x) is the gaussian-kernel −a non-negative
function that integrates to one and has mean zero−
and smoothing operator h > 0. To avoid oversmooth-
ing, KDE requires judicious choice of bandwidth h.
However the choice of h can be chosen optimal in
some sense. Thus this topic is not treated in this work.
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2.2 Spectral Method

Suppose that the PC expansion is written as

f (ξ ) = ∑
α

fα Φα(ξ ) (7)

with coefficient functions fα , polynomials Φα(·) thus
that 〈Φn(·),Φm(·)〉 = δnm, n,m ∈ N0, and random
variable ξ with PDF pξ (·). To determine the coeffi-
cients fα , we employ stochastic collocation. Now we
want to write a PDF for f (ξ ), call it p f (ξ )(·). Suppose
we want to evaluate this PDF at some x: Then

p f (ξ )(x) = ∑
ξ∈Rx

pξ (ξ )
|D f (ξ )| ,Rx = ξ : f (ξ )− x = 0. (8)

where ξ1, . . . ,ξN are the N roots of f (ξ )− x = 0 and
D f (ξ ) is the jacobian evaluated at ξ . In other words,
many possible ξ may gives use this particular x and
all of them contribute to the probability density at x.

3 Numerical Test Example

A field/circuit coupled problem, see Fig. 3, serves as
our test example. Field and circuit are coupled to-

Uin

Ri ωR

C1

(1−ω)R RM,1 RM,2

RLC2

Subsystem 1 Subsystem 2
field PDE model

LM

Fig. 1. Field/circuit coupling using R-coupling.

gether using the new technique of R-coupling. That
is, the contraction factor is determined by the ratio of
the resistances α = (ωR)/((1−ω)R) , ω ∈ [0,1].
Please note that R-coupling fulfills (2). This gives the
opportunity to several create cases with different sta-
bility behaviors. For simplification, we define R1 :=
ωR, R2 := (1−ω)R. Now we consider R1,R2 to be
uniformly distributed: Ri ∼ U (10 Ω − δRi, 10 Ω +
δRi) for i = 1,2. We suppose an variation of about
δR1 = 1 Ω , δR2 = 7 Ω . As a consequence, the con-
traction factor α becomes stochastic. Now, the chal-
lenge is to shape the pdf of α as good as possible from
its underlying sample with as little effort as possible.

Fig. 2 shows the estimated pdf using the spectral
method and the KDE approach with different number
of sample. For the spectral approach, the maximum
degree of polynomial that we used for the approxi-
mation by PC expansion is two. For R1 uncertain, the
spectral method becomes more powerful. That is, due
to the linear mapping, the spectral method enables to
approximate the stochastic process exactly. The KDE
approach needs a large number of samples to draw the

uniform distribution precisely. However, for R2 uncer-
tain, the mapping becomes nonlinear, since R2 is lo-
cated in the denominator. Thus the spectral method
fails as long as we use quadratic polynomials for its
approximation. However, using polynomials of higher
order allows for reducing the error. Fig. 3 compares
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Fig. 2. pdf for uncertain R1 (left) and uncertain R2 (right).

the error of uniformly shaped pdf −measured in ex-
pectation value− for increasing window sizes. That is,
(4) becomes less accurate for larger window sizes Hn.
Furthermore, using (5) as error estimation seems to
work well. Therefore, using richardson extrapolation
or ref. solution yields approximately the same error.
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Fig. 3. Accuracy in expectation value vs. window size H.

4 Conclusions

We demonstrated that both schemes, i.e. spectral- and
KDE approach, are applicable in co-simulation for
estimating the distribution of the contraction factor.
However, both schemes are different in nature. Hence
the objective is to analyze and reduce the computa-
tional effort. Therefore, sensitivity coefficients proba-
bility helps for effective parameter space sampling.
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Summary. In this paper, a proper-orthogonal-decomposition
reduced-order model is applied to an eddy-current problem
with movement. A classical magnetodynamic finite element
formulation based on the magnetic vector potential is used
as reference and as starting point to build the reduced mod-
els. The TEAM workshop problem 28 is chosen as a test
case.

1 Introduction

The accurate modelling of electromagnetic devices
accounting for eddy current effects, movement, non-
linearities,... is a major concern from early design
stages. The finite element (FE) method is widely used
and versatile for modelling these phenomena. It maybe
extremely expensive in terms of computational time
and memory, though. The most popular approaches
for handling this issue are those based on the extrac-
tion of physical parameters (inductances, flux link-
ages,...) either from simulations or measurements and
the construction of look-up tables covering the oper-
ating range of the device [1]. Future simulations are
performed by simple interpolation, drastically reduc-
ing thus the computational cost.

Reduced order (RO) techniques with a more math-
ematical approach are a feasible alternative, which are
gaining interest in electromagnetism [2]. Few works
have addressed electromagnetic problems with move-
ment, crucial to model of e.g. actuators, rotating elec-
trical machines. In [3], a permanent magnet synchronous
machine is studied via a POD-RO model of a magne-
tostatic FE formulation. The rotation is taken into ac-
count with the locked step approach, so the mesh and
number of degree of freedom remain constant.

In this work, we consider a levitation problem
with RO techniques, the Team Workshop problem
28 [4] (see Fig. 1). The time-varying magnetic field
generated by the coils induces eddy currents in the
conducting plate. The ensuing magnetic force moves
the plate, which oscillates around an equilibrium lev-
itating position. The FE mesh changes at every new
position/time step. Herein a RO projection operator
is developed to properly account for the different
meshes with a prescribed accuracy.

X

Y

Z

Fig. 1. Team 28 problem: 2D mesh

2 Magnetodynamic levitation model

Let us consider a bounded domain Ω =Ωc∪ΩC
c ∈R3

with boundary Γ . The conducting and non-conducting
parts of Ω are denoted by Ωc and ΩC

c , respectively.
The (modified) magnetic-vector-potential (a−) magneto-
dynamic formulation (weak form of Ampère’s law)
reads: find a, such that

(ν curla,curla′)Ω +(σ∂ta,a′)Ωc + 〈n̂×h,a′〉Γ
= ( js,a′)Ωs , ∀a′ (1)

with a′ test functions in a suitable function space;
b = curla the magnetic flux density; js a prescribed
current density and n̂ the outward unit normal vec-
tor on Γ . Volume integrals in Ω and surface inte-
grals on Γ of the scalar product of their arguments
are denoted by (·, ·)Ω and 〈·, ·〉Ω . The derivative with
respect to time is denoted by ∂t . We further assume
linear isotropic materials with reluctivity ν (magnetic
field h = νb) and conductivity σ .

We adopt a weak electromechanical coupling. Once
the electromagnetic problem solved, we compute the
magnetic force from a by means of the Maxwell stress
tensor. This force is the source of the mechanical
problem to determine the plate displacement [5].

m∂tv(t)+ξ v(t)+ ky(t) = F(t) , v(t) = ∂ty(t) (2)

where y(t) is the position, v(t) the velocity, m the
mass, ξ the viscous friction coefficient, k the elastic
constant and F(t) the total applied force including the
magnetic forces.
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3 Model order reduction

The proper orthogonal decomposition (POD) is ap-
plied to reduce the matrix system resulting from the
discretisation of (1):

A∂tx(t)+Bx(t) =C(t) . (3)

The solution vector x (N×1) is then approximated
by a vector xr (M×1) in a reduced basis, M < N,

x≈Ψxr , (4)

with Ψ an orthonormal projection operator generated
from the time-domain full solution x via snapshot
techniques [6].

Let us consider the snapshot matrix, S= [x1,x2, . . .]
from the set of solution x for the selected number of
time steps. Applying the singular value decomposi-
tion (SVD) to this snapshot matrix S as,

S = U ΣV T (5)

We consider, Ψ = U r corresponds to the truncation
(r first columns). Therefore, the reduced-order system
becomes:

Ar∂txr(t)+Brxr(t) =Cr(t) . (6)

with Ar = Ψ T AΨ , Br = Ψ T BΨ and Cr = Ψ TC [7].
Note that the FE mesh changes for every snapshot,
what means that the projection operator Ψ must be
projected to a common basis and the procedure be-
comes more expensive.

4 Results

We consider an electrodynamic levitation device con-
sisting of a conducting plate over two coaxial exciting
coils. At t = 0 the plate rests above the coils at a dis-
tance of 3.8 mm. A time-varying sinusoidal current at
50 Hz is imposed in both coils, same amplitude, op-
posite directions [4].

We assume a purely translational movement (ro-
tation and tilting are neglected) and adopt a FE ax-
isymmetric model as reference and origin of the RO
models.

Reaching steady state has required time-stepping
50 periods (5000 time steps). The first 1400 time-step
solutions (280 ms) are included in the snapshot ma-
trix, as they comprise the first two peaks, see Fig. 2.
We have observed that this is the optimal amount of
solutions to reproduce the transient.

Three POD-based RO models are constructed with
a prescribed error tolerance: RO1, RO2, RO3. The
smaller the error tolerance, the bigger the RO model
will be (size of RO3<RO2<RO1).

As preliminary result, the displacement and rel-
ative error of the full and RO models are shown in
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Fig. 2. Displacement (up) and relative error (down) between
full and RO models

Fig. 2. With the RO approach we need 1400 time steps
instead of the 5000 time steps for getting the full sys-
tem behaviour. An accurate result has been achieved
with the truncated basis models: RO2 and RO3. Al-
though the RO approach is expensive for a single sim-
ulation, the gain in computational cost is clear for
repetitive cases.

Details on the theory and a thorough analysis of
the behaviour of the RO models with e.g. the time step
size and the number of time steps for constructing the
projection operator will be provided.
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Summary. We simulate a coupled system consisting of a
ciruit subsystem and a electromagnetic field subsystem in
time domain. Therefore we extend multirate time integra-
tion for systems of ODEs to coupled systems of ODEs
and DAEs. For the slow changing subsystem we consider
magneto-quasistatic equations and apply a model order re-
duction technique such that the reduced-order subsystem is
a system of ODEs.

1 Introduction

We investigate electromagnetic effects in electrical
circuits in time domain. Therefore we consider a cou-
pled system of partial differential-algebraic equations
(DAEs): The first subsystem describes the voltages in
the circuits the other subsystem comes from a FEM
semi-discretised magneto-quasistatic (MQS) equation
(for the electromagnetic subsystem). By regularisa-
tion we achieve a system of ordinary differential equa-
tions (ODEs) modelling the electrical network. On
the other hand, a FEM discretisation of the MQS
part yields a DAE. Often the electric network and the
MQS device operate on differing time scales, which
will be assumed here. In our example, a low-pass fil-
ter will provide the differing scales. For coupled sys-
tems of ODEs multriate time integration schemes are
a well established method to exploit this structure to
gain efficiency. We introduce multirate time integra-
tion schemes for coupled ODE-DAE systems to gen-
eralize this approach to a larger type of coupled sys-
tems. In general the semi-discretised MQS equation
is a high dimensional system of DAEs. We provide
a model order reduction technique that reduces the
large MQS DAE system to a low dimensional ODE
and we end up with a small coupled system of ODEs
that describe the electromagnetic effects in an electri-
cal circuit.

2 Multirate integration for semi-explicit
DAEs

Given a system of semi-explicit DAEs

ẏA = fA(yA,yL,zL, t) (1)
ẏL = fL(yA,yL,zL, t) (2)
0 = gL(yA,yL,zL, t) (3)

of index one with consistant initial values yA,0, yL,0, zL,0
and a particular dynamical behaviour: yA provides
high dynamical changes while yL and zL are changing
much slower. Multirate time integrations schemes ex-
ploit this special structure by using inherent time step-
sizes subsystems: the slow changing subsystem that
describes yL and zL is integrated with large macro-step
H while the fast changing or active subsystem is in-
tegrated with smaller micro-steps h. We extend ODE
multirate schemes using dynamic refinement strate-
gies introduced in [3]. The whole system (1–3) is in-
tegrated with stepsize H by a LobattoIIIC method,
than the active subsystem (1) is integrated with micro-
stepsize h while the values of yL and zL are interpo-
lated.

3 Model order reduction for
magneto-quasistatic equations

To study electromagnetic effects we compute the mag-
netic vector potential A by solving the curl-curl equa-
tion

σ
∂A
∂ t

∇× (ν(‖∇×A‖2)∇×A) = J (4)

using a FEM discretisation. The standard Galerkin
projection yields a nonlinear system of DAEs

E ẋ =A (x)x+Bu, y = C x (5)

with a singular mass matrix E . Under certain assump-
tions (see [2]) this system is of tractability index one
and can be transformed into a system of ODEs

Eẋ = A(x)x+Bu, y =Cx (6)
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with a nonsingular matrix E. The transformation leads,
however, to a full matrix A, which is not feasible
for large-scale systems. In [2], the authors present
a model reduction approach to compute a reduced-
order model for (6) and also for (5) which avoids the
explicit construction of the ODE system (6). This is
possible for a linear as well as nonlinear MQS sys-
tem (4). For model reduction of the linear MQS sys-
tem, they use the balanced truncation method, while
the nonlinear system is reduced using the proper or-
thogonal decomposition technique combined with the
discrete empirical interpolation method [1].

4 Simulation of coupled circuit/field
systems

We consider a single phase 2D transformer with an
iron core and two coils. We neglect displacement cur-
rents so that we can model the electromagnetic effects
by magneto-quasistatic equations as it is described in
Section 3. The transformer is coupled to a circuit via
source-coupling using the well established methods
from [4]. The circuit consists of a low pass filter which
filters the low frequencies from a pulse width modula-
tion voltage source to the transformer. The ODEs that
describe the circuits are achieved by a modified nodal
analysis. Figure 1 shows the circuit diagram of the
considered system while the boxed elements represent
the electromagnetic effects by their lumped devices.
For the coupled system we end up with a system of
ODEs (for the circuit subsystem) coupled with a sys-
tem of DAEs (for the non-reduced MQS equation) or
a system of ODEs (for the reduced case). For the cou-
pled system a combination of a model order reduction
for the large-scale, slow subsystem and a multirate
time integration promises a gain of efficiency in time
domain simulation. In this work we will use the multi-
rate ODE/DAE-methods of section 2 for time domain
simulation of the coupled system with reduced and
non reduced slow subsystem (field). Detailed simu-
lation results about error and simulation time will be
presented at the conference.

Uin

R1

C1 Uout

Fig. 1. Circuit diagram of the coupled systems with lumped
elements for the electromagnetic effects (box).
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Summary. Isogeometric analysis is an approach for dis-
cretizing partial differential equations using the same func-
tion spaces which are also used for the representation of
the computational domain, like B-splines. Unlike in stan-
dard high-order finite element discretizations with low con-
tinuity, where the number of degrees of freedom grows with
the polynomial degree, for B-splines, the number of degrees
of freedom is basically independent of the polynomial de-
gree. This makes them very suitable for solving problems
with smooth solutions. We will discuss how to construct fast
multigrid solvers for such discretizations.

1 Introduction

Isogeometric Analysis (IgA), introduced by Hughes
et al. [4], is an approach for the discretization of par-
tial differential equations (PDEs) which aims to bring
geometric modeling and numerical simulation closer
together. The technical idea is to use spaces of B-
splines or non-uniform rational B-splines (NURBS)
both for the geometric description of the computa-
tional domain and as discretization spaces for the nu-
merical solution of the PDEs. We consider the space
Sp,h(Ω) of splines of polynomial degree p which are
p− 1 times continuously differentiable. A basis of
such a space for one dimension can look as follows.
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For two or more dimensions, tensor product spaces
are used. Here, the domain is represented by a geom-
etry transformation, which is – in contrast to classical
finite element methods (FEM) – a global function.

G

More complicated domains are represented in a
multi-patch fashion, where each patch has such a
tensor-product structure.

As for classical FEM, we obtain large but sparse
linear systems. A good approximation of the solu-
tion of the PDE requires sufficient refinement, which
causes both the dimension and the condition num-
ber of the stiffness matrix to grow. At least for prob-
lems on three-dimensional domains, the use of direct
solvers does not seem to be feasible. The development
of efficient linear solvers or preconditioners for such
linear systems is therefore essential.

2 Approximation error estimates and
inverse inequality

In a recent paper [5], a robust approximation error es-
timate for B-splines was shown. There, some symme-
try was used to show that the constructed approxima-
tion lives in a space S̃p,h(Ω) ⊂ Sp,h(Ω), which con-
sists only of those splines whose odd derivatives (up
to order p−1) vanish on the boundary.

Theorem 1. For all grid sizes h and all degrees p∈N
with h p< |Ω |= b−a,

‖(I−Πp,h)u‖L2(Ω) ≤
√

2 h|u|H1(Ω) ∀u ∈ H1(Ω)

is satisfied, where Πp,h is the H1-orthogonal projec-
tion into S̃p,h(Ω).

For the space S̃p,h(Ω), also an inverse inequality
was provided.

Theorem 2. For all grid sizes h and all degrees p∈N,

|up,h|H1(Ω) ≤ 2
√

3h−1‖up,h‖L2(Ω) ∀up,h ∈ S̃p,h(Ω)

is satisfied.

This inverse inequality does not extend to the
whole space Sp,h(Ω). Let Ω = (0,1). The function
up,h(x) := max{(1− x/h),0}p satisfies

|up,h|H1(0,1)

‖up,h‖L2(0,1)
=

√
2p+1
2p−1

p h−1 6≤ ch−1

for any fixed c. Note that (for one dimensional do-
mains), the dimension of Sp,h(Ω) is n+ p if n is the
number of subintervals. It is easy to verify that the
dimension of S̃p,h(Ω) is n+ (p mod 2), so its com-
plement (the space of outliers) has a dimension of
2bp/2c.
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3 Robust multigrid solvers

It has been shown that a standard approach for con-
structing geometric multigrid solvers for IgA leads to
methods which are robust in the grid size, however the
convergence rates deteriorate significantly when the
spline degree is increased, cf. [1]. The analysis was
done for the Poisson problem, which can be seen as a
formulation for the potential equations or as a starting
point for further research concerning other differen-
tial equations, like Maxwell’s equations.

In [3], it was shown that the method can be sig-
nificantly improved by using a Richardson smoother,
preconditioned with the mass matrix. That method
can be formulated in the function space only, so it is
not affected by the bad condition number of the ba-
sis. However, still the outliers mentioned in the last
section play an important role, which make also that
method being non-robust in the polynomial degree.

In the following, we introduce a stable subspace-
splitting which is then used to construct a robust
and efficient multigrid method. Any function in u ∈
Sp,h(0,1) can be decomposed in a sum of a func-
tion u0 ∈ S̃p,h(0,1) and its L2-orthogonal complement
u1 ∈ S̃⊥p,h(0,1), where, of course,

u = u0 +u1, ‖u‖2
L2 = ‖u0‖2

L2 +‖u1‖2
L2

holds. A basis for these two spaces looks as follows:
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Using Theorems 1 and 2, we can show that the split-
ting is H1-stable, i.e., there is a constant c such that

c−1|u|2H1 ≤ |u0|2H1 + |u1|2H1 ≤ c−1|u|2H1 .

For d > 1 dimensions, we use the tensor product
structure of the spline space and obtain 2d subspaces,
where again a robust splitting is possible. For sake of
simplicity, we restrict the discussion in the following
to d = 2. There, the subspaces can be visualized as
follows:

⊕ ⊕ ⊕

Based on the splitting, a p-robust h-multigrid me-
thod can be constructed as follows. As we have nested
spaces, i.e., Sp,2h(Ω) ⊂ Sp,h(Ω), the coarse-grid cor-
rection is completely standard. The approximation
property (in the sense of Hackbusch’s splitting of the
analysis in approximation and smoothing property)
follows then directly from Theorem 1.

The important remaining part is the construction
of the smoother, which satisfies the smoothing prop-
erty. Observe that the stiffness matrix K is given by

K = K⊗M+M⊗K,

where M and K are the mass matrix and the stiff-
ness matrix in one dimension. Unlike the mass matrix
M =M⊗M, the stiffness matrix does not have tensor
product structure.

Based on the stable splitting, we obtain

K h
1

∑
i=0

1

∑
j=0

Qi jKi jQT
i j

=
1

∑
i=0

1

∑
j=0

Qi j(Ki⊗M j +Mi⊗K j)QT
i j,

where the (tensor-product) matrices Qi j represent the
embedding of the subspaces in Sp,h(Ω) and the matri-
ces Ki j, Mi and Ki represent the restriction of K , M
and K to the subspaces. In the interior, we use the in-
verse inequality in both directions and obtain K00 ≤
24h−2M0⊗M0 =: L00. On the edges, we use the in-
verse inequality along the edge and obtain K10 ≤
(12h−2M1 +K1)⊗M0 =: L10 and the same for the
other edge. Observe that L00, L10 and L01 have
tensor-product structure, which is used to invert them
efficiently. The p× p matrix L11 := K11 is inverted
directly. Finally, the smoother is defined by

u(k+1)
p,h = u(k)p,h +

1

∑
i=0

1

∑
j=0

Qi jL
−1

i j QT
i j( f −K u(k)p,h).

It can be shown that the computational costs do not
exceed O(pdh−d), which coincides with the order of
the complexity for computing the product K u(k)p,h.

Based on this construction, one obtains that the
multigrid solver converges with rates that are robustly
bounded away from 1 for all grid sizes and all polyno-
mial degrees. Also the numerical results indicate the
same. The run times of the algorithm look promising
and seem to be better than the previous results, given
in [2], for every choice of the grid size and the poly-
nomial degree. An extension to three or more dimen-
sions is completely analogous.
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Summary. A convergence analysis of the Galerkin approx-
imation of a boundary integral formulation of Maxwell’s
time-harmonic interior and exterior eigenvalue problem is
presented. The analysis is based on the framework of regu-
lar approximations of eigenvalue problems for holomorphic
Fredholm operator-valued functions. The derived error esti-
mates are in consistence with numerical examples as given
in [8].

1 Boundary integral formulation

We consider a boundary element approximation of
the interior and the exterior time-harmonic Maxwell’s
eigenvalue problem for a given bounded Lipschitz do-
main Ω i ⊂R3. The interior eigenvalue problem reads
as follows: Find κ ∈R+ and Ei ∈H(curl;Ω i), Ei 6= 0,
such that:

curlcurlEi−κ2Ei = 0 in Ω i

γ i
t Ei := n×Ei = 0 on Γ := ∂Ω i,

(1)

where κ =
√εµω is the wave number. The exterior

eigenvalue problem, usually referred to as scattering-
resonance problem, is formulated in Ω e := R3 \Ω i

and is given by: Find κ ∈ C and Ee ∈Hloc(curl;Ω e),
Ee 6= 0, such that:

curlcurlEe−κ2Ee = 0 in Ω e,

γe
t Ee := n×Ee = 0 on Γ ,

Ee is outgoing.

(2)

Any eigenpair (κ,Ei) of (1) and any eigenpair (κ,Ee)
of (2) has a representation in terms of the single layer
potential of Maxwell’s equation of the form

Ei/e(x) =±
(
(ΨSL(κ))(γ

i/e
N Ei/e)

)
(x), (3)

where

ΨSL(κ)µµµ(x) = κ
∫

Γ

eiκ‖x−y‖

4π‖x−y‖µµµ(y)dsy

+
1
κ

∇
∫

Γ

eiκ‖x−y‖

4π‖x−y‖divΓ µµµ(y)dsy

and γ i/e := κ−1γ i/e
t ◦curl is the interior/exterior Neu-

mann trace on Γ . The representation formula (3) shows

that any eigenfunction of (1) and (2) is determined by
its Neumann trace. Let S(κ) := γ i

t ΨSL(κ) be the sin-
gle layer boundary integral operator. It holds S(κ) =
γe

t ΨSL(κ) and S(κ) : V→ V, where V is the trace
space V := γ i

t H(curl;Ω i) = H−1/2
× (divΓ ,Γ ), see e.g.

[3]. From the representation formula (3) it follows
that any eigenpair of (1) and (2) satisfies the boundary
integral equation

(S(κ))
(

γ i/e
N Ei/e

)
= 0 on Γ . (4)

As boundary integral formulation of the eigenvalue
problems (1) and (2) we consider the following eigen-
value problem: Find κ ∈C\{0} and µµµ ∈V\{0} such
that:

S(κ)µµµ = 0. (5)
Note that this eigenvalue problem is nonlinear with
respect to the eigenvalue parameter κ which appears
nonlinear in the kernel of S(κ). However, as we will
show below, on the discrete level the resulting eigen-
value problem can be transfered to a linear eigenvalue
problem by the so-called contour integral method.
Equation (4) and the following proposition show the
equivalence between the eigenvalue problems (1) and
(2) with the boundary integral formulation (5).
Proposition 1. Suppose that (κ,µµµ), κ ∈ C \ {0} and
µµµ ∈ V \ {0}, is an eigenpair of (5). If κ is real, then
it is an eigenvalue of (1) and µµµ = γ i

N Ei. Otherwise, κ
is an eigenvalue of (2) and µµµ = γe

N Ee.

Crucial for our analysis is that S(κ) satisfies a gener-
alized Gårding’s inequality, i. e., there exists a com-
pact operator C(κ) : V→ V and a continuous and in-
vertible operator T : V→ V such that

Re(〈S(κ)µµµ,Tµµµ〉+ 〈C(κ)µµµ,µµµ〉)≥ c‖µµµ‖2
V (6)

for all µµµ ∈ V. The operator T is constructed as a pro-
jection, which is related to a suitable stable splitting
of the trace space V, see e.g. [3]. Inequality (6) shows
that T∗S(κ) is a Fredholm operator with index zero
which implies that the eigenvalue problem (5) can be
treated in framework of eigenvalue problems for Fred-
holm operator-valued functions [5].

2 Boundary element approximation

For the boundary element approximation of the eigen-
value problem (5) we consider a conforming Galerkin
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scheme. We suppose that {Vh}h∈I is a sequence of
approximating subspaces of V which satisfies the fol-
lowing two conditions:

i) ‖χχχh−χχχ‖V→ 0 as h→ 0 for all χχχ ∈ V .
ii) For T as given in (6) there exists a sequence
{Th}h∈I , Th : Vh → Vh linear and continuous,
such that

sup
µµµh∈Vh\{0}

‖(T−Th)µµµh‖Vh

‖µµµh‖Vh

→ 0 as h→ 0.

These conditions are required in order to guarantee a
regular approximation of the operator S(κ) [4], which
is crucial for the convergence of the approximation
of eigenvalue problems for holomorphic Fredholm
operator-valued functions [5, 6]. The Raviart-Thomas
elements of degree k defined on triangulation of Γ
are an example of a conforming subspace of V for
which above conditions i) and ii) are satisfied, where
Th = PhT, see [2].

The Galerkin formulation of the boundary integral
eigenvalue problem (5) is given as: Find κh and µµµh ∈
Vh \{0} such that:

〈S(κh)µµµh,χχχh〉= 0 ∀χχχh ∈ Vh. (7)

The numerical analysis of the Galerkin approximation
(7) of the eigenvalue problem (5) are based on gen-
eral results for the so-called regular approximation of
eigenvalue problems for holomorphic Fredholm oper-
ator value functions [5, 6]. In the following theorem
the derived convergence results are summarized [7].

Theorem 1. 1. (Completeness of the discrete spec-
trum) For every eigenvalue κ ∈ C \ {0} of the
boundary integral eigenvalue problem (5) there
exists a sequence (κh) of eigenvalues of the Gal-
erkin eigenvalue problem (7) such that

κh→ κ as h→ 0.

2. (Non-pollution of the discrete spectrum) Let K ⊂
C \ {0} be compact such that there is no eigen-
value of the boundary integral eigenvalue prob-
lem (5) in K. Then there exists an h0 > 0 such
that for all h < h0 the Galerkin eigenvalue prob-
lem (7) has no eigenvalues in K.

3. Let D⊂ C\{0} be compact. Suppose that κ ∈ D̊
and that there is no other eigenvalue in D. Then
there exists an h0 > 0 and a constant c > 0 such
that for all 0< h≤ h0 we have:

a)
|κh−κ| ≤ cδh(κ)2/`

for all eigenvalues κh ∈ D of the Galerkin
eigenvalue problem (7), where δh(κ) is the
gap between the generalized eigenspace cor-
responding to κ and Vh and ` is maximal
length of a Jordan chain corresponding to κ .

b)

inf
µµµ∈GE(κ)

‖µµµ−µµµh‖V

≤ c(|κh−κ|+δh(κ))

for all eigenpairs (κh,µµµh) of (7) with κh ∈ D
and ‖µµµh‖V = 1.

3 Numerical solution of the discretized
eigenvalue problem

The Galerkin formulation of the boundary integral
eigenvalue problem (7) is equivalent to a nonlinear
matrix eigenvalue problem which can be solved by
the so-called contour integral method [1]. The contour
integral method is a reliable method for finding all
eigenvalues and corresponding eigenvectors which lie
inside of a given contour in the complex plane.This is
achieved by reducing the nonlinear eigenvalue prob-
lem to an equivalent linear one which has the same
eigenvalues as the nonlinear eigenvalue problem in-
side the contour. For numerical examples of the appli-
cation of the contour integral method for the boundary
element approximation of Maxwell’s interior eigen-
value problem we refer to [8].
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Summary. A fully automatic creation and discretization
of 2D dielectric charge simulation models for high volt-
age switchgear components based on CAD-tool Creo is pre-
sented. The new approach enables fast and accurate com-
putation of industrial arrangements including features like
triple points, surface charge and large differences between
material properties. We focus on discretization method that
enables automatic and smooth distribution of surface el-
ements along very complex geometries while ensuring a
good accuracy in critical spots. The efficiency of the ap-
proach is demonstrated for selected examples of gas insu-
lated switchgear designs.

1 Introduction

The charge simulation method (CSM) has been ap-
plied to optimize high voltage arrangements already
in 1960s [1], [2], [3], long before the finite element
method (FEM) has achieved maturity to handle this
type of applications. In the meantime FEM has domi-
nated the market for dielectric computation tools, but
the effort required for FEM-analysis in the industrial
environment is still considerable and requires main-
taining specific FEM-expertise. Therefore, in 1990s
we have introduced 3D boundary element method
(BEM) as an industrial tool for computations of high
voltage switchgear [4]. The BEM approach became
very popular since it could be easy integrated into the
computer-aided design (CAD) systems like ProEngi-
neer/Creo and does not require the outer boundary
box as well as the mesh outside of the solid parts. In
the meantime the BEM is closely integrated into the
Creo user interface and has been efficiently used by
designers for automatic optimization procedures [5].

In spite of easy access to 3D computations there
is still a need for a 2D analysis. One reason is the
fact that parts of arrangements are partially axially
symmetric. For such parts the 2D analysis is much
more convenient and sufficient to design them. An-
other reason is that the 3D meshing is difficult for ac-
curate evaluation of critical spots, that are typically
triple points. Therefore, the switchgear designers re-
quested to enable creation of 2D models directly from
3D by defining a cross section through a complex 3D

assembly and generate a 2D geometry. The 2D ge-
ometry inherits not only the geometrical shapes but
also material properties and boundary conditions. The
request of engineers for fully automated 2D compu-
tation was the main trigger for the research project
presented in this paper. For realization we selected
the region-oriented charge simulation method [6]. We
have revised the formulation by adding a new con-
cept for computation of triple points. Since we do not
use any mesh the main effort was related to a new
method of contour discretization, which significantly
extended the algorithms used in the past [7].

2 Formulation

Beyond equations for surface elements [6], we intro-
duced new equations related to explicit handling of
triple points. For example, for a triple point with two
dielectric media and electrode we have added two dis-
crete charges. Each of them is assigned to the set
of charges for both dielectrics. The two additional
equations are expressing the known potential at triple
point but are formulated separately for each dielec-
tric region. In order to avoid numerical oscillations we
added for the collocation point i at triple junction an
additional flux density continuity equation expressed
as follows:

εr1 ∑
j∈1

ni1 ·∇pijq j1 + εr2 ∑
j∈2

ni2 ·∇pijq j2 = σi (1)

where εrN is relative electric permittivity of region
N while niN is normal vector at collocation point i as-
signed to region N, ∇pij is a field coefficient between i
and j, q jN is charge value j in region N, σi is unknown
charge density at the electrode surface.

3 Automatic Model Generation

Switchgear designers require a fully automated field
computation for a cross section selected from the 3D
model created in the CAD-System Creo as shown in
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Fig. 1. In addition to the cross section, the engineer se-
lects a coordinate system in order to specify the posi-
tion of the rotation axis as well as the boundary condi-
tion set defined in Creo Simulate. Based on engineer’s
specification we extract from the Creo data base the
collection of geometrical segments in form of straight
lines, arcs and tessellated lines (as representation of
splines). Each of the segment has a reference to the
adjacent materials and the boundary conditions.

Fig. 1. Cross section created through a CAD-Creo model of
an SF6 arrangement.

4 Discretization

The discretization is based on dividing the contour
segments into small surface elements. In the mid-
dle of each surface element a collocation point is lo-
cated. We have developed a new algorithm that en-
sures a smooth distribution of surface elements along
very complex geometrical contours and assigns the
position of the discrete charges. The distribution of
charges by the new algorithm is shown in Fig. 2. A
detailed description of the algorithm will be presented
in the extended version of this paper.

5 Calculation Examples

The post-processing features requested by switchgear
designers include color plots for selected areas and
the contour graphs. We use a color plot technique
based on field computation for each pixel of the com-
puter screen. This technique allows to achieve a very
high resolution and precision of result presentation.
An example of a color plot is shown in Fig. 3. The
fact that there are no singular points in the CSM for-
mulation is very helpful and allows to compute with a
high accuracy in the direct vicinity to boundaries.

Fig. 2. Discrete charge distribution for a detail from Fig. 1

Fig. 3. Field strength distribution for the arrangement in
Fig. 1

References

1. H. Steinbigler, Anfangsfeldstrken und Ausnutzungsfak-
toren rotationssymmetrischer Elektrodenanordnungen in
Luft. Doctoral Thesis TH. Munich 1969.

2. H. Singer, H. Steinbigler, P. Weiss, A Chage Simulation
Method for the Calculation of High Voltage Fields. IEEE
PES Winter Meeting, New York, January 27-Feburary 1,
1974, pp. 1660...1668.

3. Nazar H. Malik, A Review of the Charge Simulation
Method and its Applications. IEEE Transactions on
Electrical Insulation. Vol. 24 No. 1, February 1989.

4. N. De Kock, M. Mendik, Z. Andjelic and A. Blaszczyk,
Application of 3D boundary element method in the de-
sign of EHV GIS components. IEEE Magazine on Elec-
trical Insulation. Vol.14, No. 3, pp. 17...22, May/June
1998.

5. B. Dobrzelecki, K. Dudek, T. Nowak, A. Blaszczyk, In-
tegration of Dielectric Design Optimization into a Prod-
uct Development Workflow. An International Confer-
ence on Engineering and Applied Sciences Optimiza-
tion. Greece, 4-6 June 2014.

6. A. Blaszczyk and H. Steinbigler, Region-Oriented
charge simulation. IEEE Transactions on Magnetics.
Vol 30, no. 5, September 1994, pp. 2924...2927.

7. H. Nilsson, P. Wolpert, Automatic Boundary Dis-
cretization for the Region-Oriented Charge Simulation
Method. Master Thesis. KTH Stockolm 1992, TRITA-
NA-E9272.

82



Coupled circuit device simulation
Kai Bittner1, Hans Georg Brachtendorf1, Wim Schoenmaker2, Christian Strohm3, and Caren Tischendorf3

1 University of Applied Sciences of Upper Austria, A-4232 Hagenberg, Austria Kai.Bittner@fh-hagenberg.at,
Hans-Georg.Brachtendorf@fh-hagenberg.at

2 Magwel NV, Martelarenplein 13, B-3000 Leuven, Belgium Wim.Schoenmaker@magwel.com
3 Dept. of Mathematics, Humboldt-University of Berlin, D-12489 Berlin, Germany
strohmch@math.hu-berlin.de, tischendorf@math.hu-berlin.de

Summary. The goal of coupled circuit simulation is to test
a complex device described by a full 3D field model in
the environment of a larger circuit. We present here an ap-
proach, which treats the field model as device with a large
number of internal unknowns and equations.

1 Coupled simulation

The circuit is described as a network of devices, con-
nected at nodes. We consider circuit equations in the
charge/flux oriented modified nodal analysis (MNA)
formulation, which yields a mathematical model in
the form of a system of differential-algebraic equa-
tions (DAEs):

d
dt q
(
x(t)
)
+g
(
x(t)
)
= s(t). (1)

The vector x ∈ Rn consists of all node potentials ex-
cept ground as well as currents through inductors
and voltage sources. The equations are obtained from
Kirchhoff’s current law for each node and additional
equations for voltage sources and inductors. Kirch-
hoff’s current law requires the sum off all currents
into/from a node to be zero. These currents come from
device terminals connected to the node. Except for in-
ductors and voltage sources, where the currents are in
the unknown vector, the terminal currents are func-
tions of branch voltages (and their derivatives), which
in turn are the differences of node potentials.

For coupling of electromagnetic field simulation
with circuit simulation we replace lumped device mod-
els by a full 3D modell based on (discrcetized) Maxwell
equations. The discretized field model is provided by
an interface to the electro magnetic simulation tool
of Magwel [2]. The circuit equations (1) are comple-
mented by the dicretized field equations (as internal
device equations) of the form

d
dt a
(
x(t)
)
+ f
(
x(t)
)
= 0,

where the vector x(t) of unknowns is extended by ad-
ditional variables. The new system has now the same
form as the original circuit equations (1) such that
solvers for circuit simulation can be applied.

For the coupling several contact surfaces are de-
fined in the field model, which act as device terminals

in the circuit simulator as follows. The node poten-
tials of the device terminals are used as boundary con-
ditions for the electrical potential at the contact sur-
face, while the terminal currents for Kirchhoff’s cur-
rent law are obtained as currents through the contact
surfaces.

We use two kinds of interfaces to the field solver.
First there is a linear interface, which can be used if
the device consists only of conductors and isolators so
that all field equations are linear. Then, the discretized
equations can be fully described by suitable matrices.
These matrices are provided by the field simulator in
a pre-processing step.

If semiconductors are present in the device this
approach does not work anymore since the equations
become nonlinear. For this case a nonlinear interface
is used (suitable for any device). Here the field solver
provides for any vector of unknowns x the vectors
a(x) and f (x) together with their Jacobian’s, which
are needed for Newton solvers, as part of a DAE
solver used in circuit simulation.

2 Numerical results

50pF 10pF  

Vcc=10V

7

Vee= −10V

10pF

1

2

Ω

Fig. 1. Colpitts oscillator circuit with full 3D field models
for inductors

83



2

0 10 20 30 40 50 60 70 80

0

5

10

15

20

25

t in ns

u 1 in
 V

Fig. 2. Simulation result for Colpitts oscillator from Fig. 1

The coupled simulation was implemented in the
in-house simulator LinzFrame (C++), where new de-
vice classes were coded for the linear and nonlin-
ear interface. These device classes permit to use a
field model in the same way as any other device in
LinzFrame.

Fig. 1 depicts a Colpitts simulator where the lumped
inductor is replaced by an on-chip element. The on-
chip inductor is simulated by a full 3D electro mag-
netic field model using the linear interface. Fig. 2
shows the result of the coupled simulation.

1MΩ

Vin

Vdd

Out

Fig. 3. CMOS inverter with full 3D field models for NMOS
and PMOS

The nonlinear interface was tested on the CMOS
inverter in Fig. 3, where the MOSFET’s have been
simulated by a 3D field model. Due to the semi-
conductor materials the nonlinear interface was used
here.
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Fig. 4. Simulation result for CMOS inverter from Fig. 3

Finally we show in Fig. 6 the results of a cou-
pled multirate simulation ( see [1] for details). The
simulation was performed on a differential oscillator

(Fig. 5), where again a electromagnetic field model
was used for the inductors.
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Fig. 5. Differential oscillator circuit with full 3D field mod-
els for inductors

Fig. 6. Simulation result for differential oscillator from
Fig. 5
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Summary. A concept of simulation framework for dielec-
tric design of high voltage devices has been explained. It
is based on a simplified modeling of discharge character-
istics including propagation path, withstand and inception
voltages. The results of surface charging for a case study
with an insulating barrier and the discharge evaluation for
a complex gas insulated switchgear arrangement have been
presented as application examples.

1 Introduction

During the dielectric type tests the voltage load spec-
ified in technical standards is applied to the tested de-
vice. The test is successful if either no breakdown of
the device insulation occurs or, in case of lightning
impulse in gases, only a limited number of break-
downs are observed. The test results are typically pre-
dicted by performing electrostatic field computations
and comparing the calculated electric field strengths
with the critical values specified for the relevant gases
and surfaces of the geometry. This approach is very
helpful, but in many cases we observe significant de-
viation to the results obtained in the real high voltage
lab.

In this paper we present the concept of a Virtual
High Voltage Lab (VHVLab), which is aimed at clos-
ing the gap between simulations and experimental re-
sults. The foreseen benefits are not only related to the
accuracy of the predicted withstand voltages but also
to the fact that more insight into the discharge phe-
nomena occurring during tests is expected from sim-
ulations. For example, the knowledge of a critical dis-
charge path in a complex geometry is of high interest
to engineers.

VHVLab does not attempt to perform first prin-
ciple simulations with their whole physical and nu-
merical complexity. Instead we propose a simplified
approach that evaluates different discharge stages in-
cluding inception, streamer propagation, leader tran-
sition and breakdown [1] while showing in each of
these stages the corresponding discharge characteris-
tics. The first principle simulations together with ded-
icated experiments are used to validate the simplified
models. We demonstrate that the VHVLab concept
can be effectively applied to complex device geome-
tries.

2 Basic Concept

The architecture of the software concept is shown
in Fig. 1. The core, consisting of discharge model-
ing procedures, is connected via predefined interfaces
with external components including the background
field solver and the visualizer. As a first step of the
analysis, engineers need to create the virtual model of
the device and compute it with an electrostatic solver
that implements the VHVLab interface. Within the
VHVLab session, the numerical computation of dis-
charge characteristics, such as the propagation path in
different gases, is performed and presented to the user
in a 3D visualizer.

Fig. 1. Architecture of Virtual High Voltage Lab

An important feature of this architecture is the
plug-in concept. VHVLab is not implemented as an
add-on to any existing software system. It is a self-
standing application that uses other commercial, open
source and in-house components as plug-ins connected
via interfaces.

3 Case Study on Surface Charging

Charging of dielectric surfaces is strongly influencing
the development of the discharge process. We demon-
strate it for an example of a simple arrangement in-
cluding a 1.6-mm thick dielectric barrier (εr = 1.7)
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placed between a high voltage rod (7-mm diameter)
and a grounded plane [2], see axisymmetric repre-
sentation in Fig. 2a. The discharges created during a
lightning impulse of 91 kV at the rod tip propagate
towards the barrier and deposit positive charge on the
upper surface of the barrier. Assuming that enough
charge has been delivered from the rod, a state of satu-
ration may arise. The saturation charge boundary con-
dition can be formulated for the upper barrier surface
according to the following equations:

EnBarrεBarr = σsat , EnGas = 0, (1)

where EnBarr and EnGas are normal components of the
field strength at the charged surface inside the bar-
rier and in the gas respectively, εBarr is the permittiv-
ity of the barrier whereas σsat is the unknown satu-
ration charge density accumulated on the barrier. The
boundary condition (1) is a non-standard feature that
needs to be implemented for electrostatic solvers in-
tegrated with VHVlab in order to find the unknown
σsat . Once the saturation charge has been obtained, it
can be applied as a load during the next stage when
the potential of the rod is back to zero. The corre-
sponding voltage distribution for this stage is shown
in Fig. 2a.

Fig. 2. Potential distribution for a barrier with accumulated
saturation charge: (a) computed color plot (b) comparison
with measurement

The comparison between the measured and the
calculated barrier potential differs significantly within
the area just below the zero-potential rod, Fig. 2b. The

difference can be explained by the fact that the com-
putation does not include the re-strike phenomenon
that may occur due to the high stress (5.8 kV/mm) at
the rod tip. Analysis of inception at the rod showed
that the saturation charge would be sufficient to trig-
ger a re-strike in air for impulse voltages above 88 kV.
This value is lower than the applied 91 kV and nega-
tive streamers may therefore start at the grounded tip
and recombine with the positive charge accumulated
on the barrier.

4 Switchgear Application

Within the VHVLab framework we can efficiently
evaluate discharges for real life devices as shown in
Fig. 3. The critical spots and the discharge stream
lines have been evaluated for a gas mixture consist-
ing of perfluoro-ketones and air [3]. The results have
shown a good agreement with the performed dielec-
tric type tests.

Fig. 3. Evaluation of critical spots and selected discharge
stream lines in a 24 kV gas insulated ring main unit

More details on discharge evaluation procedures
and their application to high voltage devices will be
presented in the extended version of this paper.
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Streamer inception and propagation models for design-
ing air insulated power devices. CEIDP Conference Ma-
terial. Virginia Beach, Oct. 2009.

2. J. Ekeberg. Dielectric multi-barrier flashovers in air.
ABB CH-RD 2015-61 internal report. 2015

3. M. Hyrenbach, T. Hintzen, P. Müller, J. Owens. Al-
ternative gas insulation in medium-voltage switchgear.
23rd International Conference on Electricity Distribu-
tion. Lyon, 15-18 June 2015.

86



Topology optimization of synchronous reluctance motors for achieving
maximum torque capability

Gerd Bramerdorfer1, Peter Gangl2, and Armin Fohler3

1 Johannes Kepler University Linz, Department of Electrical Drives and Power Electronics
gerd.bramerdorfer@jku.at

2 Johannes Kepler University Linz, Doctoral Program “Computational Mathematics” peter.gangl@jku.at
3 Linz Center of Mechatronics armin.fohler@lcm.at

Summary. This paper covers the topology optimization of
a synchronous reluctance motor (SynRM) for maximum
torque capability. A typical motor design is considered and
the analyses are carried out using magnetostatic nonlinear
finite element calculations in two dimensions. The rotor
structure is optimized by means of a level-set algorithm to
provide maximum torque which is equivalent to maximum
output power for given rotor speed.

1 Introduction

A typical SynRM features a slotted stator comprising
a three-phase winding system and a rotor with flux
barriers in order to make use of a change of the reluc-
tance with regard to the rotor angle. Both, the stator
and rotor core are usually made of laminated steel in
order to minimize the respective iron losses. Recently
this motor gained more attention, as companies con-
sider it as an alternative to the widely spread induction
machines. The main reasons are a better power factor
and efficiency, especially at partial load. Comparing
with motors equipped with permanent magnets, the
synchronous reluctance motor features a worse per-
formance. However, due to the lack of magnets, the
motor design is more robust and the production costs
are lower and less volatile. As the name of this motor
implies, the torque is generated due to the interaction
of a rotor angle dependent reluctance and properly
set stator phase currents. In Fig. 1, typical transver-
sally laminated rotor designs are presented. The ideal
shape of the flux barriers, e.g., cornered or round,
and the optimal number of barriers was intensively

Fig. 1. Typical rotor structures with cornered (left) or round
(right) flux barriers. Just a quarter of the respective motor
cross sections is drawn.

investigated in the past [5, 6] and is still considered
in present research [2, 4] as no superior solution was
found. Most researchers deal with the optimization of
a parametrized rotor with few design variables. How-
ever, this obviously limits the solution space. Thus, in
this paper a topology optimization based approach is
favored to derive valuable insights regarding the ideal
rotor shape.

2 Optimization Scenario

In the present study, a three-phase machine is ana-
lyzed. The currents impressed to the stator coils are
of sinusoidal shape and are changed according to the
electric rotor angle. By introducing the current vector
i they can be defined by:

i(t) =




i1(t)
i2(t)
i3(t)


= î




cos(ωel t− ϕ0)

cos(ωel t− 2π
m − ϕ0)

cos(ωel t− 4π
m − ϕ0)


 . (1)

î and m denote the current magnitude and the number
of phases, respectively, while ϕ0 gives an initial offset.
ωel is specified by

ωel = ωr
Nr

2
, (2)

where Nr gives the number of rotor poles and ωr rep-
resents the angular speed of the rotor. The currents are
changed according to the rotor position. Hence, they
can alternatively be represented as functions of the ro-
tor angle ϕ = ωr t. As the motor is assumed to be a
conservative system, this also applies to all further de-
rived machine quantities.

The motor torque t of the synchronous reluctance
motor is a function of the change of the inductances
and the phase currents:

t(ϕ) =
1
2

iT
∂L
∂ϕ

i . (3)

L denotes the matrix of inductances and is defined by:

L =




L11 L12 L13
L21 L22 L23
L31 L32 L33


 . (4)
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Matrix entries of type Lxy with x = y are called self-
inductances, while parameters Lxy with x 6= y repre-
sent the coupling of different phases. As Lxy = Lyx
always holds, L is symmetric. Due to the nonlinear
material characteristics of the applied ferromagnetic
materials, L generally is a function of the stator cur-
rents and the rotor position L= f (i,ϕ). As the current
magnitude î is kept constant throughout this analysis,
L can be uniquely defined by L = f (ϕ). From the pe-
riodicity of the stator currents and the skew symmetry
of the material characteristics, it can be observed that
L(ϕ) = L(ϕ + 2π

Nr
). In order to maximize the torque,

the change of the inductances with regard to the ro-
tor angle should be maximized. Typically, two quality
measures are considered, the mean torque tmean

tmean =
1

2π

∫ 2π

0
t(ϕ) dϕ (5)

and the torque ripple tripp, defined as

tripp = max
0≤ϕ<2π

t(ϕ) − min
0≤ϕ<2π

t(ϕ) . (6)

While tmean is related to the output power of the mo-
tor and thus should be maximized, tripp must be min-
imized in order to avoid vibration and acoustic noise.

Optimizing those quality measures can be achieved
by modifying the rotor structure. In the present study,
this is performed using topology optimization com-
prising a level-set algorithm, which will be explained
in more detail in Section 3. The torque is calculated
using magnetostatic nonlinear finite element analy-
ses. According to (5) and (6), usually at least one
full period of the torque is analyzed by considering
a discrete number of rotor positions within an angular
range of 2π

Nr
. By contrast, the present analysis focuses

on obtaining optimal rotor structures regarding single
rotor angles while maximizing the respective torque
value. Thus, deep insight is provided if, besides an
obvious phase shift in angular position, the impact of
the current vector i and the stator slotting on the opti-
mal rotor structure is negligible or not.

3 Level-Set Algorithm

The optimization procedure is carried out by means
of the level-set algorithm introduced in [1] which is
based on the mathematical concept of the topological
derivative, see also [3]. The topological derivative of
a domain-dependent functional at a spatial point x de-
notes its sensitivity to a local change of the material
in the neighborhood of the point x. It attains nega-
tive values in points x where a local modification of
the material would decrease the functional, and pos-
itive values where a local change would increase it.
The employed level-set algorithm starts out from an
initial design and then subsequently uses the topolog-
ical derivative information to update the materials in-
side the rotor to reach a design where the topological

Fig. 2. Initial results of the optimized rotor structure

derivative is only positive or only negative, depend-
ing on whether the functional should be minimized or
maximized, respectively.

4 Initial Results and Outlook

In our first numerical experiments, we started out with
the rotor consisting of only ferromagnetic material.
A first result obtained by the level set algorithm in-
troduced in Section 3 is depicted in Figure 2. We
plan to use shape optimization as a post-processing
tool together with a special mesh modification method
which allows for smoother representation of the sub-
domain interfaces.
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Summary. Reduced order models for the multiphysics be-
havior of microelectromechanical switches are obtained,
starting from field simulations and analogies with mechan-
ical systems with lumped components: masses, springs,
dampers. If the degree of nonlinearity is low, even a reduced
system with one mass, one spring and one damper, obtained
from field simulations and time variation of the displace-
ment of one point of interest, can be accurate enough. If the
system is strongly nonlinear, the number of relevant points
in which the displacement is recorded is increased. Their
position is chosen in accordance with the deflection of the
mobile part.

1 Introduction

The efficient design of complex systems, such as inte-
grated systems on chips, needs accurate macromodels
of their constitutive parts. In order to be useful for the
designer, such a compact model has to be reduced, but
accurate enough, its extraction has to be done from the
physical description with a reasonable computational
effort and be as automatic as possible, and its simula-
tion must be much less than the simulation of the orig-
inal, non-reduced, discretized model. Finally, it has
to be described in a way which will allow its natural
coupling with the other components of the system [4].
In this paper the investigated components are MEMS
switches which consists of electrostatically actuated
movable parts and are used to allow or block the prop-
agation of RF signals in various applications.

There are a lot of model order reduction (MOR)
algorithms available [5], the difficulty of reducing the
order of RF MEMS switches discrete models com-
ing from the non-linearity of the system to be re-
duced. A method based on projections have been pro-
posed [3] and tested on a MEMS switch. A procedure
to integrate several heterogeneous programs (for mul-
tiphysics evaluation with ANSYS, MOR also based
on projection - Arnoldi and optimization - DOT opti-
mizer) was described in [2] and tested for a piezore-
sistive cantilever beam micro accelerometer.

This paper is a continuation of [1] and investigates
a data driven model reduction procedure for MEMS

switches. According to our previous experience with
MOR for passive RF components, a data driven pro-
cedure might be able to obtain, for certain problems,
reduced models of much lower order than the ones
based on projections. Our goal is to investigated how
valid is this statement for MEMS switches.

2 Method and results

In [1] we proposed a method to extract a macromodel
for RF-MEMS capacitive switches that includes both
the coupled multiphysics (structural-electric) behav-
ior of the switch as well as its RF behavior. The
macromodel was described as a Spice circuit model,
which is controlled by the MEMS actuation volt-
age and is excited with the RF signal. However, the
multiphysics part referred only to the static behavior,
needed to extract the pull-in voltage of the switch. The
extraction algorithm was inspired by the most simple
model conceivable for an electrostatic switch, namely
a parallel plate capacitor having one armature fixed
and the other armature, of mass m suspended by a
spring having the stiffness coefficient k if the elastic
force is assumed to vary linearly with respect to the
armature displacement z, or k1 and k3 if the depen-
dence is a cubic one. The equation of motion of such
a simplified model is generally

m
d2z
dt2 +b

dz
dt

+ k1z+ k3z3 = FES(u,z), (1)

where FES is the electrostatic force, which depends
on the applied voltage u and the displacement z and b
is a damping coefficient. A linear elastic force corre-
sponds to the equation with k1 = k, k3 = 0.

In order to extract the stiffness coefficients, k or
k1,k3 a strongly coupled static structural-electrostatic
simulation was carried out, from which the electro-
static force was fitted to a rational expression FES(u,z)=
−c1z/(c1z+ c2)

2u2, where c1 and c2 are obtained by
fitting the inverse value of the extracted capacitance to
a linear dependence c1z+ c2, where z is the displace-
ment of the point where the first contact will be made.
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Then, k or the pair k1,k3 where obtained through first
or third order least square fitting, respectively. The nu-
merical results showed that the cubic dependence was
able not only to predict accurately the pull in voltage
(error less than 1%), but also the dependence of the
displacement with respect to the applied voltage [1].

The effective mass m can be extracted in two
ways, both relying on a time domain simulation with-
out damping, for an excitation that is less than the
pull-in voltage of the switch, such that oscillations
are visible in the membrane movement. From this un-
damped response we can extract the fundamental fre-
quency ω0 and compute the mass as m = k/ω2

0 , or we
can extract the inertial force as Fin = FES(u,z)−k1z−
k3z3, and do a first order least square fitting of it with
respect to the acceleration a = d2z/dt2

Finally, the effective damping coefficient b is ex-
tracted from a time domain simulation with damping.
The damping force is computed as Fd = FES(u,z)−
k1z−k3z3 −m d2z

dt2 , and fitted with a first order polyno-
mial in dz/dt

To test the proposed algorithm, two switch config-
urations were considered: a cantilever (Fig. 1) and a
bridge with rectangular anchors.

Fig. 1. Cantilever switch: left - computational domain; right
- displacement just before the pull in.

The validation with damping is carried out for
cantilever test, where a Rayleigh structural damp-
ing βs is included explicitly in the FEM elastic ma-
terial model. Such damping is usually expressed as
bs = αsm+βsk, where αs is the mass-damping coef-
ficient and βs is the stiffness-damping coefficient. We
took αs = 0, imposed various values for βs and extract
the global β to be included in the macromodel.

Fig. 2 shows the comparison of dynamic responses
and Table 1 holds quantitative results. Even if the rel-
ative difference between the imposed β and the ex-
tracted one is relatively high (20% in some cases),
the dynamical responses are satisfactory, again better
when a cubic dependence of the elastic force with re-
spect to the displacement is considered (relative error
less than 2%). It is interesting to note that the more
damped is the system, the more accurate is the ap-
proximation.

For the bridge benchmark, the procedure is suc-
cessful to find the stiffness coefficients, but fails in the
extraction of the effective mass. This is due to the fact
that the inertial force cannot be accurately fitted with

Fig. 2. Dynamic simulation for an applied step voltage of
5V applied to a model with an imposed local Rayleigh
damping of 1.5e-6 s.

Table 1. Extraction of Rayleigh Damping Parameter

Imposed Extracted Rel Computed Rel.er.[%]
βs β diff. b = β ∗ k FEM-SPICE
[s] [s] [%] [g/s] use k k1,k3

6.0e-5 7.1e-5 19.2 1.70e-2 1.2 0.082
6.0e-6 7.3e-6 21.5 1.73e-3 2.1 0.074
1.5e-6 1.8e-6 18.7 4.23e-4 12 0.55
6.0e-7 6.8e-7 13.0 1.61e-4 26 1.4

a first order dependence with respect to the accelera-
tion. To increase the order of the reduced system, the
number of relevant points in which the displacement
is recorded is increased. Their position is chosen in
accordance with the deflection of the membrane.
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Summary. The desire of creating smaller and faster elec-
tronic devices has never ended in the electronics industry,
and this leads to challenging problems in the EDA1 indus-
try. In order to perform more realistic simulations, it is now
necessary to include a large number of additional devices in
the electronic circuits describing parasitic electromagnetic
effects. This leads to much larger linear systems, necessi-
tating a closer look at the techniques to solve these. In this
paper, we present a novel technique to address this problem
when large numbers of parasitic capacitances are included.

1 Introduction

The demand for faster and accurate EDA tools for the
simulation of AMS (analog mixed signal) circuits has
been evolving with each new technology generation.
In every new generation the transistors are smaller and
the chip density is greater which cause parasitic elec-
tromagnetic effects in transistors and interconnects to
be more pronounced. In this way, simulation time is
increased with greater chip density. Advanced numer-
ical techniques are imperative to address present-day
challenges (going to 7nm!) in the electronics industry.
The main aim is to speed up transient simulation
of AMS circuits. For this purpose, in general, im-
provements in the performance of existing simulators
and parallelization of simulation algorithms, with im-
proved scalability, are targeted [?]. With regard to the
first objective, due to the increasing amount of para-
sitics, full device-parasitic simulations are too costly.
Therefore, reduced models are sought for the para-
sitics. Parasitic circuits are very large network models
containing millions of nodes interconnected via vital
circuit elements: R, RC, or RLC. Parasitic networks
with millions of nodes, RC elements and thousands of
terminals are often encountered in real chip designs.
There are MOR2 methods to deal with these large
networks. However, existing MOR methods may be
unsuitable for circuits with many terminals because
they produce dense reduced models, yielding circuits

1 EDA: Electronic Design Automation
2 Model Order Reduction

with fewer circuit nodes, but more circuit elements
(Rs,Cs) than the original circuit [?], [?]. In addition,
longer simulation times may be required than for the
original one. Besides, additional elements (e.g. cur-
rent/voltage controlled sources) must be introduced
to reconnect reduced parasitics to other devices if the
terminal connectivity is affected.
In this work, an introduction of two methods (called
split-C and move-C) used to reduce the system ma-
trices of an RC circuit is provided. Split-C grounds
the coupling capacitors under a given threshold to the
ground-node. Move-C consists of moving coupling
capacitors between nets to another position such that
the total coupling capacitance is kept constant. For
some initial experiments, described below, both meth-
ods give promising results and will be investigated
further.

2 Problem formulation

2.1 Split-C and move-C applied to RC networks

Consider the modified nodal analysis (MNA) [?] de-
scription of an RC circuit:

(G+ sC)x(s) = Bu(s) (1)

where the MNA matrices G,C ∈Rn×n are symmetric,
non-negative definite and corresponding to the stamps
of resistor and capacitor values, respectively. Further-
more, x ∈ Rn is the unknown vector, u ∈ Rm is the
current or voltage source and B ∈ Rn×m. The output
of the system is y(s) = Ex(s) where E ∈ Rp×n.
For split-C methods, all coupling capacitors under a
threshold will be removed (or grounded), making the
modified circuit more simple than the original one. In
this way, the modified matrix C̃ becomes sparser than
the matrix C, hence the linear system (G+ sC̃)x = b
can be solved faster. However, for large dimensional
matrices there are large errors between the modified
solution and the original solution. The large error is
caused by removing a lot of elements which are the
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connections between block-diagonals.
To overcome this drawback of split-C, move-C is in-
troduced. In circuit’s view, move-C is moving cou-
pling capacitors between nets to one or some new
position(s) such that the total coupling capacitance
between nets is kept. In this way, the connections
between block-diagonals in the matrix can be pre-
served. The reason to keep investigating both split-C
and move-C is that the initial goal for split-C is mak-
ing split-C exploit automatically. In other words, we
can predict beforehand, when given a circuit, if we ac-
cept a certain tolerance on the error, which threshold
value for split-C we should take, or on the other hand,
if we chose a certain threshold value for split-C, what
error we will get. The goal for move-C is that we can
find out the position(s) to move coupling capacitors
when knowing which nets there are and how much
coupling capacitors there are between nets.

3 Experiments

Three transmission lines circuit

The three transmission lines circuit used for this ex-
periment is shown in Fig.1. The first and the third

Fig. 1. Three lines model.

line carry the signal and the middle line just sits qui-
etly. The input signal is T-sec rise-time signal, vo(t) =
t
T u(t)− t−T

T u(t−T ), where u(t) is the unit step func-
tion:

u(t) =
{

0, t ≤ 0
1, t > 0

The model is the same as the one presented in Li
Chao’s thesis [?].
The first case, the output node is the last node at the
middle line (the quiet line). For this case, applying
split-C for this circuit corresponds to grounding all
coupling capacitors to ground node. Applying move-
C for this circuit corresponds to moving all coupling
capacitors to the middle section at each line. For most
choices of m (the number of sections or the number
of nodes in each line), the results of the three prob-
lems are as similar as shown in Fig 2. There are out-
put signals at the middle line when applying move-C
whereas there is no output signal when applying split-
C. It means that with split-C, there are no crosstalks
(relations) between the middle line and the other two,

whereas there are in the original problem and the
move-C problem. Move-C keeps the relation between
the 3 lines observed by the crosstalk, Fig 2. When the

Fig. 2. Output’s responses of original, split-C and move-C
problem, m = 300 nodes in each line.

output nodes are the last nodes at the first and third
lines, again move-C seems better than split-C. How-
ever, as mentioned above split-C is kept investigating.

m toriginal tsplit−C tmove−C
300 131.8618 114.0398 115.9033
500 247.6781 192.1816 193.9578

1000 360.1957 300.7925 300.9557
Table 1. CPU times (sec) of the original, split-C and move-
C problem.

4 Future work

In the near future we want to develop advanced split-
C and move-C algorithm which are robust for large
extracted netlists. Split-C can detect automatically,
given an error tolerance, which value of threshold we
need to chose, and in contrast, with a chosen thresh-
old what error we will get. Furthermore, move-C also
needs to be improved to deal with other large ex-
tracted netlists.
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Summary. This paper presents a mechanism by which
seizures are detected using a single channel of on-scalp
EEG. The proposed approach is based on Stationary Wavelet
Transform (SWT) to decomposed the electrocorticography
(ECoG) signal into its sub-bands to detect rhythmic dis-
charges of specific frequencies. Afterwards, the modified
post-processing procedure was applied for identification of
epilepsy seizure.

1 Introduction

Epilepsy is one of the worlds most common neurolog-
ical diseases, affecting more than 40 million people
worldwide. Epilepsys hallmark symptom, seizures,
can have a broad spectrum of debilitating medical and
social consequences [1].

The problem of automated seizure detection is
the first step towards tackling many related prob-
lems, such as seizure prediction, prevention, and early
seizure abortion [4]. Automated seizure detection and
prediction have been extensively studied in the con-
text of human epilepsy [5]. Yet some of the more
challenging problems in particular seizure abortion
and prevention using neurostimulation methods, are
currently being studied in animal models of epilepsy
(both in-vitro and in-vivo). Thus it is important to de-
velop solid seizure detection techniques for these an-
imal models also.

The work described below uses data from live (in-
vivo) rats with chronic epileptiform activity.

2 Description of the Methods

The data processing consists of three main steps: data
pre-processing, stationary wavelet transform and post-
processing methods.

2.1 Data pre- processing

For implementation of the seizure detection method,
a general data pre- processing cycle has been imple-
mented. This pre-processing cycle consists of three
steps:

• noise cancellation;
• power line interference cancellation (at 50 Hz);
• moving average with a Gaussian window.

2.2 Stationary wavelet transform

The discrete wavelet transform (DWT) is a decompo-
sition of the time series x(t) which can be understood
as a successive band-pass filtering and downsampling.
Unfortunately, the DWT is not shift-invariant when
applied to discrete time series x(t), i.e. if the input
time series x(t) is shifted, the resulting coefficients
may differ severely. Therefore the stationary wavelet
transform [2] was invented.

After SWT for each scale a the calculated coeffi-
cients can be considered as a time series χa [n]. Since
the different scales cause a different scaling of the co-
efficients, the χa [n] need to be normalized to be com-
pared among each other.

The mean of the χa [n] is calculated. A threshold
ϑ1 is calculated using standard deviation σ of the time
series ∑ [n] and a variable parameter λ which has to
be provided by the user. This threshold is then applied
to ∑ [n], such that all values greater that ϑ1 are labeled
1, else 0. The result is a binary time series β1 [n].

2.3 Data post- processing

In the previous section we reviewed the single seizure
detection methods generate binary time series named
β1 [n] representing the indices where a specific feature
indicate the presence of a seizure. These seizures need
to be classified as epileptic or non-epileptic. There-
fore, the indices have to be translated into possible
seizure onsets and offsets. [3].

The number of accepted seizures is given by the
counter n, thus initialized with 0. Each index i = 1 . . .
data size is checked whether it is an epileptic seizure
set or non-epileptic. A minimum ictal phase of 5 s is
assumed and the minimum interictal phase of 10 s.

3 Results

In our case we had a data from live (in-vivo) rats with
chronic epileptiform activity collected from one chan-
nel intracranial EEG electrode. The ECoG recording
was obtained at Bogomoletz Institute of Physiology
of NAS of Ukraine.

The obtained data is recorded in x [n]. The sam-
pling rate of EEG dataset is 416 Hz.

Figure 1 shows one of the raw dataset.
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Fig. 1. The original ECoG dataset.

The first step provided by data pre- processing cy-
cle that consists of such steps as described in data pre-
processing paragraph. The raw data after pre-processing
cycle is shown in Fig. 2.

Fig. 2. The original ECoG dataset after pre-processing.

The next step is apply the seizure detection method
based on stationary wavelet transform which was per-
formed at the precious paragraph. In context of anal-
ysis we used the Daubechies 4 mother wavelet. After
that, for each scale a, the calculated coefficients can
be considered as a time series ∑ [n]. The mean of ∑ [n]
and the threshold value using are calculated (Fig. 3).

All values of ∑ [n] greater than threshold value are
labeled 1, else 0. The result is a binary time series
shown in Fig. 4.

After seizures detected methods we need to clas-
sify those seizures as an epileptic or no-epileptic.
Thus, the last step is applying the post-processing
method described in subsection 2.3. In this paper we
define the minimal ictal time as 5 s and the minimal
inter-ictal time as 10 s.

In Fig. 5 the as dots marked binary time series that
classified as epileptic seizures, and as a ′×′ seizures
that are not considered as epileptic.

Acknowledgement. Financial and spiritual support is ac-
knowledged.

Fig. 3. The mean of SWT coefficients.

Fig. 4. The binary time series indicating where a seizures
was detected.

Fig. 5. The binary time series indicating where an epileptic
seizures was detected.
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Summary. This contribution brings brief discussion in-
volving measurement results of DC fusing scenarios of the
bonding wires of different lengths, diameters and fabri-
cated by using different materials. For this purpose SOIC-
28 packaged test chips with six encapsulated wires have
been manufactured by ON-Semiconductor Company. From
the hardware point of view six-channel bond wire tester
controlled by a personal computer has been designed. Soft-
ware part allows to automatically and consecutively mea-
suring six bond wires by using up to six power voltages.
Measured data are both displayed as time-domain graphs
as well as stored for consequential numerical analysis. This
analysis covers especially calculation of change of bonding
wire resistance with respect to time. Experimental obser-
vations can be provided in the form of digital oscilloscope
screenshots, x-rays and graphs of maximal steady-state cur-
rent vs fusing time. Obtained data will be used for devel-
oping precise mathematical model of encapsulated bond-
ing wires. Measured results prove that fusing time does not
match Preece equation which gives too pessimistic predic-
tion of fusing current.

Fig. 1: Software part of bonding wire tester

Fig. 2: Hardware part of bonding wire tester

Fig. 3: Examples of x-ray, fused bonding wire

Fig. 4: Fusing current vs time for 1mil Cu bonding
wire
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Summary. While waveform relaxation methods converge
for coupled ODE systems, they may suffer from instabil-
ities for coupled differential-algebraic equations (DAEs).
Whereas several convergence criteria are known for index-1
DAEs, we present here a convergence criterion for quasilin-
ear index-2 DAEs for the first time. It applies to systems of
spatially discretized Maxwell equations for electromagnetic
field approximation included into lumped circuit equations
for current and voltage approximation. Such systems appear
in co-simulation approaches for coupled EM/circuit simu-
lation. The circuit topology can be exploited and makes it
relatively easy to check if the convergence criterion is satis-
fied.

1 Introduction

The modelling of a big number of today’s applica-
tions is increasingly complex and in many cases calls
for a multiphysical approach resulting in coupled sys-
tems. Waveform relaxation (also: dynamic iteration)
methods are well-established to solve such coupled
problems. They allow for each subsystem to be solved
by a dedicated numerical solver taking the different
structure and time scale of the subsystems into ac-
count. Provided a sufficiently small time interval is
given, waveform relaxation methods are always con-
vergent for coupled ODEs [6]. This is not necessarily
true in the case of coupled DAEs [1, 4]. Therefore, a
number of studies were dedicated to finding conver-
gence criteria for different classes of coupled DAEs,
e.g. [1,3,4,7,8] to name only some of them. Here, we
investigate a novel class of systems: coupled systems
of implicit quasilinear DAEs of index ≤ 2 and ODEs.
It is motivated by the interest in finding sufficient cri-
teria for convergence of co-simulation approaches for
coupled EM/circuit systems.

1.1 Class of Coupled Equations

We consider systems of the form

u̇+b(t,u) = k1(x), u(t0) = u0 (1)
E(x)ẋ+ f (t,x) = k2(u), x(t0) = x0, (2)

where (2) forms an index-2 DAE. We assume that the
initial values are consistent. The equations are cou-
pled through the functions k1 and k2. The vector field

b is assumed to be globally Lipschitz-continuous. Fur-
thermore, we assume that E(x) and f (t,x) are con-
tinuous functions. The ODE system (1) can describe
spatially discretized Maxell equations, for example
with finite integration technique [9]. The DAE system
(2) includes circuit equations arising by the modified
nodal analysis (MNA). Such systems are known to be
of DAE index ≤ 2, see [2].

1.2 Gauss-Seidel Method

We discuss the Gauss-Seidel relaxation method as one
prototype example of many different waveform relax-
ation methods. When applying the Gauss-Seidel ap-
proach on (1)-(2), we obtain the iterative scheme

u̇k +b(t,uk) = k1(xk−1), uk(t0) = u0 (3)

E(xk)ẋk + f (t,xk) = k2(uk), xk(t0) = x0 (4)

for all iteration parameters k ∈ N. The initial guess
function x0 can be found through extrapolation of the
initial values.

2 Convergence Analysis

We are interested in sufficient conditions for (1)-(2)
such that the sequence of solutions of (3)-(4) con-
verges to the solution of (1)-(2). For the analysis, we
do not regard possible discretization errors, i.e. we as-
sume that the subsystems (3) and (4) are solved ex-
actly.

We use the decoupling approach of the dissec-
tion index, introduced in [4], in order to decouple the
equations (3)-(4) into an inherent ODE and algebraic
constraints:

żk
1 = g1(z1,zk−1

1 , żk−1
1 ), z1(t0) = z10 (5)

zk
2 = g2(zk

1) (6)

zk
3 = g3(zk

1, ż
k
2) (7)

with transformed coordinates zk := T
(

uk

xk

)
with a

constant matrix T . In general, one can not expect to
find such a constant transformation T . However, for
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circuit MNA systems, the dissection concept provides
such a constant transformation T that depends only on
the network topology [4].

Since g is a continuous function, uniform C1 con-
vergence of zk

1 would imply the uniform convergence
of zk. Thus, it is sufficient to focus the analysis onto
the inherent ODE (5).

2.1 Convergence Criterion for the Iterative
Solution of the Inherent Implicit ODE System

The following theorem provides a convergence crite-
rion for (5).

Theorem 1. Consider the sequence of initial value
problems

v̇k = θ(vk,vk−1, v̇k−1), vk(t0) = v0 ∀k ∈ N (8)

with v0 = s ∈C1 and θ globally Lipschitz-continuous
w.r.t. (vk,vk−1). Then, the sequence of solutions vk

converges on a sufficiently small time interval [t0,T ]
in (C1,‖ · ‖C1) to the solution of

v̇ = θ(v,v, v̇), v(t0) = t0 (9)

if θ is contractive w.r.t. v̇k−1.

Note that the Lipschitz-continuity and the contractiv-
ity of θ implies the unique solvability of (9).

2.2 Convergence Criterion for the Iterative
Solution of the Coupled DAE System

The continuity conditions formulated in Theorem 1
generally hold if the (1)-(2) satisfy certain monotonic-
ity properties, see [5]. Furthermore, it is shown in [4]
that these monotonicity properties are satisfied for cir-
cuit MNA systems as soon as all non-passive devices
are either time-dependent or constant but not state de-
pendent.

From the contractivity condition of 1 and the de-
coupled equations (5)-(7) we may conclude the fol-
lowing theorem.

Theorem 2. The Gauss-Seidel method (3)-(4) is con-
vergent if and only if the system (1)-(2) satisfies

ρ[K1(x)A(x)K2(u)]< 1 ∀x ∈ Rn,u ∈ Rm, (10)

where K1 and K2 are the Jacobians of the coupling
functions k1 and k2 and

A(x)=P2(Q2F(t,x)P2)
−1Q2E(x)P1(Q1F(t,x)P1)

−1Q1

with the Jacobian F(t,x) of f (t,x). The matrices P1
and P2 represent projections extracting the index-1
and index-2 variables. The matrices Q1 and Q2 reflect
projections extracting the index-1 and index-2 equa-
tions of (2).

Here, we mean with index-1 variables only those dy-
namic variables (appearing as ẋ) that are determined
by an algebraic equation (here called index-1 equa-
tion). Index-2 variables are determined by equations
(here called index-2 equations) that contain deriva-
tives of other variables or the right hand side.

For electrical circuits, the products Q2F(t,x)P2,
Q2E(x)P1 and Q1F(t,x)P1 of the matrix A(x) can
be described by certain subcircuits. Q2E(x)P1 com-
prises the dynamic part of the loop equations for all
CV-loops and the cutset equations of all LI-cutsets.
Q2F(x)P2 reflects the static part of the sum of the
inductance equations for all inductances of each LI-
cutset and the static part of the sum of all node equa-
tions for all nodes of each CV-loop. Q1F(t,x)P1 de-
scribes the static part of the sum of the voltage source
equations for all voltages of each CV-loop and the
static part of the sum of all node equations of each
LI-cutset.

We finally notice that the static part b of the ODE
(1) does not occur in the convergence criterion.

Acknowledgement. This work is supported by the German
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05M13KHA, project KoSMos (Model reduction based sim-
ulation of coupled PDAE systems).
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Summary. This work deals with the simulation of the elec-
tric field generated by the muscle fibre action potential. The
electric signal at the skin surface is used for capacitive sens-
ing of electromyography (EMG). The prototype for capac-
itive sensing and the simulation in SPICE and COMSOL
Multiphysics are described. These simulations are used to
optimize the capazitive EMG-system.

1 Introduction

Active prostheses, controlled by EMG signal, help
amputees to regain a better quality of life and a higher
level of independance. In state of the art EMG mea-
surement systems, conductive electrodes are used. This
research deals with capacitive sensors to avoid the dis-
advantages of conductive electrodes. Such disadvan-
tages are discomfort, malfunction or even impossibil-
ity of EMG measurement.

2 Capacitive EMG-system prototype

In this research a capacitive EMG measurement sys-
tem with its sensor and electronics was developed. A
photo of the sensor prototype is shown in Fig. 1. For
the sensor a multi-layer construct of copper and in-
sulation foil was used. Two sensor fields measure the
differential signal, so the common mode interferences
are eliminated. In the prototype the connection of the
sensor to the electronics is done via miniature coaxial
cables to prevent interferences. The battery powered
electronics consist of the analog circuit for preamplifi-
cation and filtering. Further signal processing is done
in a microcontroller. In the prototype a low power AT-
MEL microcontroller with a 32-bit ARM CORTEX-
M0 processor is used for filtering the 50 Hz hum and
its harmonics. Further, the signal is smoothed digitally
to control the drive of the prosthesis.

This capacitive measurement system is to be op-
timized. To get a better understanding of the signals
to measure, the transmission of the action potential in
the muscle fibre to the surface of the skin was simu-
lated in SPICE and in COMSOL Multiphysics. In the

Fig. 1. Capacitive sensor prototype

human body, a motor neuron is linked via a synap-
sis to the motoric endplate of the muscle fibre. Start-
ing from the endplate, the action potential is trans-
mitted in the muscle fibre. This action potential has
an amplitude of 100 mV refered to the resting poten-
tial and a width of about 2 ms [3]. The conduction
velocity of the muscle signal varies between 2.6 to
5.3 m/s [4]. The sensor design is optimized accord-
ing to the results of the simulation. Parameters which
are optimized are the distance of the two sensor lay-
ers, as well as its size. For verification of the sim-
ulations, a physical simulator is built up. Therefore
a pneumatic drive with a movement speed of 4 m/s
is used as signal source. Conductive polymere layers
represent the tissue layers. With this physical simula-
tor, different electrode designs can be compared sys-
tematically. The effect of changes in the electronics
on EMG measurement can also be shown.

3 Simulation of EMG

The simulation of the transmission of the action po-
tential in the muscle fibre through the tissues is done
with SPICE and COMSOL Multiphysics. The tissues
parameters in Table 1 are used for both simulations.

3.1 Simulation in SPICE

The two dimensional model for the SPICE simula-
tion is shown in Fig. 2. A thickness of 1 mm was
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Table 1. Simulated tissue parameters [1]

Tissue σ (mS/m) εR ()

skin 1.14k 2.00
fat 457k 20.81

muscle 9329k 266.71

used for the skin and 5 mm for the fat. Simulations
were done at different thicknesses of the muscle tis-
sue, as the muscle fibres are located at different depth.
The human forearm is modeled electrically as an RC-
Network. One element, consisting of one horizontal
and one vertical parallel RC-circuit, has a length of
2 mm, a width of 1 mm and a height of 1 mm.

Fig. 2. Simulated tissue layers in human forearm

Figure 3 shows the resulting amplitude at the sur-
face of the skin. In this result the muscle fibre is lo-
cated at a depth of 10 mm in the muscle tissue. The
max. amplitude at the surface shows the action po-
tential transmitted through the tissues. The simula-
tions were done at different depth of the muscle fi-
bre. A muscle fibre close to the surface has the high-
est amplitude and a narrow signal form, as in higher
depth the signal gets damped. In this work it could be
shown, that the influence of the capacitive impedance
can be neglected for frequencies in the range of EMG.
It is sufficient to only use an R-Network.

3.2 Simulation in COMSOL Multiphysics

The COMSOL Multiphysics simulations are based on
the results of Honeder’s work [1]. An MRI image is
segmented and used as a model for the different tis-
sues. As a static signal source, the action potential de-
scribed by Rosenfalck [2] was used. The muscle fibre
was simulated at depth starting from 5 mm to 36 mm
distance from the skin. The resulting electric fields
of 6 muscle fibres at different depth were superpo-
sitioned in MATLAB by weighting with their circle
segment area (the muscle is approximated to be cir-
cular). The resulting electric field at the surface of the
skin is shown in Fig. 4.

Fig. 3. Input pulse and max. amplitude at skin surface
(SPICE Simulation)

Fig. 4. Electric field at skin surface determined by superpo-
sition of muscle fibres (COMSOL Multiphysics simulation)

4 Conclusion

Based on these simulations, the optimal sensor ge-
ometries can be derived. Measurements applying the
sensors at physical simulator and human subjects are
done to verify the simulations.

Acknowledgement. Thanks to Otto Bock Healthcare GmbH
for their support with knowledge and financing. Thanks to
Linz Center of Mechatronics for financing.
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Summary. We present a holistic coupled field circuit sim-
ulation and tests with a non-trivial balun device (balance-
to-unbalance transformer) in a simple circuit structure. The
coupled solver is based on a usual circuit net list extended
by extra lines for elements modeled by full Maxwell 3D
field equations whose geometry and materials are described
in xml files.

1 Modeling

Circuit simulators are usually based on lumped ele-
ment models described in form of net lists. In order to
be able to incorporate the mutual electromagnetic in-
fluence of neighboring elements in circuits with ultra-
fast transient signals (e.g. cross talking), we use re-
fined models based on a sufficiently exact discretiza-
tion of the full-wave Maxwell equations. Our simu-
lation approach is a holistic one combining lumped
circuit models with 3D electromagnetic field models
for specific devices, see e. g. 3D-structure of a new
balun prototype in Fig. 1. The holistic simulation is
intended to be an alternative option if co-simulation
approaches like dynamic iteration [5] fail.

Electromagnetic Field Modeling. All relevant elec-
tromagnetic phenomena can be described by the full-
wave Maxwell’s equations. Here we focus on their po-
tential formulation, see e. g. [1],

∇ · (ε∇ϕ + εΠ) = −ρ (1)
∇× (ν∇×A)+∂t(ε∇ϕ + εΠ) = J (2)

with the scalar potential ϕ and the vector potential A
as well as the pseudo-canonical momentum Π = ∂tA
to avoid the second-order time derivative. The ma-
terial dependent parameters ε and µ = ν−1 are the
permittivity and the magnetic permeability. Charge ρ
and current density J are modeled appropriate to the
underlying material. Note that the semiconductor cur-
rent density model reflects the drift-diffusion model.

Lumped Circuit Modeling. Performing the modified
nodal analysis, a common approach, based on Kirch-
hoffs’ laws, to simulate the electric circuits, yields the
following equation system:

A1
d
dt q(A>1 e, t)+A1g(A>1 e, t)+A2i2 = 0 (3)

d
dt φ(i2, t)+ r(i2, t)−A>2 e = 0 (4)

Fig. 1. Balun 3D-structure (visualization does apply stretch-
ing in the vertical direction)

having only the nodal potentials e and the currents i2
of the voltage controlling elements as variables, see
[3]. The equations (3)-(4) are generated automatically
from net lists providing the node to branch element
relation as well as the element related functions q, g,
φ and r.

Coupled Modeling. In order to obtain the favored
holistic coupled system, e. g. as shown in Fig. 2, we
further need an additional interface model combining
the electromagnetic (1)-(2) and the circuit (3)-(4) sys-
tems. Denoting Γk the k-th contact of the EM field el-
ement we get the current through Γk as

ik =
∫

Γk

[J− ε∂t(∇ϕ +Π)] ·n⊥ dσ . (5)

and the potential ϕ as

ϕ(x, t) = ϕbi(x)+ϕc(x, t) =

{
vk if x ∈ Γk

0 else.
(6)

Completed with the boundary conditions (∇×A) ·
n⊥ = 0 and (Π +∇ϕ) ·n‖ = 0 and adapted gauge con-
ditions, cf. [4], the partial differential-algebraic sys-
tem (1)-(6) allows us to simulate electric circuits in-
corporating electromagnetic devices, such as in Fig. 2
in a holistic way.

2 Discretization

We present a holistic simulation approach with a fixed
spatial discretization followed by an adaptive time
scheme for the resulting differential-algebraic system.
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RS1

VS2

VS3

Fig. 2. Test Benchmark: Simple circuit coupled with the
balun device in Fig. 1. The RF input signals VS2 and VS3 are
are sinusoidal ones operating with 10GHz frequency. The
RF output is given as current through the resistance RS1.

Spatial Discretization. Seen as a generalized finite-
integration technique, (1)-(2) results in:

−
∫

∂∆Vi

ε(∇ϕ +Π) ·d2S =
∫

∆Vi

ρ d3v (7)

∮

∂∆Si

ν


 1

∆S i

∮

∂∆Si

A ·dl′

 ·dli =

∫

∆Si

[J− ε∂t(∇ϕ +Π)] ·d2S

(8)

Time Discretization. The joined differential-algebraic
equation system (3)-(8), rewritten as

A
d
dt

d(x, t)+b(x, t) = 0,

is solved by backward differentiation methods, i.e. we
solve the nonlinear systems

1
hn

k

∑
i=0

αniA d(xn−i, tn−i)+b(xn, tn) = 0

with BDF method coefficients αni.

3 Simulation Results

We tested the holistic transient simulation of a sim-
ple circuit coupled with a novel industrial prototype
balun device, see Figure 2, yielding 133 171 equations
for the coupled differential-algebraic system to solve.
The particular challenge of this balun device is the
open end in the middle of the device acting as an an-
tenna. The simulated currents at contact ports P1, P2
and P3 of the balun can be seen in Figure 3. A de-
tailed spatial view of the magnetic inductance at two
time points is given in Fig. 4. Validating S-parameter
in frequency domain, see Fig. 5, gives rise for the cor-
rectness of the transient simulation results.

Acknowledgement. This work is financially supported by
the EU funded FP7 ICT project nanoCOPS GA619166. We
thank Pascal Rainier from ACCO Semiconductor (France)
for providing the balun structure.
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Fig. 3. Currents at ports P2 and P3 and P1.

Fig. 4. Magnetic inductance in the balun at t = 0.3, 0.5
nanosec. Top and cross-sectional view at y = 2500 micron.

Fig. 5. Comparing measurements and simulation results of
S-parameters in frequency domain.
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5. S. Schöps, H. De Gersem, and A. Bartel, “A cosim-
ulation framework for multirate time integration
of field/circuit coupled problems,” Magnetics, IEEE
Transactions on, vol. 46, no. 8, pp. 3233–3236, 2010.

102



The cell contractility model and the cell adhesion model: Reducing the
complexity and preparing the coupling to electrical forces

Duy T. Truong1, Christian Bahls1, Barbara Nebe2, and Ursula van Rienen1

1 Institute of General Electrical Engineering, University of Rostock, Albert-Einstein-Str. 2, 18059 Rostock, Germany
duy.truong@uni-rostock.de, christian.bahls@uni-rostock.de,
ursula.van-rienen@uni-rostock.de

2 Department of Cell Biology, University Medical Center Rostock, 18057 Rostock, Germany
barbara.nebe@med.uni-rostock.de

Summary. The bio-chemo-mechanical model for cell con-
tractility and the bio-mechanical model for cell focal ad-
hesion by Deshpande are described both. Applications of
these models are presented and some comparative studies
are made for the case of reduced order of complexity.

1 Introduction

In our DFG Research Training Group 1505, several
researches are done, which focus is on the improve-
ments of implants using wet lab experiments or ex-
periments in vitro and computational methods. Since
these implants are embedded in biological tissues it is
important to understand the processes that take place
at the interface between body cells and the surface of
an implant. Especially interesting for many applica-
tions are mechanical interactions between cells and
their underlying substrates [1], [5].

To examine these interactions, there have been
numerous studies in terms of both experimental and
mathematical modeling. The bio-chemo-mechanical
model for cell contractility by Deshpande et al. [2]
is known to be advantageous over other mathemati-
cal descriptions. When this model is combined with
the bio-mechanical model for cell focal adhesion [3],
a great number of situations can be studied [4], [7].
Simulations that use those two models involve solv-
ing coupled problems, whose variables characterize
the deformation of the cell, the activation inside the
cell and the adhesion between the cell and the sub-
strate.

The two models are investigated to be applied in
our research on the interaction between bone cells and
biomaterial, in which we aim at finding beneficial sur-
face conditions for cells to adhere to implants - both
with and without electrical stimulation.

2 The models

The bio-chemo-mechanical model

The key idea of the bio-chemo-mechanical (BCM)
model is the inclusion of the active stress tensor so

that the stress in the cell is given by:

Stotal = Sactive +Spassive, (1)

where Spassive is the passive elastic stress due to the
cell material, which is dependent on the material prop-
erties and deformation of the cell. The active stress is
resulted from tensions in stress fibres in any direction
due to their activation.

The BCM model defines the contractility for a
single stress fibre. The three equations for the BCM
model are described in [2] which includes: (i) the
level of signal given as a function of time ti (mea-
sured from the instant of the most recent signal) as
C = exp(−ti/θ) where θ is the decay constant, (ii)
the activation level of stress fibers η described by a
first order kinetic equation and (iii) the relationship
between the active stresses and the strain rate repre-
sented by a simplified Hill’s equation.

The model for cell focal adhesion

Focal adhesions are known as large macromolecular
complexes through which mechanical force and regu-
latory signals are transmitted between the extracellu-
lar matrix (ECM) and an interacting cell (Fig. 1).

ECM substrate

integrins

Fig. 1. Sketch of cell on substrate

The formulation for the focal adhesion model in [3]
is based on the idea that there exist two states of
the integrins on the cell surface: the high affinity and
low affinity ones. Experiments suggest that only high
affinity integrins form bonds and experience stretch-
ing. Let ξ0 = ξH + ξL be the total concentration of
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integrins (unit: 1/µm2) with ξH ,ξL being concentra-
tions of high and low affinity integrins, respectively.
Then, the tractions on cell surface can be obtained as
Ti = −ξHFi, where Fi is the force that the cell exerts
on each bond. The equilibrium condition requires that
Ti = Si jn j, where n j is the surface normal and Si j is
a component of the stress S in the cell. In 2D, the in-
dices i, j ∈ {1,2} refer to the horizontal and vertical
directions. When coupling with the BCM model, this
stress becomes Stotal in (1).

The focal adhesion model is completed by provid-
ing the equations for the transformation of low affinity
integrins into high affinity ones when the bond stretch
increases. This is described in [3].

3 Comparative Study

(ηmax−ηaverage)/ηmax

ξH/ξ0

Fig. 2. Plots for predicted steady-state distributions of the
stress fibre (above) and high affinity integrins (below) con-
centrations for a triangular cell on a ligand pattern of the
same shape [6]. Our representation for the BCM model is
used in combination with the focal adhesion model. Simu-
lation is done using the open source software FEniCS. Ob-
tained results are similar to those in [6].

The BCM model can generally be applied to sim-
ulate the contraction of the cell in 3D. Under certain
assumptions, simulations in 2D are sufficient. On the
other hand, we have attempted to reduce the com-
plexity in the implementation of this model. Figure 2
shows our simulation results for a triangular cell on a
ligand pattern of the same shape, which is originally
done in [6], using our idea of reduction of complexity.

In this work, comparative studies will be carried
out to capture the achievement in computational costs

versus the loss in accuracy of the results when apply-
ing such reduction of model.

4 Electrical stimulation

It is interesting to see how the cell contractility or
the cell adhesion changes when the cell is electrically
stimulated. We intend to couple electrical stimulation
to the bio-chemo-mechanical model by inserting the
Maxwell stress tensor (MST), which proved to be use-
ful in examining electrical interactions in molecular
level, to the total stress. Components of the MST Sel

can be written as:

Sel
i j = εEiE j−

1
2

δi jεEkEk

where Ei is a component of the electric field, ε is the
permittivity of the medium, which is assumed to be
homogeneous and isotropic in this first simple model,
and δi j is the Kronecker delta function.
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Summary. Mechanical stress by means of electrical stim-
ulation induces formation of endogenous electric fields and
thereby influences bone remodeling. It was shown that ex-
ternal biophysical stimulation via application of electric
currents enhances bone healing and restores its structural
strength. Therefore, we conducted the first study on applica-
tion of electrical stimulation for intrinsic activation of bone
healing processes in defects of the facial skeleton.

1 Medical Background

Since the 1950s it is well known that the application
of electromagnetic fields can enhance bone growth
and bone remodelling [2]. Since the 1980s, electri-
cal stimulation is used as an adjunct in treating com-
plications in bony healing [6]. Recently, an electro-
stimulative hip revision system has been designed [7],
[5] and tested in vivo [1]. This encourages incorporat-
ing electrical stimulation into the therapy of critical
size defects of facial skeleton. We chose the model
of mandibular defects using common alloplastic re-
construction plates [4] as well as implanted bone sub-
stitute material as scaffold for electrical stimulation
devices.

2 From CT Images to a Volume
Conductor Model

Basing on sectional images from computed tomo-
graphy data (CT) of a patient with a critical size
defect of the mandible caused by cancer, we reg-
istered and segmented the slices using Materialise
Mimics R© and thus built a CAD model for the sub-
sequent use in an electromagnetic simulation. Fig-
ure 1 displays exemplary CT slices while fig. 2 shows
the three-dimensional (3D) data after registration plus
segmentation. Finally, fig. 3 shows the anatomical 3D
CAD model for which the volume conductor model
(VCM) is set up. This VCM serves as a representative
model for our subsequent studies. Note that only the
mandible bone is modelled in the VCM since the field
already decays within this volume and this allows to
remarkably reduce the problem size.

Fig. 1. Slices from computer tomography of a patient with
a critical size defect of the mandible.

Fig. 2. 3D data after registration and segmentation. This
preliminary model differentiates between highly conductive
titanium (violet), conductive soft tissue (blue), and resistive
bone (yellow).

Fig. 3. CAD model. Only the relevant part of the bone is
kept (the mandible) for the simulation model. The metallic
implant and the fixation screws are highlighted.
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We use the finite element (FEM) software COM-
SOL Multiphysics R© (COMSOL) to set up the physi-
cal VCM from the anatomical CAD model. The elec-
tric tissue properties for the preliminary VCM are
taken from [3] and amount to 7.4 · 105 S/m for ti-
tanium (Ti beta-21S), 0.7 S/m for soft tissue and
0.02 S/m for bone (cortical bone). We define sources
using the implanted titanium prosthesis and screws.
According to the method of Kraus [6] we apply an
alternating voltage of 20 Hz aiming at electric fields
between 5 and 70 V/m.

We compute the electric potential ϕ(r) in the bone
tissue and at the implant surface solving the Laplace
equation

∇ · (σ(r)∇ϕ(r)) = 0 (1)

in the computational domain. The electric tissue prop-
erties are described by the electric conductivity σ(r).
The boundary conditions are set to Dirichlet condi-
tions with ± 0.2 V at the field-inducing screws, to
0.4 V at the central electrode and to ground poten-
tial at the titanium prosthesis, respectively. Neumann
boundary condition has been applied for the outer
shell of the soft tissue to represent the non-conductive
air.

3 Comparison of Two Stimulation Sites

In this preliminary study, we compare two different
stimulation sites. Firstly, we allocate the stimulation
site within the screws and use a stimulation voltage of
0.4 V. Then, the highest electric field is located around
the screws and a high energy consumption takes place
due to direct contact to higher conductive soft tissue.
Figure 4 displays a surface plot of the electric field
norm on the mandible. It clearly elucidates that the
desired upper limit of 70 V/m is exceeded in that case.

In a second case, instead of using the screws as
stimulation site we insert a stimulation electrode into
the implanted bone. Specifically, we use a cylinder
with diameter of 2 mm and height of 5 mm, see fig. 5.
Again we stimulate with 0.4 V. We locate ground elec-
trodes at the larger bony implants left and right of the
central mandible. Figure 6 displays again a surface
plot of the electric field norm on the mandible. Now,
the maximum at the surface stays below 35 V/m.

4 Conclusion

Our data reveal that the electromagnetic and electric
stimulation may have a positive influence on the in-
trinsic activation of bone healing properties within fa-
cial skeletons defects. These results are crucial for in-
vestigations using electrostimulative implants.

Fig. 4. Surface plot of the electric field norm on the
mandible in case of screws as stimulation site.

Fig. 5. VCM with central electrode in the mandible.

Fig. 6. Surface plot of the electric field norm on the
mandible for central stimulation site.
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Summary. The paper presents a new thermal/pressure net-
work model of a liquid-filled transformer radiator. The new
model is based on a CFD-validated duct network compo-
nent and allows to compute transformer cooling for operat-
ing points deviating from the nominal one. Results for dif-
ferent model configurations have been presented.

1 Introduction

An electrical transformer converts electricity from
one voltage to another voltage, either of higher or
lower value. Transformers are key components of elec-
tric transmission and distribution networks. The resis-
tance to the electric current by the winding conductors
of the transformer produces heat; the heat further in-
creases the resistance to the current, and the overall
efficiency of the transformer is then reduced by the
added heat unless the heat is removed effectively from
the transformer. Meanwhile transformer lifetime and
insulation ageing are strongly dependent on the tem-
perature rise of transformer units.

In order to guarantee the designed life of trans-
formers, the insulation degradation has to be at a low
level; as such how to design a proper cooling system
to dissipate the heat becomes one of the primary tasks
of a transformer manufacturer. For liquid-filled trans-
formers radiators often play as an important role for
heat dissipation; for example Fig. 1 shows a trans-
former example with cooling radiators. Product de-
signers and engineers have to find a reliable approach
to predict radiators’ cooling performance during the
transformers’ design stage and make sure the tem-
perature rises can be constrained to a sufficiently low
level.

Along with the computer technology developing,
numerical modeling is gradually applied to predict
the transformer temperature rises. The numerical ap-
proaches generally fall into two categories; either ’ther-
mal/pressure network models’ or computational fluid
dynamics (CFD). CFD is a numerical method with
spatial discretization including geometry details and
thus will consume a lot more computational resources
(CPU and memory) [1, 2]. In comparison network
models abstract the fluid dynamics and thermody-
namics principles into a number of interconnected

Fig. 1. A liquid-filled transformer with radiators

’lumped elements’ [3–5]. Transformer network mod-
els run much faster than CFD and therefore their use
for transformer cooling design is increasing [6, 7].

This paper presents a physics based radiator model
which can support both natural air and forced air cool-
ing methods and can be integrated into transformer
design systems to construct a complete thermody-
namic model including the core, coils and cooling
systems.

2 Radiator modeling

Figure 2 shows the oil circulation between the trans-
former oil tank and the external radiators. In operation
the transformer core and coils generate heat, which is
absorbed by surrounding oil and the oil then gains in
temperature. Higher temperature oil has lower den-
sity and as such by buoyancy effect, the oil flows up,
from the bottom to the top, through an extensive net-
work of crossover ducts and passages of transformer
windings. The hot oil then flows from the tank into the
cooling radiators from the top, where the oil dissipates
heat to the ambient air, gradually loses in tempera-
ture and returns back to the oil tank from the bottom.
The temperature reduction along the vertical distance
from the radiator top to the bottom follows a logarith-
mic correlation. By this circulation the heat produced
from the core and coils is transferred to the ambient
environment.

The modeling of the radiator heat transfer phe-
nomena comprises oil and air ducts and the heat ex-
change between them. The array of the oil ducts con-
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Fig. 2. The cooling oil flow circulation between oil tank and
external radiators

tained in the radiator can be aggregated into a sin-
gle oil duct element representation; air ducts can be
managed in the same way too. This model assumption
is then demonstrated in Fig. 3 (a); where oil is flow-
ing from the top to the bottom, temperature dropping
from warm to cool, and air flowing in the opposite
direction, temperature picking up from cool to warm.

Fig. 3. Duct model (a) and its network representation (b).
Blue lines between duct slices illustrate thermal network
and red lines pressure network

The simplified model in Fig. 3 (a) can be repre-
sented by the network topology in Fig. 3 (b), in which
oil and air ducts are both split into three vertical slices
in order to simulate the logarithmic variation. Each
duct slice is modeled by a network element encap-
sulating both the thermal and fluid dynamics princi-
ples [6]. The normal load test case in Table 1 confirms
that three slices are sufficient to achieve accuracy be-
low 1 degree (difference to 6 slices is 0.6). The three
slice model works also properly for the reduced load
case (which is equivalent to over-dimensioned radia-

tors), whereas the model without splitting leads to a
wrong temperature that is lower than the ambient air.

Table 1. Bottom oil temperature (in ◦C) predicted by the
sliced network model in Fig. 3 for a radiator operated un-
der normal and reduced load (the top oil and the ambient
temperatures are 65◦C and 20◦C respectively)

Number of verti-
cal duct slices

Normal load
Ploss = 467 kW

Reduced load
Ploss = 46.7 kW

1 32.3 -3.6
3 34.6 20.0
6 35.2 20.1

3 Conclusions

In this work we introduced a new model of equiva-
lent thermal and pressure networks for liquid-filled
transformer cooling radiators. Comparing with heat-
run test results the model shows acceptable accura-
cies. More details as well as the formulation of the
basic equations and CFD validation will be presented
in the extended version of this paper.
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Summary. Recently, the block-diagonal structured model
order reduction method for electro-thermal (ET) coupled
problems with many inputs was proposed. After splitting,
this MOR method reduces both the electrical and thermal
parts separately, using the elimination and block-diagonal
structured MOR (BDSM) methods, respectively. However,
the reduced electrical part has very dense matrices which
is still a computational burden. We propose a modified
BDSM-ET method which leads to sparser reduced-order
models.

1 Introduction

Spatial discretization of ET coupled problems leads
to a nonlinear quadratic dynamical system of the fol-
lowing form,

Ex′ = Ax+xT Fx+Bu, x(0) = x0, (1a)
y = Cx+Du, (1b)

where E∈Rn×n is singular, indicating that the system
in (1) is a system of differential-algebraic equations
(DAEs), and A ∈ Rn×n, B ∈ Rn×m, C ∈ R`×n, D ∈
R`×m, while the tensor F =

[
FT

1 , . . . ,F
T
n

]T
is a 3-

D array of n matrices Fi ∈ Rn×n. Each element in
xT Fx ∈ Rn is a scalar xT Fix ∈ R, i = 1, . . . ,n. The
state vector x = (xT

v ,xT
T )

T ∈ Rn includes the nodal
voltages xv ∈ Rnv , and the nodal temperatures xT ∈
RnT . u = u(t) ∈ Rm and y = y(t) ∈ R` are the inputs
(excitations) and the desired outputs (observations),
respectively. We assume system (1) to be solvable,
that is, the matrix pencil λE−A is regular, ∀ λ ∈ C.
For simplicity, we assume (1) to be weakly coupled,
and has the following matrix structures,

E =

(
0 0
0 ET

)
, A =

(
Av 0
0 AT

)
, B =

(
Bv 0
0 BT

)
,

C =
(
Cv CT

)
, D =

(
Dv DT

)
, u =

(
uT

v uT
T
)T
, with

Av ∈Rnv×nv , Bv ∈Rnv×m/2, ET ∈RnT×nT , AT ∈RnT×nT ,
BT ∈RnT×m/2, Cv ∈R`×nv , CT ∈R`×nT , Dv ∈R`×m/2,
DT ∈R`×m/2, and uv,uT ∈Rm/2. Then the system (1)
can be written as

Avxv =−Bvuv, (2a)

ET x′T = AT xT +xT
v FT xv +BT uT , (2b)

y = Cvxv +CT xT +Dvuv +DT uT , (2c)

with initial condition xT (0)= xT0 and FT ∈Rnv×nv×nT

being a tensor. In this work, we consider MOR of sys-
tem in (2) with large ` and m. It is well known that,
models with numerous inputs and outputs are chal-
lenging for MOR, and most MOR methods produce
large, dense reduced-order models (ROMs) for such
systems.

In [1], the BDSM-ET method was proposed to
overcome this problem, leading to a ROM

Avr xvr =−Bvr uv, (3a)

ETr x
′
Tr = ATr xTr +xT

vr FTr xvr +BTr uT , (3b)
yr = Cvr xvr +CTr xTr +Dvr uv +DTr uT , (3c)

where Avr ∈ Rrv×rv , Bvr ∈ Rrv×m/2, ETr ∈ RrT×rT ,
ATr ∈ RrT×rT , BTr ∈ RrT×m/2, Cvr ∈ R`×rv , CTr ∈
R`×rT , Dvr = Dv, DTr = DT , FTr ∈ Rrv×rv×rT , such
that the reduced order, r = rv + rT � n, and the ap-
proximation error ‖y− yr‖ is small with respect to
a suitable norm ‖.‖. However, matrix Avr and tensor
FTr are dense which is still a computational burden.
In the next section, we propose a modified BDSM-ET
method which leads to sparser ROMs.

2 Proposed modified BDSM-ET method

We propose to first apply the superposition principle
to both the electrical (2a) and thermal (2b) subsys-
tems, respectively. Then we conduct MOR and gen-
erate a block-diagonal structured sparse ROM. With-
out loss of generality, assume that the input matrices
Bv and BT have no zero columns so that, they can be
split into Bv = ∑m/2

i=1 Bvi , BT = ∑m/2
i=1 BTi where Bvi ∈

Rnv×m/2, BTi ∈ RnT×m/2 are column rank-1 matrices

defined as Bki(:, j) =

{
bki ∈ Rnk , if j = i,
0, otherwise,

,
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i= 1, . . . ,m/2 and k = v,T.Using the above input ma-
trix splitting, the superposition principle can be ap-
plied to both the electrical and thermal subsystems of
system (2), separately as follows.

Reduction of the electrical subsystem

Using the superposition principle, the electrical sub-
system in (2) can be split into m/2 subsystems

Avxvi =−Bviuv, yvi = Cvxvi , (4)

i = 1, . . . ,m/2, where yv = ∑m/2
i=1 yvi . Let blkdiag de-

note the block-diagonal matrix defined by the input
arguments. The next step is to reduce the dimension of
each subsystem in (4). This is done by using reorder-
ing and elimination techniques for each subsytem.
Reordering the entries of each subsystem in (4) such
that the first n(i)ve rows correspond to the nonzero rows
of the input matrix Bvi and the rest n(i)vI rows corre-
spond to the internal nodes, leads to a partitioned sub-
system


A(i)

v11 A(i)
v12

A(i)T

v12 A(i)
v22




x(i)ve

x(i)vI


=−

(
B(i)

ve

0

)
uv,

yvi =
(

C(i)
ve 0

)

x(i)ve

x(i)vI


 ,

(5)

where x(i)ve ∈ Rn(i)ve and x(i)vI ∈ Rn(i)vI represent the port
and the internal nodal voltages, respectively, and nv =

n(i)ve +n(i)vI , i= 1, . . . ,m/2. Eliminating all internal nodes
from (5) leads to the ROM of (4) as below

Avri
xvri

= Bvri
uv, yvri

= Cvri
xvri

, (6)

where xvri
= x(i)ve ∈ Rrvi , Bvri

=−B(i)
ve ∈ Rrvi×m/2,

Avri
=A(i)

v11−A(i)
v12 Wvi ∈Rrvi×rvi , Cvri

=C(i)
ve ∈R`×rvi ,

Wvi = A(i)−1

v22 A(i)T

v12 ∈ Rn(i)vI ×n(i)ve , and rvi = n(i)ve � nv.
Hence, the reduced electrical subsystem can be re-
formulated as the parallel connection of the reduced-
order subsystems in (6). Consequently, it can be equiv-
alently transformed into a block-diagonal reduced sys-
tem of dimension rv = ∑m/2

i=1 rvi . Thus, the reduced-
order electrical subsystem in the form of (3a), has the
following matrices, Avr = blkdiag(Avr1

, . . . ,Avrm/2
),

Cvr = (Cvr1
, . . . ,Cvrm/2

), Bvr = (BT
vr1
, . . . ,BT

vrm/2
)T .

Reduction of the thermal subsystem

We observe that, splitting (2a) into m/2 subsystems
in (4) induces the splitting of the nonlinear part in the
thermal part (2b). When the approximation(

∑m/2
i=1 xT

vi

)
FT

(
∑m/2

i=1 xvi

)
≈∑m/2

i=1 xT
vi

FT xvi is introduced,
the thermal subsystem (2b) can be written as

ET x′T = AT xT +ξ T
v FT ξv,+BT uT , (7)

where we have used the equality
m/2

∑
i=1

xT
vi

FT xvi = ξ T
v FT ξv,

where FT = {FT1 , . . . ,FTnT
}∈Rñv×ñv×nT , ñv =mnv/2,

being a 3D-array of nT block-diagonal matrices
FTi = blkdiag(FTi , . . . ,FTi)∈Rñv×ñv , FTi ∈Rnv×nv and
ξv =(xT

v1
, . . . ,xT

vm/2
)T .We assume such an approxima-

tion to be possible. Though this seems like a strong
assumption, we have observed it to be valid in some
of our applications.

Also the reduction of the algebraic part induces a
reduction in the differential part leading to

ET x′T = AT xT +ξ T
vr FTr ξvr +BT uT , (8)

with FTr = {FTr1
, . . . ,FTrnT

} ∈ Rrv×rv×nT being a
3D-array of nT reduced order block-diagonal matrices
FTri

= blkdiag(FTri
, . . . ,FTri

) ∈ Rrv×rv , where FTri
=

F(i)
T11
−WT

vi
F(i)

T21
− F(i)

T12
Wvi + WT

vi
F(i)

T22
Wvi ∈ Rrvi×rvi .

Since system (8) can also be split into m/2 subsys-
tems, the thermal state xT of system (8) can be re-
duced using the BDSM-ET method proposed in [1].
Hence, the reduced thermal system in (3b) also has
block-diagonal structured matrices given by, ETr =
VTET V, ATr = VTAT V, BTr = VTBT , CTr = CT V,
where ET = blkdiag(ET , . . . ,ET ), CT = (CT , . . . ,CT )
AT = blkdiag(AT , . . . ,AT ),BT =(BT1

T , . . . ,BTm/2
T )T ,

V = blkdiag(V(1), . . . ,V(m/2)). The projection matri-
ces V(i) can be constructed as in [2],

range(V(i)) = span{Ri,MRi, · · · ,MrTi−1Ri}, rTi � nT ,

where M = (s0ET −AT )
−1ET ∈ RnT×nT , and Ri =

(s0ET −AT )
−1bTi ∈ RnT , i = 1, . . .m/2. Here s0 ∈ C

is chosen arbitrarily. Hence, the order of the reduced
thermal subsystem (3b) is rT = ∑m/2

i=1 rTi .

3 Conclusion

By construction, the modified BDSM-ET method leads
to sparser ROMs than the BDSM-ET method pro-
posed in [1] with accurate ROMs. We have compared
the two methods using ET coupled problems with
many inputs from industry.
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Summary. The design process of integrated circuits (IC)
aims at a high yield as well as a good IC-performance. The
distribution will not be standard Gaussian anymore. In fact,
the corresponding probability density function has a more
flat shape than in case of standard Gaussian. In order to opti-
mize the yield one needs a statistical model for the observed
distribution. One of the promising approaches is to use the
so-called Generalized Gaussian distribution function and to
estimate its defining parameters. We propose a numerical
fast and reliable method for computing these parameters.

1 Introduction

We assume N independent samples xi in some given
interval [U ,V ] and based on some empirical density
function. To define a quality measure index we are
now interested in the ‘best’ fitting function within the
family of Generalized Gaussian Density (GGD) dis-
tributions as shown in Fig.1 and given by the expres-
sion

f (x) =
β

2α Γ (1/β )
exp

(
−
( |x−µ|

α

)β
)
, (1)

where α,β > 0, µ ∈R and Γ is the Gamma function.
The parameters of the ‘best’ fitting distribution func-
tion can be found by maximizing the logarithm of the
likelihood function L = ln(L ) =∑N

i=1 f (xi): The nec-
essary conditions are

Fig. 1. Generalized Gaussian density functions with µ = 0
and α = 1.

∂L
∂α

= 0,
∂L
∂β

= 0,
∂L
∂ µ

= 0. (2)

It appears that

α =

(
β
N

N

∑
i=1
|xi− µ̂|β

)1/β

. (3)

When we assume that µ = µ̂ is known then only one
additional equation remains

g(β ) = g(β ; µ̂) = 0 (4)

in which µ = µ̂ is now a given parameter. The func-
tion g involves a Ψ function and a remaining part in-
volving xi’-s. Analytical formulae for g(β ) and g′(β )
can be found in literature [1–3]. Clearly, Eq.4 can be
solved by any iterative method, for example by New-
ton’s method. The computation of the parameters α
and β of the ‘best’ fitting density function f (x) can
be done by the following procedure.

1. Determine the empirical pdf f̂ (x) from the mea-
sured data.

2. Compute the cumulative density function F̂(x) =∫ x
−∞ f̂ (t)dt.

3. Generate {xi | i = 1, ...,N} using F̂(x).
4. Compute the zero β̂ of g(β ) = 0.
5. Compute â from (3).

Then the GGD f (x | µ̂, α̂, β̂ ) is considered as the
‘best’ fitting pdf for the density function f̂ (x). Numer-
ical experiments [1] show that (i) (4) has a (unique)
zero as long as x̄ 6= µ̂ , and no zero in case of x̄ = µ̂;
(ii) β̂ is very sensitive to the choice of the inter-
val [U,V ] where the xi are located. More precisely,
β̂ strongly depends on the difference |µ̂ − x̄| where
x̄ = mean(xi) = ∑N

i=1 |xi− µ̂|.
The first observation comes from the simplification
from choosing µ , but is easy to meet. For the second
observation we propose to carry out the steps 3-5 M-
times within a loop, giving β̂k and α̂k, k = 1, . . . ,M
and finally take β̂ = 1

M ∑M
i=1 β̂k, α̂ = 1

M ∑M
i=1 α̂k (due

to the large value of α ′(β ) this choice for α gives
better results than by using (3)) and µ̂ . We now con-
sider the density function f (x; µ̂, α̂, β̂ ) as best fit to
the measured data [1].
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Fig. 2. Measured data (left) and empirical pdf f̂ (right).

2 Numerical results

We applied the modified procedure (with M = 50) to
‘trimmed’ data from NXP IC-measurements (Fig. 2).
The computed density function f as well as the ini-
tially fitted (non-symmetrical) density function f̂ are
given in Fig. 3. Note that even the tails are very well
approximated. To get an impression of the sensitiv-
ity of the computed density w.r.t. α̂ we varied the
computed value of α̂ with +/- 10%, plotted the cor-
responding densities and computed the Mean Square
Error (MSE). For further details we refer to [1].

3 A quality measure index for a
Generalized Gaussian distribution

Assuming an underlaying distribution being standard
Gaussian, capability of a manufacturing process can
be measured by using some process capability indices
such as

Cp =
U−L

6σ
and Cpk =

min(U−µ,µ−L)
3σ

,

Fig. 3. Sensitivity of the density function f w.r.t. α̂.
MSE = (14.31, 56.94, 91.95) for α̂ = (454, 499, 409) ∗
10−5.

where [L,U ] is the specification interval, µ is the pro-
cess mean and σ is the process standard deviation and
a process is said to be capable if the process capability
index exceeds a value k ≥ 1, where usually k = 4/3.
In case of a GGD (1) we can introduce a capability
index Cpkg similar to the standard Gaussian case as

Cpkg =
min(U−µ,µ−L)

3σ
,

where 2σ = αβ . L and U are the lower and upper tol-
erance levels, respectively. They can be determined as
described below.
Notice that if x≤ µ then the cumulative density func-
tion F(x) corresponding to the GGD (1) is given by

F(x) =
β

2αΓ (1/β )

∫ x

−∞
exp

(
−
( |y−µ|

α

)β
)

dy

=
1

2Γ (1/β )

∫ ∞

((µ−x)/α)β
exp(−z)dz.

This can be further simplified using the Upper Incom-
plete Gamma function [4] for which standard soft-
ware is available. For x > µ a similar expression
holds.

4 Conclusions

We have shown that measured IC chip production data
can adequately be modelled by a Generalized Gaus-
sian distribution (GGD). We developed a new robust
numerical procedure for computing the parameters of
such GGD. The GGD did fit very accurately. Using
the GGD a quality measure can be defined analo-
gously to the CPK index for standard Gaussian dis-
tributions.
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Summary. The purpose of this work is to describe a fi-
nite element method for the numerical simulation of mag-
netization and demagnetization processes in ferromagnetic
pieces with hysteresis. In particular, the proposed method-
ology will be applied to compute the remanent flux density
after a Magnetic Particle Inspection test on specimens with
cylindrical symmetry, consisting of three stages: longitudi-
nal magnetization, circular magnetization and demagnetiza-
tion.

1 Introduction

Magnetic Particle Inspection (MPI) is a non–destruc-
tive testing method that uses magnetization to detect
surface defects in ferromagnetic pieces. Taking into
account that the breakings are more easily detected
when they are oriented perpendicularly to the mag-
netic field in the specimen, two kinds of magnetic
field are usually established within the material: with
circular and longitudinal orientation. Furthermore, in
most cases, pieces have to be demagnetized after the
inspection, as residual magnetism could interfere with
subsequent processing.

While magnetic hysteresis could be neglected in
the simulation of the magnetization step (since the
material is saturated to a great extent, see [1] and [2]),
for the modelling of the demagnetization process, in-
corporating a hysteresis law is unavoidable. The main
contribution of this work is the simulation of the com-
plete magnetization and demagnetization process by
including the hysteresis.

2 Mathematical Models of Magnetization

The electromagnetic models will be based on the eddy
current model:

curlH = J, (1)
∂B
∂ t

+ curlE = 0, (2)

divB = 0, (3)

where H is the magnetic field, J is the current density,
B is the magnetic induction and E is the electric field.

2.1 Circular Magnetization

To model circular magnetization, we will consider
that the ferromagnetic pieces have cylindrical symme-
try and that all fields are θ–independent. We will also
assume that the current density traverses the piece
along its axial direction and has the form J(x, t) ≡
Jz(ρ,z, t)ez. As a consequence, H(x, t)≡ Hθ (ρ,z, t)eθ .

Fig. 1. Meridional section of a crankshaft. Circular magne-
tization.

Taking (1) and (2) into account, and using the no-
tation appearing in Fig. 1, the problem to solve is de-
fined only in the meridional section Ω of the piece to
inspect, and reads:

∂F (Hθ ,ξ )

∂ t
eθ + curl

(
1
σ

curl(Hθ eθ )

)
= 0 in Ω ,

(4)

Hθ = 0 on Γaxis, (5)

Hθ =
I(t)
2πρ

on Γext, (6)

∂Hθ
∂n

= 0 on Γport, (7)

where σ is the electric conductivity, I(t) is the current
crossing the domain and F is the hysteresis operator
(see Section 2.3).

2.2 Longitudinal Magnetization

Both in longitudinal magnetization and final demag-
netization, the piece to be examined is located in-
side a conducting coil carrying an alternating cur-
rent. In order to avoid the employment of a vector
hysteresis law, we consider infinite cylindrical pieces
and approximate the coil by an infinitely thin con-
ducting surface ΓS carrying a surface current density
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JS ≡ JS(ρ, t)eθ (see Fig. 2). We will denote by Ωc the
piece to be inspected, composed by a conducting fer-
romagnetic material with hysteresis, and by Ω0 the air
surrounding it, R∞ being its outer radius.

Fig. 2. Geometric domain 3D (left) and meridional section
(right). Longitudinal magnetization.

The geometric considerations, along with the source
direction, suggest that the fields are independent of
the (θ ,z) coordinates. Then, taking (1) and the source
form into account, we deduce that H(x, t)≡ Hz(ρ, t)ez.
Moreover, we assume that the material has an isotropic
behaviour, which implies that B(x, t) ≡ Bz(ρ , t)ez.

In the case considered, Gauss’ magnetic law (3)
leads to the existence of magnetic vector potential of
the form A(x, t) ≡ Aθ (ρ, t)eθ . Then, taking (1)–(2)
and Ohm’s law into account, we can rewrite the prob-
lem as follows:

σ
∂Aθ
∂ t

− ∂
∂ρ

(
F−1

(
1
ρ

∂
∂ρ

(ρAθ ) ,ξ
))

= 0 for ρ ∈ (0,Rc), (8)
∂

∂ρ

(
1
µ0

1
ρ

∂
∂ρ

(ρAθ )

)

= 0 for ρ ∈ (Rc,RS)∪ (RS,R∞), (9)[
1
µ0

1
ρ

∂
∂ρ

(ρAθ )

]

ρ=RS

= JS, (10)

Aθ = 0 at ρ = 0, (11)
∂Aθ
∂n

= 0 at ρ = R∞, (12)

where µ0 is the vacuum’s magnetic permeability and
the source is imposed by the jump of H×n at ρ = RS.

2.3 Magnetic Hysteresis

The behaviour of hysteretic materials is characterized
by the dependence of the B at each point x not only
on the value of H at the present time but also on the
so–called magnetic history. In our problems, H and
B only have one non–null component, what allows
us to use a scalar law for the nonlinear material. To
simulate the magnetic hysteresis, we have chosen the
well–known classical Preisach model (see [3]), which
characterizes soft ferromagnetic materials by means
of a hysteresis operator:

F (H,ξ )(x, t)

=
∫∫

α<β
Rαβ (H(x, t),ξ (x))µ(α,β )dα dβ ,

where µ is a weight function that identifies the ferro-
magnetic material, ξ contains the information about
the initial state of magnetization and Rαβ is the relay
function. Thus, we will have that Bz = F (Hz,ξ ) for
longitudinal magnetization and Bθ = F (Hθ ,ξ ) for
circular magnetization.

3 Numerical Results

Finally, we show the remanent flux in a cylindrical
piece after some demagnetization processes with dif-
ferent number of cycles. These numerical results al-
low us to become familiar with the inspection pro-
cedure as they give useful information about which
source parameters are more important for success-
fully demagnetize the pieces.

Fig. 3. Demagnetizing source (top). Remanent flux density
vs. radius in the cylindrical piece (bottom).
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Summary. The effects of crystal heating in graphene due
to charge transport are investigated. The evolution of elec-
tron, hole and phonon occupation numbers is described by
a system of Boltzmann equations. In view of application
to electron devices, we derive also hydrodynamical mod-
els with the aid of the maximum entropy principle (MEP).
The numerical solutions of the Boltzmann equations are ob-
tained with a recent DSMC approach [1] and comparisons
with the results given by the hydrodynamical models are
performed.

1 The mathematical models

Electrons which mostly contribute to the charge trans-
port in intrinsic graphene are those being in states
of the conduction and valence band, close to the K
and K′ Dirac points. In these neighborhoods the en-
ergy dispersion relation is approximately linear [2]
E± = ±h̄vF |k|, where E is the electron energy, k is
the electron wave-vector, vF is the Fermi velocity. The
plus and minus signs refer to the electrons in the con-
duction and the valence band respectively. The latter
are most conveniently described as holes.

We will consider the longitudinal optical (LO)
phonons, the transversal optical (TO) phonons, the
K–phonons, and the acoustical phonons. For LO, TO
and K phonons the Einstein dispersion relation ap-
proximation is used, h̄ω ≈ const, with ω the phonon
frequency. While for the acoustic phonons, a linear
isotropic dispersion relation is employed εac = h̄ωac =
h̄cac|q|, with εac the phonon energy, cac the sound
speed in graphene, h̄ the Planck reduced constant and
q the phonon wave-vector.
The semiclassical kinetic description of the charge
transport in graphene can be based on two Boltzmann
equations for electrons and holes

∂ fα
∂ t

+vα ·∇r fα +
eα
h̄

E ·∇k fα = Cα , α = e,h, (1)

where fα(r,k, t), α = e,h, represent the occupation
numbers of electrons and holes at position r, time t
and with wave-vector k. The symbols ∇r and ∇k rep-
resent the gradients with respect to the position and
the wave vector respectively, eα , α = e,h, are the par-
ticle charges (negative for electrons and positive for

holes), E is the electric field and v is the group ve-
locity. The operators Cα , α = e,h, are the sum of the
operators associated to the intra and inter-band inter-
actions of electrons and holes with acoustic, optical
and phonons (see [3] for the details).

The phonon dynamics is governed by the follow-
ing Boltzmann equations

∂gη

∂ t
+ cη ·∇rgη︸ ︷︷ ︸

≈0

= Cη , η = LO,TO,K,

∂gac

∂ t
+ cac ·∇rgac = Cac,

with cp = ∇qωp the phonon group velocities, p =
LO,TO,K,ac, and cη ≈ 0, η = LO,TO,K, as a con-
sequence of the Einstein approximation. The collision
operators are given by

Cη = ∑
αβ

C αβ
η −

(
gη −gLE

η
)

τη
,Cac = −gac −gLE

ac

τac
,

where the sum is for (α,β ) ∈ {(e,e),(h,h),(e,h)}.
The τp’s, depending on the temperature, are the re-
laxation times relative to the optical phonon decay
process, and the gLE

η ’s, η = LO, TO, K, gLE
ac are the

local equilibrium occupation numbers corresponding
to the common temperature the phonon branches in-
volved in the process would have if they were in local
equilibrium [4].

In view of applications to electron devices, mod-
els based on integrated quantities are preferable for
CAD purposes. Macroscopic quantities can be de-
fined as moments of the occupation numbers with re-
spect to some suitable weight functions ψ(k). In par-
ticular for electrons and holes we propose the follow-
ing set of macroscopic quantities (α = e,h)

density nα = y
∫

R2
fα(r,k, t)dk,

velocity density nα Vα = y
∫

R2
fα(r,k, t)vdk,

energy density nαWα = y
∫

R2
fα(r,k, t)E dk,

energy-flux density nα Sα = y
∫

R2
fα(r,k, t)E vdk,

where y is electron density of states.
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By integrating the Boltzmann equations with re-
spect to k, one obtains the following balance equa-
tions for the time evolution of the above-defined ma-
croscopic quantities (α = e,h)

∂
∂ t

nα +∇r · (nα Vα) = nα Cnα ,

∂
∂ t

(nα Vα)+∇r ·
(

nα F(0)
α

)
−eα nα G(0)

α ·E=nαCVα ,

∂
∂ t

(nαWα)+∇r · (nα Sα)− eα nα E ·Vα = nαCWα ,

∂
∂ t

(nα Sα)+∇r ·
(

nα F(1)
α

)
−eα nα G(1)

α ·E = nαCSα ,

where the rank-2 tensors G’s and F’s are extra-fluxes
while the terms at the right hand sides are productions.

Similarly for the phonons we choose the follow-
ing macroscopic variables

Wη = yη

∫

B
h̄ωη gη dq, energy density,

Pη = yη

∫

B
h̄qgη dq, quasi-momentum density,

Wac = yac

∫

R2
h̄ωacgac dq, energy density,

Qac = yac

∫

R2
h̄ωacvacgac dq, energy-flux,

yLO = yTO = yK = 1/(2π)2, yac = 3/(2π)2, being the
phonon density of states. The corresponding evolution
equations are

∂
∂ t

Wη = CWη ,
∂
∂ t

Pη = CPη , η = LO,TO,K,

∂
∂ t

Wac +∇r ·Qac = CWac ,
∂
∂ t

Qac +∇r ·Tac = CQac .

The extra fluxes and the production terms are ad-
ditional unknown quantities. Following a well theo-
retically founded way, the desired closure relations
have been obtained by resorting to MEP.

2 Numerical results

Direct simulations based on the above-written semi-
classical kinetic equations have been performed by
the Monte Carlo method proposed in [1], which prop-
erly takes in to account the Pauli exclusion principle.

The numerical solutions lead to the significant
heating effects presented in Figs. 1 where there is
plotted the evolution of the temperature starting from
the room one (300 K). Instead, the thermal effects
have little influence on the charge transport, as shown
in Fig.2.

The results obtained with the MEP hydrodynami-
cal models are in a good qualitative agreement.
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Fig. 1. Phonon temperatures and global temperature versus
time in the case of a Fermi level of 0.3 eV under an electric
field of strength 10 kV/cm
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a Fermi level of 0.6 eV under an electric field of strength 20
kV/cm
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Summary. Accurate calculation of electric field is impor-
tant to properly dimension the isolation system of a trans-
former. This abstract gives an overview of boundary ele-
ment methods (BEM) and fast multipole methods (FMM)
used to develop a solver for computation of the electric field.

1 Introduction

During its operation the transformer and consequently
its’ isolation system is subjected to electric stresses
which may cause damage or complete breakdown of
the isolation system. Isolation breakdown is one of
the most common causes of transformer malfunction.
Therefore, it is very important to properly dimension
the insulation system during the transformers’ design
phase. During the dimensioning process it is impor-
tant to take into account that electric field should not
exceed the specified critical value. This requires use
of complex analytical or numerical methods for elec-
tric field computation during the design phase while
it is easy to change the isolation level. Usually, finite
element methods (FEM) and boundary element meth-
ods (BEM) are used for this purpose. In this paper,
BEM is used for the computation of the electric field.
Since the application of BEM results in a fully, in case
of using point-matching also non-symmetric, popu-
lated system matrix fast multipole method (FMM) is
employed in order to reduce the CPU time and mem-
ory requirements. Results aquired by both computa-
tions are then compared with the results of a commer-
cial software based on FEM.

2 Calculation method

Calculation of electric field is based on the approx-
imation of charge density on the transformer wind-
ing. This can be done with constant, linear, quadratic
and bicubic spline approximation [1–3]. Collocation
method is used and the integration is done both ana-
litically and numerically.

2.1 Problem formulation

Green’s function of free space for 2D Laplace equa-
tion is [4]:

G(r,r′) =−2π ln(
∣∣r− r′

∣∣) (1)

where r is the vector distance of a calculation point, r′
is the vector distance of a referent point on a source.
Therefore, electric field potential φ can be represented
by:

φ =
∫ 1

2π
σ ln(

1
|r− r′| )dΩ (2)

where σ is the distribution of surface charge density,
and Ω is the surface of two-dimensional elements. By
finding charge distribution σ on every boundary ele-
ment, it is possible to calculate potential and electric
field in space around the winding.

The surface charge is approximated by N basis
functions fi:

σ(ξ ) =
N

∑
i=1

αi fi (3)

where αi are the unknown coefficients. Those coef-
ficients are obtained from known potential using the
collocation method.

Since the problem is two dimensional it is valid
for |r− r′| in (2) we use

∣∣r− r′
∣∣=
√
(x− x′)2 +(y− y′)2. (4)

For the problem is depicted in Fig. 1 σ(x) and
σ(y) need to be obtained for every turn k. Since the
approximation is linear the basis functions are:

f1x = x f2x = 1− x

f1y = y f2y = 1− y.
(5)

x

y

(xstk,ystk)

(xstk,yendk) (xendk,yendk)

(xendk,ystk)

Fig. 1. Problem representation in Cartesian coordinate sys-
tem

To calculate the unknown coefficients integrals (6)
and (7) need to be solved. Both integrals are solved
numerically and analytically.
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∫∫
ln


 1√

(x− x′)2 +(y− y′)2


dx′dy′ (6)

∫∫
y′ ln


 1√

(x− x′)2 +(y− y′)2


dx′dy′ (7)

After aquiring the unknown charge density the po-
tential at any point r and the electric-field strength can
be determined.

2.2 Fast multipole method

Use of the FMM, first proposed by Greengard and
Rokhlin [5–7], with BEM reduces the computation
time and memory requirements to order O(N) where
N is the number of unknowns.

The main idea of the fast multipole method is in-
teraction between cells instead of interaction between
elements or nodes. This is done with expressions for
expansion and translation of moments [8]. The princi-
ple of computation with the combination of BEM and
FMM is based on the computation of far-field interac-
tions between the elements with the multipole algo-
rithm and direct integration of near-field interactions.

In the paper FMM is used to accelerate the BEM
computation and the comparison of the results, com-
putation time and memory requirements is done.

3 Numerical example

As an example we present the solution for the 2D
problem shown in Fig. 2 where the potential of the
elements on the positive y-axis is 1 V and on the neg-
ative y-axis -1 V. The problem was modelled with
aforementioned methods and compared with the so-
lution given by commercial FEM software ElecNet.
The comparison of the results is depicted in Fig. 3
and the results are in good agreement.

0.15 0.20 0.25 0.30 0.35 0.40

x
(m)

-0.2

-0.1

0.1

0.2

y
(m)

Fig. 2. Example of 2D problem

In point-by-point comparison of the results of the
BEM modelled problem against the FEM results the
maximum relative error is less than 10%, as shown in
Fig. 4, and the biggest difference between the results
occurs in the points that are on the elements.

-0.3 -0.2 -0.1 0.1 0.2 0.3
Distance (m)

-1.0

-0.5

0.5

1.0

φ(V )

Analytical integration

ElecNet

Numerical integration

Fig. 3. Comparison of results for y in range [-0.3,0.3] and
x=0.1

0 200 400 600 800 1000
Points

10

20

30

40
Relative error [%]

Analytical integration

Numerical integration

Fig. 4. Relative error when compared with FEM

4 Conclusion

Contributions of the paper include:

• application of self-developed BEM solver for the
electric field calculation

• application of fast multipole method in order to
increase computational efficiency

• comparison of aquired results with results given
by commercial FEM software.
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2013-1118.
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Summary. We will present an error estimator for the com-
putation of the z-component of the vector potential in the
framework of rotating electrical machines. Focus of the
work is on handling approximation errors of the occurring
curved domain boundaries and the used domain decompo-
sition method. Furthermore we want to end up with a mesh
that is optimal for all rotor positions of one simulation pe-
riod.

1 Electrical Machines

The following work focuses on the analysis of perma-
nent magnet synchronous machines, consisting of two
parts: a fixed exterior part – the stator; and a rotating
interior part – the rotor. We only have to simulate one

Fig. 1. Example: PMSM

quarter of the whole motor due to symmetry of the
geometry and the winding.
Depicted in yellow we have the permanent magnets
with a parallel magnetization direction indicated by
the arrows. The machine has 12 slots with 4 pole-pairs
– the double layer winding is defined according to the
scheme in figure 1. Gray area symbolizes iron mate-
rial, whose non-linear material property is described
via a parameter ν (∇u).

2 Model Problem

We use the magnetostatic case of Maxwell’s equa-
tions in 2 dimensions to model our problem. This sim-

plification is reasonable since most of the flux is in
the x-y plane. Furthermore we are dealing with slowly
varying magnetic fields.
Due to the fact, that we are looking at rotating electri-
cal machines it is convenient to work with a domain
decomposition approach with non-matching meshes
for rotor and stator. For the coupling of the domains
we use an idea of Nitsche for incorporating Dirich-
let boundary conditions into the variational formu-
lation [2, 3]. In this approach an artificial interface
Γi j is introduced between the domains Ωi and Ω j we
want to separate – in our case the rotor and the stator.
The jump of the solution over this interface is then
penalized. With the notation ui := u

∣∣
Ωi

the resulting
variational formulation of the multi-domain approach
reads:
Find u : Ω → R, λi j : Γi j→ R such that

∑
i

(∫

Ωi

(ν (|∇ui|)∇ui−M⊥) ·∇vidx

−
∫

Γi j

(ν (|∇ui|)∇ui ·ni)(vi−ψi j)dS

+β
∫

Γi j

(ν (|∇ui|)∇vi ·ni)(ui−λi j)dS

+
α
|Γi j|

∫

Γi j

ν (|∇ui|)(ui−λi j)(vi−ψi j)dS
)

= ∑
i

(∫

Ωi

J3 vidx−
∫

Γi j

M⊥ ·ni (vi−ψi j)dS
)

(1)

∀v : Ω → R,v
∣∣
∂Ω = 0 and ∀ψi j : Γi j→ R

The variable λ represents the solution on the new in-
terface Γ ; the functions ψ are the test-functions there.
J3 is a load term coming from the current feed in the
coils, the magnetization is taken into account via M⊥.

3 Adaptive Mesh Refinement

For the optimization of an electrical machine many
motor geometries have to be simulated to find a suit-
able topology. Thus the speed of the used solver is
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crucial. To enhance the simulation time while retain-
ing full quality of the simulation result we want to
use mesh adaptivity. First step is the construction of a
reliable a posteriori error estimator for the non-linear
problem in the energy norm.
The energy norm for our problem is given by:

∥∥(ui,λi j)
∥∥2

NC = ∑
i

∫

Ωi

|∇ui|2 +∑
i

α
|Γi j|

∫

Γi j

∣∣ui−λi j
∣∣2

For the estimator we can make a similar approach as
in the case of a discontinuous Galerkin scheme [4].

3.1 Error Analysis

The difficulties arise from the structure of the varia-
tional formulation due to the used domain decompo-
sition method as well as from the boundary approxi-
mation error.
As a guideline to deal with the approximation error of
a curvilinear bounded domain by a polygonal one, we
used the publication by W. Dörfler and M. Rumpf [1].
The basic strategy presented there can also be applied
to our problem.
Additional challenges come from the discretization of
the two considered domains near the interface Γ .

3.2 Domain Discretization

Due to the chosen domain decomposition method
the discretization on the interface has to be consid-
ered with special care. Since the rotor and the stator
are meshed independently we have to deal with non-
matching meshes at Γ . This leads to regions where

Ω1,h

Ω2,h

Γ

Fig. 2. Non-matching Rotor and Stator Meshes

we observe an overlap in the mesh as well as regions
where we have gaps in the mesh.

3.3 Error Estimator

The estimator we obtain can be split into the different
influences on the error ẽh := (ũ,λ )− (ũh, λ̃h).

‖ẽh‖2
NC ≤∑

i
Ci

(
∑

T∈Ωi,h

(
η2 +Oη( fh,uh)

)

+ ∑
e∈Γi j

γ2 + ∑
e∈Γh,i j

γ2
h

+ ∑
E∈Ωi,h\Ωi

(
θ 2 +Oθ ( fh,uh)

)

+ ∑
D∈Ωi\Ωi,h

(
κ2 +Oκ( fh,uh)

))

Here Ωi,h denotes the discretization of the curvilin-
ear bounded domain Ωi. O∗ are the data-oscillation
terms. The η-terms contain terms we expect for every
residual based a posteriori error estimator [5], namely
the residual itself and the jumps of the normal deriva-
tive over the edges of the triangles; γh and γ denote
the terms coming from the (discreticed) interface of
he used domain decomposition method and therefore
the resulting energy norm. θ - and κ-terms are related
to the approximation error of the computational do-
main by the mesh.
Using this estimator we get an adaptive refinement of
the mesh for one rotor position. We are interested in
the construction of an optimal mesh for all considered
rotor-positions during a simulation period, therefore
will study the dependency of the problem on the rota-
tion angle ϕ .
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Summary. We present an efficient optimization tool for the
design of rotating electrical machines by combining topol-
ogy optimization shape optimization. In the first stage, we
determine the optimal topology of the material in the design
areas of the motor. In the second stage, we perform shape
optimization as a post-processing and enforce manufactura-
bility by penalizing geometrically complex designs. In both
stages, we employ a local mesh modification strategy that
allows for an accurate resolution of the interface between
the different materials.

1 Model Problem

As a model problem, we consider an Interior Perma-
nent Magnet (IPM) electric motor as depicted in Fig-
ure 1, which consists of a fixed outer part, called the
stator, and a rotating inner component, the rotor. They
are separated by a thin air gap. The stator contains
coils where electric current is induced, whereas the
rotor holds permanent magnets. Both the rotor and
the stator have an iron core, denoted by Ω f where
the magnetic reluctivity is a nonlinear function of the
magnetic flux density. Our goal is to find the optimal
distribution of ferromagnetic material in a design sub-
region of the rotor such that a given objective function
is minimized. We are facing the optimization problem

min
Ω f

J (u(Ω f )) (1)

s.t. −div(νΩ f (|∇u|)∇u) = F in Ω

u = 0 on ∂Ω ,
(2)

with the right hand side F comprising the impressed
current in the coils and the permanent magnetization
in the magnets, and with the magnetic reluctivity

νΩ f (|∇u|) = χΩ f ν̂(|∇u|)+χΩ\Ω f ν0,

which is a nonlinear function ν̂ in the ferromagnetic
subdomains and a constant ν0 elsewhere.

2 Topology Optimization

In the topology optimization stage, we employ a level
set algorithm [1] that is based on the topological

Fig. 1. Geometry of electric motor with different subdo-
mains

derivative of the optimization problem. The algorithm
is capable of performing large topological changes.
The topological derivative of a domain-dependent func-
tional J = J (Ω) describes its sensitivity with re-
spect to a local perturbation of the domain Ω by the
introduction of a hole or inclusion of a different mate-
rial. See also [3] for the application of this algorithm
to the design optimization of electrical machines.

3 Shape Optimization

Results obtained by topology optimization are of-
ten geometrically complex and hard to manufacture.
Therefore, we apply shape optimization in a second
stage of the optimization procedure. In shape opti-
mization, it is also possible to penalize high geomet-
ric complexity of the arising structure by including a
perimeter term into the optimization problem, i.e., by
replacing the objective function J (u(Ω f )) in (1) by
the function

J̃ (u(Ω f )) = J (u(Ω f ))+ γ Per(Ω f ).

Here, Per(Ω f ) denotes the perimeter of Ω f , i.e., the
sum of lengths of the interfaces between Ω f and
Ω \Ω f , and γ > 0 is a weighting parameter which
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allows to manually control the allowed geometrical
complexity. Note that proceeding like this is not pos-
sible in the topology optimization stage since it is
not possible to compute the topological derivative of
Per(Ω f ), but it is possible to compute its shape deriva-
tive.

In order to allow merging of components of the
topology optimization result, we represent the geom-
etry in an implicit way by means of a level set func-
tion ψ also in the shape optimization stage. The evo-
lution of the design is then given as the solution of the
Hamilton-Jacobi equation

∂ψ
∂ t

+V ·∇ψ = 0,

where V is a vector field that yields a descent of the
shape function J̃ when perturbing Ω f along V . We
obtain this vector field V ∈ H1

0 (Ω) as the solution of
an auxiliary boundary value problem of the form

b(V,W ) =−dJ̃ (Ω f ,W ) ∀W ∈ H1
0 (Ω),

where b(·, ·) is an arbitrary positive bilinear form and
dJ̃ (Ω f ,W ) denotes the shape derivative of the shape
function J̃ (Ω f ) in direction W , see [4].

4 Interface Handling

In both the topology and the shape optimization stage,
we are faced with an interface between the ferro-
magnetic subdomain and the air region that is evolv-
ing in the course of the optimization process. In or-
der to evaluate the topological derivative or the shape
derivative in each iteration of the optimization algo-
rithms, the state equation (2) and the adjoint equation
of optimization problem (1)–(2) have to be solved,
which is done by a finite element method on a trian-
gular grid.

We present a mesh adaptation strategy that mod-
ifies the triangular finite element mesh only locally
around the interface and allows to accurately resolve
the interface. The method is based on the idea of [2]
where the authors deal with quadrilateral meshes, but
we adapt the strategy to the more involved case of tri-
angular elements. The mesh modification strategy is
based on the assumption of a hierarchical structure of
the mesh where always 10 elements form one larger
makro element, see Fig 2. The idea of the method is
to leave the vertices of the makro elements unchanged
and only adapt the points P4, . . . ,P9. This should be
done in such a way that, on the one hand, the interface
is resolved accurately by the adapted mesh, and on
the other hand, each of the interior angles is bounded
away from 180◦. See Fig. 2 for an illustration of the
method in the case of a circular interface. The latter
property is important for convergence results.

We show that, independently of the location of the
interface relative to the mesh, all angles in the mesh

Fig. 2. Makro element consisting of 10 smaller triangles

are bounded away from 180◦, which yields optimal
order of convergence as the mesh size h approaches
0.

Fig. 3. Circular interface without special interface treatment
(left) and with proposed local mesh modification (right)
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Summary. For dynamical systems involving random pa-
rameters the output vector can be generally viewed as a
function defined in the associated random domain. Without
loss of generality, a function defined on the unit hypercube
is considered of which a major issue is sensitivity analysis.
If the function is differentiable, the derivative based sen-
sitivity measures have received much attention. We design
numerical algorithms using quasi Monte Carlo and cubu-
ture methods for computing these indices, afterwards de-
termin their performances on electric network to compare
these two numerical methods.

1 Introduction

In many applications sensitivity analysis becomes an
important concept to address the uncertainty quan-
tification in the output of a physical or mathematical
model to different sources of uncertainty in its input.
With the help of sensitivity analysis one can espe-
cially identify model parameters that cause significant
uncertainty and the ones leading tiny impacts in the
response. The less important parameters can be then
replaced by constants to reduce the dimensionality of
the problem without a significant loss of accuracy.

In order to quantify these impacts of uncertain-
ties two categories are often taken into account: vari-
ance and derivative based global sensitivity indices,
see e.g. [1,2]. The variance based global sensitivities
have been subject to intensive research by the authors
in [7]. Alternatively, if the function in consideration
is differentiable, the derivative based sensitivity mea-
sures have also received much attention.

Concering numerical issues we focus on quasi
Monte Carlo (QMC) as well as cubuture methods, see
[4]. QMC methods are straightforward, however, have
a relatively slow convergence rate, hence looses effi-
ciency. In contrast, cubuture methods may have high
efficiency compared to sampling methods since their
degrees of freedom (DOF) are predetermined depend-
ing on the dimension of the random parameters. The
accuracy, however, cannot be updated any further.

2 The stochastic model

We consider linear single-input-single-output (SISO)
dynamical systems of the form

E(x)ẏ(t,x) = A(x)y(t,x)+B(x)u(t)
z(t,x) = C(x)y(t,x)

(1)

including physical parameters x = (x1, . . . ,xn)
T be-

ing independently uniformly distributed in the domain
∏n

i=1[ai,bi]. The output of (1) can be standardized to
a function f (x) defined in the unit hypercube H n at
each evolutional point in time as well as frequency
domain. Assuming f is differentiable, functionals de-
pending on ∂ f

∂xi
are suggested as estimators for the sen-

sitivity with respect to xi. The modified Morris mea-
sure [3] based on absolute values reads as

µi =
∫

H n

∣∣∣∣
∂ f
∂xi

∣∣∣∣dx for i = 1, . . . ,n. (2)

In contrast to the variance based sensitivities the mea-
sures µi may become arbitrarily large.

3 Numerical approaches

The partial derivative of the ith parameter is approxi-
mated using a finite difference

∂ f
∂xi
≈ Di f :=

1
2hi

(
f
(

xhi+
)
− f

(
xhi−

))

with xhi+ = (x1, . . . ,xi−1,xi + hi,xi+1, . . . ,xn), xhi− =
(x1, . . . ,xi−1,xi − hi,xi+1, . . . ,xn). Typically, a small
stepsize hi > 0 is chosen depending on machine pre-
cision. A general discretization of measure (2) has the
form

µ̃i :=
N

∑
j=1

w j

2hi

∣∣∣ f
(

xhi+
)
− f

(
xhi−

)∣∣∣ (3)

for i = 1, . . . ,n with weights w j ∈ R. The computa-
tional cost of (3) is reflected in 2Nn function evalu-
ations of f . Here a quasi Monte Carlo method is in-
volved as a special case with w j =

1
N for all j and the

nodes from a sequence of low discrepancy. Concern-
ing cubuture points we propose the Stroud-3 approach
(see [4, 6]) which generates nodes

xl,2k−1 =

√
2
3

cos
(
(2k−1)lπ

n

)

xl,2k =

√
2
3

sin
(
(2k−1)lπ

n

)
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in [−1,1]n for the components k = 1,2, . . . ,b n
2c and

if n is odd xl,n =
(−1)l
√

3
for l = 1, . . . ,2n. The number

of nodes is just N = 2n. A linear transformation is
necessary to map the nodes from [−1,1]n onto H n,
then the weights of the cubature all become ω j =

1
2n .

4 Application example

In order to illustrate the approaches presented above
we consider a linear RLC circuit system appearing in
modelling of interconnects and pin packages within
an electric circuit which was introduced in [5].

Figure 1 depicts this RLC circuit consisting of a
chain of K cells which then obviously implicate K
capacitances, K − 1 inductances and K + 2 conduc-
tances (reciprocal resistances). A voltage source Uin

U
in

I
out

Fig. 1. Linear RLC circuit.

is stimulated as input from which the branch current
Iout through this source is defined as output. Modified
nodal analysis yields a dynamical system described
by differential algebraic equations (DAEs). The set
of random parameters are all capacitances, all induc-
tances, and the conductances except for the two con-
ductances at the boundaries. The dimension of the
random space results to n = 3K− 1. We assume uni-
form distributions with ranges varying 10% around
their mean values.

The expected value and the total variance of the
transfer function of (1) computed by Stround-3 and
QMC are presented in Fig. 2.

Fig. 2. Expected value and total variance of amplitude and
phase in a Bode diagram (K = 24).

In Fig. 3 and Fig. 4 the approximated total sen-
sitivity coefficients (2) for all inductances are traced
out. We observe a good agreement between Stroud-3
and QMC methods while Stroud-3 requires less com-
putational effort.

Fig. 3. Derivative based sensitivities of amplitude (K = 24)
computed by (a) Stroud-3; (b) QMC with DOF 500.

Fig. 4. Derivative based sensitivities of phase (K = 24) com-
puted by (a) Stroud-3; (b) QMC with DOF 500.
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Summary. This paper focuses on solving large and sparse
indefinite systems of linear equations in saddle-point form.
A saddle-point matrix is transformed and partitioned into a
block structure constituting ‘a priori’ block pivots of order 1
and 2. A compressed graph of this partitioned matrix is de-
termined by treating each nonzero block as a single entity.
Using a fill-reducing reordering of this compressed graph,
the partitioned matrix is permuted at the block level. Based
on the reordered ‘a priori’ pivots, a block LD-1LT factoriza-
tion is computed in a straightforward manner.

1 Introduction

We focus on large and sparse symmetric indefinite
systems of linear equations in saddle-point form:

Mu = b,
(1)

with M =

[
A BT

B −C

]
, u =

[
x
y

]
, b =

[
f
g

]
,

where the (1,1) block A is an n×n symmetric positive
definite matrix, the (2,1) block B is an m× n matrix
of full rank with m < n, the (2,2) block C is an m×
m symmetric positive semidefinite matrix (including
C= 0), u is the solution vector, and b is a given vector.

The systems of the form (1) originate for instance
from discretization of Maxwell’s equations [2, 3] and
Stokes equations using mixed finite element methods,
constrained optimization problems, and network anal-
ysis in electronic circuits [7] and water distribution
systems. A significant portion of the computational
time in numerical simulations is spent in solving these
large linear systems. Numerical linear algebra algo-
rithms for solving these systems more efficiently in
terms of robustness, computer memory requirements
and computational complexity are of great demand
for software development. Designing such algorithms
is intimately connected with an understanding of the
structure of the resulting block matrix system and re-
lies heavily on exploiting this structure.

Aim of the paper

In [5, 6], structured block LD-1LT factorizations with
blocks of order 1 and 2 are proposed based on the
transformation of M by transforming B for the case

(2,2) block zero or diagonal. These methods retain
some of the blocks of the transformed M without
having to update during the factorization. Although
such factorizations are special, more fill-in is created
in the updated blocks. To address this issue, we de-
scribe a fill-reducing reordering technique based on
the graph of a compressed matrix. A saddle-point ma-
trix is transformed and partitioned into a block n× n
structure with blocks of order 1 and 2 as in [5] or
[6, 8]. Each block of this structured saddle-point ma-
trix is treated as a single entity forming a compressed
matrix of order n. Using a fill-reducing reordering of
the graph of the compressed matrix, the block par-
titioned saddle-point matrix is reordered at the block
level. Using the reordered a priori pivots, a sparse fac-
torization is computed in a straightforward manner.

2 Factorization

The factorization method entails the following steps.
Steps 1 and 2 are as in [6, 8].

1. Transform M by transforming B to a trapezoidal
form

B = [B1 B2] , (2)

where B1 is an m×m nonsingular upper triangu-
lar matrix and B2 is an m× (n−m) matrix. The
transformed M is split into a block 3× 3 struc-
ture:




A11 A12 BT
1

A21 A22 BT
2

B1 B2 −C


 ,

where Ai j, i, j = 1,2, are the blocks that partition
the permuted A due to (2). See [6, 8] for the de-
tails. The transformation (2) can be obtained via
row and column permutations for node-arc inci-
dence matrices B, which appear in resistor net-
work modeling. For such algorithm, see [4].

2. Define a permutation matrix Π of order n+m as
in [8]. Applying Π to the transformed M parti-
tions into a block n×n structure:

MΠ = ΠT MΠ, (3)
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2

constituting 1× 2, 2× 1, 2× 2, and 1× 1 blocks
forming a priori pivots.

3. Determine the adjacency graph GΨ of the com-
pressed matrix of order n defined by

Ψ=

[
|A11|+ |B1|+ |BT

1 |+ |−C| |A12|+ |B2|
|A21|+ |BT

2 | A22

]
,

(4)

where |H|= [ |hi j| ] represents a matrix whose ele-
ments are the absolute values. The matrix Ψ gives
the nonzero pattern of MΠ at the block level by
treating each block as a single entity.

4. Permute the block columns and rows of MΠ us-
ing the fill-reducing reordering of GΨ . Let this
permuted matrix be M̃Π .

5. Compute the block LD-1LT factorization

M̃Π = LD−1LT , (5)

where L is a block lower triangular matrix with
blocks of order 1 and 2, and D = diag(L) is the
block diagonal part.

The existence of factorization (5) is based on the
following theorem.

Theorem 1. Let M∈R(n+m)×(n+m) be the transformed
saddle-point matrix

M =




A11 A12 BT
1

A21 A22 BT
2

B1 B2 −C


 , (6)

where B = [B1 B2] ∈Rm×n is of full rank with B1 ∈
Rm×m a nonsingular triangular matrix, B2 ∈Rm×(n−m),
A ∈ Rn×n a symmetric positive definite matrix with
blocks Ai j, i, j = 1,2, partitioned accordingly and
C ∈ Rm×m a symmetric positive semidefinite matrix
including C = 0. Suppose the last two block rows and
columns are permuted such that

M̃ =




A11 BT
1 A12

B1 −C B2
A21 BT

2 A22


 . (7)

Then the Schur complements of the symmetric indef-

inite matrix
[

A11 BT
1

B1 −C

]
and symmetric positive defi-

nite matrix A22 are nonsingular.

3 Numerical results

The sparsity of LD-1LT factorization described in steps
1 to 5 is compared with the sparsity of factoriza-
tion described in [6]. The approximate minimum de-
gree (AMD) algorithm [1] is used for reordering the
compressed graph Gψ . We refer to (5) as the block
AMD (BAMD) factorization in the numerical results.

Whereas the factorization in [6] is referred to as struc-
tured block LD-1LT factorization (SBFACT). The test
problems are the saddle-point matrices from resistor
network modeling in [7]. Define the fill-ratio

fill(L) =
nnz(L)

nnz(btril(MΠ ))
, (8)

where nnz() is the number of nonzero entries and
btril(MΠ ) is the block lower triangular part of MΠ .

Table 1. Comparison of BAMD with SBFACT for the
saddle-point matrices from resistor network modeling.
nnz() is the number of nonzero entries, and fill(L) is
the fill-ratio defined in (8).

Matrix nnz(M)
nnz (L) fill(L)

SBFACT BAMD SBFACT BAMD

RNA3 12,374 408,102 24,781 45.52 3.34
RNB3 17,619 1,534,494 28,238 119.30 2.67
RNB6 106,034 31,185,501 145,646 406.10 2.29
RNB8 28,869 1,896,218 42,543 90.96 2.46
RNC3 61,104 11,458,224 94,235 258.70 2.57
RNC4 37,289 2,951,023 60,200 109.20 2.69
RNC5 82,749 8,541,178 214,091 141.40 4.31
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Summary. The function of many electrical circuits is de-
fined through the stability of a fixed point. Assume that
due to damage or other external influences the value of a
circuit’s element is perturbed. Although the circuit’s fixed
point remains stable, the transient behaviour might change.
Even the simplest example shows that determining whether
such a perturbation has a stabilizing or a destabilizing ef-
fect in terms of the circuit’s topology is very hard. Here, we
present first results for the case of circuits with two different
types of elements.

1 Introduction

In many applications, the function of an electrical cir-
cuit is defined through the stability of certain states
such as fixed points. However, due to faulty elements,
damage or other external influences the stability can
change. Also, one might be able to increase the stabil-
ity and hence improve the function by just changing
the value of a few elements. This raises the question
of how the stability is connected to the circuit’s topol-
ogy and more generally to the values of elements in
the circuit. In the context of ODEs this question was
adressed to some extent [1–3]. However, important
models of electrical circuits are given by differential-
algebraic equations. For this class of equations almost
no answers aiming at this type of question are known.
Using perturbation theory of generalized eigenvalues
we present first results here. We also mention that the
results can be transferred to certain power-grid mod-
els.

1.1 A simple example

In this subsection we illustrate the complex relation
between the site of the perturbed link in the circuit
and the effect of the perturbation.

In Fig. 1 we illustrate the dynamical impact of per-
turbations on two edges of the circuit’s graph. More
precisely, we vary the values of the conductance 1

R2
and the inductance C resp. The color in inset a) codes
the distance to instability in terms of the real part of
the system’s spectral gap. Depending on the conduc-
tance and inductance values, increasing either one of
them can have a stabilizing or a destabilizing effect.
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Fig. 1. The effect of perturbations in circuit b). Color in inlet
a) codes the spectral gap for different values of conductance
g2 and inductance L for C = 1. The main plot shows time
traces for different values of g2 and L = 0.02.

2 Linear stability in circuits

In order to investigate the linear stability of a circuit’s
fixed point we consider the MNA model equations
(

MC 0
0 L

)
d
dt

(
e
iL

)
+

(
MR AL
−AT

L 0

)(
e
iL

)
=

(
−AIIs

0

)

(1)
where we only take into account current sources. Here,
the node potentials ei and the currents over the induc-
tivities (iL)i are the unknown variables. MR =ARGAT

R ,
MC = ACCAT

C , AC,AR,AL and AI are the incidence
matrices corresponding to capacities, conductances,
inductivities and current sources and C,G and L are
diagonal matrices with the values of capacities, con-
ductances and inductivities resp. on their diagonals.
The governing equations (1) are differential algebraic
equations (DAE). The linear stability of fixed points
in a linear DAE of the form Eż+Az = I was shown to
be determined by the eigenvalues of the matrix pen-
cil (E,A), that is the λ ∈ C such that λEx+Ax = 0
for an eigenvector x ∈ Cn [4]. More precisely, a fixed
point is stable if all eigenvalues λ fulfill ℜ(λ ) < 0.
In [5] it was shown, that the eigenvalues in (1) always
fulfill ℜ(λ ) ≤ 0. Hence, the system never becomes
unstable. However, depending on the distance of the
spectral gap (i.e. the eigenvalue with largest real part)
to the imaginary axis, the relaxation time towards the
fixed point can become arbitrarily large.
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In order to track the motion of the spectral gap under
perturbations, we show the following

Lemma 1. Let E,A, Ẽ, Ã ∈Rn×n with E,A symmetric
and λ0 ∈C be a finite eigenvalue of the pencil (E,A).
Then for ε > 0 small enough there exists a smooth
family of solutions λ (ε) with λ (0) = λ0 of the per-
turbed pencil λ

(
E + εẼ

)
x+
(
A+ εÃ

)
x = 0 with ap-

propriate x = x(ε). Furthermore, the first order term
of λ (ε) is given by

λ ′ (0) =−x∗
(
λ (0) Ẽ + Ã

)
x

x∗Ex
. (2)

The pencil corresponding to (1) can be reformulated
as the second order matrix polynomial

P(λ ) = λ 2MC +λMR +ML−1 . (3)

Using algebraic properties of this polynomial together
with the above Lemma, we can show

Theorem 1. Assume the circuit from (1) does not have
any inductions and I-cutsets. Then

1. increasing the value of a resistor does not de-
crease the stability

2. increasing the value of a capacity does not in-
crease the stability.

In other words, resistors and capacities act as counter-
players. We can prove an analogous result for a circuit
without capacities

Theorem 2. Assume the circuit from (1) does not have
any capacities and I-cutsets. Then

1. increasing the value of a resistor does not in-
crease the stability

2. increasing the value of an induction does not in-
crease the stability.

So remarkably, increasing the weight of any of the el-
ements in this last case will either leave the stability
invariant or destabilize the system. The only way to
stabilize the system is to decrease the value of certain
elements.
In the case of a circuit without resistors, all eigen-
values lie on the imaginary axis [6]. In order to de-
termine the type of stability one would have to take
into account higher order terms. However, it is known
that these are oscillatory systems and referring to the
eigenfrequencies of the system we have

Theorem 3. Assume, the circuit from (1) does not
have any resistors and I-cutsets. Then

1. increasing the value of a capacity does not in-
crease the eigenfrequencies

2. increasing the value of an induction does not de-
crease the eigenfrequencies.

3 Discussion

We have presented a first step in the study of the dy-
namical impact of structural perturbations in electri-
cal circuits. More precisley, we studied the effect of
changing the weight of a circuit’s element on the sta-
bility of a fixed point. The obtained results apply to
the case of circuits with only two different types of
elements. In this case another natural question arises:
for which perturbation can we achieve the maximal
change of stability? In the light of Lemma 1 this calls
for a more detailed study of the eigenvectors of matrix
pencils. More precisely, the relation between a pen-
cil’s eigenvector and the circuit’s coupling topology.
As mentioned in the introduction and seen in the ex-
ample, the situation for the general case of an RLC
circuit is much more involved. We remark that the
matrices MX in (3) are so-called (singular) grounded
Laplacians and thus have a very special structure [7,
8]. It is desirable to develop a spectral theory for ma-
trix polynomials with such structure, building up on
previous work on matrix polynomials [9] in order to
obtain results for the general case of an RLC circuit.
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Summary. The effects of the substrate on the character-
istic curves in graphene on a oxide are investigated. The
transport equations for charge carriers are solved by both a
DSMC method and a Discontinuous Galerkin scheme.

The results, as expected, show a degradation of the elec-
tron mobility due to the additional scattering with the re-
mote impurities of the substrate.

1 The mathematical models

A physically accurate model for charge transport in
graphene is given by a semiclassical Boltzmann equa-
tion whose scattering terms have been deeply ana-
lyzed in the last decade. Due to the computational
difficulties, the most part of the available solutions
have been obtained with direct Monte Carlo simula-
tions. The aim of this work is to simulate a monolayer
graphene on a substrate, as, for instance, considered
in [1].
In a semiclassical kinetic setting, the charge transport
in graphene is described by four Boltzmann equa-
tions, one for electrons in the valence (π) band and
one for electrons in the conductions (π∗) band, that in
turn can belong to the K or K′ valley,

∂ f`,s(t,x,k)
∂ t

+v`,s ·∇x f`,s(t,x,k)−
e
h̄

E ·∇k f`,s(t,x,k)

=
d f`,s
dt

(t,x,k)
∣∣∣∣
e−ph

,

where f`,s(t,x,k) represents the distribution function
of charge carriers in the valley ` (K or K′), band π or
π∗ (s = −1 or s = 1) at position x, time t and wave-
vector k. We denote by ∇x and ∇k the gradients with
respect to the position and wave-vector, respectively.
The microscopic velocity v`,s is related to the energy
band ε`,s by

v`,s =
1
h̄

∇k ε`,s .

With a very good approximation [2] a linear disper-
sion relation holds for the energy bands ε`,s around the
equivalent Dirac points; so that ε`,s = s h̄vF |k−k`|,
where vF is the (constant) Fermi velocity, h̄ is the
Planck constant divided by 2π , and k` is the posi-
tion of the Dirac point `. The elementary (positive)
charge is denoted by e, and E is the electric field. The

right hand side of the Boltzmann equation is the col-
lision term representing the interaction of electrons
with impurities and phonons, the latter due to both
the graphene crystal and substrate [2]. We assume that
phonons are at thermal equilibrium.
The main differences between graphene on a sub-
strate and the suspended case are due the presence of
an additional scattering between the electrons in the
graphene sheet and the remote phonons of the sub-
strate. This usually leads to a reduction of the electron
velocity with a degradation of the electron mobility.

2 Numerical results

We use a numerical scheme based on the discontin-
uous Galerkin method for finding deterministic (non
stochastic) solutions of the electron Boltzmann equa-
tion in graphene (see [4] for more details). The re-
sults are compared with those obtained with a recent
DSMC approach that properly takes into account the
Pauli exclusion principle [3]. From the comparison
we have got a cross-validation of both the approaches.
The remarkable agreement between the deterministic
and the stochastic solutions give a strong numerical
indication of the robustness and accuracy of both DG
and DSMC simulators.

In order to analysize the influence of the substrate
on the average electron velocity, and therefore on the
charge mobiilty, we have considered different values
of the distance d between the graphene layer and the
impurities of a SiO2 substrate, by assuming that they
are placed in a plane parallel to the graphene.

The results are plotted in Fig. 1. It is evident the
decrease of the velocity for low values of d with a
resulting degradation of the mobilities. This fact can
play a crucial role in the design of electron devices
that make use of graphene because the presence of a
substrate can produce a sizable reduction of the cur-
rent and an relevant modification of the characteristic
curves.

Acknowledgement. The authors acknowledge the financial
support by the project FIR 2014 Charge Transport in Graphene
and Low dimensional Structures: modeling and simulation,
University of Catania, Italy.
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Fig. 1. Electron average velocity versus time in the case of
Fermi level 0.4 eV under an electric field of strength 10
kV/cm for d = 0, 0.5, 1 nm.
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Summary. This paper deals with the lumped-parameter
modelling of magnetically linear eddy-current devices which
have one terminal voltage and current. The device is first
characterised by means of frequency-domain finite-element
(FE) computations considering the relevant frequency band,
for subsequently fitting constant-coefficient RL ladder cir-
cuits of various extent (i.e. number of branches). The ac-
curacy of the ladder-circuit model is assessed in both fre-
quency and time domain. This is successfully applied to the
axisymmetric magnetic levitation device of TEAM Work-
shop problem 28.

1 Introduction

The time-stepping FE simulation of an electromag-
netic device may be the suitable approach for study-
ing (and possibly improving) its performance in sim-
ple steady-state electrical and mechanical conditions.
If the next stage in the analysis/design is about more
realistic transient operation, possibly with (closed-
loop) control and integration in a wider system, the FE
model may become prohibitively expensive. A com-
putationally cheaper model, generically referred to as
reduced-order model (ROM), should be derived, in-
evitably at the expense of a certain loss of accuracy.

Purely mathematical ROMs in various engineer-
ing disciplines are based on concepts such as singular
value decomposition and snapshot selection [1], and
mostly involve little or no physical insight of the de-
vice or problem at hand.

Alternatively, ROMs can also be based on the
identification of the device via a series of simple static
or dynamic FE computations [2], rather than on a
manipulation of the FE matrices. Such an approach
is more or less straightforward and feasible depend-
ing on the characteristics of the electromagnetic de-
vice: the number of independent currents (or volt-
ages) ni, the absence/presence of saturable magnetic
materials and induced currents, and the number (0, 1
or more) of position degrees of freedom np. Differ-
ent particular cases can be distinguished. If the sys-
tem is magnetically linear without eddy currents, the
current-independent ni×ni inductance matrix can be
straightforwardly obtained by ni magnetostatic com-
putations. Through tabulation and interpolation of the
inductance values, a minimum-cost model of the de-
vice is easily achieved. The situation changes dras-

tically in presence of saturable material and/or eddy
currents.

In this paper we consider the levitation device of
TEAM Workshop problem 28 (TWP28) [3], a rela-
tively simple, though far from trivial case. It consists
of a magnetically linear device with one terminal cur-
rent (ni = 1).

2 Frequency-domain identification

The axisymmetric device of TWP28 comprises two
anti-series-connected coils and an aluminium circular
disk at height zpl above the coils. Part of the cross-
section can be seen in Fig. 1. The well-known mag-
netic vector potential formulation, in terms of its tan-
gential component aφ, is adopted, either in the time or
frequency domain. Phasors are denoted by underlined
symbols; f and ω = 2πf are the frequency and the
pulsation, and  is the imaginary unit.

The instantaneous terminal voltage v(t), current
i(t) and associated flux-linkage ψ(t) are linked as:

v(t) = R0 i(t) +
dψ

dt
, (1)

where R0 = 6.73Ω is the DC resistance. In absence
of eddy currents in the plate, in the low-frequency
limit f → 0, we have ψ = L0i, where L0 = 73.2mH
is the (zpl-independent) DC inductance.

In the frequency domain, in presence of eddy cur-
rents in the plate, (1) becomes V = Z I , where the
complex terminal impedance Z = R + ωL depends
on both frequency f and position zpl. The AC resis-
tance R(f, zpl) and inductance L(f, zpl) can be ob-
tained from the FE model via: 1) terminal V and I; 2)
the flux-linkage, Ψ/I = L+ j(R−R0)/ω; or 3) the
integral of the magnetic energy and Joule loss density.

The relative change in resistance and inductance,
i.e. ∆R/R0 and ∆L/L0, with ∆R = R − R0 and
∆L = L − L0, is shown in Fig. 3, with a suitable
double logarithmic scale, in the 10 to 1000 Hz band,
and for three positions, viz zpl = 3, 10 and 17 mm.

3 Ladder-circuit approximation

The frequency-dependent resistance and inductance
can be approximately effected with a ladder circuit as
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Re(jz)

-5.01e+07 1.93e+07 8.88e+07

-5.01e+07 1.93e+07 8.88e+07

Im(jz)

Fig. 1. Flux lines and induced current density in the plate at
f = 1 kHz and zpl = 3mm, in phase (up) and quadrature
(down) with imposed 20 Apeak current

in Fig. 2, with e.g. two additional loops (nb = 2) and
two auxiliary (loop) currents i1 and i2 besides the ter-
minal current i(t). The nb+1 circuit equations can be
written in matrix notation in terms of the column vec-
tor [I(t)]T = [i(t) i1(t) i2(t) . . .]

T and correspond-
ing voltage vector [V (t)]T = [v(t) 0 0 . . .]T :

[V (t)] = [R] [I(t)] + [L]
d

dt
[I] , (2)

where [R] is diagonal and [L] tridiagonal. With nb =
2: [R] = diag(R0, R1, R2) and

[L] =



L0 −L0 0
−L0 L0 + L1 −L1

0 −L1 L1 + L2


 . (3)

i1 R2R1

v

i R0

L0 L1 L2

i2

Fig. 2. Ladder circuit with two auxiliary loops (nb = 2)

For a given nb and position, the parametersRk(zpl)
and Lk(zpl) are determined by fitting the ensuing
impedanceZnb

(f, zpl) to the reference FE impedance
ZFE(f, zpl) in the relevant frequency band, e.g. by
means of the Nelder-Mead simplex method (nonlin-
ear minimization). Some results are depicted in Fig. 3
with nb = 1 and nb = 3. One observes an excellent
agreement with the FE results for nb = 3.

Next a time-domain computation with imposed
f = 1 kHz, 500 Vpeak voltage, with zpl =10 mm, is
carried out. The Joule losses in the plate follow from
the ladder-circuit model by summing Rk i2k(t) in all
resistances but the DC one (1 ≤ k ≤ nb). Excellent
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Fig. 3. Relative increase/decrease of AC resistance and in-
ductance with frequency (for 3 different positions), ob-
tained with FE model (full lines) and ladder circuit (mark-
ers, nb = 1 and nb = 3)
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Fig. 4. Losses in the plate versus time (zpl = 10mm; 1 kHz
voltage supply), computed with FE and LR-ladder circuits
(nb equal to 1, 2 and 3)

convergence towards the FE results is observed with
increasing nb.

Further details on the implementation and more
results will be given in the full paper. Particular atten-
tion will be paid to the coefficient behaviour in terms
of the position, what matters for further consideration
of the mechanical equation.
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Technische Universität Wien, Wiedner Hauptstrae 8-10, A-1040 Vienna markus.schoebinger@tuwien.ac.at,
karl.hollaus@tuwien.ac.at, joachim.schoeberl@tuwien.ac.at

Summary. We follow multi-scale techniques for layered
medium as described in [1]. The goal is to find error esti-
mates for the homogenized solution using modifications of
flux reconstruction techniques described in [2]. Since these
estimators require integration over the layered domain, effi-
cient integration techniques will be demonstrated.

1 Problem Setting

Consider a domain Ω ∈ R2 which is composed of an
outer domain Ω0 and a layered inner domain Ωm as
demonstrated in Fig. 1. In our examples we take Ω0
to be the surrounding air domain and Ωm to consist
of parallel rectangular iron layers of width d1 sep-
arated by air gaps of width d2. The unit cell width
d := d1 +d2 is defined as the width of one iron layer
including half of each surrounding gap. In the studied
applications, usually d1 = 0.9d.

x

y

d1 d2 Ω0

Ωm

1

Fig. 1. The layered domain Ω

Two simplifications of Maxwell’s equations are
taken into consideration. Equation (1) shows the sim-
plest setting where the real valued function u corre-
sponds to the electric scalar potential and λ to the
electric permittivity. In the numerical examples λ =
1000 in iron and λ = 1 in air. This setting will mainly
be used to fix ideas and to develop the main tools
which will later be modified to fit into the extended,
complex valued setting (2).

∇ · (λ∇)u = f (1)
∇ · (ρ∇u)+ iωµu = f (2)

In the second equation ρ corresponds to the elec-
tric resistivity.

In the following we will outline the main ideas for
the setting (1), since the details for (2) become rather
technical.

1.1 Multi-Scale Ansatz

Studying the behaviour of the solution of (1), one ob-
serves that in Ωm u can be split into a “mean function”
and a periodic perturbation. These observations sug-
gest the ansatz

u = u0 +φu1, (3)

where u0 ∈H1(Ω), u1 ∈H1(Ωm) and φ chosen as
a linear zigzag function with a period of d. The main
idea is to calculate u0 and u1 on a coarser mesh which
does not incorporate each layer. Equation (1) becomes
in weak form

∫

Ω
λ̄∇u0∇v0 +λφx (u0,xv1 + v0,xu1)+

λφ 2
x u1v1 +λφ 2∇u1∇v1 dΩ = 0. (4)

where an index x means the partial derivative with
respect to the x coordinate and the bars indicate arith-
metic means over one unit cell width.

2 Error Estimation

The base for a posteriori error estimation is the theo-
rem of Prager and Synge [2].

Theorem 1. Let u be the solution of (1), σ ∈ H(div),
σ ·n = 0 on ΓN and v ∈ H1 with v = 0 on ΓD, then

‖∇u−∇v‖2 +‖∇u−σ‖2 = ‖∇v−σ‖2. (5)

In application v is taken as the FEM-solution and
σ as a cheaply calculated approximate flux, so the
left hand sides becomes the energy error plus a small
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positive perturbation while the right hand side can be
computed directly.

Efficient construction of such a σ is described
in [2]. The idea is to use this technique to first re-
construct a “mean flux” depending only on u0 and
then adding further correctors of curl-type which in-
corporate the oscillations without changing the diver-
gence. According to classical homogenization results,
as found for example in [4], the natural mean flux has
the form

(
λ

h ∂u0

∂x
,λ

∂u0

∂y

)T

(6)

with the arithmetic mean λ and the harmonic
mean λ

h
of λ over one unit cell. Defining σ0 as the

reconstructed mean flux, we set σ := σ0 + curl(φw)
with an unknown function w so that the energy norm
‖σ‖2

λ−1 becomes optimal. A good candidate for w can
be found analytically without requiring further nu-
merical calculations.

3 Highly Oscillatory Integrals

Calculating the estimation given by (5) requires inte-
gration over products of highly oscillating functions
with functions defined on the course mesh. Such in-
tegrals have been extensively analyzed for example
in [3]. However, the methods presented in the liter-
ature require the oscillator to be smooth. Since φ is
only continuous, they cannot be applied directly.

3.1 Method

Let ϕ be a highly oscillating, not necessarily differ-
entiable function and f be smooth. We propose the
asymptotic expansion

∫ b

a
ϕ(x) f (x) dx =

∞

∑
n=0

∫ b

a
ϕn f (n)(x) dx. (7)

The constants ϕn are calculated a priori such that
(7) is exact for polynomials up to order n. Note that
only the first integral in the expansion has to be calcu-
lated numerically. The others are given by evaluating
f (n−1) at a and b.

This one dimensional setup can be applied to the
two dimensional case via

∫

Ω
ϕ(x) f (x,y) dΩ =

∫ b

a
ϕ(x)

∫ d(x)

c(x)
f (x,y) dy dx

=:
∫ b

a
ϕ(x) f̃ (x) dx (8)

where c(x) and d(x) are parametrizations of the
boundaries of the integration domain. Using addi-
tional information about the domain (i.e. that it is de-
composed into triangles) it is possible to significantly
reduce the number of evaluations of f .

While in the FEM setting f̃ is a polynomial and
therefore (7) could be used to compute the exact inte-
gral, f̃ is of order 2n+ 1 with n being the order of f
in both coordinates, which would lead to an imprac-
tical number of evaluations of derivatives as we do
not assume to have direct control over the shape func-
tions. However, Fig. 2 shows that a few terms in the
expansion (7) are enough to obtain satisfying results
even for greater cell widths d, with each expansion
term netting an additional order in d. Here f = x3y,
ϕ = λ (φ 2 +φ)+1 with φ and the integration domain
Ω given in section 1.

Fig. 2. Absolute error of
∫

ϕ f for decreasing unit cell width

Acknowledgement. This work was supported by the Aus-
trian Science Fund (FWF) under Project P 27028-N15.

References
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