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Survey of our joint research 
with Prof. Ivan Dimovski

Main aspects

Operational calculus (OC) approach 

Classical methods and algorithms, based 
on the OC of Heaviside-Mikusinski

Operational calculi of Mikusinski type,
developed by I. Dimovski, for solving
boundary value problems (BVPs)

Program implementation of the considered
algorithms using the computer algebra
system Mathematica



Operational calculus

Main idea of the operational calculus
Transformation of calculus problems to algebraic problems, 
treating the differentiation operator as algebraic object.

Historical notes 
(works of Leibnitz, Euler, Cauchy, … )

Oliver Heaviside (1850 - 1925)
Jan Mikusinski (1913 - 1987)
L. Berg, I.H. Dimovski, V.A. Ditkin, 
A.P. Prudnikov, K. Yosida, etc.



Heaviside-Mikusinski Operational 
Calculus and its applications

The approach of Mikusinski
Heaviside algorithm for solving Cauchy 
problems for linear ordinary differential 
equations with constant coefficients 
Program implementation of the 
algorithm using Mathematica system



The approach of Mikusinski

Mikusinski started from the classical Duhamel convolution





Application for solving initial value problems for Linear OrdinaApplication for solving initial value problems for Linear Ordinary ry 
Differential Equations (LODE) with constant coefficients!Differential Equations (LODE) with constant coefficients!



The so-called Heaviside algorithm

It is intended for solving initial value problems for LODE with 
constant coefficients using the operational calculus approach;
we use it in the frames of the Mikusinski’s operational calculus.
Consider the following Cauchy problem
(such problems are known as initial values problems as well):

Main steps of the algorithm: algebraization of the problem using 
the basic formula of the Mikusinski’s operational calculus and 
thus reducing it to one algebraic equation; obtaining solution of 
this equation; expansion of the rational expressions in this 
solution into elementary fractions and interpretation of these 
fractions as functions, etc.  (more details on the next slide) 



Main steps of the Heaviside algorithm

Algebraization of the problem

Solution of the algebraic equation

Factorization of  P and decomposition of
1/P and Q/P into elementary fractions

Interpretation of the elementary fractions
as functions using table of formulae

Denotation of the obtained functions

General form of the solution; computation of the 
Duhamel convolution in it 

Returning the result or a message that the problem can not be solved.

About the program implementation of the above steps.



Features of our program implementation 
of the Heaviside algorithm

A program package for Mathematica system is developed; 
it provides use of the Heaviside algorithm for solving 
Cauchy problems for one LODE with constant coefficients 
or a system of such equations (examples are given on the 
next slide).
Another complete implementation of the algorithm has 
not been published yet.
Some advantages of our package in comparison with other 
implemented algorithms for solving Cauchy problems were 
achieved. 





An extension of the Heaviside algorithm
is developed by I. Dimovski and S. Grozdev, 
for finding periodic solutions of linear ordinary 
differential equations with constant coefficients 
both in the non-resonance and in the resonance 
cases. The  problem is reduced to a nonlocal BVP.
Program implementation of the algorithm is 
developed.

Extension of the Heaviside algorithm 
for solving nonlocal BVPs



The problem

Consider the LODE with constant coefficients:



Equivalent problem

The problem of finding periodic solutions is equivalent to 
the following BVP:

An intermediate (auxiliary) problem, considered by 
Dimovski and Grozdev:



Operational calculus of Dimovski
for solving nonlocal BVP

Convolution of Dimovski and Grozdev:

Algebraic analogon of the operator d/dt:

Basic formula of the operational calculus of Dimovski:



Solving the auxiliary problem

Extention of the classical Heaviside algorithm, 
considered above, with:

verification of conditions for the so-called 
resonance case; 
use of new formulae for interpretation of the fractions
in the algebraic solution.

The general solution is a sum of the non-resonance and 
the resonance parts of the solution (it is possible, of 
course, each of these parts to be equal to zero).



Additional considerations

Reducing the initial problem to the auxiliary problem
Derivation of new interpretation formulae 
(a part of these formulae is given below)
Development of a Mathematica program package
Advantages in comparison with other algorithms for 
finding periodic solutions

(for ex., Mathematica is unable to resolve some of the
arbitrary constants in the general solution of the resonance
problems)



Two examples - respectively of resonance and “mixed” cases.
The periodic solutions are found by means of our package







Operational calculus approach 
for solving BVPs

for some partial differential equations

Application of the operational calculus approach 
for solving local and nonlocal BVPs for three classical 
equations of mathematical physics in finite domains: 

▪ the heat equation
▪ the wave equation
▪ the equation of a free supported beam.

Program packages for Mathematica system are 
developed for solving the problems.



About the approach

Extension of the Duhamel principle for the space
variable.
Use of an approach, suggested by I. Dimovski, 
for extension of the OC of Heaviside-Mikusinski
for functions of two variables.
Application of this approach to local and non-
local boundary value problems.



Duhamel principle



Convolutions 

for BVP for the considered equations

Convolution for the differentiation operator
Basic BVP:                           
(    is a linear functional on               )

The solution                      :

Basic convolution:



Convolution for the square of the differentiation operator
Simple non-local BVP:                           
(    is a linear functional on               )

The solution                      :

Basic convolution:
where



One more convolution

Two-variate convolution

where



Operational calculus
for the operators L and l

Basic formulae of the operational calculus
for l and L







Local BVP for the heat equation

BVP:

Form of the solution:

where



Non-local BVP for the heat equation

BVP (Samarskii – Ionkin problem)



Other BVPs

In a similar way we can obtain formulae 
for the solutions of BVPs for the wave equation and for 
the equation of a free supported beam.
Examples of derived representations of the solutions
of BVP with local and non-local boundary value conditions 
are given on the next slides.
Program packages for the computer algebra system 
Mathematica were developed (for everyone of the 
considered equations). They  provide numerical 
computation and visualization of the solutions of given 
(local or non-local) BVPs, using our representations.



Example of a BVP for the wave equation

Non-local BVP:

Form of the solution



Visualization of the solution

A table of numerical values of the solution is obtained using the 
package for the wave equation, for the following boundary 
function: 

visualization of the solution:



Local BVP for the Beam equation

BVP



Non-local BVP for the Beam equation

BVP

Form of the solution for



More about the above representation

An example for this case (on the next slide) illustrates the use
of our package for the beam equation; a comparison with the
exact solution is made (required by an optional argument).





Concluding remarks

More details - in a paper, dedicated to the 
75-th anniversary of  Prof. I. Dimovski:

M. Spiridonova. Operational methods in the  environment 
of a computer algebra system. Serdica Journal of 
Computing 3 (2009), Bulgarian Acad. of Sci., Inst. of 
Mathematics and Informatics,  381 – 424.

Further research and some applications are 
under way.
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