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An Optimal Algorithm for Constructing the Reduced
Grobner Basis of Binomial Ideals
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Institut fir Informatik, Technische Universitit Minchen, D-80290 Miinchen, Germany

In this paper, we present an optimal, exponential space algorithm for generating the
reduced Grébner basis of binomial ideals. We make use of the close relationship between
commutative semigroups and pure difference binomial ideals. Based on an optimal al-
gorithm for the uniform word problem in commutative semigroups, we first derive an
exponential space algorithm for constructing the reduced Grobner basis of pure differ-
ence binomial ideals. In addition to some applications to finitely presented commutative
semigroups, this algorithm is then extended to an exponential space algorithm for gen-
erating the reduced Grobner basis of binomial ideals over QQ in general.
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1. Introduction

One of the most active areas of research in computer algebra is the design and analysis of
algorithms for computational problems in commutative algebra. In particular, computa-
tional problems for polynomial ideals occur, as mathematical subproblems, in many areas
of mathematics, and they also have a number of applications in various areas of com-
puter science, such as language generating and term rewriting systems, tiling problems,
algebraic manifolds, motion planning, and several models for parallel systems.

Using Grobner bases (see Buchberger, 1965, 1976, 1985; also Hironaka, 1964) many of
these problems become easily expressible and algorithmically solvable. For practical ap-
plications, in particular, the implementation in computer algebra systems, it is important
to establish upper complexity bounds for the normal form algorithms which transform
a given polynomial ideal basis into a Grébner basis. First steps were obtained in David
and Bayer (1982) and Moller and Mora (1984) where upper bounds for the degrees in a

minimal Grébner basis were derived. In Dubé (1990), Dubé obtained an improved degree
k—1

2
bound of 2 - (d; + d) (with d, the maximum degree of the input basis and k, the
number of indeterminates) for the degree of polynomials in a reduced Grébner basis em-
ploying only combinatorial arguments. By transforming a representation of the normal
form of a polynomial into a system of linear equations, Kiithnle and Mayr (1996) exhib-
ited an exponential space computation of Grobner bases. Their algorithm, however, is
based on rather complex parallel computations like parallel rank computations of matri-
ces, and, above that, makes extensive use of the parallel computation thesis of Fortune
and Wyllie (1978).
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In this paper, we exploit the close relationship between commutative semigroups and
pure difference binomial ideals (for an investigation of the algebraic structure of gen-
eral binomial ideals see Eisenbud and Sturmfels (1996); concerning toric ideals, a special
subset of pure difference binomial ideals, some results based on the connections between
toric ideals and integer programming can be found in e.g. Di Biase and Urbanke (1995);
Hosten and Sturmfels (1995); Thomas (1998); Hosten and Thomas (1998)). Based on the
algorithm in Mayr and Meyer (1982) for the uniform word problem in commutative semi-
groups, we derive an exponential space algorithm for constructing the reduced Grébner
basis of a general binomial ideal over QQ. This algorithm can be implemented, in the case
of pure difference binomial ideals, without any difficult parallel rank computations of
matrices, or any other complex parallel computations. By the results in Mayr and Meyer
(1982) and Huynh (1986), which give a doubly exponential lower bound (in the size of
the problem instance) for the maximal degree of the elements of Grobner bases of pure
difference binomial ideals as well as for the cardinality of such bases, our algorithm is
space optimal.

Thus, our algorithm and the complexity bounds reported in this paper completely
characterize the (asymptotic) computational complexity of Grobner basis computations
for general binomial ideals by basically making use of the close relationship between
commutative semigroups and binomial ideals. We do not consider other techniques com-
monly used for computing Grébner bases of ideals and modules, such as critical pairs and
completion, because their actual computational complexity is much more complex to in-
vestigate. And, for most of these algorithms, the space complexity is doubly exponential,
one exponential worse than our algorithm.

The remainder of this paper is organized as follows. In Section 2, we briefly introduce
the basic notations and fundamental concepts. In Section 3, we derive an exponential
space algorithm for constructing the reduced Grobner basis of pure difference binomial
ideals, and we give some applications to finitely presented commutative semigroups.
Then, in Section 4, this algorithm is extended to an exponential space algorithm for
generating the reduced Grobner basis of binomial ideals in general.

2. Preliminaries

2.1. BASIC DEFINITIONS AND NOTATIONS

The polynomial ideals which we obtain by using the relationship of finitely presented
commutative semigroups and polynomial ideals are pure difference binomial ideals, i.e.
ideals that have a basis consisting only of differences of two terms. By looking at Buch-
berger’s algorithm (Buchberger, 1965), it is not hard to see that the reduced Grobuner
basis of a pure difference binomial ideal still consists only of pure difference binomials.

Let X denote the finite set {x1,..., 2} and’ Q[X] the (commutative) ring of polyno-
mials with indeterminates x1, ...,z and rational coefficients. A term t in xq,...,xy is
a product of the form

t=al a5k,
with (e1,ea,...,exr) € N¥ the degree vector of t. By the degree deg(t) of a term ¢, we shall
mean the integer e; + ea + -+ - + e (which is > 0).

TQ denotes the set of rationals, N the set of non-negative integers, and Z the set of integers.
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Each polynomial f(x1,...,2zx) € Q[X] is a finite sum
f(xl,...,xk) = Zai 'ti,
i=1

with a; € Q\ {0} the coefficient of the ith term ¢; of f. The product m; = a; - t; is called
the ith monomial of the polynomial f. The degree of a polynomial is the maximum of
the degrees of its terms.

For f1,..., fn € Q[X], {f1,..., fn) € Q[X] denotes the ideal generated by {f1,..., frn}
that isf

h
(firees ) = {Zpifi;pi € Q[X] fori e Ih}.
i=1
Whenever I = (f1,..., fa), {f1,-.., fn} is called a basis of I.
An admissible term ordering > is given by any admissible ordering on N*, i.e. any
total ordering > on N*¥ satisfying the following two conditions:

(T1) e>(0,...,0) for all e € N,

(T2) a>b = a+c>b+cforallabceN-.

If (dy,...,dg) > (e1,...,exr), we say that the term x’lil :z:i" is greater in the term
ordering than the term 2¢" - - - z¢* (written ' - 2% = 2§ ... 2.

For a polynomial f(z1,...,25) = Y., a;-t; we always assume that t; = to > -+ = .
For any such non-zero polynomial f € Q[X], we define the leading term LT(f) :=t;.

For the sake of constructiveness, we assume that the term ordering is given as part
of the input by a k x k integer matrix T such that z§ - a¢% = z§'...2%* iff, for
the corresponding degree vectors d and e, T'd is lexicographically greater than Te (see
Robbiano, 1985; Weispfenning, 1987).

Let I be an ideal in Q[X], and let some admissible term ordering = be given. A finite
subset {g1,...,g-} C I of polynomials in [ is called a Grébner basis of I (w.r.t. =), if

(G) {LT(g91),...,LT(gr)} is a basis of the leading term ideal LT(I) of I, which is
the smallest ideal containing the leading terms of all f € I, or equivalently: if
fel, then LT(f) € (LT(g1),--.,LT(gr))-

A Grobner basis is called reduced if no monomial in any one of its polynomials is
divisible by the leading term of any other polynomial in the basis.

For a finite alphabet X = {x1,...,2%}, let X* denote the free commutative monoid
generated by X. An element u of X* is called a (commutative) word. For a word the
order of the symbols is immaterial, and we shall in the sequel use an exponent notation:
u = x{'...x7", wheret ¢; = ®(u,z;) € N for i = 1,...,k. We identify any u € X*
(resp., the corresponding vector u = (®(u,x1),...,®(u,zx)) € N¥) with the term u =

P (u,z1) P (u,z2) P (u,zr) .
x - T, Ce and wice versa.

Let P = {l; = ri; i € I,} be some (finite) commutative semigroup presentation with
li, 7 € X* for i € I,. We say that a word v € X™* is derived in one step from u € X*
(written u — v(P)) by application of the congruence (I; = r;) € P iff, for some w € X*,
we have u = wl; and v = wry, or u = wr; and v = wl; (note, since “=” is symmetric, “—”
is symmetric, i.e. u — v(P) < v — u(P)). The word u derives v, written u = v mod P,

TFor n € N, I, denotes the set {1,...,n}.
fLet ® be the Parikh mapping, i.e. ®(u,x;) (also written (®(u));) indicates, for every u € X* and
i € {1,...,k}, the number of occurrences of z; € X in u.
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. * * . . o . .
iff u — v(P), where — is the reflexive transitive closure of —. More precisely, we write

u 5 v(P), where b is the transitive closure of —, if u > v(P) and u # v. A sequence

(ug, ..., up) of words u; € X* with u; — u;41(P) fori =0,...,n—1, is called a derivation
(of length n) of w, from ug in P. The congruence class of u € X* modulo P is the set
ulp = {v € X*;u = v mod P}.

By I(P), we denote the Q[X]-ideal generated by {ly —r1,...,ln —rp}, ie.

h
I(P) = {Zpi(li _Ti)§pi S Q[X] for i e Ih} .

2.2. THE UNIFORM WORD PROBLEM AND THE CORRESPONDING PURE DIFFERENCE
BINOMIAL IDEAL MEMBERSHIP PROBLEM

The uniform word problem for commutative semigroups is the problem of deciding for a
commutative semigroup presentation P over some alphabet X and two words u,v € X*
whether v = v mod P. The polynomial ideal membership problem is the problem of
deciding for given polynomials f, f1,..., fn € Q[X] whether f € (f1,..., fn).

PROPOSITION 2.1. (MAYR AND MEYER, 1982) Let X = {x1,...,2x} be some finite al-
phabet, P = {l; = ry;i € I} a finite commutative semigroup presentation over X, and
u, v two words in X* with u # v. Then from uw = v mod P it follows that u—v € I(P),
and vice versa, i.e. if there exist p1,...,pn € Q[X] such that u —v = 2?21 pi(l; — 1),
then there is a derivation u =y — y1 — - — Yo = 0(P) of v from u in P such that,
for j €{0,1,...,n},

deg(v;) < max{deg(l;p;),deg(r:p;);i € In}.

In the fundamental paper (Hermann, 1926), Hermann gave a doubly exponential degree
bound for the polynomial ideal membership problem:

PROPOSITION 2.2. (HERMANN, 1926) Let X = {x1,...,2zx}, f, f1,..., fn € Q[X], and
d = max{deg(f;);i € Ip}. If f € {f1,..., fn), then there exist p1,...,pn € Q[X] such
that:

(i) f=Xipifi, and
(ii) deg(p:) < deg(f) + (hd)Qk] for alli € I,.

By size(-) we shall denote the number of bits needed to encode the argument in some
standard way (using radix representation for numbers).

Then the two propositions yield an exponential space upper bound for the uniform
word problem for commutative semigroups:

PROPOSITION 2.3. (MAYR AND MEYER, 1982) Let X = {x1,..., 2k} be some finite al-
phabet, and P = {l; = ry;i € I} a finite commutative semigroup presentation over X.
Then there is a (deterministic) Turing machine M and some constant ¢ > 0 independent
of P, such that M decides for any two words u, v € X* whether u = v mod P using at
most space (size(u,v,P))? - 2¢F.
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3. Constructing the Reduced Grobner Basis of a Pure Difference Binomial
Ideal in Exponential Space

In this section, we derive an exponential space algorithm for generating the reduced
Grobner basis of a pure difference binomial ideal. For this purpose, we first analyze the
elements of the reduced Grobner basis.

3.1. THE REDUCED GROBNER BASIS OF PURE DIFFERENCE BINOMIAL IDEALS

Let P be a commutative semigroup presentation over some alphabet X. If C' is some
congruence class of P, and G is a Grobner basis of the pure difference binomial ideal
I(P) w.r.t. some admissible term ordering >, then the minimal element m¢ of C' w.r.t.
> is not reducible modulo G.

ProposITION 3.1. (HUYNH, 1986) Let X = {z1,...,xr}, P = {l; = 151 € I} with
li,ri € X* for alli € I, and let G = {h1 — mq,...,h, — m,} be the reduced Grébner
basis of the ideal I(P) w.r.t. some admissible term ordering = (h; = m; for alli € I,.).
Then:

(i) m; is the minimal element (w.r.t. =) of the congruence class [h;]p, i € I,.

(ii) LT(I(P)) (the set of the leading terms of I1(P)) is the set of all terms with nontriv-
ial congruence class which are not the minimal element in their congruence class
w.rt. = H ={hy,...,h.} is the set of the minimal elements of LT(I(P)) w.r.t.
divisibility.

If s € X* is the minimal element of its congruence class [s]p w.r.t. >, then every
subword s of s is also the minimal element of its congruence class [s']p w.r.t. >.

3.2. THE ALGORITHM

In this section, we give an exponential space algorithm for generating the reduced
Grobner basis of a pure difference binomial ideal. To show the correctness and the com-
plexity of the algorithm, we need the results of the previous sections and the following
upper bound for the total degree of polynomials in a Grobner basis, obtained by Dubé
(1990). Note that we use exponential notation in representing words over X.

PROPOSITION 3.2. (DUBE, 1990) Let F = {f1,...,fn} C Q[X] = Q[z1,...,zx], [ =
(f1,-.-, fn) the ideal of Q[X] generated by F, and let d be the mazimum degree of any
f € F. Then for any admissible term ordering =, the degree of polynomials required in a
Grébner basis for I w.r.t. > is bounded by

d2
2. —+d
(5+)
Let X = {z1,...,2;}, = an admissible term ordering on X*, and P = {l; = r;;i € I}
where, for all i € I, [;,r; € X* and w.l.o.g. [; > r;. We shall give an exponential space

algorithm for generating the reduced Grébner basis of the pure difference binomial ideal
I(P) w.r.t. »=. Let H denote the set {hy,...,h,} of the minimal elements of LT(I(P))

2k—1
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w.r.t. divisibility, and m; the minimal element of [h;]p w.r.t. =, for ¢ € I,.. From Proposi-
tion 3.1, we know that the set G = {h; —my,..., h, —m,} is the reduced Grébuner basis
of I(P) wr.t. =.

Proposition 3.1 shows that LT (I(P)) 2 {l1,...,l;} and that LT(I(P)) C (l1,..., I,
r1,...,7h). Let L (resp., R) be the subset of {l1,...,{,} (resp., {r1,...,7ry}) containing
all those elements which are also minimal (w.r.t. divisibility) in {l1,...,l,71,..., 78}

Then H D L, and we still have to determine the elements in H\ L, as well as the minimal

element m; (w.r.t. >) of the congruence class of each h; € H. From Proposition 3.2, we
k—1

2
know that the degrees deg(h;) and deg(m;) are bounded by 2 - (% + d) , where d
is the maximum degree of the I; — r;, (I; = r;) € P. Since H\ L C LT((L,R)) \ L, we
k—1

ok
consider the terms in LT ((L, R)) \ L with degree < 2- (% + d) .

LEMMA 3.1. For a term u € X* with non-trivial congruence class, the minimal element
w.r.t. = of [u]p is of the form t-r; withr; € R, t € X*.

ProOF. W.l.o.g. assume that w is not the minimal element m,, of [u]p w.r.t. >-. Then

there is a derivation in P leading from u to m, < u, i.e. u & my(P), where m,, =t -r;
for some r; € R, t € X* (note that [; > r; for all j € I},). O

For h = a$" ---2{* € X* and i € Iy such that e; > 1, define h(¥) := z{* - 2fi 1. g0,

Then h € H iff, for all i € I} with ¢; > 1, b9 ¢ LT(I(P)), i.e. h") is the minimal
element of [h(i)]p w.r.t. . Thus, H consists exactly of those terms h € X* which have

k—1
degree < 2 - (d; + d) , which are congruent to some term ¢ -7; < h with r; € R,
2k71

t € X* and deg(t-r;) < 2- (d—; + d) , and for which, for all applicable 4, [h(!)]p is

trivial.
k—1

2
For terms h and t-r; with deg(h) and deg(t-r;) < 2- (%2 + d) , by Proposition 2.3,
the decision whether h = t-7; mod P uses at most space (size(P))?-2¢* for some constant
¢ > 0 independent of P. Hence, the condition regarding the reducibility of h can also be
checked in space (size(P))? - 2°%. We decide for the words ¢ - r; with h = t -7, 7; € R,
Qk—l
te X*, deg(t-r;) <2- (% + d) in ascending order w.r.t. > whether ¢-r; = h mod P

until we find the minimal element my, of [h]p, or there is no more ¢ - r; with h = ¢ - r;,
2k71

r; € Ryt e X* deg(t-r) <2- (‘12—2 + d) . In the latter case, h ¢ H and we have to
2k—1

consider the next element of LT({L, R)) \ L with degree < 2 - <d2—2 + d) . Otherwise,

h € LT(I(P)) and we have to determine whether h € H.
Testing non-reducibility of the A(*) can also be done in exponential space because of
Proposition 2.3 and

LEMMA 3.2. A term u € X* with deg(u) < d is an element of LT(I(P)) iff there is

_ 2k~
somet-r; withu >=t-r;, r; € R, t € X*, and deg(t-r;) < d+2- (d; —|—d> such that
u St (P).
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PROOF. We only have to prove the degree bound. Note that v € LT(I(P)) iff either

k—1

2
u € H, and thus, deg(m,,) < 2- (%2 + d) , where m,, is the minimal (w.r.t. >) element

of [u]p, or there is some h € H with u = t,-h for some t,, € X*. The degree of the minimal
2k71

(w.r.t. >) element my, of [h]p is bounded by 2 - (d—; + d) . Since > is an admissible
_ 2k—1
term ordering, from h > mj, we obtain u > t,-mj with deg(t,-msp) < d+2- (% + d)
O

From this, we derive the exponential space algorithm given in Figure 1.

Putting everything together, we proved the theorem:

THEOREM 3.1. Let X ={x1,...,x1}, P ={l; = ry;i € In} withl;,r; € X* foralli € I,
and = some admissible term ordering. Then there is an algorithm which generates the
reduced Grobner basis G = {hy —mq,..., h, —m,} of the pure difference binomial ideal
I(P) w.r.t. = using at most space (size(P))? - 2¢F < 2¢5%¢(P) where ¢,¢ > 0 are some
constants independent of P.

From the results in Huynh (1986), we know that, in the worst case, any Grébner basis

of I(P) has maximal degree at least 22° ™" for some constant ¢/ > 0 independent of

‘P. Hence, any algorithm that computes Grébner bases of pure difference binomial ideals
requires at least exponential space in the worst case.

3.3. APPLICATIONS
TESTING FOR REDUCIBILITY

Let P be a finite commutative semigroup presentation over some finite alphabet X,
u € X*, and > some admissible term ordering. Then w is the minimal element of [u]p
w.r.t. > iff v is in normal form modulo a Grébuner basis G of I(P) w.r.t. =, ie. u is
not reducible modulo G. Thus, by Proposition 3.1, w is in normal form modulo G iff

ug LTI(P)).

COROLLARY 3.1. Let X = {z1,...,x1}, P = {l; = ri;i € I} with l;,r; € X* for all
i € I, and = some admissible term ordering. Then for any uw € X* there is an algorithm
which decides whether uw € LT(I(P)), as well as whether u is the minimal element of its
congruence class (w.r.t. =), i.e. u is in normal form modulo a Grobner basis of 1(P)
w.r.t. =, using at most space size(u) + (size(P))? - 2% < size(u) + 2¢5%¢(P) | where ¢,
¢ > 0 are some constants independent of u and P.

PROOF. Let G = {hy — mq,...,h, — m,} be the reduced Grébner basis of I(P). Then
LT(I(P)) is generated by {h1,...,h,}, and uw € LT(I(P)) iff there is some h;, i € I,
which divides u. Hence, Corollary 3.1 is a direct consequence of Theorem 3.1. O
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Constructing the Reduced Grobner Basis
of a Pure Difference Binomial Ideal

Input: admissible term ordering >,
P = {l1 — 71, lp 7T‘h} with l;,7; € X*, l; = r; Vi€ I,
Output:  the reduced Grdbner basis G = {h1 — m1,...,h, —m;} of I(P)

L := the subset of elements of {l1,...,{;} that are minimal in {l1,...,l,71,...,7n} w.r.t.
divisibility
R := the subset of elements of {ri,...,ry} that are minimal in {l1,...,ls,71,..., 78} W.rt.
divisibility
k := number of indeterminates; d := max{deg(l;), deg(r;); i € In}; G := 0
) ok—1
for each h =x{' - a}* € LT({L,R)) \ L with degree < 2- (% + d) do

gb:= false

if there existst-r; with h =t -r;, r; € R, t € X*, deg(t-r;) <2- (%—i—d)

which is =hmod P then /* he LT(I(P)) */
m := the minimal (w.r.t. =) among these terms

ok—1

gb:= true
end._if
if gb then /¥ heLT(I(P)) */
d := deg(h)
for each i € I}, with e; > 1 while gb do
B o=zt -:pfi_l coeak

B ok—1
if there exists t-r; with b/ > t-r;, r;€R, teX*, deg(t-r;) < (d—1)+2- (% +d)
which is =h'’ mod P then /* KW € LT(I(P))=hgH */
gb := false
end_if
end_for
end_if
if gb then /¥ heH */
G:=GU{h—m}
end_if
end_for
for eachl; € L do
m := the minimal (w.r.t. ) among the terms t - r; with [; = ¢-7;, 7; € R, t € X*,
2k—1

deg(t-r;) <2-(%£ +d)”  whichare =1; mod P

G:=GU{l; —m}
end_for

Figure 1. Algorithm for constructing the reduced Groébner basis of a pure difference binomial ideal.

FINDING THE MINIMAL ELEMENT AND THE NORMAL FORM

The next corollary shows that the minimal element of a congruence class, or equiva-
lently, the normal form of a term can be found in exponential space.

COROLLARY 3.2. Let X = {x1,...,zx}, P = {l; = ri;i € Iz} with l;,r; € X* for
all i € Iy, and > some admissible term ordering. Then there is an algorithm which
determines for any word u € X* the minimal element of its congruence class (w.r.t. > ),
or equivalently, which determines for any term uw € X* the normal form of u modulo
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a Grébner basis of I(P) w.r.t. =, using at most space (size(u,P))? - 26k < 2¢size(w.P)
where ¢, ¢ > 0 are some constants independent of u and P.

PrROOF. In addition to x1,...,x, we introduce a new variable s, and we add to P the
congruence s = u, where u is the word in X* for whose congruence class we like to
determine the minimal element m,, (w.r.t. >=). Let X; = X U{s}, P, = PU{s = u}, and
let > be the admissible term ordering on X which results from > by adding s > w for all
w € X*. Then, by Proposition 3.1, LT(I(Ps)) = LT(I(P))U{s-t;t € X7}, in particular,
s € LT(I(Ps)), and, since s is minimal in LT(I(Ps)) w.r.t. divisibility, Hs = H U {s},
where H (resp., Hy) is the set of the minimal elements of LT(I(P)) (resp., LT (I(Ps)))
w.r.t. divisibility. Because s > w for all w € X*, the minimal element of some congruence
class [v]p,, v € X*, w.r.t. =4 is the same as the minimal element of [v]p w.r.t. . Thus,
because of Proposition 3.1, s —m,, is an element of the reduced Grébner basis of I(P)
w.r.t. =, and, by Theorem 3.1, we can determine the minimal element m,, of [u]p (w.r.t.
=) in space (size(u,P))? - 2¢* for some constant & > 0 independent of u and P. O

4. Constructing the Reduced Grobner Basis of a Binomial Ideal in
Exponential Space

The algorithm of Theorem 3.1 generates the reduced Grébner basis of pure difference
binomial ideals. In this section, we will be concerned with constructing the reduced
Grobner basis of binomial ideals in general.

4.1. BASICS

Let m = a - ¢t be a monomial in Q[X] with a € Q, and ¢ a term in X*. Then we write
C(m) for the coefficient a, and T(m) for the term ¢ of the monomial m. By M[X] we
denote the set of all monomials in Q[X], including 0.

By a binomial in Q[X] we mean a polynomial with at most two monomials, say [ — r.
For a finite set B = {l; — ry;4 € I} with I;,r; € M[X] for all ¢ € Ip,, I(B) denotes the
binomial Q[X]-ideal generated by B, i.e.

h
I1(B) := {Zlh(lz —r;);p € Q[X] for i € Ih} .

W.l.o.g. we assume that there are no 4, j € I, i # j, with [; —r; = ¢- (I; — r;) for some
c € Q\ {0}. (Otherwise we could remove one of the two binomials.)

As in the case of pure difference binomial ideals, we see from Buchberger’s algorithm
that the reduced Grobner basis of a binomial ideal still consists only of binomials.

In the following, we generalize the algorithm of Theorem 3.1 from pure difference
binomial ideals to binomial ideals. First, we establish some technical details.

For X = {z1,...,xx}, and B = {l; —r;;i € I} a set of binomials in Q[X] with [; € X*,
ie. C(l;) =1, T(;) = l;, and r; € M[X] for all i € Ip,, we define the corresponding
commutative semigroup presentation

P(B) = {li =T(r:); (li — ;) € B},

where we set

T(0) = @™ - ay™ - ™.
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Let > be some admissible term ordering on X*. Then we extend > to an admissible term
ordering on X§ = X* U {z] > -2, >} by setting, for all t € X*,

—0o0 —0o0 —0o0
t-ay 7 cxg ey,

If we agree that —oo +n = n+ (—o0) = —oo for any integer n, and —co + (—00) = —o0,
then the whole formalism for commutative semigroups introduced in Section 2 still works
for P(B). The only difference is that, in addition to the words in X*, we have the word
;- x5 % - -z, °° which corresponds to 0 when we consider polynomials. In particular,
we still have, for u, v € X3,

u—v €I(P(B) <= wu=wvmodP(B).
W.lo.g. we assume that, for all i € I,
li =75,
and that there are no i, j € I, i # j, with (I; =1;) A (T'(r;) = T(r;)). (Otherwise, since
there is no ¢ € Q with ; — r; = ¢+ (I; — r;), we know that I, € I(B) and r; € I(B), and
we replace the two binomials in B by I; and T'(r;).)

Let u, v € X, and let D be a derivation of length n in P(B) leading from u to v.
Then there are terms w; € X such that D has the form u = T'(a1)w; — T(b1)w; =
T(az)wy — T(ba)-wy — --- — T(by,)wy, = v, where a; = I, and b; = r;,, or a; = 1,
and b; = lj” Ji € In, 1€ 1,.

Attach to each l; — T'(r;)(P(B)), i € I, the multiplicative factor C(r;) if r; # 0 (resp.,
1ifr; = 0), and to each T'(r;) — 1;(P(B)), i € I1,, the multiplicative factor ﬁ ifr; #0
(resp., 1 if ; = 0). Taking these factors into account, we obtain from D a derivation in
which the ith step has the form

c-lj,-w —c-¢i-T(rj,) - w;
with ¢; = C(rj,) resp., ¢; =1, or
c-T(rj,) w, —c ¢l w
with ¢; = ﬁh) resp., ¢; = 1 for some constant ¢ € Q\ {0} resulting from the first (i — 1)
steps of D.
Thus, we define the multiplicative factor C(D) of D as

C(D)=cy-ca -+ cp.

Then, for any derivation D in P(B) leading from u to v, u, v € X, we have
Zdi -y, — 7)) wi=u—C(D) v,
i=1

where d; = 1ifu = I;, -wy resp., dy = —c¢1 ifu =T(rj,)-wq,and, fori > 1,d; =c1--- ¢4
if the ith step of D uses l; — T'(r;)(P(B)) resp., d; = —cy - - - ¢; if the ith step of D uses
T(r;) — l;(P(B)). Therefore, u —C(D)-v € I(B). Note that u and v are elements of I(B)
if 7%, % occurs in D.

By Propositions 2.1 and 2.2, we conclude the following:

THEOREM 4.1. Let X = {z1,...,xx}, B={l; —ri;i € I} with l; € X*, r;, € M[X] for
all i € I, and let u, v be two monomials in M[X]\ {0} with T(u) # T(v). Then the
following are equivalent.
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(i) There exists d € Q\ {0} such that u —d-v € I(B).
(ii) There is a repetition-free derivation D: T(u) = v9 — 71 — -+ — Yo = T(v) in
P(B) leading from T(u) to T(v) such that, for j € {0,1,...,n},

size(y;) < size(u, v, B) - 2°F,

where ¢ > 0 is some constant independent of u, v, and B.
By Proposition 2.3, we have:

COROLLARY 4.1. Let X = {x1,..., 2}, and B = {l; —r;;i € I} withl; € X*, r; €
MI[X] for all i € Iy. Then there is a (deterministic) Turing machine TM and some
constant ¢ > 0 independent of B such that TM decides for any two monomials u, v €
MIX]\ {0}, T(u) # T(v), whether there exists d € Q\ {0} such that u—d-v € I(B),
using at most space (size(u, v, B))? - 2¢%.

To obtain similar results concerning the membership of a single monomial in I(B), we
need a further detail.

THEOREM 4.2. Let X = {x1,...,xp}, B={li —ri;i € I} with l; € X*, r; € M[X] for
all i € I, and u # 0 a monomial in M[X]. Then the following are equivalent.

(i) weI(B).

(ii) There is a derivation D: T(u) =~v9 — 71 — -+ — Yn of length n in P(B) leading
from T'(u) to x7°°---x,.°, or from T(u) to T(u) with C(D) # 1 such that, for
j€{0,1,...,n},

size(y;) < size(u, B) - 2%,
and
n < QSize(u,B)QC?'k

where cq1,co > 0 are some constants independent of u and B.

PRrROOF. By the above considerations, we already know that if there is a derivation D in
P(B) leading from T'(u) to x> - -z, °°, then C(u) - (T'(u) = C(D) -2y -2, *) =u €
I(B). Furthermore, we know that if there is a derivation D in P(B) leading from T'(u)
to T'(u) with C(D) # 1, then T'(u) — C(D) - T(u) = (1 = C(D)) - T'(u) € I(B), and thus,
u € I(B). Hence, it suffices to show that (i) implies (ii).

W.lo.g. we assume that C(u) = 1. If w € I(B). Then, by Proposition 2.2, there exist
pi, ..., P} € Q[X] such that

h
u= Zpé(li —73),
=1

and size(p}) < size(u, B) - 2°'F, where ¢; > 0 is some constant independent of u and B.
We may assume tha.t u = Z;.n:lpj(lij —1y;), for some m > 1, Where pj € M[X]\ {0},
deg(p;) < deg(p;,), j € Im, ij € In, and there are no ji, jo € I, j1 # Jj2, with (T'(pj,) =
T(pj,)) A (li;, = liy,) A (T(riy,) = T(ri;,)). In the following, we construct from this
polynomial identity a replacement tree from which we then extract a derivation D either
leading from u to x7°°---x,*, or from w to u with C(D) # 1. First, the notion of a
replacement tree is defined.
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A replacement tree w.r.t. /B is a pair (V, E), where V is a subset of the set of terms
X, and E is a subset of the set of ordered 4-tuples (V xV xQ\ {0} x Q). The elements of
E are called arcs. An arc (v1,vs,¢,d) € E is directed from the term vy to the term vy. Its
meaning is that vy is derived in one step from v; by application of a congruence in P(B).
The third and fourth components ¢, d of the arc are called the coefficients of the arc. The
rational number ¢ # 0 is the multiplicative factor of the production I; — T'(r;)(P(B))
resp., T(r;) — 1;(P(B)), i € I}, by which vq is derived from vy, and the rational number
d shows “how much v5” is derived from “how much v{”, i.e. % cv1 — d - v

The in-degree of a term v € V', deg;,(v), is the number of arcs directed into v, and the
out-degree deg, . (v) of v is the number of arcs directed out of v. In a replacement tree,
exactly one term in V' has in-degree zero. This term is the root of the replacement tree.
The terms in V' with out-degree zero are called leaves.

A replacement tree is divided up into levels. A term of a replacement tree belongs
to level i, ¢ € N, if the length of the shortest derivation contained in the replacement
tree leading from the root to that term is i. A replacement tree has the form shown in
Figure 2. (The coeflicients of the arcs do not appear in the picture.)

For each term v € V in the replacement tree which is not the root, the sum of the
coefficients di" of the incoming arcs (.,v,.,d") € E, i € L4eg,, (v)» €quals the sum of

o

. dsvt . .
the quotients I of the coefficients d$"*, ¢3"* of the outgoing arcs (v, .,c3",dJ"") € E,

o
J

J € laeg,, (v)s 1€

in in g™t daut o (v)
dy +"'+ddegin(v)zc(§ut+"'+Cojf$v' (4.1)
1 degyy (V)

Note that the leaves in a replacement tree have out-degree zero and thus, for leaves, the

out

right-hand side of this equation is zero. The quotients —Zw of the coefficients d;?“t, c?“t

J
of the arcs (u,.,cj™, d3") € E, j € ljeg,, (u)> directed out of the root u satisfy

dg e (v)
= Cout Tt Cout . (42)
1 degyu; (u)

The root of the replacement tree (V, E) to be constructed from the polynomial identity
u= ij (li; = ri;) (4.3)
j=1

is the term u. We start with V' = {u} and E = (. As u appears as a term on the left-hand
side of (4.3), the sum of the monomials p;a;, j € I, on the right-hand side of (4.3) with
T(pja;) = u, a; = l;;, or aj = —r;; yields u, ie. for J, = {j € Ln,;T(pja;) = u,a; =

li;, or aj = —r;,}, we have
E pjaj =Uu

Jj€Ju
implying
dowbi= > pills; — i),
J€Ju JEIm\Ju
where bj = Tij if a; = lij resp., bj = _lji if a; = —T’ij.

This elimination of all the monomials in (4.3) with power product part « can be inter-
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level O u

level 1

level 2
level 3 v3
e
level | -2 A
NS

level -1 Uéfl

W ~ N/
level | ot o

Figure 2. Replacement tree.

preted as one-step derivations C(p;a;)-u — C(p;b;)-T(p;b;), j € Ju. Add {T(p;b;);j €
Ju} to V. Then these one-step derivations correspond to the arcs

(u, T(p;ib;), ¢j, C(psbs)), J € Ju,
where the ¢; are the multiplicative factors of the productions T'(a;) — T'(b;)(P(B)), i.e.

V=V U{T(p;b;);j € Ju}, E = EU{(u,T(p;b;), c;, Cp;b;));j € Ju}
The polynomial identity (4.3) can now be written as

t
Zewi = Z pj(li; —7i;), (4.4)
i—1

JE€ELm\Ju

with v; € V' \ {27 -2, *} (if 27°° -2, € V, then we remember that x> -2, >
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corresponds to 0) and e; € Q\ {0}, ¢ € I;. The terms in {v1,...,v;} are assumed to be
pairwise different, and, for each i € I;, e; is the resulting coefficient when summing up
all coefficients C'(p;b;), j € Ju, with T(p;b;) = v;, ie.

€; = Z C(pjb])
jEJu;T(pjbj):”i
The next step in the construction of the replacement tree is to repeat the described
procedure for ejv; on the left-hand side of (4.4). In general, such an elimination step
works as follows. At the beginning, we have a polynomial identity

t
dewi= Y pill, —ri), (4.5)
=1 J€Im\Jel

where, for i € I, v; € V\ {27 --2,}, v; # vy for all ¢/ € I \ {i}, e, € Q) {0},
and Je C I,,, contains the indices of already eliminated monomials. Choose a term vy,
l € I, which, for instance, belongs to the lowest level among all v;, ¢ € I;. The monomial
e;v; on the left-hand side of (4.5) equals the sum of the monomials p;ja;, j € I, \ Jer,
on the right-hand side of (4.5) with T'(pja;) = v, a; = l;;, or aj = —ry;, ie. for
Jo, =1{j € Im \ Jo; T(pja;) = vi,a; = l;;, or aj = =7y, }, we have

g pja; = €

i€y,

which implies
Z pib; + Z €iv; = Z pi(li; —7i;),
JE T, i€l \ {1} FEIm\Je)\ Ju,
where b; =7, if a; = l;, resp., b; = —l;, if a; = —r;,.
Let V := VU{T(pjb;);j € Ju}, and E := EU {(v;,T(pjb;),¢;,C(pib;));j € Ju, }s
where ¢; is the multiplicative factor of T'(a;) — T'(b;) (P(B)). From (4.5) we obtain as a
new polynomial identity

t
Sevi= > pilly =),
i=1 JEIm\Te)\Ju,
where, for i € Iy, v; € V \ {a7> -2, >}, v; # vy for all i’ € I\ {i}, and, if in (4.5)
there is some 41 € I; with v;, = 7;, then
& =ei + > C(pjb;),
JE€Ju;;T(psb;)=0;
else
éi = Z C(pjbj)
JE€Ju;T(psb;)=0;
The construction is finished if &; = 0 for all ¢ € Iz. Then the pair (V, E) is a replacement
tree, because, by construction, for all v € V' \ {u}, the coefficients of the incoming and
outgoing arcs satisfy equation (4.1), and the coefficients of the arcs directed out of the

root u satisfy equation (4.2).
If in the replacement tree z;°°---2,°° € V, then there is a derivation u = vy —
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1— o2
Yo—a=Yp
141 2 42
¢y, dp ¢t df
2
V% Y1
142 142
c3,d3 c3.d3
1
Y2 ]/%
D, D,
1 2 g
an—l Vnz—l
142 2 42
Cnl' dnl an’ dnz
1op=o2
ynl_ b - ynz

Figure 3. D1, D»: two disjoint repetition-free derivations leading from a to b.

o= = Y = 2y -z in P(B) such that, for j € {0,1,...,n}, size(y;) <
size(u, B) -2°*% and n < gsize(u,B)22™" ' where ¢1 ¢y > 0 are some constants independent
of u and B, and there is nothing left to prove.

In the following, we assume that x> ---z,° ¢ V. We show how to extract from the
constructed replacement tree (V, E) a derivation D in P(B) leading from u to u with
C(D) # 1.

Since the leaves of a replacement tree have out-degree zero, the coefficients d; of the
arcs (.,b,.,d;) € E,i € Lgeg,, (v), directed into a leaf b € V satisfy di + - - + dqeg, () = 0-
Because b # 27 °° - - -z, °°, it follows from the construction of the replacement tree (V, E)
that, for all i € Iyeg, (1), di # 0, and thus deg;, (b) > 2.

Take an arbitrary leaf b € V', and select in the replacement tree (V, E) two repetition-
free derivations

Dita=n—m— =, =b
and

Dyia=q3 ===, =b
leading from some term a € V to b with v} & {v},...,72,_1}, i € In,—1, and 'y]? ¢
s Y1t J € Tnp1- Let (v, i el i), i € {0, ,ng — 1) resp., (77,7744,
c§+1, al?_H)7 j €40,...,ny — 1} denote the corresponding arcs in F (see Figure 3). Then

the multiplicative factors of the derivations Dy, Dy are C(Dy) = ci---cL and C(Ds) =

2 2 "
a2
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If C(D1) # C(D2), we are finished because, by reversing the direction of each step
in some derivation D: v1 =9 — 71 — -+ — Yn = v in P(B), we obtain the reverse
derivation Dy: vg = v, — Y1 — -+ — Yo = v1(P(B)) with C(D,) = C(D) Furthermore,

from (V, E) we obtain a derivation D,: u — a(P(B)). Thus, we have a derivation
DiubabvSaiu

in P(B) with

1 1
C(D2) C(Du)
In the case C(D1) = C(D3), we eliminate the arc

C(D) = C(Du) - C(D) - # 1.

(771“—17 ba Cnl ’ d71L1)

from the replacement tree (V,E). Since C(Dy) = C(D3), d} b can be derived from

d! d!
C(;L)ll) a= ﬁ a not only by derivation D;, but also by derivation Dy. The goal is

1 2
7

to derive (d,, +d2 )b from dél(—g:;’z a by Ds, and to derive no b from no a by D;.

To obtain this result, we replace in F

d? .
(P)/ilflﬁfnvczﬂd'}) by (71 lvﬁyzac'wdz - ﬁ) ’ for each i € {1,...,7’1,1 _1}7

dt
(7] 1a7jvc]7dj) by (7] 17’}’]’0]’65]2 +1f1’-1-c$1/2) 7fOI‘ eachj€{17...,n2—1}7
(’Yng 1 ,Y’n,27 n27d2 ) by (’Vng 1)77127 ng’dl + d%],g)? and Wwe remove (’7%1717’771117671117

1
dy, )
Since
d} d!
1 _ n1 2 n1
d-gin AtEE 4 4, & & 4 @
1 + 2 _T_C(D)—’__Q—’_C(D) 1 20
c1 ci c 1 c] 2 G 4
dl
1 1 1 d —L
dl dl dn1 o d o dz+1 i+l Ci+2'”C}11 eI
i |\ % 1 ol )T T -1 1 10 € dny—2,
Cit1 " Cny Ciy1 " Cny Cit1 i+1
1 1 1
dl dl o dn1 _ dn1 _ dnl -0
ni—1 ni—1 cl - Cl - Cl ’
ni ni mny
9 1
1 1 ds., + = 2L
PR P Ay B Ymitanie
j i 2 2 )T T E 2 @2 2 »J € dna—2,
j+1 N2 j+1 na 1 Cit1
1 1 2 1 2
d2 d2 + dn1 o dn1 _ dng _ dn1 + d7l2
no—1 " na—1 - c2 - c2 2 ’
nz no N N

for each v € V, the coefficients of the incoming and outgoing arcs still satisfy equa-
tion (4.1) (resp., equation (4.2)). Also, a subsequent removal of all new arcs (vy,v2,¢,d) €
E with d = 0 from E does not change this fact. Hence, after removing all terms v € V\{u}
with deg;, (v) = 0(= deg,,(v)) from V, the pair (V, E) is still a replacement tree.
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In the polynomial identity (4.3), the procedure just described corresponds to a reduc-
tion of the number m of products p;(l;; —r;;) in the sum on the right-hand side of (4.3)
by at least one. Each arc in the replacement tree constructed from the polynomial iden-
tity (4.3) corresponds to such a product p;(l;; —7i;), @ € I,. Thus, the above elimination
of an arc in the replacement tree corresponds to an elimination of some p;(l;; —r;;) in
(4.3). The resulting modifications of the coefficients of the arcs in the two derivations cor-
respond to appropriate modifications of the coefficients C(p;) in the respective products
pj(li; = 7i;).

We may repeat the above argument for any leaf in V, and by induction obtain a
derivation D: u =5 u with C(D) # 1. If, during the induction, no such derivation is found
until the replacement tree (V, E) only consists of the root u, one leaf b, and two disjoint
repetition-free derivations Dy and D, leading from u to b, then, at least now, we have
C(D1) # C(D3). Let Dy, Do, and the corresponding arcs in E be as above. Assume that
C(Dy) = C(D32), then from equation (4.1), we obtain

1 _ 2
dn1 - 7dn2ﬂ
1 1 1 1
dl _ dn1 1 _ dn1*1 _ dnl dl _ dn1
ni—1— 1 > ni1—2 — 1 -1 PSR R 1 — 1....1°
Cnl Cn171 C,n171 Cn1 62 Cnl
and
2 2 2 2
d2 _ dnz d2 _ dnz—l _ dnz d2 _ dnz
ngfl_cg ) n272_62 _(32 '02 ) ey 1_62"'82 .
no no—1 no—1 no 2 no
From equation (4.2), concerning the root we obtain
1 2 1 2 1 2 1 1
_ ﬁ ﬁ _ dn1 dnz dn1 dnz dn1 dn1

1= = = — _
c T GRS * ci---c2,  C(Dy) * C(Dy) C(Dy) C(D3)

which contradicts the assumption. Thus, there is a derivation D: u = v — 11 —

- — v, = u of length n in P(B) with C(D) # 1 such that, for j € {0,1,...,n},
size(vy;) < size(u, B) - 20, and n < ZSize(“’B)'ch'k, where ¢1,co > 0 are some constants
independent of v and B. O

Furthermore, we can show the following:

THEOREM 4.3. Let X ={x1,...,z1}, and B={l; —ri;i € I} with l; € X*, r; € M[X]
for all i € Iy. Then there is a (deterministic) Turing machine TM and some constant
¢ > 0 independent of B such that TM decides, for any monomial u # 0 in M[X], whether
u € I(B) uses at most space (size(u, B))? - 2¢k.

ProOOF. By Theorem 4.2, a non-deterministic Turing machine can determine whether
u € I(B) by generating a derivation D: T(u) = 79 — y1 — -+ — 7 of length n (with
n doubly exponentially bounded in the size of the problem instance) in P(B) leading
either from T'(u) to x7°---2, >, or from T'(u) to T'(u) with C(D) # 1 iff there is
such a derivation. If 27 °°---2,* € [T'(u)]p(B), then u € I(B), and, by Proposition 2.3,
we are done. In the other case, we may assume w.l.o.g. that the derivation D uses no
congruence whose right-hand side is 27 °°---2,° (note that [; > r; for all i € I).
The Turing machine guesses n and 2h counters zi,...,zop—two for each congruence
l; = T(r;) in P(B)—representing how often, and in which direction ( i.e. I; — T(r;),
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or T(r;) — [;) each of the congruences is applied in D. These counters have to satisfy
21+ 29+ -+ 295 = n, and we obtain

az Z2i—1 bl Z24
- 1 (G) @)
i€lnri 20 N0 v

with a; € Z \ {0} the numerator, and b; € N\ {0} the denominator of C(r;), ¢ € Iy,

7"7,750
Let
Z= ] o> o>
i€1p;mi #0
and
_ Z2i—1 224
N= [ o> -a,
i€Ip;7r;#0

25;ze(u,5>.2d1 -k

then max{|Z|,|N|} < (25i#e(w.B)) for some constant d; > 0 independent of
u and B. By the Chinese remainder theorem and the prime number theorem (see, e.g.
Hardy and Wright, 1985), we know

C(D)=1«<=Z=N
<= Z = N mod p; forall 1 <j<m,

where p;, j € I, are the prime numbers satisfying 2 < p; < da - log M for any integer
M > 2 -max{|Z|,|N|}, with d2 > 0 some constant independent of u and B. Thus, the
products Z and N only have to be computed modulo the prime numbers p;, j € I,
and the decision whether Z = N uses at most space size(u, B) - 2¢*, with d > 0 some
constant independent of u and B.

The non-deterministic Turing machine can verify that C(D) # 1 by guessing a prime
p;j with j € I, and computing Z and N modulo this prime. A deterministic Turing
machine has to loop through the primes p;, j € I,.

For generating the derivation D in P(B), the non-deterministic Turing machine has to
keep in storage at any time two consecutive words ;1 and ~; of D in order to check
whether v;,_1; — v;(P(B)). Therefore, by Theorem 4.2 and the above considerations, there
is some constant ¢ > 0 independent of u and B such that the non-deterministic Turing
machine needs at most size(u, B) - 2°* tape cells to determine whether u € I(B).

When simulating the non-deterministic Turing machine by a deterministic one, the
standard construction of Savitch (1969) has to be slightly modified, halving the length
of the derivation being looked for at every level of the recursion and also guessing (by
looping through all possibilities) appropriate values for the tuples of counters.

The deterministic Turing machine calls a recursive Boolean function

reachable(y1,y2, (21, -+, 22h)),

which returns the Boolean value true if there exists a derivation from 71 to v2 in P(B)
consisting of at most zq + 25 + - -+ + 295, steps, and applying I; — T'(r;) (P(B)) resp.,
T(r;) — 1; (P(B)) z2i—1 resp., zo; times, i € I,. The function reachable works by looking
for the word - in the middle of the derivation from ~; to <2, and checking recursively
that it is indeed the middle word. For each call we must store the current values of 7, 1,
and 9, and the current values of the counters zq, ..., zo5. These counters always have
to add up to the length of the subderivation, and this length is halved at every level
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of the recursion. Thus, the depth of the recursion is the logarithm of the initial value
n of z; + zo + -+ + 29, and, by Theorem 4.2, there are at most size(u, B) - oc1k many
levels of recursion, each requiring at most size(u, B) - 22" space, where c1, c; > 0 are
some constants independent of u and B. Hence, (size(u,B))? - 2¢* space suffices for a
deterministic Turing machine to decide whether u € I(B). O

4.2. THE ALGORITHM

Together with the results of Section 3.2, we are now able to derive an exponential
space algorithm for generating the reduced Grobner basis of the binomial ideal I(B)
w.r.t. some admissible term ordering =, where X = {x1,...,ax} and B = {l;—ryi € I),}
with [; € X*, r; € M[X], and w.lo.g. I; = r; for all i € I,. As in Section 3.1, we first
analyze the elements of the reduced Grébuer basis of a binomial ideal. Note that ¢ € I(B)
for all t € [27°° -2, %]p(s).

LEMMA 4.1. Let X = {x1,...,2}, B={l; —ri;i € I} with I; € X*, r; € M[X] for
alli € Ip,, and let G = {hy — my,...,hy —m,} be the reduced Grébner basis of the ideal
I(B) w.r.t. some admissible term ordering »= (h; = m;, C(h;) =1 for alli € I,.). Then
T(m;) is the minimal element (w.r.t. =) of the congruence class [h]ppg), i € I,.

ProoOF. With Theorems 4.1 and 4.2, this proof follows immediately from the proof of
Proposition 3.1. O

LEMMA 4.2. Let X = {a1,...,2x}, B={l; —ri;i € I} with l; € X*, r; € M[X] for
all i € Ip, and let G = {hy — mq,...,h, — m,} be the reduced Grébner basis of the
ideal I1(B) w.r.t. some admissible term ordering »= (h; = m;, C(h;) =1 for all i € I,.).
Then LT(I(B)) (the set of the leading terms of I(B)) is the set of all terms t # 0 with
either t € I(B), or, if t ¢ I(B), with non-trivial congruence class in P(B) such that t is
not the minimal (w.r.t. =) element m; of its congruence class (note: if t ¢ 1(B), then
my # xy -2, ). H={hi,...,h,} is the set of the minimal elements of LT (I1(B))
w.r.t. divisibility.

PrROOF. With Theorems 4.1 and 4.2, this proof follows immediately from the proof of
Proposition 3.1. O

For any two terms ¢y, to € X§, t1 # to, with ¢; = ¢ mod P(B), it follows that
t1 —C(D) -ty € I(B), where D is a derivation from ¢; to ¢3 in P(B). By definition,

)= I e (5=)

i€ ;ri #0

where z9;_1 is the number of applications of I; — T'(r;) (P(B)), and z9; the number of
applications of T'(r;) — I; (P(B)) in D, i € I, r; # 0. Since each z;, i € Iy, is bounded
by gsize(t1,t2,8)2" {61 some constant ¢ > 0 independent of t1, t2, and B, the multiplica-
tive factor C(D) of D can be triply exponentially large. Its doubly exponentially long
representation can be computed in ezponential space using N C-circuits for multiplica-
tion (Karp and Ramachandran, 1990) and appealing to the parallel computation thesis
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Constructing the Reduced Groébner Basis of a Binomial Ideal

Input: admissible term ordering >,
B= {ll — 71, lp —’I’h} with [; € X*, r; € M[X], li =r; Vi €Iy
Output:  the reduced Grébner basis G = {h1 — m1,...,hr — my} of I(B)

L = {l1,..,lp}nmin({l1,.. ,lp, T(r1),.., T(rn)})

/* min(.) denotes the minimal elements of the argument w.r.t. divisibility */
R :={T(r1),..,T(rp)} Nnmin ({l1,.. ,lp, T(r1),.., T(rp)})
k := number of indeterminates; d := max{deg(l;), deg(r;); 1 € In}; G := 0

Zkfl
for each h =x{! - a}* € LT({L, R)) \ L with degree < 2- (%—I—d) do
gb:= false
if helI(B) then gb:= true
else

gk—1
if there exists t-T(r;) with h > t-T'(r;), T(r;) € R, t € X*, deg(t-r;) < 2- (% +d)
which is = h mod P(B)
then m := the minimal (w.r.t. >) among these terms; gb:= true
end._if
end_if _
if gb then /* he LT(I(B)) */ d:=deg(h)
for eachic I withe; >1 while gb do A/ :=af'---x

e;—1 . Gk
i Tk

if ( h! € I(B) or there exists t - T(r;) with b’ >=t-T(r;), T(r;) € R, t € X*,

_ 2k—1
deg(tr;) < (d—1)+2- (L 4d)~  which is = b mod P(B) )

then /* R € LT(I(B))=h¢gH */ gb:= false
end._if
end_for
end_if
if gb then /* heH */
if helI(B) then G:=GU({h}
else
C(D) := the multiplicative factor of a derivation D in P(B) leading from h to m
G:=GU{h—-C(D)-m}
end._if
end_if
end_for
for eachl; € L do
if [, €I(B) then G:=GU{l;}
else
m := the minimal (w.r.t. >) among the terms t - T'(r;) with I; > t - T(r;), T(r;) € R,
te X",

) ok—1
deg(t-rj) <2- ( %+d) which are = I; mod P(B)
C(D) := the multiplicative factor of a derivation D in P(B) leading from I; to m
G:=GU{l; —C(D) -m}
end._if
end_for

Figure 4. Algorithm for constructing the reduced Grobner basis of a general binomial ideal.

of Fortune and Wyllie (1978). If it suffices to compute a representation of the reduced
Grobner basis of I(B) with the coefficients given as products of negative and positive
powers of prime numbers, then an appropriate representation of C(D) can be computed
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from the representations of the C'(r;) used in D directly without any NC-circuits and
the parallel computation thesis.

From the algorithm for constructing the reduced Grébner basis of pure difference
binomial ideals in Figure 1, we obtain the rather similar exponential space algorithm
for constructing the reduced Grobner basis of general binomial ideals given in Figure 4.
Putting everything together, we have proved the following theorem:

THEOREM 4.4. Let X = {x1,...,ax}, B={l; —ry;i € I} with l; € X*, r; € M[X]
for all i € I, and > some admissible term ordering. Then there is an algorithm which
generates the reduced Grobner basis G = {hy — mq,...,h, —m.} of the binomial ideal
I(B) w.r.t. = using at most space (size(B))? - 2¢F < 2¢312¢(B) " yhere & ¢ > 0 are some
constants independent of B.

5. Conclusion

The results obtained in this paper first give an algorithm for generating the reduced
Grobner basis of a pure difference binomial ideal using at most space 2¢", where n
is the size of the problem instance, and ¢ > 0, some constant independent of n. The
fundamental concept is the algorithm in Mayr and Meyer (1982) for the uniform word
problem in commutative semigroups.

Because of the close relationship between commutative semigroups and pure difference
binomial ideals, our basis construction algorithm has a number of applications to fi-
nitely presented commutative semigroups. Besides those mentioned in Section 3.3, we
are able to derive exponential space complete decision procedures for the coverability,
the subword, the finite enumeration, the containment, and the equivalence problems for
commutative semigroups (see Koppenhagen and Mayr, 1996a, 1997).

Furthermore, as shown in Section 4, we obtain an algorithm for transforming any given
basis into the reduced Groébner basis for binomial ideals in general, also requiring at most
space 24" for some constant d > 0 independent of the size n of the problem instance.
Since, in the worst case, any Grobner basis of pure difference binomial ideals can have
maximal degree doubly exponential in n, any algorithm for computing Grobner bases of
binomial ideals requires at least exponential space (see Mayr and Meyer, 1982; Huynh,
1986).
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