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| 1. Introduction

The AMLI method reads as follows:

C1) = AQ).

fork=1,2,....0—1
a0 oo age
APTY AR 0 I

C(k—l—l) _

where the Schur complement approximation is stabilized by

A7 {I_pﬁ (C(k)_lA(k)ﬂ AT
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The acceleration polynomial is explicitly defined by

1+ a— 2t
1+T5( ﬁia )

pp(t) = 1+Tb(1+a> :

1l — «

were o € (O, 1) is a properly chosen parameter, and Tg stands for the
Chebyshev polynomial of degree (3.

Theorem

There exists a € (0, 1), such that the AMLI preconditioner C' = C¥) has
optimal condition number x (C~'A) = O(1), and the total computational

complexity is O(N), if § satisfies the condition

1
4> 03> :
1 —~2
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The following estimates hold uniformly with respect to both mesh and

coefficient anisotropy:
® V2 <3/4=p3¢e{2,3}
® k(B AT =0(1) = Nayrr = O(N)

This seminar is devoted to further consideration of:

® Improved estimates of the CBS constant and the relative condition number

(BHlA( + )) for particular classes of anisotropic elliptic problems.

® Construction of new locally optimized preconditioners of the first pivot
block A(k+1).

Remark: The improved estimate of the CBS constant means a better setting of
the constant «v in the acceleration polynomial pﬁ(t) which directly leads to a

faster convergence of the so constructed AMLI preconditioner.
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Problems

Problem 1. The following rapid estimates hold uniformly V(a, 3) € D:

3
TSy

, ka (B 'Am) <531, ki (B tAn) < 1.88

Here, the domain D includes any case of mesh and/or coefficient anisotropy.
B

1
a=p3

-05 1

-05
a+p=0

Polygonal approximation D of the domain ﬁ: (a,ﬁ) c ﬁ C D.
Derive improved estimates for 7y, k4 and ky if (o, 3) € D C D C D.
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Problem 2. The additive preconditioner of A1 was introduced as
Bll — Z Bll:E1 where

a+[G+1 —1 0
Bi1.g =2rc —1 a+[B+1 0
I 0 0 at+pf+1
4ty O
Find the optimal SPD matrix Bﬁpfz) =2rc| t,y ty 0 | suchthat
0 0 t3 |

o —1 . _
K (B§1]:92 All:E) = min K (BllleAll:E) V(a, ) € D.

(A

Then, the locally optimized additive preconditioner Bﬁoﬂ) =3 Bﬁpg
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Exerclises

Exercise 1. Derive the element stiffness matrix corresponding to the isotropic

bilinear form

ae(u,v) = /(uxvx + uy vy )de

for a given arbitrary non-degenerate triangle e.

Solution.
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Let 61, 65, 05 be the angles of the triangle, and let a = cot 61, b = cot 05,

¢ = cot(f3). The following relations are readily seen:

cotfpcottl3 —1 h? — pq
cotfy +cotls  hip+q)

% a=cot(m—(02+605)) = —

For the element basis functions and their derivatives we have

s = T 4 px + h(p+y) b gz + h(q — y)
’11’ h(p + q) h(p + q)
p q
0, = ——, O = , 0, =
o1 h v h(p 1+ q) b3 h(p +1 q)
9 - 0, & - —— o = -
ygbl y¢2 D 4 q ygbi’) p_'_ q
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Taking into account that the derivatives of the element basis functions are

] :/de: h(p +q)

constants and that

2 Y

we get the element stiffness matrix in the form

b+c —b —cC
1

A, = = b a+b -—a
2

—C —aQ a-+c
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Exercise 2. Let us consider the isotropic elliptic problem associated with the

bilinear form

a(u,v) = Z /a(e)(uxvm + uy vy )de.

ecT, V€

Derive improved estimates for Kk 4 and k) if the minimal angle of the initial

triangulation 77 is restricted by a given parameter 7T/3 > 1 > 0.

Solution. Consider two consecutive meshes 7y C 73, and let £ € 7T}, be a

given arbitrary macro-element, where
01 >0 >03>71,
and respectively (see Lemma 2.1)

la| < b< ¢< t=cotT.
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: 6 = — in terms of the parameter ¢, namely
C

_ a
Now, we estimate o = —
C

a 1 — be 1 —c? 1 —¢2
Oé:_:
¢ c(b+c)

1V

b_ 1 —ac B 1 — ac? >1—c2 1 — at?

b= c clat+ec) Ala+l) = 22 ~2t2(a+1)’

or

1 —¢t? 1 — at?
1>a> , 1> >max\ |a, .
2t2 2t?(a + 1)

AN

In such a way we determine the subdomain D : («,3) € D ¢ D C D.

—
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The exact domain Z/j is obtained when 7 — 0 (t — ), i.e.
Q

2(a+ 1)

1
12042—57 1>5>—

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Domain D of the parameters (v, 3).

What we need to solve the problem, see Theorems 2.2, 2.3, is to improve the

estimate of Lemma 2.2 in D, i.e. to get a better R(7) such that

af +a+p+1 _
(@t B+ DlatB+2) >R(r), Y(o,p)€D.
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We consider three particular cases to illustrate the behavior of the related
Improved estimates. To the related analysis we have used symbolic
computations with MATHEMATICA.

T

12

Casel. 7=

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1

52 + 30v/3
R(Ly— 22F V3 ka <5071, Ky < 1.820 .

189 + 1093’
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Case 2. 7 =

FIFHH
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-0.4 -0.2 O 0.2 0.4 0.6 0.8 1

Domain D of the parameters (c, 3).

3
R(—=)=—, ka<4442, kp < 1.667.



Case 3. 7 =

INE

el A

| MELLLERYu[] [|wnECLXENN ||

-0.4 -0.2 O 0.2 0.4 0.6 0.8 1

Domain D of the parameters (c, 3).

1
:g, ra <3.732, Ky <1.5.
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KA KM
5.071 | 1.820
w/6 | 4.442 | 1.667
w/4 | 3.732 | 1.500

® The presented results show that k4 (71) > kas(72) for all (71, 72), i.e. the
multiplicative preconditioner has always smaller condition number then

the additive one.

® Inthe case T = 7/4, the off diagonal entries of all element stiffness

matrices are non positive, i.e., the global stiffness matrix is an M-matrix.

® The same estimates of kK 4 and Kk, hold when 7 € |7 /4, 7 /6], including
the limit case #; = 0 = 03 = 7 /6.
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