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1 Introduction

1 Introduction

We consider the following classical model elliptic problem:

—Au = finQ,
u = gponlp, (1.2)
ou
n = gy -honfly,

where Q2 is a bounded clomaiD of RY and n is the outward unit
normal to its boundary 'p U T .
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Introduce the auxiliary variable g = Vu and obtain the
eqguations

g = VuinQ,
-V-qg = finQ,
u = gponlp,
g-n = gy-nhonly,

(2.1)
(2.2)
(2.3)
(2.4)




2 The LDG method
O®000000000

We multiply (2.1) and (2.2) by arbitrary, smooth test functions r
and v, respectively, and integrate by parts over the element
K € 7 to obtain,

/q-r = —/uv-rdx+/ ur - ngds,
K K oK
/q-Vv = —/fvdx+/ v(q - ngds.

K K oK

The above equations are well defined when (g,u) and (r,v)
belong to M x V, where

M = {ge(L*Q):alk e H'(K)) VK e T},
V = {uel?Q):ulk e HY(K),VK € T}.
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Next we seek to approximate the exact solution (g, u) with
functions (qy, uy) in space My x Vy € M x V, where

My = {ge (X @) alk € S(K)? VK € T},
Vn = {uel?Q):ulk € S(K),VK € T},

and S(K) typically consists of polynomials.

The approximate solution (g, uy ) is then defined by using the
above weak formulation; for all (r,v) € S(K)¥ x S(K),

/qN-r = —/uNV-rdx+/ Gnr - ngds, (2.5)
K K oK

/qN Vv = —/fvdx+/ vy - nNkds, (2.6)
K K K

where (i and ¢y are the numerical fluxes.
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Let K+ and K~ be two adjacent elements of 7; set
e = OK*T N oK. Then define averages {-}} and jumps [-] by

ful =@t+ur)/2,  fa}:=(@"+q7)/2
[ul :=ufnt+un", [q):=q"-nt4+q -n".
If the set e is inside the domain Q, we take

= {q} —Cu1[u] - Ci2[qal,
= J{U}} 4+ Cq2 - |[U]] —-Co |[C{]] ) (27)

where Cy1, C1» and Cy, depend on x € e. On the boundary

§ = { qt —Cp(unt +gpn~) on TIp,

o O

anN on Ty,

o>

) 9p, on [Ip,
L ut=Cx(at-nT+gn-n7) on Ty,
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The exterior traces are taken to be

(qivui) = (q+7gD) on rD7 (qia ui) = (gN7 U+) on I_N (28)
Ci2: Cio-n~=1/2onTpandCyp-nt =1/20nT .
” Selection principle” of numerical fluxes

» The numerical fluxes are consistent,
» they lead to a stable scheme,
» the scheme has an optimal order of convergence.

The LDG method

The LDG method is obtained when C,, = 0. l.e. when the
numerical flux (y does not depend on qgy. In this case, the
auxiliary variable gy can be locally solved in terms of uy by
(2.5) and then easily eliminated from (2.6); the resulting
problem has only uy as unknown. This unusual local solvability
property gives its name to the LDG method.




2 The LDG method
0O0000e@00000

The classical mixed setting.
Denote by & the union of all interior faces, by £p the union of
faces on I'p, and by &, the union of faces on Iy.

We sum (2.5) and (2.6) over all elements and obtain

/qN-rdx+Z/uNV-rdx—/ dy |[r]]ds—/ Onr-nds =0
Q K & oQ

KeT
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Insert the definition of the numerical fluxes,

</ an -rdx+/€ C22 [[qN]][[r]]dS+/€N Coz(qn -n)(r~n)ds>

(Z/UNV de—/({{uN}}+c12 [un]) [r] ds

KeT

—/ uNr-nds> = gDr-nds+/ Ca2(ga - n)(r-n)ds
En Ep

En
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Insert the definition of the numerical fluxes,

(/QQN -rdX+/SOC22 fan] lIr]]dS+/€NC22(qN -n)(r~n)ds>

N

a(gn,r)
+ (K;[/K uyV - rdx — /EO({{UN}} + Cpo - [un]) [r] ds
b(un,r)

F(r)
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and

- (Z/KVV'QNdX_/g({{QN}—Clz lan]) [vlds

KeT

_/SDVqN ~nds> + </£O Cu11[un] - |[v]]ds+/gD quds>

:/deX+/ CllgDVdS+/ Vg - nds.
Q &p En
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and

( [ qux—/<{{qN}} Coo [an]) [V] ds
KeT

b(V7QN)

_Q/SquN 'ﬂdS)—|—</£0C11|[UN]]-|[V]]dS+/gDUNVdS>

~~

c(un,v)

:/fvdx+/ Cllgpvds+/ Vg - nds.
Q Ep En

G(v)
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Define the following the bilinear forms:

a(q,r) :—/q-rdx+/g C22[q] [[r]]ds+/5 Co2(q - n)(r-n)ds
Z/uv rdx—/({{u}}+C12 [ul) [r] ds

KeT
—/ ur - nds
En
c(u,v) ::/ Caa [u] - [v] ds+/ uvds
& &
and the linear forms:

F(r) = gpr - nds+/ Co2(gn - n)(r-n)ds
Ep En

G(v) ::/fvdx+ Cllgpvds+/ vg,y - nhds.
Q Ep En
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Thus, the DG approximation (qy, uy) can be characterized as
the unique solution of the following problem:
Find (qn,un) € My x Vy such that

a(gn,r) +bun,r) = F(r),
_b(vqu)7+C(uN7V) = G(V)7

which can be rewritten as:
A(gn,un;r,v) = F(r,v) forall (r,v) € My x Vy,

where

A(q,u;r,v) = a(q,r)+b(u,r) —b(v,q) +c(u,v),
F(r,v) = F(r)+ G(v).
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The existence of the approximate solution of DG method is
guaranteed if the following condition is satisfied:

veSK): / Vv -rdx = 0,vr € S(K)¥ = Vv =0 onK.(2.9)
K

This condition is satisfied whenever

VS(K) c S(K)?.

Proposition 2.1 (well posedness of the DG method)

Consider the DG method defined by the weak formulation (2.5)
and (2.6), and by the numerical fluxes in (2.7) and (2.8). If the
coefficients C1; > 0 and C,, > 0, the DG method defines a
unique approximate solution (g, Uy) € My X V.
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For each K € 7, denote by hg its size and further
h = maxk <7 hx . For local space S(K), we require

VS(K) C S(K)Y, S(K) > PK(K). (3.1)
We define |(q,u)|% = A(q,u;q,u), that s,
(a,u)l% = llall§ + ©%(a,u), (3.2)

where

©%(q,u) = /g Ca |[qn2d5+/5 sz(Q'n)2d5+/S Cyq [u]®ds
0 N 0

+ / Clluzds.
Ep
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Assume that C1; and Cy,, defining the numerical fluxes in (2.7)
are defined as follows:

Coa(x) = { ¢min{hg, hg_} ifxe (KT K7),

¢che, ifx € 9K+ N Tp, (33)
min{h2, h?_} ifx e (KT K),
Thy + ifx € OKT NIy,

with >0,7>0, -1 <a <0< g <1independent of the
mesh-size and |C;,| of order one.

Define

:u* = maX{*O[”é}, Msx = min{—a.ﬁ’},

where 3 = 1if r = 0 and 3 = 3 otherwise.
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% Theorem x

Let (g, u) be the solution of (2.1)-(2.4) and let (qy, uy ) be the
approximate solution given by the DG method (2.5) and (2.6).
Assume that the inclusion properties (3.1) of the local spaces
hold and that the stabilization parameters are as described
above. Then we have that, for (q,u) € H3T1(Q)d x HS*2(Q)
with s > 0,

lu = unllo +h®|(a — an,u — un)la < Ch™ P lulls 2,

where C solely depends on , s and triangulation (not when
a=0£=0),¢, kandd;and

P:min{s+;(1+p*),k+;(l—u*)},D:;(1+u*)ifk21.

When k = 0, we have P =D = 3(1 — u*).
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Brief analysis
» The same orders of convergence are obtained with either
C,> = 0 or Cy, of order h.

» In general, the same orders of convergence are obtained
by taking («, 3) = (—a, b) or by taking (a, 3) = (—b, a).
» The most remarkable cases occur when —a, 3 € {0, 1}.

Table 1
Orders of convergence for u € HS+2(Q) fors >0and k > 1.
Coo Cu1 |(d — N, U —Un)|a Ju —unllo
0,0(h) 0O(1) min{s +1/2,k} | min{s+1/2,k}+1/2
0,0(h) 0O(1/h) min{s + 1,k} min{s+1/2,k} +1
0(1) 0(1) min{s,k} +1/2 min{s,k} + 1

o) o0@1/h)| min{s+1/2,k} | min{s+1/2,k}+1/2 ;
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Table 2

Orders of convergence for u € HS*2(Q) for s > k and k > 1.

Coo Cu1 (0 —dn,u —un)la | [lu—unllo
0,0 0(1) K kK112
0,0(h) O(1/h) K K+1

o1) oW K+ 1/2 K1

o(1) O(L/h) K k+1

Table 3

Orders of convergence foru € HS+2(Q) fors >0andk > s+ 1.

Ca2 Cuu | [(d—gn,u—un)la | [[u—unlo
0,0(h) 0O(1) s+1/2 s+1
0,0(h) O(1/h) s+1 S+2

0(1) O(1) s+1/2 s+1

O(1) 0(1/h) s+1/2 s+1
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Express the error (eq,ey) = (g — qn, U — uy) as follows:
(eq,eu) = (q — Mg, u — Mu) + (Meq, Mey),
where I and M are projections from M and V onto My and Vy.

a. The basic ingredients
» Galerkin orthogonality:

A(eq,eu;r,v) =0 Y(r,v) € My x Vy. (3.5)

» Approximation of the projections 1, I:
|A(q — Mg, u — Mu; & — [, ¢ — MNy)| < Ka(q,u,d,»)(3.6)
for any (q,u), (¥, ) € M x V and,
|A(r,v;q — Mg, u — Mu) < |(r,v)|aKs(q, u) (3.7)
forany (r,v) € My x Vy and (q,u) e M x V
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The idea of the proof of Theorem

1.

By assumptions (3.6) and (3.7), show that the error
estimates we are interested in can be obtained solely in
terms of functionals K 4 and K.

Determine K 4 and Kz such that (3.6) and (3.7) hold true
respectively.

Prove Theorem by results above.
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b.The estimate of the error in the .A-seminorm.
Lemma 3.1 We have

I(eq, eu)la < K¥%(a,u; q,u) + Kg(q, u).

Proof . Since |(-,-)|.4 IS a seminorm,
[(eq,€u)l.4 < (A — g, u — Mu)|4 + (Teg, Mey)|.a,
and since
(Meg, Ney)3 = .A(feq, Ney; Megq, Mey)
(Galerkin orthogonality) = A(Ti
(definition of 4) = A(—
(Assumption (3.7)) < ](I:qu, Meu)|4K5(a, u).
This implies that
(eg,€u)]a < |(q — g, u = Nu)[a +Kp(g,u). O
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c. Estimate of the error in  u in nonpositive order norms
Let ¢ be the solution to adjoint problem, ( with elliptic regularity

llellz < [[Allo)

—~Ap=X inqQ, (3.8)
=0 onlp, (3.9)
% _ 0 on T . (3.10)

on
Lemma 3.2 Lett be a natural number. Then we have

leu]|—tp < sup
recer)  lIAlleo rece@) |Allep

with ¢ denoting the solution of (3.8)-(3.10) and & = —V.
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Proofs

Lemma 3.3 Letw € H'1(K), r > 0. Let I be a linear
continuous operator from H'+1(K) onto S(K) such that Nw = w
for all w € PX(K). Then for m = 0, 1 we have

in{r k}+1—
jw = Mwlm < ChR™MAH=M 01

min{r k}+2
lw — Mwloax < Ch™ M2 0],

from some constant C that solely depends on k and r.
Lemma 3.4 There exists a positive constant Cj,, that solely
depends on k and d, such that for all s € S(K)® we have

1
Isllo,ok < Cinvhy 2[ISllok
forall K € 7.
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The functional K.

Lemma 3.5 Assume (g, u) € H5t1(Q)? x HS+2(Q) and

(®,¢) € HL(Q)2 x H'T2(Q), s,t > 0. Then the approximation
property (3.6) holds true with

5
Ka(a,u,®,9) = Si(q,u;®,¢), where
i=1

1
2

1
2
2 mi k142 2min{t,k}+2,
slzc(E:hK’“'”{s " ||qu§+1,K) ( e ||¢Ht2+1,+<) :
KeT \KET

2
2min{s,k}+1 2min{t k}+1, 2
S;=C| Y cPnzmnisd rq\|§+1,K> S cgknzmnitid ucbual,K)
eT T

1
2 2
2 mi 1k 2min{tk}+2, 2
sszc(E:hK’“'”{s* }||u||§+2,K> (E:hK”"”{ i |¢||$+1,K> :

KeT KeT

1 1
5 2
~o mi K42 2min{t+1,k
s4:c(th”“”{s b+ Hq,‘élx) (Z h2min{t+ }usouaz,K)

KeT KeT
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1

2

OK 12 min{s+1,k}+1 2

Ss=C ( E Ci1 hy { ' ||u||s+1,K>
KeT

2
OK 2min{t+1 k}+1 2
(Z Ci1 hy "t ' ||<P||t+2,K> )

KeT
hk := sup{hx: : (K,K’) # 0}, CIK := sup{Cii(x) : x € IK},
i = 1, 2. Furthermore, when (¢, ) = (q, u)
K.A(an;qau) = Sl(qalJ;qau) + SZ(an;qau) + S5(q7U;qau)'

Sketch of the proof Lemma 3.5. o
Setgq .= q— Mg, & =u—Nu, §¢:¢ Mo, &, = ¢ —Mp. We
write

Alég, &ui €5.60) = a(&q. €5) + b(€u, &5) — b(Es. &) + C(Eu, &p)-
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b= X ([ & Gaxr [ Canldy (& omas
KET OKNI Ar
+ /BK\BQ sz(fq nK)(gq's . nK)dS - / 022(50‘“ K)(g(-ﬁ . nK)ds>

IK\OQ
. . 1 1
<> <H§QHO,KH£<BHO,K + ||(3222€q ' n\|o,0KmrNHC222€q; “NlooKkAr

KeT; 1,
+(IC%¢& - nk o ok\oa + IIC2 58“ Nk llo,ok\00)1C5€5 - Nk Ho,aman)

1
< (

ZIE&IS,K>
+2<ZC ||€q nKHoaK ZC qu, nK||oaK> .

KeT
KeT KeT

NI=

NI=

Combining Lemma 3.3, we have
a(&ygg) < S1(q,u; b, 9) + Sa(a, u; B, ).
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Corollary 3.6. Let (q,u) € HSt1(Q)? x HS+2(Q), be the
solution of equation (2.1)-(2.4); let ¢ gHt+2(Q) be the solution
of the dual problem (3.8)-(3.10), and ® = —V . Assume that
C11 and Cy», satisfy (3.3) and (3.4). Then there exists a
constant C such that

KA(q,u;@,go) = ChQAHuHerZHSOHHZa
where Q 4 = min{s + 1+ min{t + 3,k},k + 1 + min{t,k + a}},
which reduces to Q4 = 1 + a for k = 0. Moreover,

KA(q‘/ u;q, U) - ChZPAHuHS-‘rL

where Q4 = min{s + (1 + 3),k + 3(1 + @)} fork > 1 and
Pa=3(1+a)fork=0.
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The functional Kg
We will show that there exists a form |(-, -)|5 such that for any
(r,v) e My xVy and (q,u) e M x V,

AV, U — M) < Cl(r V) al(a — figiu —Mu)s— (3.23)

with C independent of the mesh-size. Then it is enough to
determine K such that

(g —Tig; u — MNu)|s < Kg(q, u) (3.14)

for any (g,u) € M x V. We will show that (3.13) is satisfied
when

I(q,u)|%: /SD< (q-n)*+Cyqyu >dS—i—/A(C22q n)%+ )ds(3.15)

o [l a3 Caalal P+ L (lul +Cualol) s Cualul o
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where for each internal or Neumann boundary face e,

(x) = min{hy,hg} for x € (K,K’),hg forx € Ty if Co2(x) =0,
X Co2(x) otherwise.

Lemma 3.7 Define |(-,-)|s as (3.15), then (3.13) holds true.
Lemma 3.8 For any (g,u) € HS*t1(Q)? x H3*2(Q), the
approximation property (3.14) holds true with

2min{s,k 1
u=cY <hK“‘"‘{S o (C ) HCIHs+1K>
KeT 11

1
+C Z < 2m|n{3+1 k}+1 (Cll + XBK) Hu”§+27K>

KeT

where CK = inf{Cy1(x) : x € K}, {7 = inf{x(x) : x € IK}.
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Corollary 3.9
Let (g, u) € HST1(Q)? x HS*2(Q). Assume that C1; and C,, are

chosen as above, then there exists a constant C such that

K5(g,u) = Ch#|ul|Z,,, (3.16)

where P = (1 — p*) ifk = 0 and
P=min{s + 2(1 + ),k + 3(1 — p*)}ifk > 1.

The proof of the Theorem
From Lemma 3.1 and Corollaries 3.6 and 3.9, we get

(@ —an, U — un)la < Ch™MPAPHulg o,

and since min{P 4, P} = P the estimate
(d — dn, U —un)la < ChPlulls2

follows.
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Nexttaket = 0 and D = Q in Lemma 3.2. From the elliptic
regularity of the adjoint problem (3.8)-(3.10), we have

llell2 < CJ[Al|o- The estimates of |ju — uy||o directly follow from
the substituting the expression of K 4(q, u, ®, ©) given by
Corollary 3.6 and the expression K3(<B, ) given by Corollary
3.9in (3.11). Finally, we get

lu—unllo < Chmin{QA‘hO:P‘FP‘st}Hu”s+2’
and since min{Q 4|t=o, P + P|s=0} = P + P|s—0, the estimate
lu — unllo < ChP*P follows with D = P|s—o.

This completes the proof of Theorem.
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4 Concluding remarks

The advantages

» The LDG method is well suited for hp-adaptivity.
» The coding of the LDG method is simpler.

Conclusions

» The orders of convergence of approximation given by LDG
method with the stabilization parameter Cq, of order h—!
are optimal.

» The effect of taking nonzero stabilization parameters C,,
does not significantly improve the orders of convergence.
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