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Method

Problem

We consider the following model problem:

Find v : Q — R such that

—-Au = f Q
u = 0 o0

where Q is a convex polygonal domain and f C L?(Q)
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Method

Definitions

» Triangulation 7, = {K} of Q

» Set of all edges e, = {e}

> Vj, = {v, € L%(Q) : v|k € P(K) for all K € T}

> Y= {7 € [L2(Q)]? : 7|k € Z(K) for all K € T3}

» T(M) = [lker, L2(OK), where T is the union of the
boundaries of the elements K.
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Method

Definitions

For g € T(I') define the average {q} and the jump [[q] as

{q) = %(ql + @) oneecy,
on e € Y.

qin + qony on e € €},
[[q]] = 9
qn one€¢j.

where g; := qlok,. Analog for ¢ € [T(I')]?.
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Method

Flux Formulation

Rewriting the Problem in a first order system gives
c=Vu Q —Vo=f Q u=0 09.

Multiplying with test functions and integrating on K we have

/m‘dx = —/uV-TdX+/ u ng - Tds,
K K oK
/J-Vvdx = /fvdx+/ o - nkgv ds,

K K oK

where ng is the outward normal unit vector to 0K.
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Method

Flux Formulation

Find up € V) and op € X4 such that
/ opTdx = —/ uhV~de+/ Uk ng - Tds V1 € £(K),(1)
K K oK
/ op-Vvdx = / fv dx+/ Gk - nkvds Yv e P(K), (2)
K K OK

Babugka - Zlamal:

ik = (unlk)lok,
a-K = _,U“[[uh]]a

where 1 : T — R given by neh;! on each e € g, and 7. is a
positive number.
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Method

Primal formulation

Adding over all elements in (1) and (2) gives

/O'thX:—/Uth-TdX—i- Z/ Ok nk -Tds VY17 € Xp,
Q Q Koz oK

/ah-thdx:/fvdx—l-Z/ Ok -nkxvds Yv € V.
Q Q oK

KeTy

Using the average and the jump operators leads to
/ ordx = — / UnV - s+ / [] - {r}ds + / (0} [7]ds, (3)
Q Q r ro

/ah-thdx—/[[(“f]]-{v}ds—/ {a}[[v]]ds:/ Frde. (4)
Q r ro Q



Method

Primal formulation

Expressing now o, in terms of up, and inserting this in (3) gives the
primal form

Bn(up, v) = / fvdx Yve Vg,
Q

where
Bh(uh,v):/gvhuh-vhvdx
T / (lo— us] - (Vav) — (8} - IvDds ()
:
+ [ (o= Vv - 61 {v)ds
i
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Method

Primal formulation

Inserting the numerical fluxes for the method of Babuska - Zlamal
leads to the primal formulation of Babuska - Zlamal

Bh(uh, V) = /thuh -Vpvdx + /r(u[[uh]] . [[v]])ds (6)
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Stability and Consistency

Stability

The method of Babuska - Zlamal is stable, this means
Bi(v,v) = GIv]> Vv e Vi, (7)
with Cs a positive constant and

VI = viEp+ D hiclviE ik + IVIE, (8)
K

This norm is equivalent to the weaker norm
vle = VT, + v, (9)
where |v|2 = Sece, Je nehZ1[v]?

Roman Heinzle Method of Babuska - Zlamal



Stability and Consistency

Proof : Stability

Bh(v,v) = [ VavlZq + /r ulvP? (10)

It can be shown that
/u[[v]]2 > C1n0]v|§ Yv e Vg, (11)
r

where ng = infe 1.
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Stability and Consistency

This leads to
Ba(v,v) = W+ ColvP = GIv2, Wve Vs (12)

and it can be shown for g large enough that (7) holds, where we
use the equivalence of the norms in (8) and (9). Further analysis
shows that the stability of the method is guaranteed for any

1o > 0.
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Stability and Consistency

Consistency

The method of Babuska - Zlamal is not consistent and not adjoint
consistent. Instead of

Bp(u,v) :/ fvdx Vv e Vp, (13)
Q
the method satisfies
Bn(u,v) = / fvdx + /{Vu} - [v] ds. (14)
Q r

when u is the exact solution and v € H?(7p,).
Analogical with the adjoint problem.
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Error estimates

Error estimates

Defining the norm in V(h) = Vj, + H3(Q) N H}(Q) C H?(Tp) as

IVIIE = v p+ D hilvE k + alv, v), (15)
K

where

o) = Y [ neh? i ds (16)

ecep v €

= superpenalty method
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Error estimates

Error estimates

Because of stability and 7 sufficiently large we have

Cslluy — Uh\”% < Bp(u — u, up — up) + Bp(u — up, up — up)

17
=: Tl -+ T2, ( )

where wu; is the continuous interpolant of u in V).
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Error estimates

Error estimates

The approximation error is bounded by
llu—=ull < GhAPlulpira (18)
For T1 we get

T1 < Clluy — ullnllur — unlln < ChP[|up — up||plulpr1,.  (19)
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Error estimates

Error estimates

The term T, comes from the inconsistency of the method. We have

Z/{VU}M ds= [(hPT)Y2{Vu}[v](h?~1)"? ds

ecey, ece, V€
1/2
< ClIvila (32 72 [ 1(7uy-nPas) " < vl
eceyp, e
(20)
and so

Ty = /{VU}[[UI — up] ds < ChP||up — up]|nllull2,0- (21)
-
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Error estimates

Error estimates

Now inserting (19) and (21) in (17), we get
l[ur = unlln < CHP[ul| p11.0 (22)
and so the optimal order estimate is achieved via triangle inequality

Il = unlln < ChPllullp11.0. (23)
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Error estimates

[2-error estimates

If ¢ is the solution of the adjoint problem —Av = u — up in Q,
1 = 0 on 0X2 then

lu—uplZo = Bh(u—uh,w)—/r{vw}-[[u—uh]] ds = Ti+Tp. (24)

The estimate for T7 gives

Ty = Bp(u — up, 1)) = By(u — up, v — )

(25)
< Cllu = unllalle = ¥illn < Chlllu — unllnllu — unlloo-
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Error estimates

[2-error estimates

The term T, arises from the adjoint inconsistency and can be
estimated with (20) by

To— — /r{w,} u— un] ds < ChPJJu — upflall¥ 2

< ChP|lu = unllnllu = unllo.q-

(26)

So the optimal estimate is achieved by inserting (25) and (26) in
(24) and using (23)

0.0 < ChPH|ufps10: (27)

[lu = unl

Roman Heinzle Method of Babuska - Zlamal



Conclusion

Conclusion

The method of Babuska - Zlamal is
» inconsistent, but
» stable and
> there exist optimal error estimates for the L? norm and the
| - ||» norm.

= choosing the penalty term large enough reduces the consistency
error (optimal order convergence with rate hP*1 and hP)
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