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Method

Problem

Find u : © — R such that

—Au = f inQ
u = 0 onoQ

where
e Q C R? convex, polygonal Lipschitz domain
o fel?(Q)

Elliptic regularity gives

uec H*(Q)



Method

Definitions

Triangulation 7, = {K} of Q

Set of all edges &, = {E}

7, shape-regular = |E| ~ h
Define the “broken Sobolev space”

V=V(Tp) = {vel?Q): vk c H*(K)forall K € Tp}
and the finite element space
Vh={vhe V:v|g e PPforall K € Ty}

forp>1.



Method

Definitions

For the edge E = K; N K>, scalar function v € V, vector
function 1 € V2, define the

* jump
I[V]] . ving +vwno E C Int(Q)
N vn E coQ
|[ ]] _ He - Ny + po - No EClnt(Q)
p = g-n E c 09
e average
1 .
i §(V1 + V1) EcC Int(Q)
v = { % E CoQ
{u} = %(/ﬂ +p2) E Cint()
K " E c 09



Method

Definitions

Norm on V (DG norm):
V]2 = Z/ YV dx + b Z/[[v]F ds
< JK = JE
Seminorm on V:

ViEn=3 [ Vv x
K K

For |.|1,» there holds

V[1h=0 for v piecewise constant



Method

Variational Formulation

For K € 7, the solution u satisfies
—/Auvdx:/fvdx Vv € H?(K).
K K
Integration by parts:
/Vu-Vvdx—/ vVu-nds:/fvdx Vv € H?(K)
K oK K

Summation over all elements K € 7p:

Z/VU-Vvdx—Z/[[vVu]]ds:/fvdx Vv eV
Ik = JE Q



Method

Variational Formulation
As Vu € H'(Q)?, the trace of Vu on edge E exists:

/[[vVu]]ds = /[[v]]-Vu ds
E E
- /[[v]] {Vu} ds
E
The solution u € H?(Q) is continuous, all jumps vanish
/[[u]] pds=0  VE €& pe l3E).
E

Set u = {Vv}, sum up equations

Z/ Vu-Vvdx — Z/ (V- {Vu} — [u] - {Vv})ds

K 'K e /E

:/fvdx YveV
Q



Method

Method of Baumann and Oden

Find up € Vj, such that
ap(Up, vp) = (f,vn)  Vvhe Vp

where
an(u, v)_ZK:/KVU-Vvdx_ZE:/E(uvn-{vU}—[[u]]-{vV})ds

The method is
e consistent, for u there holds an(u, vy) = (f, vp) for vy € V).
¢ not adjoint consistent, non-symmetric bilinear form
e not stable w.r.t. the DG norm |.||



Consistency and Stability

Missing adjoint consistency

Let w satisfy adjoint equation,

—Aw = g inQ
w = 0 onof.
For g € L?(Q), we have w € H?(Q).
The method is not adjoint consistent:
Solution w does not satisfy discrete adjoint equation

ap(vh,w) =(g9,vn)  Vvh€ Vp



Consistency and Stability

Proof: Let v, € V!

ap(vh, w) = XK:/KVV,,-VW dx
—;/E([[\:M%]]/~{Vvh}—[[vh]]-{VW})ds
= _ZK:/th-Awdx—kzk:/athVW.nds

+2E:/E[[vh]].{vW} ds
= [ om dx+2§E:/E[[Vh]]'{VW} ds # (g, vn)



Consistency and Stability

Stability

ap is bounded w.r.t. DG norm:
lan(u, V)| < azflullllvll  Vu,veV

ap is not coercive in V, for v piecewise constant we have

ah(v,v):Z/ Vv - Vv dx =0.
K K
Possible method of stabilization: Choose bilinear form
an(u, v) + aZ/[[u]] [v]ds
= JE

for a ~ h~' (— NIPG method).



Error estimates
H' estimate
For v € V there holds
an(v,v) = V5

Therefore, we try to bound |u — up|+ .
Choose an interpolant u; € V}, of u such that

llu— ufll < chP|ulp.+

and
/ {Vh(u—u)}ds=0 VE €&,
E

This is possible for p > 2.
Triangle inequality:

\U— Up|1,n < |U— Ujl1,p+ U — Unl1.p



Error estimates

H' estimate

Lemma
There holds

an(u — uy, vp) < aflu—ul||val1,n Yvh € V.

Proof. Let vy = PyVvj, be the L2 projection of v, onto the space
of piecewise constant functions. The interpolate v, satisfies

X [ (V- wtilas=o

and therefore

aplu—u;,,Vvy) = V(u—u) -Vvy dx
h( 1, Vo) EK:/K( /)\:0_9

- EE:/E (Ivol - AV(u—u)} —[u—uJ{Vvw})ds=0

=0



Error estimates

H' estimate

The seminorm |.|1 4 is @ norm on
{vo € Vi : Pyvy = 0}.
Therefore, there exists a constant C such that
Iva — Povall < Clval1,n

and further

ap(u—uy,v) ap(u— up, vh — vp)

azflu = uf[fvn — voll

IN A

azCllu— uill|Val1,n



Error estimates

H' estimate

We can now prove an estimate for |up — uj|1 p-
The method is consistent: There holds

lup—ulfy = an(un— uy, up — uy)
eVp
= ap(u—u,up—u).

Lemma 1 gives

an(u — up, up — up) < Cllu— ujl||un — ujl1 -



Error estimates

H' estimate

We have shown
lup — uilf < Cllu = ugllun — ufl1,n < CHP|ulps1|Up — Uyl -
Therefore we have an optimal order estimate
|u— up|1,n < qCHP|ulpit.

Note that the estimate is weak, it does not imply convergence in
V. We need an additional L? estimate.



Error estimates

L2 error

Method is not adjoint consistent = no optimal order L2 error.
We will prove suboptimal order estimate:

lu = unllo < chPlulp+1
Let w be the solution to the adjoint problem

—Aw = u—uy inQ
w =0 on 09

Elliptic regularity: w € H2(Q), ||w|2 < c¢||u — up||o-



Error estimates

L2 error

There holds
lu—upl3 = (—Aw,u—up) = ap(w,u— up)
= ap(w,u— up) + ap(u — up, w) — ap(u — up, w)
= 22/ Vw - V(U — up)dx — ap(u — up, w)
= JKk
= 22/ Vw - V(U — up)dx — ap(u — up, w — w))
= JKk
1st term:

Z/KVW-V(U— up)dx < |wlt|u — upl.p
K

< Clwll2|lu — upl1,n < Cllu — unlloh?|ulp11



Error estimates

L2 error

2nd term

ap(u — up,w — wj) an(u — up — Po(u — up), w — wy)
azl|u — up — Po(u — up)|lllw — wi|

clu — unl1,phl[wl2

IAIAIA

ch? | ulps1llu — Unllo
Collecting all results, we get

lu = unllo < chP|ulp1.



Method Consistency and Stability Error estimates

Numerical Results
Problem: Find u : Q2 — R such that

—Au = sin(nx)sin(ry) inQ
u = 0 ondQ

with Q = [0, 1]2.

Figure: Triangulation

Results
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Solution

Q.06

008

Figure: DG Solution, p =1, h =0.04
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Solution

0.06

0.08

Figure: DG Solution, p =1, h = 0.025



Results

Error

— Tyl

— uuly

‘ h ndof ||U/-,— U||0 |U/—,— U|1,/-,

Mesh 1 0.07 1350 1.1142.10~% 25120 -10~*%
Mesh 2 0.05 2400 4.7224-10~° 1.3616-10~*
Mesh 3 0.04 3750 1.6755-10~° 8.5133-107°
Mesh 4 | 0.025 9600 6.5425-10% 3.2029-107°



Results

Conclusion

We have seen that the method of Baumann and Oden is
e consistent
e not adjoint consistent

¢ not stable, but can be stabilized by penalty terms (— NIPG
method)

e easy to implement

We have bounded the error u — u, in both L2 and the broken H'
space.
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