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1. Introduction

e We extend the theory of Grobner bases to difference-differen-
tial modules. The main purpose of this paper is to give a
new approach to the computation of a Grobner basis for an
ideal in (or a module over) the ring of difference-differential
operators.

e To this aim we introduce the concept of generalized term
order on N x Z" and on difference-differential modules.



Related work

e The theory of GB has been generalized by many authors to
non-commutative domains, especially to modules over vari-
ous rings of differential operators. Galligo (1985) first gave
the Grobner basis algorithm for the Weyl algebra A, (K) of
partial differential operators with coefficients in a polynomial
ring over the field K.

e Mora (1986) generalized the concept of Grobner basis to
non-commutative free algebras.

e Kondrateva et al. (1998) described the Grobner basis
method for differential and difference modules.

e Noumi (1988) and Takayama (1998) formulated Grobner
bases in R, the ring of differential operators with rational
function coefficients.

e Oaku and Shimoyama (1994) treated Dy, the ring of differ-
ential operators with power series coefficients.



e Insa and Pauer (1998) presented a basic theory of Grobner
bases for differential operators with coefficients in a commu-
tative Noetherian ring.

e Pauer and Unterkircher (1999) considered Grobner bases in
Laurent polynomial rings, but their approach is limited to
the commutative case.

e Levin (2000) introduced characteristic sets for free modules
over rings of difference-differential operators. Such charac-
teristic sets depend on a specific order on N x Z". But
this order is not a term order in the sense of the theory of
Grobner bases.



Difference-differential modules

A ring is always an associative ring with 1. A module over a ring
A is a unitary left A-module.

Def.1.1: Let R be a commutative Noetherian ring. Let A =
{01, -+, 0m} be a set of derivations on R and ¥ = {01, -+, 0,}
a set of automorphisms of R, such that a(x) € R and a(8(x)) =
Bla(x)) for any o, 3 € AUY and x € R. Then R is called a
difference-differential ring with the basic set of derivations A
and the basic set of automorphisms >, or shortly a A->-ring; if

R is a field, then it is called a A-X>-field.

Ex.1.1: Let R = Klxy,...,x,| for a field K, §; = 0/0x; and
o; the automorphism which maps x; to x; — 1. Then R is a

A-Y-ring for A = {d1,...,0,} and X = {oy,...,0,}.



Def.1.2: Let R be a A->-ring and A be the free commutative
semigroup of words over A and 3 (containing the elements of 3.
and their inverses).

Then an expression of the form

>, (1.2)

AEA

where a) € R for all A € A and only finitely many coefficients
a), are different from zero, is called a difference-differential op-
erator (or shortly a A-Y-operator) over R.

Two A-Y-operators ), ., axA and )y, b\ are equal if and
only if ay = by for all A € A.



The set of all A-Y-operators over a A-X-ring R is a ring with
the following fundamental relations

DA AT D A bad = Y oycalan + by,

a(D_ren MA) = D yealaan), (1.3)
(XonermMp = 3 yep aa(Ap), |
da = ad + 6(a), oa = o(a)o,

for all ay,by € R, \,u € A\, a € R, § € A, 0 € X. Note that
the elements in A and Y do not commute with the elements in
R, and therefore the terms A € A do not commute with the
coefficients a) € R.



Def.1.3: The ring of all A-Y-operators over a A--ring R is
called the ring of difference-differential operators (or shortly
the ring of A-X-operators) over R. It will be denoted by D.

A left D-module M is called a difference-differential module
(or a A-X-module). If M is finitely generated as a left D-module,
then M is called a finitely generated A-X-module.



When ¥ = (), D will be the ring of differential operators
R[(Slv T 5m}

If the coefficient ring R is the polynomial ring in z1,...,x,,
over a field K and §; = 0/0x; for 1 < ¢ < m, then D will be
the Weyl algebra A,,(K). So A-Y-modules are generalizations
of modules over rings of differential operators.

But in the ring of A-Y-operators the terms are of the form
(1.1) and the exponent in oy,---, 0, is (I1,---,1,) € Z". The
notion of term order, as commonly used in Grobner basis theory,
is no longer valid. We need to generalize the concept of term
order.



2. Generalized term order

Def.2.1: Let Z" be the union of finitely many subsets Z7, i.e.
7" = Ué{le 2, where Z7, j = 1,--- k, satisfy the following
conditions:

(i) (0,---,0) € Z}, and Z} does not contain any pair of
invertible elements ¢ = (¢1,---,¢,) # 0 and —c =

<_Cla Ty _Cn>7
(ii) Z% is isomorphic to N™ as a semigroup,
(ili) the group generated by Z7 is Z".

Then {Z7 | j =1,---,k} is called an orthant decomposition of
Z" and Z is called the j-th orthant of the decomposition.
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Ex.2.1: Let {Z},---,Z3.} be all distinct Cartesian products of
n sets each of which is either Z, or Z_. Then this is an orthant
decomposition of Z". The set of generators of Z as a semigroup
is

{(c1,0,---,0),(0,¢9,0,---,0),---,(0,---,0,¢,)},
where c; is either 1 or —1, 7 =1,---,n. We call this decompo-
sition the canonical orthant decomposition of Z".
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Ex.2.2: The decomposition Z? = Z3 U Z* U Z3, where
Zi = {(a,b)|la > 0,b>0,a,b € Z},

73 ={(a,b)|la <0,b>a,a,bec Z},
Zs = {(a,b)|b < 0,a > b,a,b € Z},

is an orthant decomposition of Z?.
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Def.2.2: Let {Z} | j = 1,---,k} be an orthant decom-
position of Z". Then a = (ki, -+, kn,l1,--,1l,) and b =

(71, Ty S1, 7+ =, Sp) of N X Z™ are called similar elements, if
the n-tuples (I1,---,l,) and (s, - -, s,) are in the same orthant
75 ot Z".

Def.2.3: Let {Z7 | j =1,---,k} be an orthant decomposition
of Z". A total order < on N x Z" is called a generalized term
order on N x Z" w.r.t. the decomposition, if the following
conditions hold:

(i) (0,---,0) is the smallest element in N x Z",

(ii) if @ < b, then a + ¢ < b+ ¢ for any ¢ similar to b.
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Ex.2.3: (a) Let {Z7 | j =1,---,2"} be the canonical orthant
decomposition of Z" defined in Example 2.1. For every a =

(k1y ey kmy by, -0 1) € N XCZ et
la| =K1+ -+ kp+ ]|+ + 0]

For two elements a = (ky, -+, kp, l1,- -+, 1,) and

b= (r1, -, Tm,S1, -, Sp) of N X Z" define a < b if and only
if the (1 + m + n)-tuple (|a|, k1, -+, km,l1, -+, 1,) is smaller
than (|b], 71, +, "m, S1, * +, $n) W.I.t. the lexicographic order on
N7+ % 7" Then 7 <” is a generalized term order on N™ x Z".
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(b) Let the orthant decomposition of Z" be as in Example 2.1.
For every a = (ky, -+, ki, l1, -+, 1) € N™ X Z" let

m n
laly = ki, ala =) |1l
j=1 j=1

For two elements a = (ky, -+, kp, l1, -+, 1,) and
b= (r1, -, Tm,S1,,Sp) of N xX Z" define a < b if and only
if the (2 +m + 2n)-tuple

(‘a’h? ‘ab?klv Ty km) ‘ll‘a R ’ln’7l17 T 7ln>

is lexicographically smaller than

(‘b|17 ’bbarla o Tmy |31’7 T, |Sn‘7 Sty Sn)-

Then " <" is a generalized term order on N™ x Z".
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(c) Let {Z§n), 7 =0,1,--- n} be the orthant decomposition of
77" defined in Example 2.2. For every element
a=(ki, - kn,li, -, 1) € N X Z" let

|a|| = —min{0,l,---,1,} .

For two elements a = (ky, -+, kpn, l1,- -+, 1) and

b= (r1, T m,S1, ", 8n) of N X Z" define a < b if and only
if the (1 + m + n)-tuple (||al|, k1, -, kn, L1, - -+, 1) is lexico-
graphically smaller than (oIl 71y« + s "y S15 7+ + 5 Sn). Then
7 <" is a generalized term order on N™ x Z".
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In order to investigate A-Y-modules, we need to extend the
notion of generalized term order to N x Z" X E, where FE =
{e1,---,e,} is aset of generators of a module.

Def. 2.4: Let {Z} | j = 1,- -+, k} be an orthant decomposition
of Z". Let E = {ey,---,e,} be aset of ¢ distinct elements. A
total order < on N x Z" x E is called a generalized term
orderon N x Z" x E w.r.t. the decomposition, if the following
conditions hold:

(i) (0,---,0,¢€;) is the smallest element in N™ x Z" x {e;} for
any e; € I/,

(ii) if (a,e;) < (b,ej), then (a + c,e;) < (b+ c,e;) for any c
similar to b.
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Ex.2.4: Let the orthant decomposition of Z™ and the general-
ized term order " <" on N™ x Z" be as in Example 2.3(b). Given

an order "<g” on E = {ey,- -, e,}, for two elements
(CL, ei) — (klv Tty kma Zl? T ln7 ei) and
(by e]) — (7“1,'",7"771,81,'",8”,6]')

of N x Z" x E define:
(a,e;) <1 (b,e;) <= a<b or (a=0b and e; <ge;);
(a,e;) <2 (b,e;) <= e <pe; or (e;=e¢€; and a <Db);
(CL, 62‘) <3 (b, ej) <~
(‘&‘1, ‘Cl‘g, €, kla T, km) ’l1‘7 Tty ’ln’7 ll) T, ln)

< (‘b’h ’bba eja 1y 3 Tm, ’81‘7 T ’871‘7 S1y° Sn)
in lexicographic order.

Then 7=<7"7, 7<y",”"<3" are generalized term orders on N™ X
7" x B,
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Lemma 2.1: Let {Z7 | j =1,---, k} be an orthant decompo-
sition of Z™ and " <" be a generalized term order on N x Z"
with respect to the orthant decomposition.

(a) Every strictly descending sequence in N™ x Z" is finite. In
particular, every subset of N x Z" contains a smallest ele-
ment.

(b) Every strictly descending sequence in N™ x Z" x E is finite.
In particular, every subset of N x Z" X E contains a smallest
element.
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3. Grobner bases in finitely gener-
ated difference-differential modules

Let K be a A-X-field and D be the ring of A-X-operators
over K, and let F be a finitely generated free D-module (i.e. a
finitely generated free difference-differential-module) with a set
of free generators F = {ej,---,e,}. Then F can be considered
as a K -vector space generated by the set of all elements of the
form Ae;, where A € Aandi =1, ..., q. This set will be denoted
by AE and its elements will be called “terms” of F'. If “<” is
a generalized term order on N x Z" x E then “<” obviously
induces an order on AE, which we also call a generalized term
order.

Every element f € F' has a unique representation as a linear
combination of terms

f = a1>\16j1 + -+ ad)\dejd (31)
for some nonzero elements a; € K (i = 1,---,d) and some
distinct elements Ajej , -+, Agej, € AE.
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Reduction in difference-differential modules
Def.3.1: Let

_ sk km ol l 57 T 51 s
A =0;"-0,aq - and Ag=0;"---0,"a Q)

be two elements in A. If they are similar and r, < k,,, |s,| < |I,|
forp=1,---,m,v=1,---,n, then \; is called a multiple of
Ao and this relation is denoted by Ag|Aq. If A\y|A\; and i = j then
u = Aie; is called a multiple of v = Age; and this relation is
denoted by v|u.

Def. 3.2: Let < be a generalized term order on AE, f € F be
of the form (3.1). Then

t(f) = max { \ejli =1,---,d}

is called the leading term of f. If Nje;, = 1t(f), then a; is called
the leading coefficient of f, denoted by lc(f).

21



Lemma 3.1: Let A € A,a € K, and < be a generalized term
order on A € D. Then

Aa=a\+ €,

where @’ = o(a) for some o € ¥*. If a # 0 then also a’ # 0.
Furthermore, £ € D with 1t(£) < A and all terms of € are similar
to A.

Lemma 3.2: Let F be a finitely generated free D-module and
0 # f € F. Then the following hold:

(i) If A € A, then It(Af) = A - u for a unique term u of f.
(ii) I 1t(f) € AjE then for any A € A

l6(Af) = A-1t(f) € AE.

Lemma 3.3: Let F' be a finitely generated free D-module and
0 # f € F. Then for each j, there exists some A € A and a
unique term u; of f such that

1t()\f> =\ u; € AJE
We will write {t;(f) for this term w;.

Proposition 3.1: Let 0# f € F,0# h € D. Then lt(hf) =
max{A\ur} where \; are terms of h and wy are terms of f.
Therefore It(hf) = A - u for a unique term A of h and a unique
term wu of f.
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Now we are ready to introduce the concept of “reduction”,
which is central in the theory of Grobner bases.

Theorem 3.1: Let fi,---,f, € F'\ {0}. Then every g € F
can be represented as

g=hifi+- -+ hfp+r (3.2)
for some elements hy,---, h, € D and r € F such that
(1) hz =0or 1t(hzfz) j 1t(g) for 1 = 1, L P,

(ii) 7 = 0 or It(r) is not a multiple of any It(Af;) for A € A,
i=1,-.p.
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Def.3.4: Let fi1,....f, € F\ {0}, g € F. Suppose that
equation (3.2) in Theorem 3.1 holds and the conditions (i), (ii)
are satisfied. If » # ¢ we say ¢ can be reduced by {f1, -, f,}
to 7. In this case we have 1t(r) < 1t(g) by the proof of Theorem
3.1. In the case of r = g and h;, = 0 forez = 1,---,p, we say
that g is reduced w.r.t. {f1,---, fp}.

Note that we are using the notion of reduction as head-
reduction.
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Ex.3.1: Let K = Q(z1,22), D = K|[d1, 09, o, ™ 1], where 4y,
09 are the partial derivatives w.r.t. x1, xo, respectively, and « is
an automorphism of K. So D is the {01, d2} — {a}-ring over the
coefficient field Q(z1, x2). Choose the generalized term order on

N? x Z as in Example 2.3 (a), i.e.
u =602l < v =0Ra =
(lull, k1, ko, 1) <iew (0l} 71,72, ),
where ||u|| = k1 + k2 + |I]. Let
g=706a*+86a f=06a'l+a
Then
g=0a +dhat=a (a7t +a)+ (6ot —1)=a ' f+1.

Although 1t(r1) = d2a? is not any multiple of 1t(f) = d1a™!, we
can find A = dacx such that 1t(r1) = It(\f) = 1t(6155 + d20?).
Therefore

g = Q’_lf + 52@f + (—(5152 — 1) = (Oé_l + 5204)f + 79

Now 79 satisfies the condition (ii) in Theorem 3.1. So g is reduced
by f to ro.
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Grobner bases

Def. 3.5: Let W be a submodule of the finitely generated free
D-module F' and < be a generalized term order on AE. Let
G=A{q, ,9,}) € W\{0}. Then G is called a Grobner basis
of W (w.r.t. the generalized term order <) if and only if for
every f € W\ {0}, It(f) is a multiple of It(A\g;) for some X € A,
g; € G. If every element of G is reduced with respect to the
other elements of GG, then G is called a reduced Grobner basis

of W .
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Proposition 3.2: Let G be a finite subset of W \ {0}. The
following assertions hold:

(i) G is a Grobner basis of W if and only if every f € W can

be reduced by G to 0. So a Grobner basis of W generates
the D-module W.

(ii) If G is a Grobner basis of W, f € F, then f € W if and
only if f can be reduced by G to 0.

(iii) If G is a Grobner basis of W, then f € W is reduced w.r.t.
G if and only if f = 0.
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Def. 3.6: Let F' be a finitely generated free D-module and
f,g9 € F\{0}. For every A; let V (4, f, g) be a finite system of
generators of the K[A;]-module
kiag (KOS € B, A € A)
kg {t(ng)lt(ng) € AjE,n € A).

Then for every generator v € V (7, f, 9),

| v f v 9
SU 90 = 1 e (g ie(g)

is called an S-polynomaial of f and g with respect to 7 and v.

The K[A;]-module considered in Definition 3.6 is a “monomial
module”, i.e. it is generated by elements containing only one
term. Such a module always has a finite “monomial basis”, i.e.
every basis element contains only one term. In the following we
assume that V' (j, f, g) is such a finite monomial basis.

The computation of V'(j, f, g) involves the generalized term
order on AE. Pauer and Unterkircher (1999) have investigated
V (4, f,g) for commutative Laurent polynomial rings and have
given algorithms for some important cases. Their results are still
valid for difference-differential modules.
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Ex. 3.3: Let F = D = K[01,02,a1,0] ", a3,05'] and K =
Q(x1, x2), where 61, d5 are the partial derivatives w.r.t. x; and
X9, respectively, and aq, aip are two automorphism on /. Choose
the generalized term order on N? x Z? as in Example 2.3(c), i.e.
u=o0ala < v=4702a o)
— (HUHa ki, ko, 1, lQ) <lex (HUH7 1,72, S1, 32)7
where [|u|| = —min(0, 1, ).
Let
f:&f2—52, g:51—|—o/21.
Note that the orthants of A are Ay, A1, Ay as described in Exam-
ple 2.2 for n = 2. One can see that
{Ae AJ1t(AS) € Mo} = Moot s {n € A lt(ng) € Ao} = Ag

and

{1t<)\f) e\ ‘ A E A} = AO(SQO&%,
{1t<ﬁg) c AO ‘ RS A} = A051.
Then V(0, f,g) = {vo} = {0102a7} and by Definition 3.6,
S(0, f, g,v0) = d1atf + dhatg = §; + 52a%o/21.
Similarly we have
AeAItAf) e M} =Mar, {neA|lt(ng) € i} = Ay

and
{Ik(Af) € Ay | A € A} = Aoy,
{lt(ng) € Ay | n € A} = A6y
Then V(1, f,g) = {v1} = {d1a; '} and

S(la f7 g, Ul) — 51@1][ - al_lg — —(51520{1 - &flag-
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Finally,
INe A|It(Af) € Ay} = Asaf,
{ne A |ltng) € Ao} = Aoy,
{1t()\f) c A2 ‘ A E A} = AQ&Q&%,
{lt(ng) € Ay | n € A} = Agbroy .

Then V(2, f,g) = {v2} = {6162010; '} and

3(27 I 9, Uz) = 51041062_1f + 52041042_19 = 51041_1042_2 + 5204104;’.
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For the proof of the Generalized Buchberger Theorem we need
the following lemmas.

Lemma 3.4: Let fi,---,f; € F and ay,---,a; € K. If
S a; =0, then

7=1
!
E :ajrj E :bj fJ+1
j=1

for some b; € R.

Lemma 3.5: Let g;, gx € F and lt(A\g;) = lt(ngr) = u € NjE,
where A, n € A. Then there exists ¢ € A; and v € V(§, g;, ),
such that u = (v. Therefore if G is a finite subset of F\{0} and
the S-polynomial S(j, g;, gk, v) can be reduced to 0 by G then

. u gi
CS J,9i, 9k, V) = h J
( ) It;(g:) lej(g:) lt (9 ZCJ 9r) geza g

with lt(hyg) < u for g € G.
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Theorem 3.2 (Generalized Buchberger Theorem) Let
F' be a free D-module and < be a generalized term order on AFE,
G be a finite subset of F\{0} and W be the submodule in F
generated by GG. Then G is a Grobner basis of W if and only
if for all A, for all g;, gr € G and for all v € V(7, gi, i), the
S-polynomials S(7, ¢;, gk, v) can be reduced to 0 by G.
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Theorem 3.3 (Buchberger Algorithm) Let F' be a free D-
module and < be a generalized term order on AE, G be a finite
subset of F\{0} and W be the submodule in F' generated by G.
For each A and f,g € F\{0} let V'(4, f, g) and S(j, f, g,v) be
as in Definition 3.6. Then by the following algorithm a Grobner
basis of W can be computed:

Input: G ={g1, -, 9.}, aset of generators of W
Output: G' = {g}, -, g,}, a Grobner basis of W
Begin

G() =G

While 4f, g € G;, ve V(j, f,g) st.

S(j, f,g,v) reduces to r # 0 by G;

Do GfH_l = Gz U {7”}

If Gi—i—l = Gz then Gz’—H =G’
End
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Ex. 3.5: Let F' and the generalized term order on A be as in
Example 3.3. Let G = {g1, 99,93} = {a3+ 1,05 —1,ajas+1}.
Then G is a Grobner basis of the submodule W generated by G.
To prove this, we must show that all S-polynomials of G can be
reduced to 0 by G.

Following the method described in Example 3.3, we have
V(0,91,92) = {afas}, V(1,91,02) = {ar7 a3}, VI(2,01,00)=
{aja5'}. So

24)

S(0,g1, 92, 0%a3) = alg — adge = +ai = g1 + g,

-1 _ 3\ __ -1 -1 -1 3 _
8(1,917927041 042) = ) Gy gl—i_Oél aog2 =
-1 -1 3 _ (11
ap oy oy = (o) ay)gs,
~1 -1 1 -1
S<27917927a1a2 ) = 1y g1 — @y Gy g2 =

~1 - 5 (-1 —1
ap oy + ooy = (o @y )gs.

Furthermore, V(0,g1,93) = {afa3}, V(1,91,93) = {a;'as},

V(Q, gi, 93) — {042_1}. So

S(0,g1,93,0}a3) = g —g3=al —1= g,

-1 .3\ __ -1 -1 —-1.3 .
S(L g1, 93, O51 042) - Ofl 042 g1 — al aog3 =
-1 -1 7T __

(a7 g M) gs — aqadan,

(note that the r.h.s. of this equation satisfies the condition in
Theorem 3.1 (i), i.e. 1t(h;g;) = 1t(.9))

. | -1 3 2 3 3
5(27917937042 )—042 g1 — Gy g3 = Qg — Qg = — Qs (2.
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Finally, V(0, g2, g3) = {33}, V(1, g2, g3) = {7 '},

V(2,92,93) = {omay '}
S(Oa 92, g3, CK%O/QL)
5(17 92, g3, al_l)

5(27 92, g3, alaz_l)

So

= Qygs — g3 =~y — 1 = —gi,

—1 -1, 4 _
y o — Qq g3 = Q105 + Q1 =
141,

—1_—1 -1, _

Qg g2 — 10y g3 =
—al_lcuz_l — oz?ag’ =

-1 -1 3
Ay g3 + A15G9.

The r.h.s. of this equation also satisfies the condition in Theorem
3.1 (i). So, by Theorem 3.2, G is a Grobner basis of W.
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