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We provide a unified approach to the study of lower bounds on the
distance of cyclic codes.

We show that all known bounds fall within two classes and that many
of them fall within a specific subclass.

We also provide new bounds, relations between bounds and counterex-
amples to claimed bounds.
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C: class of cyclic codes (s.t. (n,q) = 1),
Cqyn: the class of cyclic codes of length n over I,
so that C = U, g)=1 Cyn-
We have seen in previous talks the bijective correspondence:

Con =19 € Fl2] | g(z" = 1)}

[t is very important to be able to give bounds on the distance of cyclic
codes, especially lower bounds.

An obvious way of computing the distance is to check the weight of any
codeword, whose computation time is exponential in n.

In mathematics we are used to definitions and proofs given in a well-
specified setting, however in this type of literature you can find ambi-
guous statements, where the exact setting is not clear. In the first ten
slides we will play around this ambiguity.
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Would you be surprised if an exponential-time bound performs better
than a polynomaial-time bound?

Would you be surprised if a bound using more information than an-
other obtains better results?

Can the same bound perform differently on the same codes?

Massimiliano Sala



A theory for the distance of cyclic codes 5

Definition 1. A map § : C — N U {oo} is called a (lower) bound
on C, if
6(C) <d(C), VC € C.

Let C' be a code in C and F C C. Let 0 be a bound on C. We say
that:

e ) is tight on C, if §(C) = d(C),
e ) is tight on F, if 6(C) =d(C), V CeF.

An established standard way of measuring the performance of a bound
1s to compute

N5 = ‘{C | C < Un§6162,n7 5<C> < d<C>}‘

that is, to count on how many codes (in a benchmark set) the bound is
not tight.
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We have analyzed all bounds known in literature (up to our know-
ledge), but we will mention in this talk only the following:

e the BCH bound (Bose, Ray-Chaudhuri, and Hocquenghem),
e the HT bound (Hartmann and Tzeng),

e the Roos bound,

e the Schaub bound,

e the VW bound (Van-Lint and Wilson, shifting bound),

e the Boston bounds,

e the A bound (Betti and Sala),

e the SP singleton-procedure bound (Sala).

We will use a |[CL] to mark classical results or definitions and an [N]
for our contribution.
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On a paper you can find the following values for the tightness of a few
bounds:

Npcw =433, Nur = 373, Npows = 333.

However, on another paper you can find this value:
Npoyg = 147.
In another paper it is claimed
Nyw =2,

but someone else says
NVW = 18.

Confused? I was!
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In the introduction of [vLWS86] (where the VW bound is presented)
we read:
In many cases the results are considerably stronger than previously
known lower bounds.

This claim is true for the time and the paper is one of the most valuable
contributions to this research area.
However the authors forgot to mention that the VW bounds is expo-
nential-time, while the others compared in that paper are polyno-
mial-time.
Moreover, the VW bound uses more information on the code than the
one used by the others.
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We can find a similar situation in [ALdAV96], where the authors com-
pare the Schaub bound and other bounds. They refer to the values given
by the Schaub bound as to “numerical results”. We read:

The numerical results are surprisingly higher than all previous
known lower bounds.

As in the VW case, here the “better” bound is exponential-time
(rather than polynomial-time) and uses more information on the code.
Would you be surprised as well?
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“Serious” matters we are going to do:

e review defining sets and sub-codes,

e review the relation between the DF'T and the distance,

e introduce a family of bounds called root bounds,.

e list which bounds fall in this class,

e present a theorem on the optimal root bound,

e provide counterexamples to two bounds claimed in the literature,
e introduce the sub-class of strong root bounds,

e list which bounds fall in this class,

e introduce the class of border bounds,

e list which bounds fall in this class,

e present an equivalence theorem.

Massimiliano Sala



A theory for the distance of cyclic codes 11

We denote by Sc, the complete defining set of C' with respect to «,
l.e.
Sca={0<i<n—1]|gc(a') =0}.

Any linear subcode C” of C that is cyclic will be called a cyclic subcode,
and in this case we will write C" < C if C’ is not null. The cyclic
subcodes of C' are generated by {(g) | gc|g, g|z" — 1} and there are

S(r;s) _ g5 _ 1
i=1

non-null cyclic subcodes (including C itself), where r is the number of
irreducible factors of z” — 1 and s the number of those of g. They are

~ 2"

in the worst-case
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Definition 2 (N). Let S C N x N be s.t.
(g,n)eS & q=p",pisaprime,m>1,n>1, (n,p =1.
We denote by Z the class of all functions
¢S+ Up prime Fp
s.t. ((q,m) is a primitive n-th root of unity over IF,,.

Note that primitive roots depend only on the characteristic p.

In other words, fixing ( € Z we choose a “canonical” n-th root of
unity for each gq.

Definition 3 (CL). Let C,Cy € C,,,. We say that Cy and Cy are
naturally equivalent if there are two primitive n-th roots of unity
over F,, a and 3, s.1.

SCha = SCy.3-
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A classical result on cyclic codes can be given in our context as follows.

Theorem 4 (CL). Let Cy and Cy be naturally equivalent cyclic
codes. Then
d(Ch) = d(C5).

Furthermore, let Cy be in C,,,. Let o and 8 be primitive n-th roots
of unity. Then there is a unique cyclic code Cy in Cyy S.1.

SCha = SCy.3-

From the defining set one finds the defining sets of naturally equivalent

codes, in a manner independent of the field size, but dependent only on
n. Let 1 >1,(l,n) =1,

S:{il,...,iqn}|—>S/:{j1,...,j7a}
where j, =5l (mod n) and 0 < j, <n — 1.

The same operation will send subcodes in naturally equi-
valent subcodes.
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Definition 5. Let a = (ag, ..., a,_1) be a vector over a field K. We
denote by M(Q) the circulant matriz:

a a ... Ap—2 anpn—1
M@= |t
ap—1 Ao ... Ap-3 Ap-2
Let @ = (ag,...,a,—1) € K". The Discrete Fourier Transform
(or DFT for short) of a is the vector:
n—1
DFT(a) = (Ag,..., A1), A=) aja”.

=0

If we represent a word ¢ € C as a polynomial in [ |z|, then the zero
components of its DF'T correspond to the zeros of ¢, since A; = ¢(a')
for any .
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We collect in one statement some known results.

Theorem 6 (CL). Let C € C and let DET(C) be the code formed
by the DFT of the words of C. Then

d = min{rk(M (DFT(c))) | c € C, ¢ # 0}.

Thus, the problem of finding the distance of a code is equivalent to
finding the minimum rank of the corresponding set of matrices. In par-
ticular any bound for one is also a bound for the other one.

This result does not look impressive, since computing the rank of
M (DFT(c)) is much more expensive than computing the weight of c.
Yet, it is the starting point of our theory.
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Definition 7 (N).
We denote by D the following subset of N x 2N:

(n,S)eD < n>1,5cCH{0,...,n—1}.

Let (n,S) € D. Let S = {i1,...,in}. We denote by (n,S)" the
following set of subsets of {0,... ,n— 1}

(n,S)* = {S,,...,S,},

where r = |Z}| and for any |l € 7 there is an i such that

For any function ¢ € Z we define a map from C to D:
¢C :C — D) ¢C(O> — (na SC',Oé) ;

where oo = ((p, n). We can prove that it is surjective.
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Definition 8 (N).
A root function is a map f: D — NU{oc} such that:
V(e Z, VCel, foop/(C)<dC).
We denote by ‘R the class of all root functions.
Giwen f € R, we say that f is invariant if f(n,S) = f(n,T),

for any T € (n,S)?. We say that f is monotone if for any (n,S)
and (n',S") in D we have

n=n',ScS = f(n>S) <f(n?S.
For any ¢ € Z and any f € R, composite map
fD7C:fO¢CCI—>NU{OO}

1s called the root bound associated to f and (. We denote by Rp
the class of all root bounds.
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A lower bound is a map that gives an estimate on the distance of a
cyclic code.

With a root bound this estimate is given while ignoring all infor-
mation about the code except for the length and its defining sets.
In particular, no information on the underlying field is used.

J o

N

D
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We define a map f from D to NU {oo}, as follows

f(n,S)=max{f(n,S) | fER}.

Theorem 9 (N). Map f is a root function, which is maximal in
R, monotone and invariant.

[ts associated root bound fp is obviously the optimal root bound, i.e.
the best you can do to lower bound the distance if you only use defining
sets.
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Definition 10 (N).
For any ¢ € Z and any (n,S) € D, we define two sets, V(i 5 C C
and T(Cn ) C N, as follows

Vig = {C1C €C.6(C) = (n,8)}

Ti,s) = {d(C)|C € C.ox(0) = n.8)} = {d(C)} gy

Definition 11 (N).

We define g : D — NU {oo}, by choosing an arbitrary ¢ € Z and
setting

g(n,S) = miann’S), for any (n,S) € D.
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Our main theorems on root bounds are the following

Theorem 12 (N). Map g is a well-defined root function. Moreover
g="f

Theorem 13 (N).

fp #£ d

What we call root bounds are sometimes called “BCH-like” bounds,
since they include the BCH bound and its generalizations (HT bound,
Roos bound, etc.).
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Theorem 13 can be rephrased:

If you get a bound which depends only on the information
given by the defining sets, it does not matter how smart
you are and how much computation power you have, your bound
cannot be tight on all cyclic codes.
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Let U be a set formed by three elements, which we call {A, X, 0}.
We endow U with two operations, sum and product, according to the
following logical tables:

A TA0 + [ATA |0
A|TATA O ATAIA A
NIAITN O NIATA X
0 1010 |0 0 |AIX|0

The set U plays the role of a field where we have partial information on
the element values. More precisely, let K be a field and &£ € K, we say
that:

o kis A, if we know for sure that & is different from 0,
e k is 0, if we know for sure that k is 0,

e kis A, otherwise.
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One should regard an element of U as the information we have on a
field element, rather that a way to indicate its value. For example the
sum rule A + A = A is equivalent to the sentence “if we sum two
nonzero values, we will have no information on the outcome”.

[t is possible to introduce in & some notions of linear algebra, but the
definitions are cumbersome, because U is not a field and U cannot be
endowed with the structure of vector space. From now on, I assume that
you have an intuitive idea of vectors, linear dependence/independence,
rank for a matrix, etc.
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Definition 14 (N). Letn > 1 and S C {0,...,n — 1}. We denote
by R(n,S) the vector (ug, ..., uy,_1) inU" such that u; =0, ifi € S,
w; = A otherwise.

Example 15. Let n =4, S = {1,2}. Then we have
R(n,S) = R(4,{1,2}) = (A,0,0,A).

Example 16. Let n =6, S ={0,2,5}. Then we have
R(n,S) = R(6,{0,2,5}) = (0,A,0,A, A, 0).
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Definition 17 (N). Given a vector v.€ U™ we denote by A(v) the
set of vectorsu € U" 0 s.t.

o ufi] = 0, if v[i] = 0,
eui] = A, if v[i] = A,
e uli] = A orufi]| =0, if v[i] = A.

Theorem 18 (CL). Let C be a cyclic code of length n, defining set
Sc.a and distance d. Then:

min{rk(M(u)) | u € A(R(n,Sca))} < d
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Definition 19 (N).

Let A be a matrix over U. We denote the j-th column of A by
Alj| and the (i,j)-th entry of A by Ali,j]. We say that Alj] is a
singleton if it has only one non-zero component Ali, j|, i.e Ali, j] =
X and All, 7] = 0 for | # i. When this happens, we say that the i-th
row 1S the row corresponding to the singleton.

Singleton-procedure.

04X A0 . .
X0 0A e '

Theorem 20 (N). If the singleton procedure is successful for a set
of rows, then they are linearly independent over U.
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Proposition 21. Let A = M(v), ve U". Let r > 0. If v has the

form
r

v=0,...,0,&,%,...,%),

where * denotes any element. Then rk(A) >r+1 .
Proof. Let Ayq € U™ be the matrix obtained by the first 7 + 1
rows of M(v). By induction on r we show that the singleton procedure

is successful for A, ;.
If r =0, it is clear since A is in v.

0... 0 04 % ..

x 0 .0 0 N x
AH—l: ) )

* x 0 0 N %
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A, q|r + 1] is clearly a singleton and we erase the first row and the
(r + 1)—th column, obtaining a matrix A,, which corresponds to the
first r rows of M (v')
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Definition 22 (N).
A strong root function is a map f : D — N such that:

V(n,S)eD, f(n,S)<min{rk(M(u))|ue AR(n,S))}
We denote by R° the class of all strong root functions.

[t is easy to see that a strong root function is actually a root function
and so we can talk about strong root bounds as well.

What is important about strong root bounds is that:
e many known lower bounds are actually strong root bounds,

e all known strong root bounds are easy to reprove (and even some-
times to generalize) using a proof similar to that of Proposition 21.
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Let v € U". For us (%)’ C v means that v “contains with overlap-
ping” block (*)!, where * is any element of I/, that is,

1

v=©[0],....0],F R vj+i+1],...,0n—1]),

for some 0 < 3 <n —1— 1, or that
11 2

v=(% .. %vit+1],...,0n—1iy—1],% .. %),

where 1 S ’il, ig and il + ig = 1.
For example, we have both (0)?, (X)? C (X,0,0,A, X). However, it is
not true that (A)* C (A,0, X, X, A, N).

We extend our notation to multiple blocks, in an obvious way. For
example, (0)?(AX)3 C (A,0,0,X, X, X,0,A).

We need even blocks of blocks, with the obvious meaning, as for ex-
ample

(0)A(A))AHA) C (A,0,0, 8, X, X,0,0, X, X, N, A, A A0).
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Some strong root bounds:

e the BCH bound,

e the Hartmann-Tzeng bound,
e Boston’s bound I,

e Boston’s bound II.

e Boston’s bound III,

e Boston’s bound IV,

e bound A.

Any of them searches for some block structure contained in R(n, S¢.q).

C > SC”(X > R(n, SC’,@)
BCH(q=2,0=3,n=7) — {1,2,4} — {A,0,0,A,0,A, A}.
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The following theorem was first presented in [BRC60] (the BCH bound).

Theorem 23 (CL). Let C € C,,, with generator polynomial g. Sup-
pose that there exist 1,0 € {0,...,n — 1} such that:

gla™)y =0, 0<j<l—1.

Then:
d> 0+ 1.

Definition 24 (N).
Let fgcu be the following map fyew : D — N,
facu(n, S) =max{¢ € N | (0)'C R(n,S)}+1.

Theorem 25 (N).

Map fecu s a strong root function and the BCH bound s the asso-
ciated bound.

Massimiliano Sala



A theory for the distance of cyclic codes 34

The following theorem was first presented in [HT72| (the HT bound).

Theorem 26 (CL). Let C € C,,, with generator polynomial g. Sup-
pose that there exist 1y, 0, s,7 € N s.t. (r,n) </ and

glat Iy =0, 0<i</l—1,0<j<s—1.

Then
d >Vl + s.

Definition 27 (N). For any r,s,n we denote by p = p(r,s,n) the
quotient of rs divided by n.
Let fur be the following map fur : D — N,

fur(n,S) = max{i € N|i=/{+ s},
where £, s are such that there exist r € N, (r,n) < £, for which
((09(A™)* C R(n, S)".
Theorem 28 (N). Map fur is a strong root function.
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The following four theorems were first presented in [Bos01].

Theorem 29 (CL). Let C € C,,,. If 31 n and {0,1,3,4} C Sc.a,

then

d> 4.
Theorem 30 (CL). Let C € C,,,. If{0,1,3,5} C Sc.a, then

d> 4.
Theorem 31 (CL). Let C € C,,. If 31 n and {0,1,3,4,6} C Sc.a,
then

d>5.
Theorem 32 (CL). Let C' € C,p,. If 44 n and {0,1,2,4,5,6,8} C
Sc.a, then

d>0.
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Definition 33 (N). Let fp1 fr2, fos and fgy be the following maps

from D to N,

fB1(n, S) =
f2(n, S) =
fB3(n, S) =

fa(n, S) =

~» ~» ~»

= Oy = Ot = s s

~

— N —— ——

, if (0,0,A,0,0) C R(n,S)and 3 1 n,
otherwise.

L if (0,0, A,0,A,0) C R(n, S),

otherwise.

,if (0,0,A,0,0,A,0) C R(n,S) and 31 n,

otherwise.

, if (0,0,0,A,0,0,0,A,0) C R(n,S) and 41 n,

otherwise.

Theorem 34 (N). Maps fg1, foe, fo3 and fpy are strong root func-

tions and their associated bounds are generalizations of the Boston
bounds I, II, III and IV.
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Bound A.
Definition 35 (N). Let fa be the following map fa:D — N,
fan,S)=max{i e N |i=ml+(},
where m and { are s.t. either
((0))™((A)(0) =)™ C R(n, 5),

or

(O A))™H((0))™ € R(n, ).

Theorem 36 (N). Map f4 is a strong root function.
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The following two theorems were first presented in [Bos01] (Boston
bound A and B).

Theorem 37 (CL). Let C € C,,,. If 44 n and {0,1,4,5,8} C Sc.a,
then
d>5.

Theorem 38 (CL). Let C € C;,,. If 34 n and {0,1,3,4,6,7,9} C
Sc.a, then
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Theorem 39 (N).
Boston bound A and B are false.

Proof. Let C' € Cy 15 be s.t.
Sca=10,1,2,4,5,8,10} .
According to Boston bound A, d > 5. However, d = 4.

Let C' € Cq190 be s.t.

Sca = {0,1,3,4,5,6,7,9,11,13,15,17, 19} .

According to Boston bound B, d > 7. However, d = 6.
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There are two other bounds, the Roos bound and Boston bound V,
which are root bounds but probably not strong root bounds. Their root
functions are as follows:

Roos bound
fRoos(n, S) =max{i € N|i=/0+ s},

where £, s are s. t. there exists r € N, (r,n) < £, and there exists s
integers 0 < k1 < ky < .. < ky <[+ s, so that:

(AR ((A))=7R(0) - ((A))"H1(0) € R(n,S)".

Boston bound V
6, if R(n,s)=(0,0,A,0,0,A,0,0,A,...)and 31n,
) = { & 1) = ) and 3

1, otherwise.
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Border bounds

Since even the optimal root bound cannot be tight on C, we need to
consider bounds that use more information on a code. In literature we
find at least three such bounds and all of them use the same kind of
extra information: they need to know the cyclic subcodes of C.

AC,UC,UC,) C)\o}

C\C,

i )

GG,
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The key is the following rewriting
Proposition 40 (CL).

d(C) = min{ minrk(M (DFT(c))) } ,
D<C "~ D
where D is the set of all words (border words) of D which are
not contained in any of its cyclic subcodes.

Since my time is nearly finished, I will not give formal definitions for
these bounds. The idea is to compute a sort of M(R'(Sp.)) for any D
cyclic subcode of C' and then take the minimum.

The advantage of this approach is that now R’ contains only 0 and A
and so computations are more precise, the disadvantage is that we have
to consider all cyclic subcodes, which are ~ 2" in the worst case, and
hence all border bounds are exponential-time.
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What differentiates one border bound from another is the algorithm
which is used to check linear independence in matrix over . We call
such algorithms independence-check procedures.

If we consider the singleton procedure used in our previous proofs,
then it identifies a (relatively) fast border bound. We call this bound
the singleton-procedure bound, which first appeared in [Sal01].
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In [Sch88| there is another independence-check procedure, which defines
a bound which we call the Schaub bound. We do not detail it here,
but it is much more time-consuming than the singleton-procedure.

The Schaub bound is believed to share with the VW bound the posi-
tion of “best” bounds, since its performance are excellent compared with
“classical” bounds (which are root bounds and polynomial-time), but it
is exponential-time and uses more information, so I am not surprised at

all.

Theorem 41 (N).

The Schaub bound and the singleton-procedure bound are equivalent,

i.e. on the same code they give the same value.
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In [vLW86] the VW bound is presented. We do not have time to detail
it, but it was noted that it outperforms all “classical” bounds and even
the Schaub bound, since apparently

Nyw =2 > Ngchaup = 18.

In [vLWS6] there are other bounds but we do not treat them.
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However, we are able to show the following.

Theorem 42 (N). The VW bound is a border bound.
Moreover,

The VW bound 1s equivalent to the Schaub bound

(and hence to the singleton-procedure bound).
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Since it is exponential-time, we are not surprised by its excellent per-
formance w.r.t. “classical” (polynomial-time) bounds. However, the
difference in the value of Ns (2 and 18) looks odd.

A careful examination of both papers, [vLW86] and [Sch88]|, shows that
actually the authors are not happy with using their good bounds, but
they strengthen their results using theorems specific to the underlying
field. Since they use different “tricks”, their numerical results are slightly
different. However the advantage of using extra tricks is small and
for longer lengths negligible.
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Final comments

The “best” known bounds are still the VW bound and the Schaub
bound, and they can be computed relatively fast using the singleton-
procedure, but their cost is exponential-time.

The best polynomial-time bound is still the Roos bound, even if a new
bound (bound A) is not far from it with longer lengths.

We suggest that people should be extremely careful when comparing
bounds.

([EB06], [Sal01], [FP03])

Remark. We do not have time to give details in this talk, but
Grobner bases can be easily used to prove root bounds (/MS03])
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Open problems

Problem 1. Find an effective algorithm for computing f (or fp ).
Problem 2. Is there a finite field ¥ s.t. fp is tight on U,>1 (5,9)=1Cgn ¢
Problem 3. Show that Boston bound V is not a strong root bound.
Problem 4. Show that the Roos bound is not a strong root bound.

Problem 5. Find new strong root bounds by inspecting ranks with
the singleton procedures.
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