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Motivations

15t Calculemus Meeting

Roma3 (Prof. Miola)

Challenge: Formalizing Buchberger's algorithm
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Motivations

Proving + Computing

Benefits:
- formalizing mathematics

- theorems using computations
- certified implementation

education

BIINRIA
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Book

Algorithms for computer algebra

Geddes and Czapor and Labahn
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Coqg
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Cog

Calculus of Inductive Constructions

(x:B ) C)

B [X

C]
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Functional Programming

Functions:

fst : !
snd : !

pair . | |

New Function:

X .( pair (snd x) (fst x)) : |



Cog

Calculus of Inductive Constructions

Inductive N: Set:=
O: N
| S: N! N.

Fixpoint + (a, bN) : N =
match a with

O =>b
| (S &) =>(S (&% + D)

end

BINRIA Coq and Gr ebner basis { p.8



Natural Deduction

Rules:
A 2\ B Aelimg A g B A elim,
Al
AA,\ 5 B intro X )B g ) introfi]
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Natural Deduction

Proof:
AN Bl AN Bl
AN elim, N elimy
B A A Nntr o
) intro[1]
A"B) B"A
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Curry Howard

Rules:
Nellmy: ABI1 A
Nellm, : A"B! B
Aintro: A! B! AMNB
Proof:

X .(Mintro (Melimy, x) (~elimy x)):

A"B! B"MA

Co g and Gr ebner
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Cog

Calculus of Inductive Constructions

Inductive Even N -> Prop =
EvenO : (Even O)
| EvenSS:

8n; (Evenn) -> (Even (S (S n))).

TheoremEven2: (Even (S (S 0))) =
(EvenSS O EvenO0).
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Coqg

Fixpoint nat_ind (
P: N -> Prop,
Hb: (P 0O),
Hr: 8 n, (P n) -> (P (S n)),
n:. N ) - (P n) =
match n with
O =>Hb
| (S n% =>Hr n® (nat_ind P HbHr nY
end

nat_ind:
8P, (P O)-> (8P, (Pn -> (P (Sn) ->8n, (P n)
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Intuitionistic  Logic

OXx,y2 R Qsuchthat x¥2 Q

Proof:

. p2Ps
Let us consider 2 , there are two cases:

D
f p? ‘2 Q, we take x:piandy:pi
Otherwise p? zzQ, we have
P5p_ _P3P5 _
(ng) 2:I32(22):I022:2
D_
we take x:pizandy:pi



Trust

Small trusted computing base
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Grobner Basis



Polynomials

Coefficient (a): [parameterA]
1, 2,0
Monomial (m): [(listy, N)]

X; X%y x%z% 1
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Polynomialsin Coq

Inductive list : Set -> Prop =
nil . 8 A, (list A)
| cons

8A, A > (list A) -> (list A).

(cons N O(cons N (S O) (nil  N))): (list N)
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Polynomialsin Coq

Inductive list . Set -> N -> Prop =
nl b : 8A, (list , AO)
| cons;, :
8A,8p, A > (list  Ap -> (list , A(S p).

(cons, N O (S O) (ni , N): (list , (SON)
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Polynomials

Term (b): [(A Monomial)]

2X: 4x%: 5x%z* 4

Polynomial (p): [fp: (list term) | (canonical p)g]

2X + 4x° + 5x°z% + 4
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Operations on Polynomials

An admissible monomial ordering: [parameter <]
5x%z% + 4x% + 2X + 4

X%z%> x> 2x > 4
We write
5x27%% 4x2+ 2x + 4
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Operations on Polynomials

Adding 2 polynomials:

2x2y !
+ Xy F A2 s 2
X%y + 4x? & 2
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Operations on Polynomials

Multiplying by a term:
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Induction on Polynomials

Structural Induction:

(P0O)~ (8a:8p:(Pp)) (P (a+p))) 8p:(Pp)



Induction on Polynomials

Lexical ordering over polynomials <
- O< 0 t: P
- M1< Mz) amyt p<pamyiq
- p<pd) am+p<pam+q
Induction using the ordering:

(Bp:(8ag<pp) (P)) (Pp)) 8p:(Pp)
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Polynomial ldeals

A set of polynomials | is an ideal iff:
8p;q2 1, p+ g2l

gp21;8t2T;tp2l
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Polynomial ldeals

The set S generates anideal <S>

P2<S>
x ()
9k 2 N;p= tip (BI<kitj2T and p 2 S))
1<k

Sis abasisfor the ideal | Iff <S>= |
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Polynomial ldeals

Buchberger's algorithm:

8p: p2<S>  poBXS>
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Reduction

Cancellingterms of p by polynomials of S.
Example: p= 3x2y2+2z3 and S = fxy+ 1;z+ 29

We have
2

+ v
N
N
w

3X°y
3X%y? +  3xy
3Xy

+ v
N
N
w

Sop! o 3xy+2z°
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Reduction

Cancellingterms of p by polynomials of S.
Example: p= 3x2y2+2z3 and S = fxy+ 1;z+ 29

We have

>

3x%y? + 27°




Reduction

p! ca () p! gpiii!t g gpn! 50

+

p! sa() p!sagn8rii(q!l gr)
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Reduction

Properties:
8pg p! sq) g<p
8pag; p! sq) (p2<S>() Q2<5>)

It follows

8p; 9q:p! s 9
If p! s0then p2<S>

Co g and Gr ebner basis { p.32



Reduction

Key Properties:
8pg,p q! s0) 9r:(p! srrqgl 5r)

+

8p;q;r:p! sq) 9sip r! ssrq r! ¢s
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Grobner Basis

Definition
Sis aGrobner basis () 8p2<S>:p! <0

Buchberger's algorithm:
Completion algorithm ala KB

S | SY9suchthat <S>=<S% and S%is a
GrObner basis.

p2<S> () p! &0
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Grobner Basis

Theorem:
If I ¢ confluent then Sis a Grobner basis.
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Grobner Basis

P
We take anarbitrary p= . tiip with p 2 S.
We want to prove that p! <0

This Is done by induction on K.

If k=0, wehavep=0,sop! 0.

B INRIA b
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Grobner Basis

If k& 0, wetake = " <« 1L

We have q! ¢ O by induction.

We havep q=tipksop q! ¢ 0.

It implies that there exists r suchthat p! &
andq! ¢ r.Key Property 1

q! g0andq! ¢ r, by the main hypothesis

we haver ! ¢ 0.
p! srandr! 0,sop! 0.

W IIIII Co q and Gr ebner basis { p.37



Spolynomials

pr= aim+pd 2 S
P2 = amy+py 2 S
ch(ml,n;)

Swly(p;p2) = o




Spolynomials

Theorem:
if for all p;;p22 S:Spoly(pa;p2) ! 5O

then for all p2<S>,p! 0
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Spolynomials

We prove that to get
8pif p!' sqgandp! srthen q=r.

It Is sufficient to prove that
8pq2 S, Spoly(p;g)! 50
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Spolynomials

We take an arbitrary p and proceed by induction
using <.

We supposethat if gq< pandq! grandq! ¢s
then r = s.

If pis irreducible, we haver = p=s.
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Spolynomials

If pis reducible, we have p; et p, such that
p! sp! gretp! gp2! ¢S

Since p1 < pand p> < p,

It Is sufficient to find a ps such that

P! spsandp! ¢ ps

to get r = p3 = s by the induction hypothesis.

W lllll Co g and Gr ebner

basis

{ p42



Spolynomials

There are 4 possible cases for the reductions to
p1 and po.

Casel:p=t+q! st+q = p; and
p=trq! gtve= pe.
We haveg< p,q! sqet q! ¢ .

If wetake ggsuchthat op! s gwehave ! < o
by Induction.

If we take ps suchthat t+gz! ¢ psthen py! < ps
and p2! ¢ ps.
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Spolynomials

Case2: p=t+q! ¢q o= p;and
p=t+q! gtvep= p2

We have q! < o,

so we get that there exists @, such that

+

h B! suyandp ! 5 G KeyProperty 2
As we havet+gp! s O Weget p2! & g
If we take pz suchthat g,! < ps we have

P! spzandpx! ¢ ps.
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Spolynomials

Case3: p=t+q! ¢t+q = p; and
p:t+>q! sd &= P
symmetric to case 2.
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Spolynomials

Cased: p=t+q! ¢q = p;and
p:tiq! sd &= P
We havepr p2= G G = aSpoly(ra;r).
By the Induction hypothesis Spoly(rq;ro) ! ¢ 0.
We havep; p2! 0.

So there exists ps suchthat p;! S pset po! < pa
Key Property 1

If we take ps; suchthat ps! o ps,

We havepi! gpzandp.! ¢ ps.



Algorithm

INit:

S=S L=Spoly(S*S)

BIINRIA
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Algorithm

Case:p! <0

P
. .
S L S

L=L-{p}
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Algorithm

Case:p! sq(q6 0)

i Spoly({q} S)

S=S+{q} L=L+Spoly({q}*S)-{p}

BIINRIA
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Correctness

P2<S>) g2<S>) Swly(p;q) 2<S>

S SY% p! c0) p! &0
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Termination

S
Dickson's lemma
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The algorithm

et rec SpolyL p 11 12 = match |12 with
1 > 11

(::12) ->(spoly p g):(SpolyL p 11 [2)

et rec SpolyProp | = match | with
b > 1
(p::)  -> (SpolyL p (SpolyProp ) )

WINRIA Co q and Gr ebner basis { p.52



The algorithm

et rec buchf I1 12 = match [2 with
1 > 11
(p::12) ->
let r = (reducef 11 p) In
If (zeroP r)
then (buchf I1 [2)
else
(buchf (r:: 11) (SpolyL r 12 [1))
end

let buch I1 = buchf I1 (SpolyProd I1)
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| essons Learned

Choosinga 'right' proof path
Never underestimate the foundation work
Prove once, use everywhere

Wikipedia effect
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What more?



Dickson Lemma

Constructive Proof:

Henrik Persson: Open Induction
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Using Grobner Basis

Proof Procedure:

Jérome Crecli, Loic Pottier: Gb tactic
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Using Grobner Basis

Ring Tactic: 8xy2 R;(X+ Vy)z= zx+ yz

Gb Tactic:
8Xy2C;x°+y?=0! xy=0! x+y=0
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Using Grobner Basis
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Using Grobner Basis

If
F=ft(l zP) entP1 e tPy e
fegjO 1<) rg[ ftegO 1 rg

then

()
kt Re Rei::Rie 2 G (F)

for t> x{> > Xmjm > 2> € > > €
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More Polynomials

Subresultants and PRS 98%

Cylindrical Algebraic Decomposition 60%

Assia Mahboubi Phd
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More Polynomials

Finding a 'right' proof path

Polynomial representation:
Alx;y] as (A[x])ly]

Horner. ag+ X"(a; + X"( :::))
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