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There's al-gebra. That's like sums with letters. For . . . for
people whose brains aren’t clever enough for numbers, see?

— Terry Pratchett, Jingo
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The original problem

O Given: finite set of points = C R¢.
O Wanted: “Dimension reduction” — if possible.
O ldea: Find algebraic variety ¥ such that = C 7.

O Side conditions:

> Many points: #Z is large.

> Noisy data: = is only approximation.
O Applications:

> Learning Theory.
> Brain Science (Microstate Analysis).
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What is the problem?

O Determination of variety 7 (=) — determination of basis for the ideal

ng{fER[X] : f(E):O}, XZ(X],...,Xd).

O Computation of Grobner basis for .#= from =:

Buchberger—Moller algorithm, 1982 |

> Numerical application of Grobner bases can be dangerous.
> What about inexact points?
> Do we want a zero dimensional ideal at all?

O However:
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A very simple example

O Points on a line:

==1{kn : k=0,...,N}, ne€R:.

O Grébner basis (with x < y)
{x(x—m)---(x—Nm),y—%X}-

O Roles: “Variety” — “Finiteness of =" .
O Distinction: total degree.

O “Grobner problem”: 17 — 0. “Representation singularity” .

Approximate varieties
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The goals

(1) Determine a “low degree” part of the ideal.
(ii) Use associated variety.

(1ii) Find a numerically stable procedure.

(iv) Continuity with respect to =.

O “Solution” for the simple example:

{ix—“—‘ } n e R2\ {0,
Imll, Il

O H-basis, normalized, changes continuously with 7.
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H-bases

Definition. H C R|[x] is called H-basis for an ideal .# if

fes & f=) fph, degf > degfy+degh.
heH

O Alternatively:
A(I) = (A(H)), /A = leading term.

Homogeneous ideals

O Of course:

Any Grobner basis with respect to a graded term order is also an
H—basis. |

O So — what's different? No term orders!

H—bases in general
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Homogeneous reduction

O Set
k
I = f(x):Zf“x“ : fo€ER ﬂk:@ﬂ?.
l|=k j=0
Homogeneous of degree k Of degree at most k

O For F C R[x] and k € Ny consider

Vie(F) == {Z gt A(f) = gf €T _gqegsr T € F} CTY  WA(F) =TI © Vi (F)

with respect to inner product (-,-) : R[x] x R[x] — R.

H—bases in general 6
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Homogeneous reduction — The algorithm

O Given: F C Rlx], g € R[x].

O lteration for k =degg,...,0

> Decompose

Alg) = Z g A(f) @ Ty, T € WA(F).
feF

~

€ Vi (F)

> Continue with

-1 > QFQ—ngf—rk
feF

deg g
O Result: remainder g— (=1 := E Tk.
F
k=0

H—bases in general 7
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Homogeneous reduction — Properties

Theorem. [IfH is an H-basis then f? depends only on (H).

O Properties of the algorithm:

> Only orthogonal projections — stable and continuous.
> Can be used for H-basis computation — reduction of syzygies.
> Variant of Buchberger's algorithm.
> But: Basis for module of syzygies is more complicated.
O H-basis construction available for zero—dimensional ideals [Moller&Sauer '00].

O Homogeneous H—bases are not unique, not even reduced ones.

O Normal form v iy (f) := f?.

H—bases in general 8



Linz, 23.2.2006 H—bases and approximate varieties

H—-bases and system solving

O Intersection of two ellipses [Moller&Sauer "99]:

1 2 y ER
0 = fi(x,y)==x*+y*—1 /;L%\
3 3 yd b ™
2, 1, :;
0 = fa(x,y) = gX + gy — 1 e m——
\ B :zﬁ 4
G

O Perturbation:
~ B X B cos@ sin@
fZ(X)y)_fZ (R(p[y ])) R(p_ [ —Sin(p cos @

O Solve by eigenvalue method, see [Auzinger&Stetter, Moller& Stetter].

A quick look at system solving
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With Grobner bases . ..

O Quotient spaces & = R[x]/(F)

PP — {1>X>X2>X3} ¢ # 0, PO _ {1,X,y,xz} @ # 0,
lex {],X,U,Xy} p = O, glex {1,X,y,xy} © = 0.
O Multiplication matrices:
0 1 0 0| 0 0 1 0]
1 0 0 O O 0 0 T
0 _ 0 _
Mc=looo1 ] ™M={1 000
0 0 1 0| | 01 0 0|
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. . we are in trouble

O For @ # 0 we have

0O 0 0 -1 0 » 0 «
1 0 0 O * 0 x 0
® _ % _
Mo = o 1 0 2 ’ My jex 0 « 0 =
0 0 1T 0 | |« 0 x 0
and ] ) ] )
0O 0 x O 0 % % 0
1 0 0 O 0O 0 0 O
¢ ¢ _
Migiex = 0O 0 % 1 |’ My giex T « 0 1
01 0 0 | 0 0 -1 0]

O Bad news: @ — 0 does not reproduce Mg/y and lin%)* = 00.
p—

O For ¢ small: Complex zeros in Maple.

A quick look at system solving 11



Linz, 23.2.2006 H—bases and approximate varieties

On the contrary

O Proper homogeneous H—basis ( “least interpolation”) gives

8sin @ x> — cos @ xy — 4sin @ y?

‘@](_pl — 1?X)y>
(40 sin® ¢ + cos? ®) 12

Continuous change of spaces.

O Matrix

o o = O
o o o =
— O O O
o = O© O
o o = O
o O o -
— O O O
o = O O

More varying coefficients.

A quick look at system solving 12
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The interpolation problem

O Another approach to zero—dimensional ideals:

Dual functionals — interpolation I

O Lagrange interpolation problem:

To = Cc R and f € R[x] find Lf € R[x] such that (=) = Lf(=).

O Interpolation space &2 C R|x]:

For f € R[x] there exists a unique L € &2 such that f(Z) = Laf(Z).
O Degree reducing interpolation space:

deg Lyt < degf, f € R[x].

Interpolation 13
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Degree reducing interpolation

O Introduced by de Boor&Ron, “least interpolant”

2= (] Af)(D).

fed=

Joint kernel of differential operators, Box spline theory.
O “Natural interpolation space”: normal forms &2 :=~v ,_(R[x]).
O Difference in .¢#= = Remainder interpolates.

O “Least” is normal form for

(f,9) = (f(D)g) (0) = )  «!fyga

d
ocENO
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Newton bases

O Recall univariate case: = ={&y,..., &)

O Degree reducing interpolation space: Tl and

ZEO,--- fo(x—&) - (x—&-1).
k=0

Newton form of the interpolation polynomial, divided differences.
O Newton basis py(x) :== (x — &) - - - (x — &x_1) satisfies

pk (&) =0, pr (&) # 0, 0<j<k<n.

Interpolation 15
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Newton bases |l

O Degree of a space: deg & := maxy,c» degp.

O N={Ny : k=0,...,deg &} is a Newton basis for & with respect to = if

> Ny C Tl, k:O,...,degﬂ.
> there exists a decomposition

deg &
== J = suchthat N () =8pl, 0<j<k<deg?.
k=0

> we have that
T = span A (Ny) @ (/\(ﬂg) N ﬂ%) :

Direct sum, not orthogonality!

Interpolation 16
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Newton bases |1l

O Newton basis in v (K[x]) is characterized entirely by

Nk(Ej):éjkI, Ogjékgdeg@

O Recall: Orthogonality of leading terms.

Theorem. & C Rlx] is a degree reducing interpolation space if and only if
2 has a Newton basis.

O Algorithm: Construct &2 by determining a Newton basis.
O By—product: H-basis for .7=.

O Use this to compute approximate variety.

Interpolation 17
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The algorithm — principal remarks

O Computation of Newton and ideal basis by
> Gauss elimination.
> Gram—-Schmidt for partial orthogonalization.
> Gauss elimination by segments.

O Essentially the same. And like BM!

O Automatically determines decomposition of =. In no way unique!

O “Pivoting strategies” influence numerical outcome.

Fundamental Theorem of Numerical Analysis: Details matter! |

The basic idea 18
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Approximating BM

0 How to approximate BM well?

Pragmatic approach! BM and approximators.

II The basic idea 19
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The algorithm

O Initialize
k « O,

[1]
-
0
T
T
=

O while =/ # ()

> Choose basis P of Wi (H).
> Set P’ <~ P — Ly, ,P; interpolation with respect to =, ..., =k 1.
> Determine = and decompose:

P'=FuUQ, s.th. Q(Z) =0, detF(Z) #0.

> Set Ny « F(Z) ' F.
> Update
k—k-+1, = — 2\ H«+~ HUQ.

The basic idea 20
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The algorithm Il — how to decompose

O Consider Vandermonde matrix P’ (Z').

O Rearrange P’ and =’ such that

P/ E, P/ E/
P/ (Z) = ACORECY , rank P’/ (2') = rank P! () = #Z..

P/ (Z)) PL(ZV)
O Set F =P, = =Z1 and

Q=P.—P/(2}) PL(Z}) 'PL

Gauss elimination in block matrix form! Dangerous!

The basic idea 21
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The algorithm |1l — properties

Theorem. The algorithm terminates after finitely many steps and yields

(1) a decomposition Z ==pU---UZ=,.

(il) a Newton basis Ny, ..., N, for a degree reducing interpolation space &,

(ii1) an H-basis H (after another iteration).

O Important part: Determine rank of a matrix. Numerically difficult.

O Up to measure zero rank is always maximal!

O Possible inversion of near singular matrices. Numerical suicide.

22
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Numerical aspects

O Distinction f (=) =0 for f € .Z= is too hard.
O Use |f (Z)| < ¢ instead = Z=(¢). No ideal!

O ¢ = tolerance. Greater than “unit roundoff” .

O Matter of normalization: ‘ —f € I=(¢).
max |[f(=Z)]

O Normalization:

H-bases and approximate varieties

1=fl3=(ff) =Y f

ocENg
O Note

degf I, < meax\f( x)| < Caegt [|fll5,

Changing the point of view

Q c RY compact.

23
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Back to decomposition

0 Vandermonde matrix

F(Z)=[f(&) : feFEe=Z]=F-=".

OO0 What are reasonable operations on F and =7

> F is basis of a vector space as well as

[gf;zzaﬂf,f’ . feF|=AF  A=lasy : f,f eF.
f/eF

> = can be permuted = = P, P Permutation.

O “Invariance’”:

F(Z)~ (AF) - (PZ) =AF(EZ)PT = AF(Z)P.

Details of the algorithm 24
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A citation

The great stability of unitary transformations in
numerical analysis springs from the fact that both the
{,—norm and the Frobenius norm are unitarily invariant.
This means in practice that even when rounding errors
are made, no substantial growth takes place in the norms

of the successive transformed matrices.
— J. H. Wilkinson, 1965

O Try to use as much orthogonality as possible. In particular for A.
O Fits well with the homogeneous reduction process.

O Apply stable orthogonal transformations.

25
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Back to decomposition |i

Credo. Orthogonality is good! |

O In the matrix decomposition F(Z) = AF(Z) P choose A = Q orthogonally such
that

QF(Z)P=R=

O Method: Householder transformations!
O Action of P —row pivoting with respect to |-|,.

O Get biggest columns in front.

Details of the algorithm 26
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Properties of the QR—-decomposition

Proposition. Let R = QF(Z)P be obtained by QR—factorization with row
pivoting

(1) the diagonal elements of R satisfy

Tl >l >0 > ranl.

(il) if F is orthonormal, i.e. (f,f') =8¢, f,f" € F, then

H(QF)sz =1, fecF

O Property (i) is a stopping criterion: stop if |1 < €.

O Property (ii) is preservation of normalization.

Details of the algorithm 27
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More on the stopping condition

O Further property of R:
T35 > Il k=j4+1,...,N.
Diagonal elements dominate!

O With threshold ¢ and |ry| > ¢ > ‘Tk+1,k+1|

ol s el el s el o el ]
R| < LR L R | ¥ IR | oW
— e ... & ... ¢

I e ... €

Details of the algorithm

H-bases and approximate varieties
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Approximate ideal functions and Newton basis

Consequence. The polynomials q; := (Q F)j, j=k—+1,...,n satisfy

lg;ll, =T, q; ()] < e.

O dqyy1,...,dn are ideal part of F.
0 These polynomials really vanish approximately at =. Normalization!
O The “selected points” are =/ = (PT E)j, i=1,...,k.

O Newton basis:

(QF),
(QF),

Details of the algorithm 29
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More numerical considerations

O Algorithm works well if 1| > «.
O Otherwise: “almost numerically singular points”.

O Condition number of inversion:

11

K (R_|_) S ka u

Tk

Very pessimistic estimate for ||R.||' — but sharp.

O Better if k is small &< many low degree polynomials in ideal.

O Growth rate of k depends on dim Vgegr (-#z); related to Hilbert function.

Details of the algorithm 30
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More numerical considerations 1l

0 What does ill-conditioned mean?

O Example with 8 points.

() L)

Well distributed, far from all lines. Poor distribution — Small perturbation of line.

O Practically any variety 7 becomes “linear” for dense points.

Details of the algorithm 31
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A little bit of perturbation analysis

AN
| gumn |
—
e

O Suppose that = C [—1,1]¢ and
Then (componentwise)

‘F (é) — F(E)| < 2d (degF)* \/(deg};—l— d) e =: Ce.

=+0, |

Ol < €, and that F is orthonormal.

Markov inequality + simple estimates; “complexity quantities”.

~ ~ ~ 1T~
O Factors of Householder matrix 1—2yy' for column f; := {fjj, . ,fjn} of FU)(Z)

AN

fj + € ‘/T:jj‘ €j

Yy=—"—""
2[5 (\Tjj\ + ‘fﬁD

?jj::tH'E’HZ, e e {—1,1}

. . . e . -2
Continuous as long as problem is well-conditioned. Error amplification: ~ |rj| .

Details of the algorithm 32
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The modified algorithm

O Initialize
k « 0,

[1]
-
0
T
T
=

O while =/ # ()

Choose basis P of Wi (H).

>
> Set P/ < P —Lg, ,P; [Back—substitution by means of Newton basis is stable]
> Orthonormalize P”: (p,p’) =0,,/, p,p’ € P".

> Determine = and decompose:

PP=FUQ, IQE)I<e  diagF(S) > e.

> Set Ny « F(Z) ' F.
> Update

k—k+1, = 2\ Iy, H«— HUQ.

Details of the algorithm 33
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And the approximate variety

O Algorithm stops for some k =min{j : & CTI;}.

O For0<1l<k+4+1set Hi:={heH : degh <1}

Theorem. Each Hy is an H-basis for (H;), L=1,... k.

O H-basis for computations modulo ideal — dimension etc.
O Since Hy € Hy,; the varieties 7| are of decreasing dimension with

RE=Y9DY 1D DV =2

O Which one to pick? Tradeoff between simplicity and tightness!

Back to varieties 34
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Back to the example

O For the simple case = ={kn : k=0,...,N} ...
O Interpolation space (N =2M + ¢€)

P = span {mix + My, mx* +Maxy + My’ .., mix + ey’

O ldeal bases:

Ho = {0}
il nll;
_ _ _ N2 m N 4 neyNtT £
o+ =Hnp2=Hny1 = 7% — v,
il Il I...1l,

Back to varieties 35
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Conclusion

O Orthogonal projections and transformations are stable operations.
O Homogeneous H—bases can be used in an “orthogonal fashion”.

O Even better: Use inner product (f,g) = (f(D)g) (0) — RKHS!

O Determination of “approximate ideals” and “approximate varieties”.

O But:

> Still no efficient implementations.
> Cannot compensate ill-conditioning.

O Nevertheless — it's worth a try.

Thank you for your attention!

That's it! 36



