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(Finite) Relational Structures

Given:
e a finite set X,
e 3 finite index set Z,

o a family {R;};cz where R; C X? (i € 7).

The pair (X, {R;});cz is called (binary) relational structure over X.

We will drop the attribute binary and we say only

“relational structure”.



Coherent Configurations

Given:

e a finite set X,

e a relational structure (X,{R;};cz) over X.

(X, {R;}icz) is called

if:

CCl.
CC2.
CC3.
CCA4.
CCb.

coherent configuration of rank |Z| and of degree | X|

Vi,j: RiNR; =0 < i#j,
UiezRi:XQv

vidj: Ry =R; " ={(y,2) | (z,y) € Ri},
3T CI: Ujes Rj=A={(z,2) |z € X},

For (z,y) € Ry the number |{z | (z,2) € R;, (2,y) € R;}| does
not depend on (x,y) but only on i, j, k. This number is denoted
by pf”j.



Automorphisms of Relational Structures

Given:
e a relational structure (X, {R;}ic7),

e a permutation ¢ € Sym(X),

@ is called automorphism of (X,{R;}ic7) if

Vi € IV(z,y) € X?: (z,y) € Ry < (2%,y?) € R;.

By Aut(X,{R;};cz) we denote the set of all automorphisms of
(X7 {R’L}’LEI)



Permutation Groups

Given:

e aset X,

e a subset G C Sym(X).
(G, X) is called permutation group on X if:

1. () € G,

2. peG=pteg,

3. 0, eG=p-Yeq.
For given (X, {R;}ic7)

Aut(X, {Ri}iez)

is always a permutation group.



2-closed Permutation Groups

Given: a permutation group (G, X).

(G, X) is called 2-closed if:

there exists a relational structure (X, {R;};c7) such that

G = Aut(X, {R;}iez).

Let us give a characterization of 2-closed permutation groups using

coherent configurations.



Contexts
A context is a triple (G, M, I) where

e a set G of objects (Gegenstande),

e a set M of attributes (Merkmale),

e arelation I C G x M
For A C G we define A’ :={m € M | Vg€ A: glm}.
For B C M we define B :={g € G |Vm € B: glm}.
The two operators define a Galois-correspondence between
P(G) and P(M), i.e.

1. VA1, A3 CG: A C Ay = A, C A} (antitonicity 1),

2. VB1,Bos C M : B; C B, = B, C B} (antitonicity 2),

3. VAC G: AC A" (extensivity 1)

4. VB C M : B C B” (extensivity 2)

Following we will treat a particular Galois-correspondence between

sets of permutations and sets of binary relations.
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The context of permutations and binary relations
Given a finite set X.
We consider the context Ky = (Sym(X), P(X?),1>).
For ¢ € Sym(X), R C X? we define
> R:<— (r,y) e R= (z¥,y*) € R

(o preserves R/ R is invariant for ¢.)

Let us study the Galois-closed sets of permutations and of binary

relations.



Galois-closed sets

Closed sets of permutations:
G C Sym(X) is Galois-closed <=

HR; |ieT} CP(X?): G=Aut(X,{Ri}ier)

i.e. (G, X) is a 2-closed permutation group.

Closed sets of binary relations:

{R;}icz is Galois-closed <= there exists a 2-closed permutation
group (G, X) such that {R;};c7 is the set of all binary invariant

relations of G.

Let us study these sets in more detail.



Galois closed sets of binary relations
Given:
e a finite set X
e a 2-closed permutation group (G, X)

The binary invariant relations of G are closed under union,
intersection and complement (i.e. they form a Boolean lattice).

Since the lattice is finite, it is completely determined by its atoms.
The atoms are called 2-orbits of (G, X)
If {R;}icz is the complete set of 2-orbits of G, then (X,{R;}ic7) is a

coherent configuration.

Such coherent configurations are called Schurian coherent
configurations. Schurian coherent configurations inherit the order

from the Galois-closed sets of binary relations.
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Order on coherent configurations

We extend the natural order on Schurian coherent configurations to
all coherent configurations:

Given: C; = (X, {Ri}iez), C2 = (X, {S;};e7) coherent configurations.
Let

e B(Cy) be all relations that are obtained from {R;};cz by union,
e B(C2) be all relations that are obtained from {S;},c7 by union.
We define C; < Cq iff B(C1) C B(Co).

Question: Is < a lattice ordering?
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From coherent configurations to coherent algebras

Given: a coherent configuration (X, {R;}ic7)
Wlog I={1,....r}, X ={1,...,n}.
To every R; we associate A; = (az,) € C"*" by

1 (xay) eRi

0O otherwise.

Gp,y =

Consider the linear span
W= (A,...,A)

Then W is a self-adjoint unitary matrix-algebra that is closed with
respect to the Hadamard-product: (az ) o (bz,y) = (Gz.4bz.y)-

Selfadjoint unitary matrix algebras that are closed w.r.t.
Hadamard-product are called coherent algebras.
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From coherent algebras to coherent configurations

Every coherent algebra W has a (canonical) basis of zero-one
matrices (A1,..., A,) such that

0 i#]
A; otherwise.

Az‘OAj:

This basis is called (first) standard basis of W.
To each matrix A; = (a,,,) we associate R; C X? by
Ri = {(@,9) | any =1}

With X ={1,...,n} and Z = {1,...,r} we have that

(X,{R;}ic7) is a coherent configuration.
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Note: The correspondence between coherent configurations and

coherent algebras is one-to-one (up to isomorphism).
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Order on coherent algebras

Coherent algebras are naturally ordered by inclusion.
Clearly, this order is a lattice ordering.
The infimum in this lattice is the setwise-intersection.
The supremum is the coherent closure.

If W7 and W5 are coherent algebras und C; und Cy are the associated

coherent configurations then

Wiy C Wy < C; <C(o.

In particular the coherent configurations over a set X form a

complete lattice.
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Infimum of coherent configurations (direct construction)
Given C; = (X, {Ri}iez), C2 = (X,{S,}jes) coherent configurations.

Consider the bipartite graph I' that has as vertex set ZUJ
where ¢ € 7 is connected to j € J if R; N.S; # 0.

Let {Z1 U J1,ZoU Jo, ..., L U T} be the connected components of T'.

Define
h=JR=1JS (=1..k.

1€ 1€T

Then
C=(X,{T}}_,) =Ci NCo.
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Coherent closure

Given a set M C C"*x™,
There is a smallest coherent algebra (M) containing M.

In particular
(M) = ﬂ{W | M C W, W coherent algebra}.

This is well-defined since C™*™ is itself a coherent algebra.
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Coherent closure (constructive version)

Given a relational structure (X,{R;}ie7).

The goal is to find the smallest coherent configuration C such that
{Ri}ier C B(C).

Step 1) Construct the coarsest partition {S;},;c7 of X? such that

each R; is a union of parts.

Step 2) Construct the coarsest refinement {71} }rex of {S;};e7 such
that for each T} we have either T, C A or T, N A = ().

Step 3) Construct the coarsest refinement {U;};cs of {Tk}rex such

that each U; is either symmetric or asymmetric.

Step 4) Perform the Weisfeiler-Leman algorithm on {U; };c .
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Weisfeiler Leman Algorithm (Ideas)

After Step 1 to 4 the relational structure (X,{U;};c,) already fulfills
almost all axioms of coherent configurations. The following axiom
might still not be fulfilled:

CC5. For (z,y) € Uy the number |{z | (z,2) € U;, (2,y) € U;}| does
not depend on (x,y) but only on i, j, k.

The algorithm proceeds stepwise refining the partition {U;};c, in
every step getting closer to the fulfillment of Axiom CC5 without

spoiling the other axioms.

The algorithm stops when a stabile partition is reached.
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WL-stabilization algorithm (Example)

We start with a relational structure that fulfills CC1,...,CC4.

We consider it as colored graph.

QO

3 5 (0 3 1 4)
3 0 4 4

O—0

4 4 1 4 4

4 6 4 2 4 4 1 4

@ \ 4 144y



Example continued

We replace the entries of the adjacency matrix by non-commuting

variable symbols:

(003 2 2 4 4\ (to t5 to to t5 ty)

30 4 4 2 2 ts to ta ti to to

9 4 1 4 4 4 ty tys t1 ti ta L4
—

9 4 4 1 4 4 ty ti ti ti ti t4

4 92 4 4 1 4 ta ty ti ta 1 t4

\4 2 4 4 4 1 \t4 ty ti ti 4 t1)
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Example continued

We compute the square of this matrix:

where

ta ta to 1o
t1 T4 Ta T2
H
ta T1 Tq4 14
ta ta t1 14

(370

L2

To = t2 4+ 262 + 12 + 2t2

T, =t + 13 + 4t3

To = tot3 + 2loty + t3to + 2t4ts,

22
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Example continued

We replace the entries with numbers:

{iCo Xo I3 I3 T4 5134\ {O 2 3 3 4 4\
To To T4 T4 T3 I3 2 0 4 4 3 3
Ts Tg X1 Ty Xg IS 5 6 1 7 8 8

—>
Ts Tg X7 T1 Xy IS 5 6 7 1 8 8
Tg X5 Tg Ty L1 X7 6 5 8 8 1 7
KZUG Ts X8 Ty I7 :1:1) KG 5 8 8 7 1)

Apply this procedure again until no further colors are introduced.

(In fact the above obtained matrix is already stabile)
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A remark on the complexity of the WL-stabilization

The above algorithm was implemented directly using relational
structures by L. Babel, I. V. Chuvaeva, and M. Klin. It is called
STABIL.

The worst case-complexity of this algorithm is roughly O(n").

From the point of view of complexity, the best known algorithm is
STABCOL (L. Babel, S. Baumann, M. Liidecke, and G. Tinhofer). It
has complexity O(n?logn).

Though STABIL has a much worse theoretical worst-case complexity,

it performs in most applications much quicker than STABCOL.
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Enumeration of fusions of coherent configurations

Given C; = (X, {Ri}iez), Co = (X, {S;};e7) such that C; < Cs.
Then C; is determined by a partition {7;};cz of J according to

Ri= ]S

jeJ;

C1 is a fusion of Cy with respect to {J; }icz.

In order to find all fusions of Cy, we have to find all partitions of J

whose fusions are coherent configurations.
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Strategy for the enumeration of partitions of 7
Step 1 Find feasible candidates for classes ;.

Step 2 Construct all partitions of J that consist only of feasible
blocks.

Step 3 Test each such partition if its fusion is a coherent

configuration.

A possible (weak) feasibility-condition for blocks is:
K C J is feasible if

hike €K ) ) wiy =D ) Pk

el jek el jekl
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How to test a feasible partition?

Given a partition {J1,...,J,} of J into feasible classes.

We have to test if VI,m,o € {1,...,p},Vk1, ko € Ty:

2 2 Pii= 2L v

€J1 j€Im 1€J1 j€Im

This number is equal to the structure constant py of the fusion.
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Enumeration of fusions as problem in symbolic computation

Let us consider the following scenario: Given an infinite series

(Csl,___,sl) of coherent configurations — all of the same rank.

Suppose the structure constants of the coherent configurations are

given as polynomials in Z[s1, ..., s;]. More precisely, for all i, j, k we
have a polynomial p,’f, ; € Z|s1, ..., s;| such that the corresponding
structure constant of Cg, . g, is pfij(sl, .., 81).

We want to find all fusions of all coherent configurations

simultaneously.

Checking the feasibility-conditions involves solving Diophantine

systems of polynomial equations.

Let us consider this scenario on hand of an extended example.
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Steiner 2-Designs

A Steiner 2-design of order (s,t) is an incidence structure (P, B, I)

where
e P is a set of points,
e B is a set of lines,
e cach line has s + 1 points,
e cach point lies on ¢ + 1 lines,

e through any two points goes exactly one line.
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Flag-algebras
Given a Steiner 2-design D = (P, B, I) of order (s,t).
Consider the set of flags 7 = {(P,b) | P € P, b€ B, PIb}

Define two binary relations on F:

R = {((P1,b1), (P2, b2)) | P1 # Py, by = ba},
Ry = {((Pr.by), (Po.by)) | Py = Py, by % bo}.

Let L and N be the adjacency-matrices of R; and Ry, respectively.
The Flag-algebra of D is defined as:

Wx(D) = (L, N) (coherent closure).

This algebra has rank 7. It defines a dihedral scheme in the sense of
Zieschang. In particular

Wx(D) = (Ao, ..., Ag) where
Ag=1I1 A =L, Ay=N, As = LN, Ay, = NL, As = LNL,

A¢ = NLN — LNL 20
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i/j [ o 1 2 3 4 5 6
0 0 0 0 0 ts? 0
0 0 0 ts 0 ts(s — 1) 0

5 0 0 0 0 52 (s — 1)s2 s2(t — s)
0 s 0 (t — 1)s (s — 1)s (s — 1)2s s(s — 1)(t — s)
0 0 s (s —1)s (s —1)s (s — 1)23 32(15 — 3)
1 s — 1 s — 1 (s —1)2 (s — 1)2 pg,5 s(s — 1)(t — s)
0 0 s (s —1)s s2 (s — 1)52 82(t —s—1)
0 0 0 0 0 0 st(t — s)
0 0 0 0 0 0 st(t — s)

6 0 0 0 0 s(t — s) s2(t — s) s(s—t+1)(s —t)
0 0 0 0 s(t — s) 52(t—s) s(s—t+1)(s—1t)
0 0 t — s(t — s) (s —1)(t — s) s(s — 1)(t — s) s(s—t+4+1)(s —1t)
0 0 t — s(t — s) (s —1)(t — s) s(s — 1)(t — s) s(s—t+4+1)(s—1t)
1 s t—s—1 s(t —s —1) s(t —s —1) sg(t—s—l) pg’6

where pgﬁ = 33 — 2ts + 2s — 2ts2 + 332 —t 4+ t25 and pg75 =ts+2s — 1 — 382 + 53

Table 4.1: The table of structure constants for Steiner 2-designs




Feasible sets

Let us check if {1,2} can be a class of a partition of a fusion.

We take the vectors:

k k
(pl,l)gzm (p1,2)2:0: (pg,l)gzm and (p§,2)2:0-

We sum them up:

5 ] 0] 0] ot EER
s—1 0 0 0 s—1
0 0 0 t—1 t—1
0 + (1] + (0] + 0 = 1
0 0 1 0 1
0 0 0 0 0
0 0] 0] 0 0 ]

So we get that {1, 2} is feasible only if s = t.
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Another example of a feasibility test

Let us check if {3,4,5} can be a class of a partition of a fusion.

We take the vectors:

(pqlij)gan for 7’7.] S {3747 5}

We sum them up and obtain:

st(s + 2)

t(s? +2s—1)
s(s?+s+t—1)
s(s?+s+t—2)
s(s?+s+t—2)

s +s?+st—3s+t—1

s +3s%+s5—1
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Fusions of the flag-algebras os Steiner 2-Designs
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Isomorphisms between Coherent Configurations
Given coherent configurations C; = (X, {R;}icz), C2 = (Y,{S, }icr).
We say that C; is isomorphic to Co (C; =2 Co) if
Jp: X — Y : @ bijective,Vi € T 3j € T V(x,y) € R; : (2¥,y?) € 5.
¢ is called (combinatorial) isomorphism from C; to Cs.

An isomorphism of C; to itself is called weak automorphism.

A weak automorphism ¢ of C; is called (strong) automorphism if

Vie IV(xz,y) € R; : (¥,y?) € R;.

CAut(Cy) = {all weak automorphisms of C; }
Aut(Cy) = {all automorphisms of C; }
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Normalizers of 2-closed permutation groups

Given a coherent configuration C = (X, {R;}ic71)-
In general we have that

Aut(C) < CAut(C).

If C is Schurian, then CAut(C) is the normalizer of Aut(C) in
Sym(X).

By definition, CAut(C) acts naturally on Z. The kernel of this action
is Aut(C).

If ¢ € (CAut(C),Z), then

\V/’i,j,k €l: pf]f,j :pfl;s;p,jso-
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Algebraic isomorphisms

We generalize the property of weak automorphisms to preserve

structure-constants.

Let C1 = (X, {R;}icz), C2 = (Y, {S,};cs) be coherent configurations
with structure constants (pf ;) and (ﬁf i), respectively.

A function v : 7T — J is called algebraic isomorphism from Cq to Cy is
it is bijective and

. R
Vi,7,k el : pf’j:p,’fw,jw.
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Algebraic automorphisms

An algebraic isomorphism of a coherent configuration

C = (X, {R;}ic7) to itself is called algebraic automorphism.

AAut(C) = {all algebraic automorphisms of C}.
Generally we have:

(CAut(C),7Z) < (AAut, 7).

Elements of (CAut(C),Z) are called realizable algebraic
automorphisms of C.
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An idea of a normalizer algorithm for 2-closed permutation
groups

Given a 2-closed permutation group (G, X).

Let C = (X,{R;}icz) be the corresponding Schurian coherent
configuration of 2-orbits of (G, X).

Step 1 Find a set of generators of Aut(C),
Step 2 Find a set of generators of AAut(C),
Step 3 Filter the elements of AAut(C) for realizable algebraic

automorphisms.

If we want to test if an algebraic automorphism ¢ is realizable, we

try to construct a color-preserving isomorphism between the colored
graphs (X, {R;}icz) and (X, {R;¢ }icz).

Such an isomorphism is an element of CAut(C) that realizes ¢.
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Comparison with the general normalizer algorithm

There is an efficient normalizer algorithm implemented in GAPA4.

For some examples this normalizer algorithm performs (somewhat)

slowly.

In these cases usually our normalizer-algorithm can solve the problem

in a reasonable time.

The main advantage is that most of the time our normalizer

algorithm works on the level of structure constants.

This is good because this is a combinatorial object whose size
depends on the rank and not on the degree of the coherent

configurations.
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Algebraic fusions

Given a coherent configuration C = (X, {R;}ic71)-

Let (G,7) < (AAut(C),Z).

Let {Z1,...,Z;} be the orbit-partition of (G,Z).

Then the fusion of C with respect to {Z1,...,Z;} is a fusion of C.

Fusions of C that are obtained in this way are called

algebraic fusions of C with respect to (G,T).

The algebraic fusion for (G,Z) is an association scheme if and only if
(G,7) acts transitively on the elements of Z that correspond to

reflexive relations of C.

If C is Schurian and (G,Z) < CAut(C), then the algebraic fusion of C
with respect to (G,Z) is also Schurian.
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Algebraic twins

Let C = (X, {R;}icz) be a coherent configuration.

Let IT = {74, ...,Zx} be a partition of Z such that the fusion of C
with respect to II is a fusion of C.

If o € (AAut(C),Z), then I1¥ = {Z7,...,Z;} another partition of Z

such that the corresponding fusion is a fusion of C.

The fusions II and 1I¥ are called algebraic twins in the lattice of

fusions of C.
If ¢ is realizable, then the twins are isomorphic.
Otherwise, it can happen that the twins are non-isomorphic!

In general, algebraic twins are algebraically isomorphic.
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Demonstration of the concepts (Example)
Consider the group Eg = Zs.
Let X = {all 2-element subsets of Eg}.
Es acts on X by {x,y} — {x +a,y + a}.

Let AP(2) = (X, {R;}icz) be the Schurian coherent configuration of
2-orbits of (Eg, X).

It has
e degree 28,
e rank 112,
e 7 fibres.
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Groups related to AP(2)

Aut(AP(2)) = (Fs, X) i.e. (Fg, X) is 2-closed
(CAut(AP(2)), X) = Egs x GL(3,2) order: 2'7.3.7
(CAut(AP(2)),7) has order 2'* .3 .7
(AAut(AP(2)),7T) = Eya x GL(3,2) order: 2'7.3.7

The index of (CAut(AP(2)),Z) in (AAut(AP(2)),7) is 8.

Hence there are algebraic automorphisms that are not realizable.
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of AP(2)

s fusions
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Some interesting twins

#175, #£176 These are the two only quasithin schemes on 28

points. #176 is non-Schurian.

H#74, #75 #74 is the famous pseudocyclic scheme found by Mathon

#75 was discovered by Hollmann. It is non-Schurian.

#109, #110 This pair of twins is new! Both schemes arrise as
algebraic fusions of AP(2).

#6, #7 These are the most famous twins. #6 is the triangular
graph T'(8) and #7 is one of the Chang-graphs.
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CcOCO

COCO is a computer-algebra system for computing with the
Galois-correspondence between coherent configurations and

permutation groups.

Core functionality:

CGR: a function that takes as input a permutation group and

computes the corresponding Schurian coherent configuration,

INM: a function that takes a coherent configuration and computes

its structure constants,

SUB: a function that takes the structure constants and computes all

fusions of the coherent configuration

AUT: a function that takes a set of fusions of a coherent
configuration and computes their automorphism-groups.
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Improvements to COCO

Meanwhile a few experimental improvements were made to COCO.

In particular a function for computing the normalizer of a 2-closed

group was added.

Some additional functionality was created outside of COCO using the
Computer Algebra System GAP.

This functions were used, e.g. to treat the coherent configuration

AP(2) from the example above.
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COCO-II

A new version of COCO is now in the process of development. It is

planned to be released as a share-package of GAP

In this new version will be contained improved version of the

algorithm of COCO.

Main improvements will be the use of algebraic automorphisms while

computing fusions of a coherent configuration.
This allows to handle configurations of much higher rank than before.

Main developers are Sven Reichard, Misha Klin, and cn pech.
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