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Plan

Motivation
Quantum field theory

cutting edge calculations in particle physics

Task
Given expression g(n) (depending on n) find expression f(n), such
that

f(n) =

n
X

i=0

g(i)
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Given expression g(n) (depending on n) find expression f(n), such
that

f(n) =

n
X

i=0
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Summation algorithms
polynomial, hypergeometric and harmonic sums and beyond
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Plan

Motivation
Quantum field theory

cutting edge calculations in particle physics

Task
Given expression g(n) (depending on n) find expression f(n), such
that

f(n) =

n
X

i=0

g(i)

Summation algorithms
polynomial, hypergeometric and harmonic sums and beyond

Riemann zeta values and multiple polylogarithms
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Elementary Particle Physics

Standard Model
successfully description for interactions of elementary particles
gauge theory SU(3)× SU(2)× U(1) (internal symmetries)
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Elementary Particle Physics

Standard Model
successfully description for interactions of elementary particles
gauge theory SU(3)× SU(2)× U(1) (internal symmetries)

Probe Standard Model through scattering processes
interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)
cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)
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Elementary Particle Physics

Standard Model
successfully description for interactions of elementary particles
gauge theory SU(3)× SU(2)× U(1) (internal symmetries)

Probe Standard Model through scattering processes
interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)
cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)

Experiments at high-energy colliders
Large Hadron Collider (LHC) at CERN (Genava)
collisions of high energy protons (energy frontier)
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Elementary Particle Physics

Standard Model
successfully description for interactions of elementary particles
gauge theory SU(3)× SU(2)× U(1) (internal symmetries)

Probe Standard Model through scattering processes
interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)
cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)

Experiments at high-energy colliders
Large Hadron Collider (LHC) at CERN (Genava)
collisions of high energy protons (energy frontier)

Discovery searches for

Higgs production and new physics phenomena
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CERN The Large Hadron Collider
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Atlas (I) The ATLAS Detector
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Atlas (I) The ATLAS Detector

ATLAS
(A Toroidal LHC Appartus)

Large air toroid with
µ-chambers

HCAL: steel and
scintillator tiles

ECAL: LAr

Inner solenoid (2 T)

Tracker: Si-strips and
straw tubes (TRD)

Si-pixel detector
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Atlas (II)
length diameter weight

ATLAS ≃ 46 m ≃ 25 m ≃ 7.000 t
CMS ≃ 22 m ≃ 15 m ≃ 12.000 t
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CMS (I) The CMS Detector
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CMS (I) The CMS Detector

CMS
(Compact Muon Solenoid)

4 T Solenoid

µ-chambers in iron
yoke

HCAL: copper and
scintillator

ECAL: PbWO4

crystals

All Si-strip tracker

Si-pixel detector
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H->ZZ event Higgs search
‘Golden channel’ H → ZZ → 4µ
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H->ZZ histo Higgs mass search
Sensitivity study for various Higgs masses
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Quantum field theory

Perturbative predictions for cross sections of scattering processes
series expansion in coupling constant

Example: possible diagrams for gg → ZZ

Higgs signal (left) and QCD background (right)
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QFTPerturbation theory in a nut shell

Feynman diagrams for a given process (tensor integrals, Lorentz
structure, . . . )

Feynman integral (l-loops, n-propagators)

I(D; ν1, . . . , νn) =

Z

dDp1 . . . dDpl
1

(p2
1)

ν1 . . . (p2
n)νn
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QFTPerturbation theory in a nut shell

Feynman diagrams for a given process (tensor integrals, Lorentz
structure, . . . )

Feynman integral (l-loops, n-propagators)

I(D; ν1, . . . , νn) =

Z

dDp1 . . . dDpl
1

(p2
1)

ν1 . . . (p2
n)νn

Dimensional regularization
Bollini, Giambiagi ‘72; Ashmore ‘72; Cicuta, Montaldi ‘72; ‘t Hooft, Veltman ‘72

all momenta and polarisation vectors in D = 4− 2ǫ dimensions
manifest gauge invariance
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QFTPerturbation theory in a nut shell

Feynman diagrams for a given process (tensor integrals, Lorentz
structure, . . . )

Feynman integral (l-loops, n-propagators)

I(D; ν1, . . . , νn) =

Z

dDp1 . . . dDpl
1

(p2
1)

ν1 . . . (p2
n)νn

Dimensional regularization
Bollini, Giambiagi ‘72; Ashmore ‘72; Cicuta, Montaldi ‘72; ‘t Hooft, Veltman ‘72

all momenta and polarisation vectors in D = 4− 2ǫ dimensions
manifest gauge invariance

Classification
topology, n-point function (number of loops, legs)
scales (number of non-vanishing scalar products of momenta and
masses)
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QFT (cont’d)
Renormalization

finite results for physical observables O

bare quantities Obare as Laurent series in ǫ

multiplicative renormalization Obare = ZOren (MS-scheme) with
constants Z =

P

i

αi 1
ǫi γ(i) (schematically)
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QFT (cont’d)
Renormalization

finite results for physical observables O

bare quantities Obare as Laurent series in ǫ

multiplicative renormalization Obare = ZOren (MS-scheme) with
constants Z =

P

i

αi 1
ǫi γ(i) (schematically)

Task
Analytic expressions for γ(i) (multiple polylogarithms) in Laurent
series upon expansion in ǫ = 2− D

2
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QFT (cont’d)
Renormalization

finite results for physical observables O

bare quantities Obare as Laurent series in ǫ

multiplicative renormalization Obare = ZOren (MS-scheme) with
constants Z =

P

i

αi 1
ǫi γ(i) (schematically)

Task
Analytic expressions for γ(i) (multiple polylogarithms) in Laurent
series upon expansion in ǫ = 2− D

2

Difficulty
Calculation of Feynman (loop) integrals
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T1 topo 1From Feynman integrals to sums

Example: massless two-loop two-point function

T1 =

Z

dDp1 dDp2
1

(p2
1)

ν1 (p2
2)

ν2 (p2
3)

ν3 (p2
4)ν4 (p2

5)
ν5

q

ν1 ν2

ν4 ν3

ν5

Sven-Olaf Moch Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory – p.13

http://www-zeuthen.desy.de/~moch


T1 topo 1From Feynman integrals to sums

Example: massless two-loop two-point function

T1 =

Z

dDp1 dDp2
1

(p2
1)

ν1 (p2
2)

ν2 (p2
3)

ν3 (p2
4)ν4 (p2

5)
ν5

q

ν1 ν2

ν4 ν3

ν5

History

Long time it was not clear whether multiple zeta values are sufficient
for coefficients in Taylor expansion in ǫ = 2− D

2
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T1 topo 1From Feynman integrals to sums

Example: massless two-loop two-point function

T1 =

Z

dDp1 dDp2
1

(p2
1)

ν1 (p2
2)

ν2 (p2
3)

ν3 (p2
4)ν4 (p2

5)
ν5

q

ν1 ν2

ν4 ν3

ν5

History

Long time it was not clear whether multiple zeta values are sufficient
for coefficients in Taylor expansion in ǫ = 2− D

2

History (all powers of propagators νi = 1 + ǫ)

ǫ3, ǫ4 (ζ6, ζ7) Kazakov ‘84,Kazakov ‘85

ǫ5 (ζ8, ζ6,2) Broadhurst ‘86

ǫ6 (ζ9) Barfoot, Broadhurst ‘88

ǫ7,ǫ8 (ζ10, ζ8,2, ζ11, ζ8,2,1) Broadhurst, Gracey, Kreimer ’96

ǫ9 (ζ12, ζ10,2, ζ8,2,1,1) Broadhurst ’02
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T1 topo 1From Feynman integrals to sums

Example: massless two-loop two-point function

T1 =

Z

dDp1 dDp2
1

(p2
1)

ν1 (p2
2)

ν2 (p2
3)

ν3 (p2
4)ν4 (p2

5)
ν5

q

ν1 ν2

ν4 ν3

ν5

History

Long time it was not clear whether multiple zeta values are sufficient
for coefficients in Taylor expansion in ǫ = 2− D

2

History (all powers of propagators νi = 1 + ǫ)

ǫ3, ǫ4 (ζ6, ζ7) Kazakov ‘84,Kazakov ‘85

ǫ5 (ζ8, ζ6,2) Broadhurst ‘86

ǫ6 (ζ9) Barfoot, Broadhurst ‘88

ǫ7,ǫ8 (ζ10, ζ8,2, ζ11, ζ8,2,1) Broadhurst, Gracey, Kreimer ’96

ǫ9 (ζ12, ζ10,2, ζ8,2,1,1) Broadhurst ’02

ǫ10,ǫ11, ǫ12,ǫ13 Vermaseren ’03 [based on Bierenbaum, Weinzierl ’03]
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T1 topo 2Solution

All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function Bierenbaum, Weinzierl ’03

Mellin-Barnes representation (sum over residues)

( ; ) = ( )+ ( )+ ( ); (� )(� + � � ) (� � � + + )( ) = = (� ) +Z� (� ) (� + � � ) ( + � � )(� + ) ( );

( ) = (� + � � ) ( + � � )(� + )� (� � � + + ) ( + � + + ) ( + + )( + + � � ) ;( ) = (� � + + ) ( + � � )(� � + + )� (� � � + + ) ( + + ) ( + + � � )( + + � � ) ;( ) = ( � + + ) ( � + + )( + � )� ( � + � � ) ( � + � � ) (� + + )( � + � � ) :( ) (� ) (� + � � ) (� �� + + ) ( + � � ) ( + � + + ) ( + + )( ; ) = ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; ):( ; )( ; ) (� + + )= (� + )(� + + )(� + ) = (� + + � ):::(� + )( ; ) = :
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T1 topo 2Solution

All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function Bierenbaum, Weinzierl ’03

Mellin-Barnes representation (sum over residues)

The two-loop integral can therefore be written as a sum of three terms,

Î(2;5) = T(1)+T(2)+T(3); (29)

where each term is obtained by taking the residues of one Gamma function from the setΓ(�σ),
Γ(�σ+m� ε�ν35) andΓ(�σ� τ�m+ ε+ν14). Explicitly,

T(k) = c
∞

∑
n=0

(�1)n

n!
1

2πi

γ2+i∞Z
γ2�i∞

dτ
Γ(�τ)Γ(�τ+m� ε�ν25)Γ(τ+m� ε�ν1)

Γ(�τ+ν1) H(k); (30)

with

H(1) = Γ(�n+m� ε�ν35)Γ(n+m� ε�ν4)
Γ(�n+ν4)�Γ(�τ�n�m+ ε+ν14)Γ(τ+n�m+ ε+ν235)Γ(τ+n+ν5)

Γ(τ+n+2m�2ε�ν14) ;

H(2) = Γ(�n�m+ ε+ν35)Γ(n+2m�2ε�ν345)

Γ(�n�m+ ε+ν345)�Γ(�τ�n�2m+2ε+ν1345)Γ(τ+n+ν2)Γ(τ+n+m� ε�ν3)( + + � � ) ;( ) = ( � + + ) ( � + + )( + � )� ( � + � � ) ( � + � � ) (� + + )( � + � � ) :( ) (� ) (� + � � ) (� �� + + ) ( + � � ) ( + � + + ) ( + + )( ; ) = ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; )+ ( ; ):( ; )( ; ) (� + + )= (� + )(� + + )(� + ) = (� + + � ):::(� + )( ; ) = :
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T1 topo 2Solution

All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function Bierenbaum, Weinzierl ’03

Mellin-Barnes representation (sum over residues)

The two-loop integral can therefore be written as a sum of three terms,

Î(2;5) = T(1)+T(2)+T(3); (29)

where each term is obtained by taking the residues of one Gamma function from the setΓ(�σ),
Γ(�σ+m� ε�ν35) andΓ(�σ� τ�m+ ε+ν14). Explicitly,
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∞

∑
n=0

(�1)n

n!
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2πi

γ2+i∞Z
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with
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H(2) = Γ(�n�m+ ε+ν35)Γ(n+2m�2ε�ν345)
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Symbolic Summation

Polynomial summation

Examples

n−1
X

i=0

i =
1

2
n(n− 1)

n−1
X

i=0

i2 =
1

6
n(n− 1)(2n− 1)

n−1
X

i=0

i3 =
1

4
n2(n− 1)2

n−1
X

i=0

i4 =
1

30
n(n− 1)(2n− 1)(3n2 − 3n− 1)
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Polynomial summationPolynomial summation

Define rising factorials as fm = f(x)f(x + 1) . . . f(x + m− 1)

(also known as Pochhammer symbols (x)m )

Define falling factorials as fm = f(x)f(x− 1) . . . f(x−m + 1)
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Polynomial summationPolynomial summation

Define rising factorials as fm = f(x)f(x + 1) . . . f(x + m− 1)

(also known as Pochhammer symbols (x)m )

Define falling factorials as fm = f(x)f(x− 1) . . . f(x−m + 1)

Difference operator acts on falling factorials

Differential operator D acts in continuum as D(xm) = mxm−1

∆(xm) = mxm−1
n−1
X

i=0

im =
1

m + 1
nm+1
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Polynomial summationPolynomial summation

Define rising factorials as fm = f(x)f(x + 1) . . . f(x + m− 1)

(also known as Pochhammer symbols (x)m )

Define falling factorials as fm = f(x)f(x− 1) . . . f(x−m + 1)

Difference operator acts on falling factorials

Differential operator D acts in continuum as D(xm) = mxm−1

∆(xm) = mxm−1
n−1
X

i=0

im =
1

m + 1
nm+1

Conversion of polynomial powers xm

(decomposition with Stirling numbers of second kind

(

m

i

)

)

xm =
m
X

i=0

(

m

i

)

xi

Stirling numbers of second kind denote # of ways to partition n
things in k non-empty sets
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Polynomial summationPolynomial summation

Define rising factorials as fm = f(x)f(x + 1) . . . f(x + m− 1)

(also known as Pochhammer symbols (x)m )

Define falling factorials as fm = f(x)f(x− 1) . . . f(x−m + 1)

Difference operator acts on falling factorials

Differential operator D acts in continuum as D(xm) = mxm−1

∆(xm) = mxm−1
n−1
X

i=0

im =
1

m + 1
nm+1

Conversion of polynomial powers xm

(decomposition with Stirling numbers of second kind

(

m

i

)

)

xm =
m
X

i=0

(

m

i

)

xi

Stirling numbers of second kind denote # of ways to partition n
things in k non-empty sets

n−1
X

i=0

i =

n−1
X

i=0

i1 =
1

2
n2 =

1

2
n(n− 1)
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Hypergeometric summation

Definition

Hypergeometric function mFn

mFn

 

a1, . . . , am

b1, . . . , bn

˛

˛

˛

˛

z

!

=
X

i≥0

ai
1 . . . ai

m

bi
1 . . . bi

n

zi

i!
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Hypergeometric summation

Definition

Hypergeometric function mFn

mFn

 

a1, . . . , am

b1, . . . , bn

˛

˛

˛

˛

z

!

=
X

i≥0

ai
1 . . . ai

m

bi
1 . . . bi

n

zi

i!

Examples

0F0

„
˛

˛

˛

˛

z

«

=
X

i≥0

zi

i!
= ez

2F1

 

a, 1

1

˛

˛

˛

˛

z

!

=
X

i≥0

ai zi

i!
=

1

(1− z)a

2F1

 

1, 1

2

˛

˛

˛

˛

z

!

= z
X

i≥0

1i1i

2i

zi

i!
= − ln(1− z)
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RatiosRatios

A term gn is hypergeometric, if the ratio r(n) of two consecutive terms
is a rational function of n.

r(n) =
gn+1

gn
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RatiosRatios

A term gn is hypergeometric, if the ratio r(n) of two consecutive terms
is a rational function of n.

r(n) =
gn+1

gn

Example: binomial coefficient
 

m

n + 1

!

 

m

n

! =
Γ(m + 1)Γ(n + 1)Γ(m− n + 1)

Γ(n + 2)Γ(m− n)Γ(m)
=
−n + m

n + 1
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RatiosRatios

A term gn is hypergeometric, if the ratio r(n) of two consecutive terms
is a rational function of n.

r(n) =
gn+1

gn

Example: binomial coefficient
 

m

n + 1

!

 

m

n

! =
Γ(m + 1)Γ(n + 1)Γ(m− n + 1)

Γ(n + 2)Γ(m− n)Γ(m)
=
−n + m

n + 1

Given a hypergeometric term g, is there hypergeometric term f such
that ∆f = g?

fn+1 − fn = gn
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Gosper/WZGospers algorithm

Gospers algorithm for indefinite hypergeometric summation
determines fn from a given recursion

fn = fn−1 + gn−1 = fn−2 + gn−1 + gn−2 = · · · = f0 +

n−1
X

k=0

gk

Idea: recursive algorithm; telescoping

Sven-Olaf Moch Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory – p.19

http://www-zeuthen.desy.de/~moch


Gosper/WZGospers algorithm

Gospers algorithm for indefinite hypergeometric summation
determines fn from a given recursion

fn = fn−1 + gn−1 = fn−2 + gn−1 + gn−2 = · · · = f0 +

n−1
X

k=0

gk

Idea: recursive algorithm; telescoping

Wilf-Zeilberger algorithm

WZ algorithm
definite hypergeometric summation
Idea: telescoping
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Gosper/WZGospers algorithm

Gospers algorithm for indefinite hypergeometric summation
determines fn from a given recursion

fn = fn−1 + gn−1 = fn−2 + gn−1 + gn−2 = · · · = f0 +

n−1
X

k=0

gk

Idea: recursive algorithm; telescoping

Wilf-Zeilberger algorithm

WZ algorithm
definite hypergeometric summation
Idea: telescoping

Definite vs. indefinite summation

Examples
X

k

 

n

k

!

=
X

k

 

n

k

!

n
X

k=0

 

n

k

!

= 2n
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Harmonic summation

Harmonic sums Sm1,...,mk
(n)

Gonzalez-Arroyo, Lopez, Ynduráin ‘79; Vermaseren ‘98; S.M., Uwer, Weinzierl ‘01

recursive definition S±m1,...,mk
(n) =

n
X

i=1

(±1)i

im1
Sm2,...,mk

(i)
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Harmonic summation

Harmonic sums Sm1,...,mk
(n)

Gonzalez-Arroyo, Lopez, Ynduráin ‘79; Vermaseren ‘98; S.M., Uwer, Weinzierl ‘01

recursive definition S±m1,...,mk
(n) =

n
X

i=1

(±1)i

im1
Sm2,...,mk

(i)

Particle physics
dimensional regularization D = 4− 2ǫ requires expansion of the
Gamma-function around positive integers values (n ≥ 0)

Γ(n + 1 + ǫ)

Γ(1 + ǫ)
= Γ(n + 1) exp

 

−
∞
X

k=1

ǫk (−1)k

k
Sk(n)

!
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Algorithms 1Algorithms for harmonic sums

Multiplication (Hopf algebra)
basic formula (recursion)

Sm1,...,mk
(n)× Sm′

1,...,m′

l

(n) =

n
X

j1=1

1

jm1

1

Sm2,...,mk
(j1)Sm′

1,...,m′

l

(j1)

+
n
X

j2=1

1

j
m′

1

2

Sm1,...,mk
(j2)Sm′

2,...,m′

l

(j2)

−
n
X

j=1

1

jm1+m′

1

Sm2,...,mk
(j)Sm′

2,...,m′

l

(j)

Proof uses decomposition

n
X

i=1

n
X

j=1

aij =

n
X

i=1

i
X

j=1

aij +

n
X

j=1

j
X

i=1

aij −
n
X

i=1

aii

-

6

j1

j2

=

-

6

j1

j2

+

-

6

j1

j2

−

-

6

j1

j2
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Algorithms 2Algorithms for harmonic sums (cont’d)

Convolution (sum over n− j and j)

n−1
X

j=1

1

jm1
Sm2,...,mk

(j)
1

(n− j)n1
Sn2,...,nl

(n− j)

Conjugation

−
n
X

j=1

 

n

j

!

(−1)j
1

jm1
Sm2,...,mk

(j)

Binomial convolution (sum over binomial, n− j and j)

−
n−1
X

j=1

 

n

j

!

(−1)j
1

jm1
Sm2,...,mk

(j)
1

(n− j)n1
Sn2,...,nl

(n− j)
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Multiple scales

Generalized sums S(n; m1, ..., mk;x1, ..., xk)

recursive definition

S(n; m1, ..., mk; x1, ..., xk) =

n
X

i=1

xi
1

im1
S(i; m2, ..., mk;x2, ..., xk)

multiple scales x1, ..., xk

depth k, weight w = m1 + ... + mk
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Multiple scales

Generalized sums S(n; m1, ..., mk;x1, ..., xk)

recursive definition

S(n; m1, ..., mk; x1, ..., xk) =

n
X

i=1

xi
1

im1
S(i; m2, ..., mk;x2, ..., xk)

multiple scales x1, ..., xk

depth k, weight w = m1 + ... + mk

Special cases
S(∞; m1, ..., mk;x1, ..., xk) → Limk,...,m1(xk, ..., x1)

multiple polylogarithms

Goncharov ‘98; Borwein, Bradley, Broadhurst, Lisonek ‘99

S(∞; m1, ..., mk; x, 1, ..., 1) → Hm1,...,mk
(x)

harmonic polylogarithms

Remiddi, Vermaseren ‘98

S(n; m1, ..., mk; 1, ..., 1) → Sm1,...,mk
(n)

Euler-Zagier sums
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Algorithms beyondAlgorithms for nested sums

Same structures as for harmonic sums, in particular
multiplication

S(n; m1, ...; x1, ...) × S(n; m′
1, ...; x′

1, ...)

convolution
conjugation
binomial convolution

Recursive algorithms analogous to harmonic sums solve multiple
nested sums
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Higher transcendental functionsHigher transcendental functions

Expansion of higher transcendental functions in small parameter
expansion parameter ǫ occurs in the rising factorials
(Pochhammer symbols)

Hypergeometric function

2F1(a, b; c, x0) =

∞
X

i=0

aibi

ci

xi
0

i!

First Appell function

F1(a, b1, b2; c; x1, x2) =
∞
X

m1=0

∞
X

m2=0

am1+m2bm1

1 bm2

2

cm1+m2

xm1

1

m1!

xm2

2

m2!

Second Appell function

F2(a, b1, b2; c1, c2; x1, x2) =
∞
X

m1=0

∞
X

m2=0

am1+m2bm1

1 bm2

2

cm1

1 cm2

2

xm1

1

m1!

xm2

2

m2!
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Harmonic polylogarithmsHarmonic polylogarithms

Harmonic polylogarithms Hm1,...,mk
(x)

Remiddi, Vermaseren ‘99

physical quantities in momentum (x)-space
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Harmonic polylogarithmsHarmonic polylogarithms

Harmonic polylogarithms Hm1,...,mk
(x)

Remiddi, Vermaseren ‘99

physical quantities in momentum (x)-space
basic functions of lowest weight
H0(x) = ln x , H1(x) = − ln(1− x) , H−1(x) = ln(1 + x)

higher functions defined by recursion

Hm1,...,mw
(x) =

Z x

0
dz fm1(z) Hm2,...,mw

(z)

f0(x) =
1

x
, f1(x) =

1

1− x
, f−1(x) =

1

1 + x
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Harmonic polylogarithmsHarmonic polylogarithms

Harmonic polylogarithms Hm1,...,mk
(x)

Remiddi, Vermaseren ‘99

physical quantities in momentum (x)-space
basic functions of lowest weight
H0(x) = ln x , H1(x) = − ln(1− x) , H−1(x) = ln(1 + x)

higher functions defined by recursion

Hm1,...,mw
(x) =

Z x

0
dz fm1(z) Hm2,...,mw

(z)

f0(x) =
1

x
, f1(x) =

1

1− x
, f−1(x) =

1

1 + x

(Inverse) Mellin transformation

f̃(N) =

Z 1

0
dx x N f(x)

unique mapping
Hm1,...,mw

(x)

(1± x)
←→ Sn1,...,nw+1(N)
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Beyond

Binomial and inverse binomial sums

Feynman integrals with massive propagators lead to structures

χ =
1−
√

1− 4x

1 +
√

1− 4x
, x =

χ

(1 + χ)2
,
√

1− 4x =
1− χ

1 + χ
.

Mellin-Barnes representations lead to new classes of sums
two-loop two-point functions Davydychev, Kalmykov ‘02

∞
X

k=1

„

2k

k

«

xk

ka
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Beyond

Binomial and inverse binomial sums

Feynman integrals with massive propagators lead to structures

χ =
1−
√

1− 4x

1 +
√

1− 4x
, x =

χ

(1 + χ)2
,
√

1− 4x =
1− χ

1 + χ
.

Mellin-Barnes representations lead to new classes of sums
two-loop two-point functions Davydychev, Kalmykov ‘02

∞
X

k=1

„

2k

k

«

xk

ka

Roots of unity exp

„

2πip

q

«

from expansions of transcendental

functions around rational values Weinzierl ’04
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Applications in particle physics

Feynman integrals from deep-inelastic scattering
Two-scale problem

virtuality of the exchanged gauge boson Q2

scalar product of boson’s and nucleon’s momenta, 2P ·Q
Bjorken’s variable x = Q2/(2P ·Q) with 0 ≤ x ≤ 1 (dimensionless)

Sven-Olaf Moch Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory – p.28

http://www-zeuthen.desy.de/~moch


Applications in particle physics

Feynman integrals from deep-inelastic scattering
Two-scale problem

virtuality of the exchanged gauge boson Q2

scalar product of boson’s and nucleon’s momenta, 2P ·Q
Bjorken’s variable x = Q2/(2P ·Q) with 0 ≤ x ≤ 1 (dimensionless)

Map given integral I(x) to discrete variables I(N), N ∈ N
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Applications in particle physics

Feynman integrals from deep-inelastic scattering
Two-scale problem

virtuality of the exchanged gauge boson Q2

scalar product of boson’s and nucleon’s momenta, 2P ·Q
Bjorken’s variable x = Q2/(2P ·Q) with 0 ≤ x ≤ 1 (dimensionless)

Map given integral I(x) to discrete variables I(N), N ∈ N

Scalar diagram with
external momenta P and Q
(four-point function with
underlying ladder topology)

=

Z 3
Y

n

dDpn
1

(P − p1)2
1

p2
1 . . . p2

8
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Applications in particle physics

Feynman integrals from deep-inelastic scattering
Two-scale problem

virtuality of the exchanged gauge boson Q2

scalar product of boson’s and nucleon’s momenta, 2P ·Q
Bjorken’s variable x = Q2/(2P ·Q) with 0 ≤ x ≤ 1 (dimensionless)

Map given integral I(x) to discrete variables I(N), N ∈ N

Scalar diagram with
external momenta P and Q
(four-point function with
underlying ladder topology)

=

Z 3
Y

n

dDpn
1

(P − p1)2
1

p2
1 . . . p2

8

N -th moment:
coefficient of (2P ·Q)N

=
(2 P ·Q)N

(Q2)
N+α

CN
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Difference eqDifference equations

Single-step difference equation in N

extremely simple example
1

1

1 1

1

1

1

1

1 1

= −

N+3+3ε
N+2

2p ·q
q2

1

1

1 1

1

1

1

1

1 1

+
2

N+2

1

1

1 1

1

1 2

1 1
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Difference eqDifference equations

Single-step difference equation in N

extremely simple example
1

1

1 1

1

1

1

1

1 1

= −

N+3+3ε
N+2

2p ·q
q2

1

1

1 1

1

1

1

1

1 1

+
2

N+2

1

1

1 1

1

1 2

1 1

Formal equation

I(N) = −N+3+3ǫ

N+2
I(N− 1) +

2

N+2
G(N)
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Difference eqDifference equations

Single-step difference equation in N

extremely simple example
1

1

1 1

1

1

1

1

1 1

= −

N+3+3ε
N+2

2p ·q
q2

1

1

1 1

1

1

1

1

1 1

+
2

N+2

1

1

1 1

1

1 2

1 1

Formal equation, formal solution

I(N) = (−1)N
QN

j=1(j+3+3ǫ)
QN

j=1(j+2)
I(0) + (−1)N

N
X

i=1

(−1)j
QN

j=i+1(j+3+3ǫ)
QN

j=i(j+2)
G(i)
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Difference eqDifference equations

Single-step difference equation in N

extremely simple example
1

1

1 1

1

1

1

1

1 1

= −

N+3+3ε
N+2

2p ·q
q2

1

1

1 1

1

1

1

1

1 1

+
2

N+2

1

1

1 1

1

1 2

1 1

Formal equation, formal solution, input to solution

I(N) = (−1)N
QN

j=1(j+3+3ǫ)
QN

j=1(j+2)
I(0) + (−1)N

N
X

i=1

(−1)j
QN

j=i+1(j+3+3ǫ)
QN

j=i(j+2)
G(i)

I(0) = −2

3

1

ǫ2
+

23

3

1

ǫ
− 42

G(i) =
(−1)i

ǫ2
2

3

„

S1(i+2)

i+2
−

S1,2(i)

2
− S2(i+1)

2(i+1)
− S2(i)−

1

(i+1)2
− 1

(i+2)2

«

+ . . .
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Difference eqDifference equations

Single-step difference equation in N

extremely simple example
1

1

1 1

1

1

1

1

1 1

= −

N+3+3ε
N+2

2p ·q
q2

1

1

1 1

1

1

1

1

1 1

+
2

N+2

1

1

1 1

1

1 2

1 1

Formal equation, formal solution, input to solution

I(N) = (−1)N
QN

j=1(j+3+3ǫ)
QN

j=1(j+2)
I(0) + (−1)N

N
P

i=1

(−1)j
QN

j=i+1(j+3+3ǫ)
QN

j=i(j+2)
G(i)

I(0) = −2

3

1

ǫ2
+

23

3

1

ǫ
− 42

G(i) =
(−1)i

ǫ2
2

3

„

S1(i+2)

i+2
−

S1,2(i)

2
− S2(i+1)

2(i+1)
− S2(i)−

1

(i+1)2
− 1

(i+2)2

«

+ . . .

Upshot
automatic build-up of nested sums
efficient implementation in FORM
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LA13 example
I(N) =

sign(N)*ep^-2 * ( 4/3*S(R(1),1 + N)*den(1 + N) + 8/3*S(R(1),1 + N)*den(
1 + N)^2 + 4/3*S(R(1),2 + N)*den(2 + N) + 4/3*S(R(1),2 + N)*den(2 + N)^2 + 4/3*
S(R(1),N) + 2/3*S(R(1,2),N) + 2/3*S(R(2),1 + N)*den(1 + N) + 2/3*S(R(2),2 + N)*
den(2 + N) - 2*S(R(2),N) - 4/3*S(R(2),N)*N + 4*S(R(2,1),N) + 4/3*S(R(2,1),N)*N
- 6*S(R(3),N) - 2*S(R(3),N)*N - 8/3*den(1 + N)^2 - 4*den(1 + N)^3 - 4/3*den(2
+ N)^2 - 2*den(2 + N)^3 )

+ sign(N)*ep^-1 * ( - 16*S(R(1),1 + N)*den(1 + N) - 88/3*S(R(1),1 + N)*
den(1 + N)^2 - 20/3*S(R(1),1 + N)*den(1 + N)^3 - 16*S(R(1),2 + N)*den(2 + N) -
44/3*S(R(1),2 + N)*den(2 + N)^2 - 10/3*S(R(1),2 + N)*den(2 + N)^3 - 20*S(R(1),N)
+ 8/3*S(R(1,1),1 + N)*den(1 + N) + 8/3*S(R(1,1),1 + N)*den(1 + N)^2 + 8/3*S(R(1

,1),2 + N)*den(2 + N) + 8/3*S(R(1,1),N) + 10/3*S(R(1,1,2),N) + 10/3*S(R(1,2),1
+ N)*den(1 + N) + 10/3*S(R(1,2),2 + N)*den(2 + N) - 16*S(R(1,2),N) - 4*S(R(1,2)

,N)*N + 14*S(R(1,2,1),N) + 4*S(R(1,2,1),N)*N - 24*S(R(1,3),N) - 6*S(R(1,3),N)*N
- 58/3*S(R(2),1 + N)*den(1 + N) - 40/3*S(R(2),1 + N)*den(1 + N)^2 - 46/3*S(R(2)

,2 + N)*den(2 + N) - 6*S(R(2),2 + N)*den(2 + N)^2 + 56/3*S(R(2),N) + 20*S(R(2),N
)*N + 10*S(R(2,1),1 + N)*den(1 + N) + 6*S(R(2,1),2 + N)*den(2 + N) - 134/3*S(R(2
,1),N) - 56/3*S(R(2,1),N)*N + 16/3*S(R(2,1,1),N) + 8/3*S(R(2,1,1),N)*N - 62/3*S(
R(2,2),N) - 22/3*S(R(2,2),N)*N - 18*S(R(3),1 + N)*den(1 + N) - 12*S(R(3),2 + N)*
den(2 + N) + 76*S(R(3),N) + 100/3*S(R(3),N)*N - 10*S(R(3,1),N) - 10/3*S(R(3,1),N
)*N + 36*S(R(4),N) + 12*S(R(4),N)*N + 32*den(1 + N)^2 + 164/3*den(1 + N)^3 + 24*
den(1 + N)^4 + 16*den(2 + N)^2 + 82/3*den(2 + N)^3 + 12*den(2 + N)^4 )

+ sign(N) * ( 100*S(R(1),1 + N)*den(1 + N) + 168*S(R(1),1 + N)*den(1 + N)
^2 + 268/3*S(R(1),1 + N)*den(1 + N)^3 - 16/3*S(R(1),1 + N)*den(1 + N)^4 + 100*S(
R(1),2 + N)*den(2 + N) + 84*S(R(1),2 + N)*den(2 + N)^2 + 134/3*S(R(1),2 + N)*
den(2 + N)^3 - 8/3*S(R(1),2 + N)*den(2 + N)^4 + 160*S(R(1),N) - 32*S(R(1,1),1 +
N)*den(1 + N) - 80/3*S(R(1,1),1 + N)*den(1 + N)^2 - 20/3*S(R(1,1),1 + N)*den(1
+ N)^3 - 32*S(R(1,1),2 + N)*den(2 + N) - 4/3*S(R(1,1),2 + N)*den(2 + N)^2 - 10/

3*S(R(1,1),2 + N)*den(2 + N)^3 - 40*S(R(1,1),N) + 4/3*S(R(1,1,1),1 + N)*den(1 +
N) - 40/3*S(R(1,1,1),1 + N)*den(1 + N)^2 + 4/3*S(R(1,1,1),2 + N)*den(2 + N) - 44/
3*S(R(1,1,1),2 + N)*den(2 + N)^2 + 4/3*S(R(1,1,1),N) + 38/3*S(R(1,1,1,2),N) + 38/
3*S(R(1,1,2),1 + N)*den(1 + N) + 38/3*S(R(1,1,2),2 + N)*den(2 + N) - 68*S(R(1,1,
2),N) - 12*S(R(1,1,2),N)*N + 42*S(R(1,1,2,1),N) + 12*S(R(1,1,2,1),N)*N - 76*S(R(
1,1,3),N) - 18*S(R(1,1,3),N)*N - 170/3*S(R(1,2),1 + N)*den(1 + N) + 40/3*S(R(1,2
),1 + N)*den(1 + N)^2 - 134/3*S(R(1,2),2 + N)*den(2 + N) + 14*S(R(1,2),2 + N)*
den(2 + N)^2 + 430/3*S(R(1,2),N) + 60*S(R(1,2),N)*N + 30*S(R(1,2,1),1 + N)*den(1
+ N) + 18*S(R(1,2,1),2 + N)*den(2 + N) - 452/3*S(R(1,2,1),N) - 56*S(R(1,2,1),N)

*N + 74/3*S(R(1,2,1,1),N) + 8*S(R(1,2,1,1),N)*N - 248/3*S(R(1,2,2),N) - 22*S(R(1
,2,2),N)*N - 58*S(R(1,3),1 + N)*den(1 + N) - 40*S(R(1,3),2 + N)*den(2 + N) + 886/

3*S(R(1,3),N) + 100*S(R(1,3),N)*N - 116/3*S(R(1,3,1),N) - 10*S(R(1,3,1),N)*N +
410/3*S(R(1,4),N) + 36*S(R(1,4),N)*N + 186*S(R(2),1 + N)*den(1 + N) + 448/3*S(R(
2),1 + N)*den(1 + N)^2 + 160/3*S(R(2),1 + N)*den(1 + N)^3 + 138*S(R(2),2 + N)*
den(2 + N) + 206/3*S(R(2),2 + N)*den(2 + N)^2 + 80/3*S(R(2),2 + N)*den(2 + N)^3
- 70*S(R(2),N) - 160*S(R(2),N)*N - 338/3*S(R(2,1),1 + N)*den(1 + N) - 64/3*S(R(

2,1),1 + N)*den(1 + N)^2 - 206/3*S(R(2,1),2 + N)*den(2 + N) - 10/3*S(R(2,1),2 +
N)*den(2 + N)^2 + 760/3*S(R(2,1),N) + 140*S(R(2,1),N)*N + 50/3*S(R(2,1,1),1 + N)
*den(1 + N) + 26/3*S(R(2,1,1),2 + N)*den(2 + N) - 170/3*S(R(2,1,1),N) - 100/3*S(
R(2,1,1),N)*N - 12*S(R(2,1,1,1),N) + 4/3*S(R(2,1,1,1),N)*N + 38/3*S(R(2,1,2),N)
- 2/3*S(R(2,1,2),N)*N - 182/3*S(R(2,2),1 + N)*den(1 + N) - 116/3*S(R(2,2),2 + N

)*den(2 + N) + 676/3*S(R(2,2),N) + 308/3*S(R(2,2),N)*N - 118/3*S(R(2,2,1),N) -
18*S(R(2,2,1),N)*N + 296/3*S(R(2,3),N) + 36*S(R(2,3),N)*N + 694/3*S(R(3),1 + N)*
den(1 + N) + 188/3*S(R(3),1 + N)*den(1 + N)^2 + 448/3*S(R(3),2 + N)*den(2 + N)
+ 80/3*S(R(3),2 + N)*den(2 + N)^2 - 1454/3*S(R(3),N) - 290*S(R(3),N)*N - 86/3*

S(R(3,1),1 + N)*den(1 + N) - 56/3*S(R(3,1),2 + N)*den(2 + N) + 440/3*S(R(3,1),N)
+ 164/3*S(R(3,1),N)*N - 10*S(R(3,1,1),N) - 10/3*S(R(3,1,1),N)*N + 80*S(R(3,2),N

) + 80/3*S(R(3,2),N)*N + 302/3*S(R(4),1 + N)*den(1 + N) + 194/3*S(R(4),2 + N)*
den(2 + N) - 434*S(R(4),N) - 556/3*S(R(4),N)*N - 8*S(R(4,1),N) - 8/3*S(R(4,1),N)
*N - 150*S(R(5),N) - 50*S(R(5),N)*N - 200*den(1 + N)^2 - 380*den(1 + N)^3 - 896/
3*den(1 + N)^4 - 100*den(1 + N)^5 - 100*den(2 + N)^2 - 190*den(2 + N)^3 - 448/3*
den(2 + N)^4 - 50*den(2 + N)^5 );

Sven-Olaf Moch Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory – p.30

http://www-zeuthen.desy.de/~moch


LA13 example
I(N) =

sign(N)*ep^-2 * ( 4/3*S(R(1),1 + N)*den(1 + N) + 8/3*S(R(1),1 + N)*den(
1 + N)^2 + 4/3*S(R(1),2 + N)*den(2 + N) + 4/3*S(R(1),2 + N)*den(2 + N)^2 + 4/3*
S(R(1),N) + 2/3*S(R(1,2),N) + 2/3*S(R(2),1 + N)*den(1 + N) + 2/3*S(R(2),2 + N)*
den(2 + N) - 2*S(R(2),N) - 4/3*S(R(2),N)*N + 4*S(R(2,1),N) + 4/3*S(R(2,1),N)*N
- 6*S(R(3),N) - 2*S(R(3),N)*N - 8/3*den(1 + N)^2 - 4*den(1 + N)^3 - 4/3*den(2
+ N)^2 - 2*den(2 + N)^3 )

+ sign(N)*ep^-1 * ( - 16*S(R(1),1 + N)*den(1 + N) - 88/3*S(R(1),1 + N)*
den(1 + N)^2 - 20/3*S(R(1),1 + N)*den(1 + N)^3 - 16*S(R(1),2 + N)*den(2 + N) -
44/3*S(R(1),2 + N)*den(2 + N)^2 - 10/3*S(R(1),2 + N)*den(2 + N)^3 - 20*S(R(1),N)
+ 8/3*S(R(1,1),1 + N)*den(1 + N) + 8/3*S(R(1,1),1 + N)*den(1 + N)^2 + 8/3*S(R(1

,1),2 + N)*den(2 + N) + 8/3*S(R(1,1),N) + 10/3*S(R(1,1,2),N) + 10/3*S(R(1,2),1
+ N)*den(1 + N) + 10/3*S(R(1,2),2 + N)*den(2 + N) - 16*S(R(1,2),N) - 4*S(R(1,2)

,N)*N + 14*S(R(1,2,1),N) + 4*S(R(1,2,1),N)*N - 24*S(R(1,3),N) - 6*S(R(1,3),N)*N
- 58/3*S(R(2),1 + N)*den(1 + N) - 40/3*S(R(2),1 + N)*den(1 + N)^2 - 46/3*S(R(2)

,2 + N)*den(2 + N) - 6*S(R(2),2 + N)*den(2 + N)^2 + 56/3*S(R(2),N) + 20*S(R(2),N
)*N + 10*S(R(2,1),1 + N)*den(1 + N) + 6*S(R(2,1),2 + N)*den(2 + N) - 134/3*S(R(2
,1),N) - 56/3*S(R(2,1),N)*N + 16/3*S(R(2,1,1),N) + 8/3*S(R(2,1,1),N)*N - 62/3*S(
R(2,2),N) - 22/3*S(R(2,2),N)*N - 18*S(R(3),1 + N)*den(1 + N) - 12*S(R(3),2 + N)*
den(2 + N) + 76*S(R(3),N) + 100/3*S(R(3),N)*N - 10*S(R(3,1),N) - 10/3*S(R(3,1),N
)*N + 36*S(R(4),N) + 12*S(R(4),N)*N + 32*den(1 + N)^2 + 164/3*den(1 + N)^3 + 24*
den(1 + N)^4 + 16*den(2 + N)^2 + 82/3*den(2 + N)^3 + 12*den(2 + N)^4 )

+ sign(N) * ( 100*S(R(1),1 + N)*den(1 + N) + 168*S(R(1),1 + N)*den(1 + N)
^2 + 268/3*S(R(1),1 + N)*den(1 + N)^3 - 16/3*S(R(1),1 + N)*den(1 + N)^4 + 100*S(
R(1),2 + N)*den(2 + N) + 84*S(R(1),2 + N)*den(2 + N)^2 + 134/3*S(R(1),2 + N)*
den(2 + N)^3 - 8/3*S(R(1),2 + N)*den(2 + N)^4 + 160*S(R(1),N) - 32*S(R(1,1),1 +
N)*den(1 + N) - 80/3*S(R(1,1),1 + N)*den(1 + N)^2 - 20/3*S(R(1,1),1 + N)*den(1
+ N)^3 - 32*S(R(1,1),2 + N)*den(2 + N) - 4/3*S(R(1,1),2 + N)*den(2 + N)^2 - 10/

3*S(R(1,1),2 + N)*den(2 + N)^3 - 40*S(R(1,1),N) + 4/3*S(R(1,1,1),1 + N)*den(1 +
N) - 40/3*S(R(1,1,1),1 + N)*den(1 + N)^2 + 4/3*S(R(1,1,1),2 + N)*den(2 + N) - 44/
3*S(R(1,1,1),2 + N)*den(2 + N)^2 + 4/3*S(R(1,1,1),N) + 38/3*S(R(1,1,1,2),N) + 38/
3*S(R(1,1,2),1 + N)*den(1 + N) + 38/3*S(R(1,1,2),2 + N)*den(2 + N) - 68*S(R(1,1,
2),N) - 12*S(R(1,1,2),N)*N + 42*S(R(1,1,2,1),N) + 12*S(R(1,1,2,1),N)*N - 76*S(R(
1,1,3),N) - 18*S(R(1,1,3),N)*N - 170/3*S(R(1,2),1 + N)*den(1 + N) + 40/3*S(R(1,2
),1 + N)*den(1 + N)^2 - 134/3*S(R(1,2),2 + N)*den(2 + N) + 14*S(R(1,2),2 + N)*
den(2 + N)^2 + 430/3*S(R(1,2),N) + 60*S(R(1,2),N)*N + 30*S(R(1,2,1),1 + N)*den(1
+ N) + 18*S(R(1,2,1),2 + N)*den(2 + N) - 452/3*S(R(1,2,1),N) - 56*S(R(1,2,1),N)

*N + 74/3*S(R(1,2,1,1),N) + 8*S(R(1,2,1,1),N)*N - 248/3*S(R(1,2,2),N) - 22*S(R(1
,2,2),N)*N - 58*S(R(1,3),1 + N)*den(1 + N) - 40*S(R(1,3),2 + N)*den(2 + N) + 886/

3*S(R(1,3),N) + 100*S(R(1,3),N)*N - 116/3*S(R(1,3,1),N) - 10*S(R(1,3,1),N)*N +
410/3*S(R(1,4),N) + 36*S(R(1,4),N)*N + 186*S(R(2),1 + N)*den(1 + N) + 448/3*S(R(
2),1 + N)*den(1 + N)^2 + 160/3*S(R(2),1 + N)*den(1 + N)^3 + 138*S(R(2),2 + N)*
den(2 + N) + 206/3*S(R(2),2 + N)*den(2 + N)^2 + 80/3*S(R(2),2 + N)*den(2 + N)^3
- 70*S(R(2),N) - 160*S(R(2),N)*N - 338/3*S(R(2,1),1 + N)*den(1 + N) - 64/3*S(R(

2,1),1 + N)*den(1 + N)^2 - 206/3*S(R(2,1),2 + N)*den(2 + N) - 10/3*S(R(2,1),2 +
N)*den(2 + N)^2 + 760/3*S(R(2,1),N) + 140*S(R(2,1),N)*N + 50/3*S(R(2,1,1),1 + N)
*den(1 + N) + 26/3*S(R(2,1,1),2 + N)*den(2 + N) - 170/3*S(R(2,1,1),N) - 100/3*S(
R(2,1,1),N)*N - 12*S(R(2,1,1,1),N) + 4/3*S(R(2,1,1,1),N)*N + 38/3*S(R(2,1,2),N)
- 2/3*S(R(2,1,2),N)*N - 182/3*S(R(2,2),1 + N)*den(1 + N) - 116/3*S(R(2,2),2 + N

)*den(2 + N) + 676/3*S(R(2,2),N) + 308/3*S(R(2,2),N)*N - 118/3*S(R(2,2,1),N) -
18*S(R(2,2,1),N)*N + 296/3*S(R(2,3),N) + 36*S(R(2,3),N)*N + 694/3*S(R(3),1 + N)*
den(1 + N) + 188/3*S(R(3),1 + N)*den(1 + N)^2 + 448/3*S(R(3),2 + N)*den(2 + N)
+ 80/3*S(R(3),2 + N)*den(2 + N)^2 - 1454/3*S(R(3),N) - 290*S(R(3),N)*N - 86/3*

S(R(3,1),1 + N)*den(1 + N) - 56/3*S(R(3,1),2 + N)*den(2 + N) + 440/3*S(R(3,1),N)
+ 164/3*S(R(3,1),N)*N - 10*S(R(3,1,1),N) - 10/3*S(R(3,1,1),N)*N + 80*S(R(3,2),N

) + 80/3*S(R(3,2),N)*N + 302/3*S(R(4),1 + N)*den(1 + N) + 194/3*S(R(4),2 + N)*
den(2 + N) - 434*S(R(4),N) - 556/3*S(R(4),N)*N - 8*S(R(4,1),N) - 8/3*S(R(4,1),N)
*N - 150*S(R(5),N) - 50*S(R(5),N)*N - 200*den(1 + N)^2 - 380*den(1 + N)^3 - 896/
3*den(1 + N)^4 - 100*den(1 + N)^5 - 100*den(2 + N)^2 - 190*den(2 + N)^3 - 448/3*
den(2 + N)^4 - 50*den(2 + N)^5 );

Result for I(N) in the G-scheme
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Splitting functions (nut shell)Splitting functions in a nut shell

Calculate anomalous dimensions (Mellin moments of splitting
functions) −→ divergence of Feynman diagrams in dimensional
regularization D = 4− 2ǫ

γ
(n)
ij (N) = −

Z 1

0
dx x N−1 P

(n)
ij (x)
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Splitting functions (nut shell)Splitting functions in a nut shell

Calculate anomalous dimensions (Mellin moments of splitting
functions) −→ divergence of Feynman diagrams in dimensional
regularization D = 4− 2ǫ

γ
(n)
ij (N) = −

Z 1

0
dx x N−1 P

(n)
ij (x)

One-loop Feynman diagrams

−→ in total 18 for γ
(0)
ij / P

(0)
ij

(pencil + paper)
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Splitting functions (nut shell)Splitting functions in a nut shell

Calculate anomalous dimensions (Mellin moments of splitting
functions) −→ divergence of Feynman diagrams in dimensional
regularization D = 4− 2ǫ

γ
(n)
ij (N) = −

Z 1

0
dx x N−1 P

(n)
ij (x)

One-loop Feynman diagrams

−→ in total 18 for γ
(0)
ij / P

(0)
ij

(pencil + paper)

Two-loop Feynman diagrams

−→ in total 350 for γ
(1)
ij / P

(1)
ij

(simple computer algebra)
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Splitting functions (nut shell)Splitting functions in a nut shell

Calculate anomalous dimensions (Mellin moments of splitting
functions) −→ divergence of Feynman diagrams in dimensional
regularization D = 4− 2ǫ

γ
(n)
ij (N) = −

Z 1

0
dx x N−1 P

(n)
ij (x)

One-loop Feynman diagrams

−→ in total 18 for γ
(0)
ij / P

(0)
ij

(pencil + paper)

Two-loop Feynman diagrams

−→ in total 350 for γ
(1)
ij / P

(1)
ij

(simple computer algebra)

Three-loop Feynman diagrams

−→ in total 9607 for γ
(2)
ij / P

(2)
ij

(cutting edge technology −→ computer al-
gebra system FORM Vermaseren ‘89-‘05)
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LO/NLO PLO and NLO splitting functions
P (0)

ns (x) = CF(2pqq(x)+3δ(1− x))

P (0)
ps (x) = 0

P (0)
qg (x) = 2nf pqg(x)

P (0)
gq (x) = 2CF pgq(x)

P (0)
gg (x) = CA

(

4pgg(x)+
11
3

δ(1− x)
)

−

2
3

nf δ(1− x)

P(1)+
ns (x) = 4CACF

(

pqq(x)
[67

18
−ζ2 +

11
6

H0+H0,0

]

+ pqq(−x)
[

ζ2+2H
−1,0−H0,0

]

+
14
3

(1− x)+δ(1− x)
[17

24
+

11
3

ζ2−3ζ3

])

−4CFnf

(

pqq(x)
[5

9
+

1
3

H0

]

+
2
3
(1− x)

+δ(1− x)
[ 1

12
+

2
3

ζ2

])

+4CF
2
(

2pqq(x)
[

H1,0−
3
4

H0 +H2

]

−2pqq(−x)
[

ζ2+2H
−1,0

−H0,0

]

− (1− x)
[

1−
3
2

H0

]

−H0− (1+ x)H0,0+δ(1− x)
[3

8
−3ζ2+6ζ3

])

P(1)−
ns (x) = P(1)+

ns (x)+16CF

(

CF −

CA

2

)(

pqq(−x)
[

ζ2+2H
−1,0−H0,0

]

−2(1− x)

− (1+ x)H0

)

P(1)
ps (x) = 4CFnf

(20
9

1
x
−2+6x−4H0+ x2

[8
3

H0−
56
9

]

+(1+ x)
[

5H0−2H0,0

])

P(1)
qg (x) = 4CAnf

(20
9

1
x
−2+25x−2pqg(−x)H

−1,0−2pqg(x)H1,1+ x2
[44

3
H0−

218
9

]

+4(1− x)
[

H0,0−2H0 + xH1

]

−4ζ2x−6H0,0+9H0

)

+4CFnf

(

2pqg(x)
[

H1,0 +H1,1+H2

−ζ2

]

+4x2
[

H0+H0,0 +
5
2

]

+2(1− x)
[

H0+H0,0−2xH1+
29
4

]

−

15
2
−H0,0−

1
2

H0

)

P(1)
gq (x) = 4CACF

(1
x

+2pgq(x)
[

H1,0 +H1,1+H2−
11
6

H1

]

− x2
[8

3
H0−

44
9

]

+4ζ2−2

−7H0 +2H0,0−2H1x+(1+ x)
[

2H0,0−5H0+
37
9

]

−2pgq(−x)H
−1,0

)

−4CFnf

(2
3

x

−pgq(x)
[2

3
H1−

10
9

])

+4CF
2
(

pgq(x)
[

3H1−2H1,1

]

+(1+ x)
[

H0,0−
7
2

+
7
2

H0

]

−3H0,0

+1−
3
2

H0+2H1x
)

P(1)
gg (x) = 4CAnf

(

1− x−
10
9

pgg(x)−
13
9

(1
x
− x2

)

−

2
3
(1+ x)H0−

2
3

δ(1− x)
)

+4CA
2
(

27

+(1+ x)
[11

3
H0+8H0,0−

27
2

]

+2pgg(−x)
[

H0,0−2H
−1,0−ζ2

]

−

67
9

(1
x
− x2

)

−12H0

−

44
3

x2H0+2pgg(x)
[67

18
−ζ2 +H0,0+2H1,0 +2H2

]

+δ(1− x)
[8

3
+3ζ3

])

+4CFnf

(

2H0

+
2
3

1
x

+
10
3

x2
−12+(1+ x)

[

4−5H0−2H0,0

]

−

1
2

δ(1− x)
)

.

Sven-Olaf Moch Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory – p.32

http://www-zeuthen.desy.de/~moch


LO ns P@

NNLO non-singlet splitting functions
S.M., Vermaseren, Vogt ‘04

P(2)+
ns (x) = 16CACFnf

(1
6

pqq(x)
[10

3
ζ2−

209
36

−9ζ3−
167
18

H0 +2H0ζ2−7H0,0−2H0,0,0

+3H1,0,0−H3

]

+
1
3

pqq(−x)
[3

2
ζ3−

5
3

ζ2−H
−2,0−2H

−1ζ2−
10
3

H
−1,0−H

−1,0,0

+2H
−1,2 +

1
2

H0ζ2 +
5
3

H0,0+H0,0,0−H3

]

+(1− x)
[1

6
ζ2−

257
54

−

43
18

H0−
1
6

H0,0−H1

]

− (1+ x)
[2

3
H
−1,0 +

1
2

H2

]

+
1
3

ζ2+H0 +
1
6

H0,0+δ(1− x)
[5

4
−

167
54

ζ2+
1
20

ζ2
2+

25
18

ζ3

])

+16CACF
2
(

pqq(x)
[5

6
ζ3−

69
20

ζ2
2
−H

−3,0−3H
−2ζ2−14H

−2,−1,0 +3H
−2,0+5H

−2,0,0

−4H
−2,2−

151
48

H0 +
41
12

H0ζ2−
17
2

H0ζ3−
13
4

H0,0−4H0,0ζ2−
23
12

H0,0,0 +5H0,0,0,0+
2
3

H3

−24H1ζ3−16H1,−2,0 +
67
9

H1,0−2H1,0ζ2 +
31
3

H1,0,0+11H1,0,0,0+8H1,1,0,0−8H1,3+H4

+
67
9

H2−2H2ζ2 +
11
3

H2,0 +5H2,0,0+H3,0

]

+ pqq(−x)
[1

4
ζ2

2
−

67
9

ζ2 +
31
4

ζ3 +5H
−3,0

−32H
−2ζ2−4H

−2,−1,0−
31
6

H
−2,0+21H

−2,0,0+30H
−2,2−

31
3

H
−1ζ2−42H

−1ζ3+
9
4

H0

−4H
−1,−2,0 +56H

−1,−1ζ2−36H
−1,−1,0,0−56H

−1,−1,2−
134
9

H
−1,0−42H

−1,0ζ2−H3,0

+32H
−1,3−

31
6

H
−1,0,0 +17H

−1,0,0,0+
31
3

H
−1,2 +2H

−1,2,0+
13
12

H0ζ2 +
29
2

H0ζ3 +
67
9

H0,0

+13H0,0ζ2+
89
12

H0,0,0−5H0,0,0,0−7H2ζ2−
31
6

H3−10H4

]

+(1− x)
[133

36
+4H0,0,0,0

−

167
4

ζ3−2H0ζ3−2H
−3,0+H

−2ζ2+2H
−2,−1,0−3H

−2,0,0+
77
4

H0,0,0−
209
6

H1−7H1ζ2

+4H1,0,0 +
14
3

H1,0

]

+(1+ x)
[43

2
ζ2−3ζ2

2+
25
2

H
−2,0−31H

−1ζ2−14H
−1,−1,0−

13
3

H
−1,0

+24H
−1,2 +23H

−1,0,0+
55
2

H0ζ2 +5H0,0ζ2 +
1457
48

H0−
1025
36

H0,0−
155
6

H2+H2ζ2−15H3

+2H2,0,0−3H4

]

−5ζ2−
1
2

ζ2
2+50ζ3−2H

−3,0−7H
−2,0−H0ζ3−

37
2

H0ζ2−
242
9

H0

−2H0,0ζ2 +
185
6

H0,0−22H0,0,0−4H0,0,0,0+
28
3

H2+6H3 +δ(1− x)
[151

64
+ζ2ζ3−

205
24

ζ2

−

247
60

ζ2
2+

211
12

ζ3+
15
2

ζ5

])

+16CA
2CF

(

pqq(x)
[245

48
−

67
18

ζ2+
12
5

ζ2
2+

1
2

ζ3 +
1043
216

H0

+H
−3,0 +4H

−2,−1,0−
3
2

H
−2,0−H

−2,0,0 +2H
−2,2−

31
12

H0ζ2 +4H0ζ3 +
389
72

H0,0−2H2,0,0

−H0,0,0,0 +9H1ζ3+6H1,−2,0−H1,0ζ2−
11
4

H1,0,0−3H1,0,0,0−4H1,1,0,0+4H1,3 +
31
12

H0,0,0

+
11
12

H3 +H4

]

+ pqq(−x)
[67

18
ζ2−ζ2

2
−

11
4

ζ3−H
−3,0+8H

−2ζ2+
11
6

H
−2,0−4H

−2,0,0

−3H
−1,0,0,0 +

11
3

H
−1ζ2 +12H

−1ζ3−16H
−1,−1ζ2 +8H

−1,−1,0,0+16H
−1,−1,2 +

67
9

H
−1,0

−8H
−2,2 +11H

−1,0ζ2 +
11
6

H
−1,0,0−

11
3

H
−1,2−8H

−1,3−
3
4

H0−
1
6

H0ζ2−4H0ζ3−
67
18

H0,0

−3H0,0ζ2−
31
12

H0,0,0 +H0,0,0,0+2H2ζ2+
11
6

H3 +2H4

]

+(1− x)
[1883

108
−

1
2

H0,0,0,0+11H1

−H
−2,−1,0 +

1
2

H
−3,0−

1
2

H
−2ζ2 +

1
2

H
−2,0,0+

523
36

H0+H0ζ3−
13
3

H0,0−
5
2

H0,0,0 +2H1ζ2

−2H1,0,0

]

+(1+ x)
[

8H
−1ζ2 +4H

−1,−1,0+
8
3

H
−1,0−5H

−1,0,0−6H
−1,2−

13
3

ζ2 +
3
8

ζ2
2

−

43
4

ζ3−
5
2

H
−2,0−

11
2

H0ζ2−
1
2

H2ζ2−
5
4

H0,0ζ2 +7H2−
1
4

H2,0,0 +3H3+
3
4

H4

]

+
1
2

H0,0ζ2

+
1
4

ζ2
2
−

8
3

ζ2 +
17
2

ζ3+H
−2,0−

19
2

H0+
5
2

H0ζ2−H0ζ3+
13
3

H0,0+
5
2

H0,0,0 +
1
2

H0,0,0,0

−δ(1− x)
[1657

576
−

281
27

ζ2 +
1
8

ζ2
2+

97
9

ζ3−
5
2

ζ5

])

+16CFn2
f

( 1
18

pqq(x)
[

H0,0−
1
3

+
5
3

H0

]

+(1− x)
[13

54
+

1
9

H0

]

−δ(1− x)
[ 17

144
−

5
27

ζ2 +
1
9

ζ3

])

+16CF
2nf

(1
3

pqq(x)
[

5ζ3−4H1,0,0

−

55
16

+
5
8

H0+H0ζ2 +
3
2

H0,0−H0,0,0−
10
3

H1,0−
10
3

H2−2H2,0−2H3

]

+
2
3

pqq(−x)
[5

3
ζ2

−

3
2

ζ3 +H
−2,0 +2H

−1ζ2 +
10
3

H
−1,0+H

−1,0,0−2H
−1,2−

1
2

H0ζ2−
5
3

H0,0−H0,0,0 +H3

]

− (1− x)
[10

9
+

19
18

H0,0−
4
3

H1+
2
3

H1,0 +
4
3

H2

]

+(1+ x)
[4

3
H
−1,0−

25
24

H0+
1
2

H0,0,0

]

+
2
9

H0

+
7
9

H0,0 +
4
3

H2−δ(1− x)
[23

16
−

5
12

ζ2−
29
30

ζ2
2 +

17
6

ζ3

])

+16CF
3
(

pqq(x)
[ 9

10
ζ2

2
−2H

−3,0

+6H
−2ζ2 +12H

−2,−1,0−6H
−2,0,0−

3
16

H0−
3
2

H0ζ2+H0ζ3 +
13
8

H0,0−2H0,0,0,0+8H1,3

+12H1ζ3+8H1,−2,0−6H1,0,0−4H1,0,0,0 +4H1,2,0−3H2,0 +2H2,0,0+4H2,1,0 +4H2,2

+4H3,0 +4H3,1+2H4

]

+ pqq(−x)
[7

2
ζ2

2
−

9
2

ζ3−6H
−3,0+32H

−2ζ2 +8H
−2,−1,0 +3H

−2,0

−26H
−2,0,0−28H

−2,2+6H
−1ζ2+36H

−1ζ3+8H
−1,−2,0−48H

−1,−1ζ2 +40H
−1,−1,0,0

+48H
−1,−1,2 +40H

−1,0ζ2 +3H
−1,0,0−22H

−1,0,0,0−6H
−1,2−4H

−1,2,0−32H
−1,3−

3
2

H0

−

3
2

H0ζ2−13H0ζ3−14H0,0ζ2−
9
2

H0,0,0 +6H0,0,0,0+6H2ζ2+3H3 +2H3,0+12H4

]

+(1− x)
[

2H
−3,0−

31
8

+4H
−2,0,0 +H0,0ζ2−3H0,0,0,0 +35H1+6H1ζ2−H1,0+

5
2

H2,0

]

+(1+ x)
[37

10
ζ2

2
−

93
4

ζ2−
81
2

ζ3−15H
−2,0+30H

−1ζ2 +12H
−1,−1,0−2H

−1,0−26H
−1,0,0

−24H
−1,2−

539
16

H0−28H0ζ2+
191
8

H0,0+20H0,0,0 +
85
4

H2−3H2,0,0−2H3,0 +13H3

−H4

]

+4ζ2 +33ζ3+4H
−3,0+10H

−2,0 +
67
2

H0+6H0ζ3 +19H0ζ2−25H0,0−17H0,0,0

−2H2−H2,0−4H3 +δ(1− x)
[29

32
−2ζ2ζ3 +

9
8

ζ2+
18
5

ζ2
2+

17
4

ζ3−15ζ5

])

.

P(2)−
ns (x) = P(2)+

ns (x)+16CACF

(

CF −

CA

2

)(

pqq(−x)
[134

9
ζ2−4ζ2

2
−11ζ3−4H

−3,0

+32H
−2ζ2 +

22
3

H
−2,0−16H

−2,0,0−32H
−2,2+

44
3

H
−1ζ2+48H

−1ζ3−64H
−1,−1ζ2

+32H
−1,−1,0,0+64H

−1,−1,2 +
268
9

H
−1,0 +44H

−1,0ζ2 +
22
3

H
−1,0,0−12H

−1,0,0,0−
44
3

H
−1,2

−32H
−1,3−3H0−

2
3

H0ζ2−16H0ζ3−
134
9

H0,0−12H0,0ζ2−
31
3

H0,0,0+4H0,0,0,0 +8H2ζ2

+
22
3

H3+8H4

]

+(1− x)
[367

18
+

1
2

ζ2
2+2H

−3,0−2H
−2ζ2−4H

−2,−1,0−10H
−2,0−2H0,0

+2H
−2,0,0+2H0ζ3+H0,0ζ2−H0,0,0,0+8H1ζ2+

140
3

H1

]

+(1+ x)
[

32H
−1ζ2−18ζ2

−23ζ3+
26
3

H
−1,0−16H

−1,0,0−32H
−1,2−

481
18

H0−29H0ζ2 +5H0,0,0+24H3+
70
3

H2

]

−2ζ2−2ζ3 +32H0+14H0ζ2 +2H0,0,0−16H3

)

+16CFnf

(

CF −

CA

2

)(

pqq(−x)
[

2ζ3

−

20
9

ζ2−
4
3

H
−2,0−

8
3

H
−1ζ2−

40
9

H
−1,0−

4
3

H
−1,0,0+

8
3

H
−1,2 +

2
3

H0ζ2 +
20
9

H0,0 +
4
3

H0,0,0

−

4
3

H3

]

+(1− x)
[61

9
−

8
3

H1

]

+(1+ x)
[

2H0,0−
8
3

H
−1,0+

41
9

H0−
4
3

H2

])

+16CF
2
(

CF −

CA

2

)(

pqq(−x)
[

9ζ3−7ζ2
2+12H

−3,0−64H
−2ζ2−16H

−2,−1,0−6H
−2,0

+52H
−2,0,0+56H

−2,2−12H
−1ζ2−72H

−1ζ3−16H
−1,−2,0 +96H

−1,−1ζ2−80H
−1,−1,0,0

−96H
−1,−1,2−80H

−1,0ζ2−6H
−1,0,0 +44H

−1,0,0,0+12H
−1,2+8H

−1,2,0 +64H
−1,3+3H0

+3H0ζ2 +26H0ζ3 +28H0,0ζ2 +9H0,0,0−12H0,0,0,0−12H2ζ2−6H3−4H3,0−24H4

]

− (1− x)
[

15+8H
−3,0+8H

−2,0,0+61H0+6H0ζ3+2H0,0ζ2−6H0,0,0,0+12H1ζ2 +60H1

+8H1,0

]

+(1+ x)
[

24ζ2+57ζ3 +10H
−2,0−48H

−1ζ2−4H
−1,0+40H

−1,0,0 +48H
−1,2

+59H0ζ2−22H0,0−35H0,0,0−22H2−4H2,0−44H3

]

+8ζ2−42ζ3−4H
−2,0+42H0

−38H0ζ2 +14H0,0−16H2+26H0,0,0+24H3

)

.

P (2)s
ns (x) = 16nf

dabcdabc

nc

(1
2
(1− x)

[50
3

+
41
12

ζ2−
5
4

ζ2
2
−H

−3,0 +H
−2ζ2−H

−2,0,0 +
9
4

H3

+2H
−2,−1,0 +

3
2

H0,0ζ2−
1
2

H1ζ2−
3
4

H1,0,0+
91
12

H1

]

+
1
2
(1+ x)

[

H
−1,−1,0−

3
2

H
−1ζ2 +

3
4

H0

−

13
6

H
−1,0+

1
2

H
−1,0,0 +2H

−1,2−
3
2

H
−2,0 +

9
4

H0ζ2 +
29
12

H0,0 +
41
12

H2−H2ζ2−
1
2

H2,0,0

+
3
2

H4

]

−

1
3

(1
x

+ x2
)[

3H
−1ζ2+2H

−1,−1,0−2H
−1,0,0−2H

−1,2 +H1ζ2

]

+
1
3

x2
[

5ζ3−2H3

+2H
−2,0 +4H0ζ2−2H0,0,0+2H1ζ2

]

+
91
24

H0+ζ3−
9
2

ζ2 +ζ2
2
−H0ζ3−H0ζ2−2H0,0ζ2

+
3
8

H0,0−
1
4

H0,0,0+
1
2

H0,0,0,0+H
−2,0−H3

)

.
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P(2)
ps (x) = 16CACFnf

(4
3
(
1
x

+ x2)
[13

3
H
−1,0−

14
9

H0 +
1
2

H
−1ζ2−H

−1,−1,0−2H
−1,0,0

−H
−1,2

]

+
2
3
(
1
x
− x2)

[16
3

ζ2 +H2,1+9ζ3 +
9
4

H1,0−
6761
216

+
571
72

H1+
10
3

H2+H1ζ2−
1
6

H1,1

−3H1,0,0+2H1,1,0 +2H1,1,1

]

+(1− x)
[182

9
H1 +

158
3

+
397
36

H0,0−
13
2

H
−2,0+3H0,0,0,0

+
13
6

H1,0 +3xH1,0 +H
−3,0+H

−2ζ2 +2H
−2,−1,0+3H

−2,0,0 +
1
2

H0,0ζ2 +
1
2

H1ζ2−
9
4

H1,0,0

−

3
4

H1,1+H1,1,0 +H1,1,1

]

+(1+ x)
[ 7

12
H0ζ2 +

31
6

ζ3+
91
18

H2+
71
12

H3+
113
18

ζ2−
826
27

H0

+
5
2

H2,0+
16
3

H
−1,0+6xH

−1,0 +
31
6

H0,0,0−
17
6

H2,1+
117
20

ζ2
2+9H0ζ3+

5
2

H
−1ζ2+2H2,1,0

+
1
2

H
−1,0,0−2H

−1,2 +H2ζ2−
7
2

H2,0,0+H
−1,−1,0 +2H2,1,1+H3,1−

1
2

H4

]

+5H
−2,0 +H2,1

+H0,0,0,0−
1
2

ζ2
2+4H

−3,0 +4H0ζ3−
32
9

H0,0−
29
12

H0−
235
12

ζ2−
511
12

−

97
12

H1+
33
4

H2−H3

−

11
2

H0ζ2−
11
2

ζ3−
3
2

H2,0−10H0,0,0+
2
3

x2
[83

4
H0,0−

243
4

H0+10ζ2 +
511
8

+
97
8

H1−
4
3

H2

−4ζ3−H0ζ2 +H3+H2,0−6H
−2,0

])

+16CFnf
2
( 2

27
H0−2−H2+ζ2 +

2
3

x2
[

H2−ζ2+3

−

19
6

H0

]

+
2
9
(
1
x
− x2)

[

H1,1+
5
3

H1 +
2
3

]

+(1− x)
[1

6
H1,1−

7
6

H1 + xH1 +
35
27

H0+
185
54

]

+
1
3
(1+ x)

[4
3

H2−
4
3

ζ2 +ζ3 +H2,1−2H3 +2H0ζ2 +
29
6

H0,0+H0,0,0

])

+16CF
2nf

(85
12

H1

−

25
4

H0,0−H0,0,0+
583
12

H0−
101
54

+
73
4

ζ2−
73
4

H2+H3−5H2,0−H2,1−H0ζ2 + x2
[55

12

−

85
12

H1−
22
3

H0,0−
109
6

−

13
54

H0+
28
9

ζ2−
28
9

H2−
16
3

H0ζ2 +
16
3

H3 +4H2,0+
4
3

H2,1−
26
3

ζ3

+
22
3

H0,0,0

]

+
4
3
(
1
x
− x2)

[23
12

H1,0−
523
144

H1−3ζ3+
55
16

+
1
2

H1,0,0+H1,1−H1,1,0−H1,1,1

]

+(1− x)
[1

2
H1,0,0 +

7
12

H1,1−
2743
72

H0−
53
12

H0,0−
251
12

H1−
5
4

ζ2+
5
4

H2−
8
3

H1,0 +3xH1,0

+3H0ζ2−3H3−H1,1,0−H1,1,1

]

+(1+ x)
[1669

216
+

5
2

H0,0,0 +4H2,1+7H2,0 +10xζ3−
37
10

ζ2
2

−7H0ζ3 +6H0,0ζ2−4H0,0,0,0+H2,0,0−2H2,1,0−2H2,1,1−4H3,0−H3,1−6H4

])

.

P (2)
qg (x) = 16CACF nf

(

pqg(x)
[39

2
H1ζ3−4H1,1,1 +3H2,0,0−

15
4

H1,2+
9
4

H1,1,0 +3H2,1,0

+H0ζ3−2H2,1,1+4H2ζ2−
173
12

H0ζ2−
551
72

H0,0+
64
3

ζ3−ζ2
2
−

49
4

H2−
3
2

H1,0,0,0−
1
3

H1,0,0

−

385
72

H1,0−
31
2

H1,1−
113
12

H1 +
49
4

H2,0 +
5
2

H1ζ2 +
79
6

H0,0,0+
173
12

H3−
1259
32

+
2833
216

H0

+6H2,1 +3H1,−2,0 +9H1,0ζ2 +6H1,1ζ2 +H1,1,0,0+3H1,1,1,0−4H1,1,1,1−3H1,1,2−6H1,2,1

−6H1,3 +
49
4

ζ2

]

+ pqg(−x)
[17

2
H
−1ζ3−

5
2

H
−1,−1,0−

5
2

H
−1,2−

9
2

H
−1,0+

5
2

H
−2,0+

3
2

H
−1,0,0

−2H3,1−2H4−6H
−2,2 +6H

−2,−1,0−6H
−2,0,0 +2H0,0ζ2 +9H

−2ζ2+3H
−1,−2,0−2H

−1,2,1

−6H
−1,−1,−1,0 +6H

−1,−1,0,0 +6H
−1,−1,2+9H

−1,0ζ2−9H
−1,−1ζ2−2H

−1,2,0−
11
2

H
−1,0,0,0

−6H
−1,3

]

+(
1
x
− x2)

[55
12

−4ζ3 +
23
9

H1,0−
4
3

H1,1,0

]

+(
1
x

+ x2)
[2

3
H1,0,0−

371
108

H1 +
23
9

H1,1

−

2
3

H1,1,1

]

+(1− x)
[

6H2,1,0+3H2,1,1−
5
6

H1,1,1−7H2,0,0−2H1,2+39H0ζ3−4H2ζ2−
16
3

ζ3

+H1,1,0 +
154
3

H0ζ2 +
899
24

H0,0 +
121
10

ζ2
2 +

607
36

H2−
5
2

H1ζ2+
65
6

H1,0,0−
29
12

H1,0−
13
18

H1,1

−

1189
108

H1−
67
3

H2,1−29H2,0−
949
36

ζ2−
67
2

H0,0,0−
142
3

H3+
215
32

−

3989
48

H0+2H
−3,0

]

+(1+ x)
[
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Summary

Quantum field theory
Precision predictions for particle physics at colliders

Efficient method for scattering cross sections

Improvements in understanding of quantum field theory
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Summary

Quantum field theory
Precision predictions for particle physics at colliders

Efficient method for scattering cross sections

Improvements in understanding of quantum field theory

Symbolic summation

Polynomial summation −→ solved in Mathematica, Maple, ...

Hypergeometric summation −→ algorithms of Gosper, Wilf-Zeilberger

Harmonic summation −→ algebraic structures, recursion relations

Beyond −→ generalizations ...
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Summary

Quantum field theory
Precision predictions for particle physics at colliders

Efficient method for scattering cross sections

Improvements in understanding of quantum field theory

Symbolic summation

Polynomial summation −→ solved in Mathematica, Maple, ...

Hypergeometric summation −→ algorithms of Gosper, Wilf-Zeilberger

Harmonic summation −→ algebraic structures, recursion relations

Beyond −→ generalizations ...

Riemann zeta values
Basis of (transcendental) numbers for Feynman diagram calculations

Generalization to cases of many variables −→ multiple polylogarithms
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Summary (cont’d)Computer algebra implementations
Symbolic summation for harmonic sums Sm1,...,mk

(n)

SUMMER package (using FORM ) Vermaseren ’98

Symbolic summation for generalized sums S(n; m1, ..., mk;x1, ..., xk)

XSUMMER package (using FORM ) S.M., Uwer ’05

nestedsums (using GiNaC) Weinzierl ’02
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