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Plan

Motivation

# Quantum field theory
» cutting edge calculations in particle physics
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Plan

Motivation

# Quantum field theory
» cutting edge calculations in particle physics

Task

# Given expression g(n) (depending on n) find expression f(n), such
that

f(n) = Zg(i)

n
1=0
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» cutting edge calculations in particle physics
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# Given expression g(n) (depending on n) find expression f(n), such
that
fin) = > g(i)
i=0

# Summation algorithms
» polynomial, hypergeometric and harmonic sums and beyond
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Plan

Motivation

# Quantum field theory
» cutting edge calculations in particle physics

Task
# Given expression g(n) (depending on n) find expression f(n), such
that
fin) = > g(i)
i=0

# Summation algorithms
» polynomial, hypergeometric and harmonic sums and beyond

# Riemann zeta values and multiple polylogarithms
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Elementary Particle Physics

# Standard Model
» successfully description for interactions of elementary particles

» gauge theory SU(3) x SU(2) x U(1) (internal symmetries)
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Elementary Particle Physics

# Standard Model
» successfully description for interactions of elementary particles

» gauge theory SU(3) x SU(2) x U(1) (internal symmetries)
# Probe Standard Model through scattering processes

» Interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)

» cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)
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Elementary Particle Physics

# Standard Model
» successfully description for interactions of elementary particles

» gauge theory SU(3) x SU(2) x U(1) (internal symmetries)
# Probe Standard Model through scattering processes

» Interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)

» cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)

# Experiments at high-energy colliders
o Large Hadron Collider (LHC) at CERN (Genava)

» collisions of high energy protons (energy frontier)
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Elementary Particle Physics

# Standard Model
» successfully description for interactions of elementary particles

» gauge theory SU(3) x SU(2) x U(1) (internal symmetries)
# Probe Standard Model through scattering processes

» Interaction of matter (quarks, leptons, ...) through particle
exchange (gluons, photons, W/Z-bosons, ...)

» cross sections from perturbative calculations in quantum field
theory (Feynman diagrams)

# Experiments at high-energy colliders
o Large Hadron Collider (LHC) at CERN (Genava)
» collisions of high energy protons (energy frontier)

# Discovery searches for
s Higgs production and new physics phenomena
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The ATLAS Detector
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The CMS Detector
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The CMS Detector

ECENARD

TAACEER HTAL

CMS
(Compact Muon Solenoid)

® 4T Solenoid

# p-chambers iniron
yoke

# HCAL: copper and
scintillator

» ECAL: PbWOy4
crystals

# All Si-strip tracker

# Si-pixel detector

Total weight : 12,500t L
Overall diameter : 15.00m i T _
Overall length : 21.60m - FETURN YOKE

Magnetic field : 4 Tesla
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Higgs search
‘Golden channel H — ZZ — 4u
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Quantum field theory

# Perturbative predictions for cross sections of scattering processes
# series expansion in coupling constant

Z
. i % < '\/\/\/\/ ‘
: g,
z 00 Z

# Example: possible diagrams for gg — ZZ
» Higgs signal (left) and QCD background (right)

<
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Perturbation theory in a nut shell

# Feynman diagrams for a given process (tensor integrals, Lorentz
structure, ...)

# Feynman integral (I-loops, n-propagators)

I(D;vy,...,vp) = /de1 del
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Perturbation theory in a nut shell

# Feynman diagrams for a given process (tensor integrals, Lorentz
structure, ...)

# Feynman integral (I-loops, n-propagators)

I(D;vy,...,vp) = / de1 del
# Dimensional regularization

» all momenta and polarisation vectors in D = 4 — 2¢ dimensions
» manifest gauge invariance
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Perturbation theory in a nut shell

# Feynman diagrams for a given process (tensor integrals, Lorentz
structure, ...)

# Feynman integral (I-loops, n-propagators)

I(D;vy,...,vp) = / de1 del
# Dimensional regularization

» all momenta and polarisation vectors in D = 4 — 2¢ dimensions
» manifest gauge invariance

# Classification
» topology, n-point function (number of loops, legs)

» scales (number of non-vanishing scalar products of momenta and
masses)
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# Renormalization
» finite results for physical observables O

s bare quantities O?*® as Laurent series in e

s multiplicative renormalization O*° = ZO™" (MS-scheme) with
B A |
constants Z = sz o' L~ (schematically)
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# Renormalization
» finite results for physical observables O

s bare quantities O?*® as Laurent series in e

s multiplicative renormalization O*° = ZO™" (MS-scheme) with
B A |
constants Z = sz o' L~ (schematically)

Task

® Analytic expressions for ~(*) (multiple polylogarithms) in Laurent

series upon expansionine=2— 2
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# Renormalization
» finite results for physical observables O

s bare quantities O?*® as Laurent series in e

s multiplicative renormalization O*° = ZO™" (MS-scheme) with
B A |
constants Z = sz o' L~ (schematically)

Task

® Analytic expressions for ~(*) (multiple polylogarithms) in Laurent

series upon expansionine=2— 2

Difficulty

# Calculation of Feynman (loop) integrals
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From Feynman integrals to sums

# Example: massless two-loop two-point function ” Uy
1
T1 = /dDm d” ps
2)7 3)" ()™ (W)™ () ”
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From Feynman integrals to sums

# Example: massless two-loop two-point function ” Uy
1
T1 = /dDm d” ps
2)7 3)" ()™ (W)™ () ”

History

# Long time it was not clear whether multiple zeta values are sufficient

for coefficients in Taylor expansionine =2 — %
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From Feynman integrals to sums

# Example: massless two-loop two-point function ” Uy
1
T1 = /dDm d” ps
2)7 3)" ()™ (W)™ () ”

History

# Long time it was not clear whether multiple zeta values are sufficient

for coefficients in Taylor expansionine =2 — %

# History (all powers of propagators v; = 1 + ¢)
s €, € (Cs,C7) ,
s € (Cs,C6,2)
s € (Co)
s € ,e® (C10, (8,25 €115 C8,2,1)

s € (C12,C10,27C8,2,1,1)
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From Feynman integrals to sums

# Example: massless two-loop two-point function ” Uy
1
T1 = /dDm d” ps
2)7 3)" ()™ (W)™ () ”

History

# Long time it was not clear whether multiple zeta values are sufficient

for coefficients in Taylor expansionine =2 — %

# History (all powers of propagators v; = 1 + ¢)
s €, € (Cs,C7) ,
s € (Cs,C6,2)
s € (Co)
s € ,e® (C10, (8,25 €115 C8,2,1)

r 69 (C12,C10,27C8,2,1,1)
(10 11 12 13
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Solution

# All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function

» Mellin-Barnes representation (sum over residues)
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Solution

# All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function

» Mellin-Barnes representation (sum over residues)

The two-loop integral can therefore be written as a sum @&elerms,

(29 = T+ T+ T, (29)
where each term is obtained by taking the residues of one Gafionmetion from the sdf (—0o),
[(—0+m—g—v3s5) andlN(—o—T—m+ €+ V14). Explicitly,

Fieo
© (—n 1 y2/' o DM (T4 vog) M (T+m—g—vy)

n 2m M(—T+vy)

Yo—ioo

Ty = Hi, (30)

C
n=0

with
F[(—N+m—g—v3z5) (N+M—€—Vy)
F(—N+Vg)
M(—t—n—m+e+vi) N (T+Nn—m+€+Vo35) (T+N+Vs)
[(T4+Nn+2m— 2 —V14)
[(—N—m+€+v3s5)l (N+2M— 2€ — V3ys5)

r ( —N—mM+E€+ V345) Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory — p.14
r/7 - " vy | De~ | vy A\IF/+ | mv | w2y \T/7+ 1 »» 1| A P v )

X

9
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Solution

# All order solution: multiple zeta values are indeed sufficient for
massless two-loop two-point function

s Mellin-Barnes representation  (sum over residueD
A

(29)

where each term is obtained by taking the residues of one Gafionmetion from the sdf (—0o),
[(—0+m—¢g—v35) andlN(—0 —T— m+ €+ V{s). Explicitly,
Yo+ico
c (-)"1 / (—T) M (—T+Mm—€— V) (T+M—€— V1)
— dt
n' 2m [(—T+V1)

Yo—ioo

Ty = Hi, (30)

C
n=0

with
F[(—N+m—g—v3z5) (N+M—€—Vy)
F(—N+Vg)
M(—t—n—m+e+vi) N (T+Nn—m+€+Vo35) (T+N+Vs)
[(T4+Nn+2m— 2 —V14)
[(—n—m+€+V35)l (N4 2M— 2€ — V3ys)

X

9
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Symbolic Summation

Polynomial summation

# Examples

n—1
. P = in(n —1)
1=0
n—1 1
it = én(n —1)(2n —1)
1=0
n—1 1
Z i° = Znf(n—1)*
4
1=0
n—1 1
it = 557 (n = 1)(2n — 1)(3n% — 3n — 1)
1=0
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Polynomial summation

» Define rising factorials as f™ = f(z)f(x +1)... f(x + m — 1)
(also known as Pochhammer symbols (x)., )

# Define falling factorials as f™ = f(z)f(x —1)... f(x —m + 1)
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Polynomial summation

» Define rising factorials as f™ = f(z)f(x +1)... f(x + m — 1)
(also known as Pochhammer symbols (x)., )

# Define falling factorials as f™ = f(z)f(x —1)... f(x —m + 1)

# Difference operator acts on falling factorials
s Differential operator D acts in continuum as D(z™) = ma™ 1

n—1

_ 1
A(z2Z) = ma™=Lt E it = n i
1=0 m+1
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Polynomial summation

» Define rising factorials as ™ = f(z)f(x +1)... f(x +m — 1)
(also known as Pochhammer symbols (x)., )

# Define falling factorials as f™ = f(z)f(x —1)... f(x —m + 1)

# Difference operator acts on falling factorials
s Differential operator D acts in continuum as D(z™) = ma™ !

n—1
_ 1
A my m—1 mo m—+1
(™) = max—— E i 1"

1=0

# Conversion of polynomial powers 2™ m

(decomposition with Stirling numbers of second kind { , } )
(]

m
m m 3
T —E , T
i—0 U °

o Stirling numbers of second kind denote # of ways to partition n
things in £ non-empty sets
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Polynomial summation

» Define rising factorials as ™ = f(z)f(x +1)... f(x +m — 1)
(also known as Pochhammer symbols (x)., )

# Define falling factorials as f™ = f(z)f(x —1)... f(x —m + 1)

# Difference operator acts on falling factorials
s Differential operator D acts in continuum as D(z™) = ma™ 1

n—1
_ 1
A my m—1 mo m—+1
(™) = max—— E i 1"

1=0

# Conversion of polynomial powers 2™ m

(decomposition with Stirling numbers of second kind { , } )
(]

m
m m 3
T —E , T
i—0 U °

o Stirling numbers of second kind denote # of ways to partition n
things in £ non-empty sets

n—1 n—1 1 1
Zi: Zil: §n2: in(n—l)
1=0 1=0
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Hypergeometric summation

Definition

# Hypergeometric function ,, Fy,

Al,y...,Q
mPo | 77"
bl,...,bn

> aji...Qpy 2
< = E = = 7
i gl

e o o n
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Hypergeometric summation

Definition

# Hypergeometric function ,, Fy,

Al,y...,Q
mPo | 77"
bl,...,bn

Examples

Z) ¥ a1
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Ratios

# Aterm g, is hypergeometric, if the ratio r(n) of two consecutive terms

IS a rational function of n.
r(n) = In+1

= "
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Ratios

# Aterm g, Is hypergeometric, if the ratio »(n) of two consecutive terms

IS a rational function of n.
r(n) = In+1

= "

# Example: binomial coefficient

( n+1 > - I'm+1)I'n+1)I'(m—-—n+1) —n+m
< m ) B I'(n+2)I'(m —n)l'(m)  on+1

n
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Ratios

# Aterm g, Is hypergeometric, if the ratio »(n) of two consecutive terms

IS a rational function of n.
r(n) = In+1

= "

# Example: binomial coefficient

( ntl > _I'm+1DI'(n+DI'(m—n+1) —n+m
< m ) B I'(n+2)I'(m —n)l'(m)  on+1

# Given a hypergeometric term g, is there hypergeometric term f such
that Af = ¢7?

fn—l—l — fn = dn
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Gospers algorithm

# Gospers algorithm for indefinite hypergeometric summation
determines f;, from a given recursion

n—1
fn=fon-1+9n—1=fn—2+9gn-1+gn—2=---=fo+ ng
k=0

» l|dea: recursive algorithm; telescoping
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Gospers algorithm

# Gospers algorithm for indefinite hypergeometric summation
determines f;, from a given recursion

n—1
fn=fon-1+9n—1=fn—2+9gn-1+gn—2=---=fo+ ng
k=0

» l|dea: recursive algorithm; telescoping

Wilf-Zeilberger algorithm

# WZ algorithm
» definite hypergeometric summation
» l|dea: telescoping
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Gospers algorithm

# Gospers algorithm for indefinite hypergeometric summation

determines f;, from a given recursion

n—1
fn=fon-1+9n—1=fn—2+9gn-1+gn—2=---=fo+ ng
k=0

» l|dea: recursive algorithm; telescoping

Wilf-Zeilberger algorithm

# WZ algorithm
» definite hypergeometric summation
» l|dea: telescoping

Definite vs. indefinite summation

# Examples

2(3) (1)

k

> (1)~
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Harmonic summation

# Harmonic sums Sy,,.....m, (n)

— (£1)’
s recursive definition Sip, . m,(n) =Y " Smy,..m, (i)
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Harmonic summation

# Harmonic sums Sy,,.....m, (n)

— (£1)*
s recursive definition Sip, . m,(n) =)

1=1

i Smacm (1)
# Particle physics

» dimensional regularization D = 4 — 2¢ requires expansion of the
Gamma-function around positive integers values (n > 0)

T(n+1+e =k (—1)F
N = I'(n+1) exp <_kz:1€k p Sk(n)>
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Algorithms for harmonic sums

# Multiplication (Hopf algebra)
» basic formula (recursion)

Smi,...,m ( )X Sml, m;(n) —

# Proof uses decomposition

n o n

Z Aij

1=17=1 1=17=1

j2u j2u
e o0 o0 o0 °
e 0o o0 o0 T
e o0 o0 o0 = e o0 0
e o0 o0 o0 e o0 o0 o0
J1 J1

ZZ% +ZZ%

1
) S’ml, M (JQ)SmQ, m] (32)
1
j2=1J2
L S .S
— ]m1_|_m/1 m2,...,Mkg (-]) m’2, ,mg (-])

n
E Qg
=1

J=111=1
J2 4 J2 i
® 6 0 ©° [ )
e 0 o o
[ N ] — o
[ ) o
J1 J1
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Algorithms for harmonic sums (cont'd)

# Convolution (sum over n — 5 and j)

n—1 1 1
Z jml Smg,...,mk (]) (n — ])nl Sng,...,nl (7?, — ])
j=1

# Conjugation

n n 1
_ 1\J :
Z( ) S

# Binomial convolution (sum over binomial, n — j and j)

(n —7)

o Z < > ] k(]) 1- n1 Sng,...,nl(n_j)
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Multiple scales

# Generalized sums S(n;my,...,mg;x1, ..., Tk)
» recursive definition

n 1
L1 .
S(n;mla“'amk;xlw“axk) — E :W—15(Z;m2,...,mk;$2,...,Cﬁ'k)
1=1

o multiple scales =1, ..., .
o depth k, weight w = mq1 + ... + my
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Multiple scales

# Generalized sums S(n;my,...,mg;x1, ..., Tk)
» recursive definition

n 1
L1 .
S(n;mla“'amk;xlw“axk) — E :W—15(Z;m2,...,mk;$2,...,Cﬁ'k)
1=1

o multiple scales =1, ..., .
o depth k, weight w = mq1 + ... + my
# Special cases
S(oo;myy e, Mp; X1y oy ) — Limg....omq (T, oy 1)

multiple polylogarithms

S(oosmyyee,mpsx,1,..,1)  —  Hpyy o omy, ()

harmonic polylogarithms

Snyma,....,mp;1,..,1)  —  Smy..m(n)
Euler-Zagier sums
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Algorithms for nested sums

# Same structures as for harmonic sums, in particular
s multiplication / /
S(n;my,...;x1,...) X S(nymy,...;x1,...)

& convolution
# conjugation
o binomial convolution

# Recursive algorithms analogous to harmonic sums solve multiple
nested sums

Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory — p.24


http://www-zeuthen.desy.de/~moch

Higher transcendental functions

# Expansion of higher transcendental functions in small parameter
» expansion parameter ¢ occurs in the rising factorials
(Pochhammer symbols)

# Hypergeometric function o
ZOO a'b’ 566

|
v 1.

o First Appell function

00 00 mbml bmz ! m1 5135”2

a
Fi(a,b1,b2;c;21,22) E E "
le—l—mg mi1! mo!

m1—0 m2—0

# Second Appell function

m1+m2bm—1bm2 xgm x;nz

Fg(a,b1,b2;01702;$17$2 E : z : mi _ma m1| m2'

m1=0 ms=0 €1 €2
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Harmonic polylogarithms

# Harmonic polylogarithms Hy,,,...m, ()

» physical quantities in momentum (x)-space
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Harmonic polylogarithms

# Harmonic polylogarithms Hy,,,...m, ()

» physical quantities in momentum (x)-space
s basic functions of lowest weight
Ho(z) =lnxz, Hi(r)=-In(1—2), H_1(x)=In(1+ x)
s higher functions defined by recursion

Hml,...,mw (QU) = / dz fm1 (Z) ng,...,mw (Z)
1 ’ 1 1
fO(x):Ea fl(x):—xa f—l(x):1_|_x
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Harmonic polylogarithms

# Harmonic polylogarithms Hy,,,...m, ()

» physical quantities in momentum (x)-space
s basic functions of lowest weight
Ho(z) =lnxz, Hi(r)=-In(1—2), H_1(x)=In(1+ x)
s higher functions defined by recursion

€T

Hon, .o (2) = / 0z fmy (2) Hong....n (2)
0

1 1 1

fo(%‘)zga fl(l’):ma f-1(z) =

# (Inverse) Mellin transformation

1
f(v) = /O iz 2V f()

Hm17-"7mw (:C) N Sn
1,

# unigue mapping (1+z)
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Beyond

Binomial and inverse binomial sums

# Feynman integrals with massive propagators lead to structures

Y gy -
X = Loa=—X I dp=X
1+ 1 da 1+ x) T+

# Mellin-Barnes representations lead to new classes of sums
» two-loop two-point functions

> (%) 5

k=1
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Beyond

Binomial and inverse binomial sums

# Feynman integrals with massive propagators lead to structures

Y gy -
X = Loa=—X I dp=X
1+ 1 da 1+ x) T+

# Mellin-Barnes representations lead to new classes of sums
» two-loop two-point functions

k ) ko
k=1
: 27ip :
# Roots of unity exp (—) from expansions of transcendental
q

functions around rational values
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Applications In particle physics

Feynman integrals from deep-inelastic scattering

# Two-scale problem

s virtuality of the exchanged gauge boson Q?
» scalar product of boson’s and nucleon’s momenta, 2P - ()

s Bjorken’s variable z = Q*/(2P - Q) with 0 < z < 1 (dimensionless)
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Applications In particle physics

Feynman integrals from deep-inelastic scattering

# Two-scale problem

s virtuality of the exchanged gauge boson Q?
» scalar product of boson’s and nucleon’s momenta, 2P - ()

s Bjorken’s variable z = Q*/(2P - Q) with 0 < z < 1 (dimensionless)

# Map given integral I(z) to discrete variables I(N), N € N
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Applications In particle physics

Feynman integrals from deep-inelastic scattering
# Two-scale problem

s virtuality of the exchanged gauge boson Q?
» scalar product of boson’s and nucleon’s momenta, 2P - ()

s Bjorken’s variable z = Q*/(2P - Q) with 0 < z < 1 (dimensionless)

# Map given integral I(z) to discrete variables I(N), N € N

# Scalar diagram with 3
external momenta P and @ _ H den 1 1
Do i i (P —p1)? p? ... p32
(four-point function with - p1)® py ---Dy
underlying ladder topology)
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Applications In particle physics

Feynman integrals from deep-inelastic scattering

# Two-scale problem

s virtuality of the exchanged gauge boson Q?
» scalar product of boson’s and nucleon’s momenta, 2P - ()

s Bjorken’s variable z = Q*/(2P - Q) with 0 < z < 1 (dimensionless)

# Map given integral I(x) to discrete variables I(N), N € N

# Scalar diagram with 3
external momenta P and @ _ H den 1 1
Do i i (P —p1)? p? ... p32
(four-point function with - p1)® py ---Dy
underlying ladder topology)

® N-th moment: _ 2P -
coefficient of (2P - Q)" (Q2)N+e
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Difference equations

#® Single-step difference equation in NV
o extremely simple example

1 1 1 1 1

. . N+3+3s2p-q .~
{11 }:_ JI<|++28 ZZCI } +N+2 1 }

1

[y
[y
[y
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Difference equations

# Single-step difference equation in N
» extremely simple example

1 1 1 1 1

. . N+3+3s2p-q .~
{11 }:_ JI<|++28 z2q } +N+2 1 }

1
1 1 1

[y
[y
[y

# Formal equation

N +3+3¢
IN) = - N2 IIN—-1)+

‘ .

Z

+2
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Difference equations

# Single-step difference equation in N
» extremely simple example

1 1 1 1 1

. . N+3+3s2p-q .~
{1 }:_ JI<|++28 z2q l } +N+2 1 }

1 1 1
1 1 1

[y

# Formal equation, formal solution
N . N .
N szl(J—i—B—l—Se)I 0) -+ N : Hj:i+1(j+3+3€)
N /. o N .
[T;=1(+2) i—1 [1,=:,(5+2)

I(N) = (-1)
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Difference equations

# Single-step difference equation in N
» extremely simple example

ST TN N+3+3e2p-q ./
{1 }:_ JI<|++28 22q } +N+2 1 }

1 1 1
1 1 1

[y
[y

[y

# Formal equation, formal solution, input to solution

HN:1(1’+3+36) [T,0i41(G+3+36)
I(N) = (-1V = N ] =i+
N = Y Z 0 .G12
10) = —§€%+?%—4z
(D' 2(81(i+2)  S12(1)  Sa(i+1) | 1 1
= €2 5( 1+2 B 2 _ﬁ—ﬁb(z)—(m_l)z—(ﬂ_z)>—|—...
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Difference equations

# Single-step difference equation in N
» extremely simple example

1 1 1 1 1

. . N+3+3s2p-q .~
{1 }:_ JI<|++28 22q } +N+2 1 }

1 1 1
1 1 1

[y
[y
[y

# Formal equation, formal solution, input to solution

N .
i1 (J+343¢)

[T (+2)

s automatic build-up of nested sums
» efficient implementation in Form
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Sven-Olaf Moch

I(N) =

sign(N*epr-2 * ( 4/3*S(R(1),1 + N*den(1 + N) + 8/3*S(R(1),1 + N)*den(
1+ NA2 + 4/3*S(R(1),2 + N)*den(2 + N) + 4/3*S(R(1),2 + N *den(2 + N)A2 + 4/ 3*
S(R(1),N) + 2/3*S(R(1,2),N) + 2/3*S(R(2),1 + N*den(1 + N) + 2/3*S(R(2),2 + N)*
den(2 + N - 2*S(R(2),N) - 4/3*S(R(2),N*N + 4*S(R(2,1), N + 4/3*S(R(2, 1), N*N
- 6*S(R(3),N) - 2*S(R(3),N*N - 8/3*den(1 + N2 - 4*den(1 + N"3 - 4/ 3*den(2
+N72 - 2¢den(2 + N3 )

+

sign(N*eph-1* (- 16*S(R(1),1 + N)*den(1 + N) - 88/3*S(R(1),1 + N)*
den(1 + NA2 - 20/3*S(R(1),1 + N)*den(1 + N)A3 - 16*S(R(1),2 + N*den(2 + N) -

44/3*S(R(1), 2 + N *den(2 + N2 - 10/3*S(R(1),2 + N)*den(2 + N)*3 - 20*S(R(1), N)
+ 8/3*S(R(1,1),1 + N*den(1 + N) + 8/3*S(R(1,1),1 + Ny*den(1 + N)A2 + 8/3*S(R(1
,1),2 + N*den(2 + N) + 8/3*S(R(1, 1), N + 10/3*S(R(1,1,2),N + 10/3*S(R(1,2), 1

+ N*den(1 + N) + 10/3*S(R(1,2),2 + N)*den(2 + N) - 16*S(R(1,2),N) - 4*S(R(L,2)
NN+ 14*S(R(L,2,1), N + 4*S(R(1,2,1), N)*N - 24*S(R(1,3),N - 6*S(R(1,3), N*N
- 58/3*S(R(2),1 + N *den(1 + N) - 40/3*S(R(2),1 + N)*den(1 + N"2 - 46/3*S(R(2)

2+ N*den(2 + N - 6*S(R(2),2 + N)*den(2 + N)A2 + 56/3*S(R(2), N + 20*S(R(2), N

YEN + 10*S(R(2,1),1 + N)*den(1 + N) + 6*S(R(2,1),2 + N)*den(2 + N) - 134/ 3*S(R(2
1), N) - 56/3*S(R(2,1), N*N + 16/3*S(R(2,1,1), N) + 8/3*S(R(2,1,1), N)*N - 62/ 3*(
R(2,2),N) - 22/3*S(R(2,2),N*N - 18*S(R(3),1 + N*den(1 + N - 12*S(R(3),2 + N*

den(2 + N) + 76*S(R(3),N) + 100/ 3*S(R(3), N*N - 10*S(R(3,1),N) - 10/3*S(R(3,1),N

)*N + 36*S(R(4),N) + 12*S(R(4), N*N + 32*den(1 + N)"2 + 164/3*den(1 + N)"3 + 24*
den(1 + N4 + 16*den(2 + N)*2 + 82/3*den(2 + N3 + 12*den(2 + N4 )

+

sign(N) * ( 100*S(R(1),1 + N)*den(1 + N) + 168*S(R(1),1 + N*den(1 + N)

A2 + 268/3*S(R(1),1 + Ny*den(1 + N)*3 - 16/3*S(R(1),1 + N)*den(1 + N)*4 + 100*§(
R(1),2 + N)*den(2 + N) + 84*S(R(1),2 + N)*den(2 + N"2 + 134/3*S(R(1),2 + N)*
den(2 + N3 - 8/3*S(R(1),2 + N)*den(2 + N4 + 160*S(R(1),N) - 32*S(R(1,1),1 +
N *den(1 + N) - 80/3*S(R(1,1),1 + N*den(1 + N)"2 - 20/3*S(R(1,1),1 + N)*den(1
+ N)A3 - 32%*S(R(1,1),2 + N)*den(2 + N) - 4/3*S(R(1,1),2 + N*den(2 + N"2 - 10/
3*S(R(1,1),2 + N*den(2 + N~3 - 40*S(R(1,1),N + 4/3*S(R(1,1,1),1 + N)*den(1 +

N - 40/3*S(R(1,1,1),1 + N*den(1 + NA2 + 4/3*S(R(1,1,1),2 + N *den(2 + N) - 44/
3*S(R(1,1,1),2 + Ny*den(2 + N)A2 + 4/3*S(R(1,1,1),N) + 38/3*S(R(1,1,1,2),N) + 38/

3*S(R(1,1,2),1 + N*den(1 + N) + 38/3*S(R(1,1,2),2 + N*den(2 + N) - 68*S(R(1,1,
2),N) - 12*S(R(1,1,2), N*N + 42*S(R(1,1,2,1),N + 12*S(R(1,1,2,1), N*N - 76*S(R(
1,1,3),N - 18*S(R(1,1,3),N*N - 170/3*S(R(1,2),1 + N)*den(1 + N) + 40/3*S(R(1,2
), 1 + N)*den(1 + N2 - 134/3*S(R(1,2),2 + N*den(2 + N) + 14*S(R(1,2),2 + N*

den(2 + N)"2 + 430/3*S(R(1,2),N + 60*S(R(1,2),N)*N + 30*S(R(1,2,1),1 + N*den(1
+N) + 18*S(R(1,2,1),2 + NN*den(2 + N) - 452/3*S(R(1,2,1),N - 56*S(R(1,2,1),N
*N + 74/3*S(R(1,2,1,1),N) + 8*S(R(1,2,1,1), N*N - 248/3*S(R(1,2,2),N - 22*S(R(1

12,2),N*N - 58*S(R(1,3),1 + N)*den(1 + N) - 40*S(R(1,3),2 + N)*den(2 + N) + 886/

3*S(R(1,3),N) + 100*S(R(1,3),N)*N - 116/3*S(R(1,3,1),N - 10*S(R(1,3,1),N*N +
410/ 3*S(R(1,4),N) + 36*S(R(1,4),N)*N + 186*S(R(2),1 + N)*den(1 + N) + 448/ 3*S(R(
2),1 + N*den(1 + N)"2 + 160/3*S(R(2),1 + N)*den(1 + N)"3 + 138*S(R(2),2 + N *
den(2 + N) + 206/3*S(R(2),2 + N*den(2 + N)"2 + 80/3*S(R(2),2 + N)*den(2 + N)"3
- 70*S(R(2),N) - 160*S(R(2),N)*N - 338/3*S(R(2,1),1 + Ny*den(1 + N) - 64/3*S(R(
2,1),1 + N*den(1 + N)*2 - 206/3*S(R(2,1),2 + N*den(2 + N - 10/3*S(R(2,1),2 +
N *den(2 + N)"2 + 760/ 3*S(R(2,1),N) + 140*S(R(2,1),N*N + 50/3*S(R(2,1,1),1 + N
*den(1 + N + 26/3*S(R(2,1,1),2 + N)*den(2 + N) - 170/3*S(R(2,1,1),N) - 100/ 3*S(
R(2,1,1),N)*N - 12*S(R(2,1,1,1),N) + 4/3*S(R(2,1,1,1),N)*N + 38/3*S(R(2,1,2),N
- 213*S(R(2,1,2),N*N - 182/3*S(R(2,2),1 + N*den(1 + N) - 116/3*S(R(2,2),2 + N
)*den(2 + N) + 676/3*S(R(2,2),N + 308/3*S(R(2,2), N*N - 118/3*S(R(2,2,1),N -
18*S(R(2,2,1),N*N + 296/ 3*S(R(2,3),N) + 36*S(R(2,3),N)*N + 694/3*S(R(3),1 + N)*
den(1 + N) + 188/3*S(R(3),1 + N*den(1 + N)"2 + 448/3*S(R(3),2 + N)*den(2 + N

+ 80/3*S(R(3),2 + N)*den(2 + N"2 - 1454/ 3*S(R(3),N) - 290*S(R(3),N)*N - 86/ 3*
S(R(3,1),1 + N*den(1 + N) - 56/3*S(R(3,1),2 + N*den(2 + N) + 440/3*S(R(3,1),N)
+ 164/ 3*S(R(3,1), N *N - 10*S(R(3,1,1),N - 10/3*S(R(3,1,1),N*N + 80*S(R(3,2),N
) + 80/3*S(R(3,2),N*N + 302/ 3*S(R(4),1 + N*den(1 + N) + 194/3*S(R(4),2 + N)*
den(2 + N) - 434*S(R(4),N) - 556/3*S(R(4),N)*N - 8*S(R(4,1),N) - 8/3*S(R(4,1),N
*N - 150*S(R(5),N) - 50*S(R(5),N*N - 200*den(1 + N)"2 - 380*den(1 + N)"3 - 896/
3*den(1 + N4 - 100*den(1 + N)*5 - 100*den(2 + N)"2 - 190*den(2 + N)"3 - 448/ 3*
den(2 + N)*4 - 50*den(2 + N*5);

Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory — p.3C


http://www-zeuthen.desy.de/~moch

Sven-Olaf Moch

I(N) =

sign(N*epr-2 * ( 4/3*S(R(1),1 + N*den(1 + N) + 8/3*S(R(1),1 + N)*den(
1+ NA2 + 4/3*S(R(1),2 + N)*den(2 + N) + 4/3*S(R(1),2 + N *den(2 + N)A2 + 4/ 3*
S(R(1),N) + 2/3*S(R(1,2),N) + 2/3*S(R(2),1 + N*den(1 + N) + 2/3*S(R(2),2 + N)*
den(2 + N - 2*S(R(2),N) - 4/3*S(R(2),N*N + 4*S(R(2,1), N + 4/3*S(R(2, 1), N*N
- 6*S(R(3),N) - 2*S(R(3),N*N - 8/3*den(1 + N2 - 4*den(1 + N"3 - 4/ 3*den(2
+N72 - 2¢den(2 + N3 )

+

sign(N*eph-1* (- 16*S(R(1),1 + N)*den(1 + N) - 88/3*S(R(1),1 + N)*
den(1 + NA2 - 20/3*S(R(1),1 + N)*den(1 + N)A3 - 16*S(R(1),2 + N*den(2 + N) -

44/3*S(R(1), 2 + N *den(2 + N2 - 10/3*S(R(1),2 + N)*den(2 + N)*3 - 20*S(R(1), N)
+ 8/3*S(R(1,1),1 + N*den(1 + N) + 8/3*S(R(1,1),1 + Ny*den(1 + N)A2 + 8/3*S(R(1
,1),2 + N*den(2 + N) + 8/3*S(R(1, 1), N + 10/3*S(R(1,1,2),N + 10/3*S(R(1,2), 1

+ N*den(1 + N) + 10/3*S(R(1,2),2 + N)*den(2 + N) - 16*S(R(1,2),N) - 4*S(R(L,2)
NN+ 14*S(R(L,2,1), N + 4*S(R(1,2,1), N)*N - 24*S(R(1,3),N - 6*S(R(1,3), N*N
- 58/3*S(R(2),1 + N *den(1 + N) - 40/3*S(R(2),1 + N)*den(1 + N"2 - 46/3*S(R(2)

2+ N*den(2 + N - 6*S(R(2),2 + N)*den(2 + N)A2 + 56/3*S(R(2), N + 20*S(R(2), N

YEN + 10*S(R(2,1),1 + N)*den(1 + N) + 6*S(R(2,1),2 + N)*den(2 + N) - 134/ 3*S(R(2
1), N) - 56/3*S(R(2,1), N*N + 16/3*S(R(2,1,1), N) + 8/3*S(R(2,1,1), N)*N - 62/ 3*(
R(2,2),N) - 22/3*S(R(2,2),N*N - 18*S(R(3),1 + N*den(1 + N - 12*S(R(3),2 + N*

den(2 + N) + 76*S(R(3),N) + 100/ 3*S(R(3), N*N - 10*S(R(3,1),N) - 10/3*S(R(3,1),N

)*N + 36*S(R(4),N) + 12*S(R(4), N*N + 32*den(1 + N)"2 + 164/3*den(1 + N)"3 + 24*
den(1 + N4 + 16*den(2 + N)*2 + 82/3*den(2 + N3 + 12*den(2 + N4 )

+

sign(N) * ( 100*S(R(1),1 + N)*den(1 + N) + 168*S(R(1),1 + N*den(1 + N)

A2 + 268/3*S(R(1),1 + Ny*den(1 + N)*3 - 16/3*S(R(1),1 + N)*den(1 + N)*4 + 100*§(
R(1),2 + N)*den(2 + N) + 84*S(R(1),2 + N)*den(2 + N"2 + 134/3*S(R(1),2 + N)*
den(2 + N3 - 8/3*S(R(1),2 + N)*den(2 + N4 + 160*S(R(1),N) - 32*S(R(1,1),1 +
N *den(1 + N) - 80/3*S(R(1,1),1 + N*den(1 + N)"2 - 20/3*S(R(1,1),1 + N)*den(1
+ N)A3 - 32%*S(R(1,1),2 + N)*den(2 + N) - 4/3*S(R(1,1),2 + N*den(2 + N"2 - 10/
3*S(R(1,1),2 + N*den(2 + N~3 - 40*S(R(1,1),N + 4/3*S(R(1,1,1),1 + N)*den(1 +

N - 40/3*S(R(1,1,1),1 + N*den(1 + NA2 + 4/3*S(R(1,1,1),2 + N *den(2 + N) - 44/
3*S(R(1,1,1),2 + Ny*den(2 + N)A2 + 4/3*S(R(1,1,1),N) + 38/3*S(R(1,1,1,2),N) + 38/

3*S(R(1,1,2),1 + N*den(1 + N) + 38/3*S(R(1,1,2),2 + N*den(2 + N) - 68*S(R(1,1,
2),N) - 12*S(R(1,1,2), N*N + 42*S(R(1,1,2,1),N + 12*S(R(1,1,2,1), N*N - 76*S(R(
1,1,3),N - 18*S(R(1,1,3),N*N - 170/3*S(R(1,2),1 + N)*den(1 + N) + 40/3*S(R(1,2
), 1 + N)*den(1 + N2 - 134/3*S(R(1,2),2 + N*den(2 + N) + 14*S(R(1,2),2 + N*

den(2 + N)"2 + 430/3*S(R(1,2),N + 60*S(R(1,2),N)*N + 30*S(R(1,2,1),1 + N*den(1
+N) + 18*S(R(1,2,1),2 + NN*den(2 + N) - 452/3*S(R(1,2,1),N - 56*S(R(1,2,1),N
*N + 74/3*S(R(1,2,1,1),N) + 8*S(R(1,2,1,1), N*N - 248/3*S(R(1,2,2),N - 22*S(R(1

12,2),N*N - 58*S(R(1,3),1 + N)*den(1 + N) - 40*S(R(1,3),2 + N)*den(2 + N) + 886/

3*S(R(1,3),N) + 100*S(R(1,3),N)*N - 116/3*S(R(1,3,1),N - 10*S(R(1,3,1),N*N +
410/ 3*S(R(1,4),N) + 36*S(R(1,4),N)*N + 186*S(R(2),1 + N)*den(1 + N) + 448/ 3*S(R(
2),1 + N*den(1 + N)"2 + 160/3*S(R(2),1 + N)*den(1 + N)"3 + 138*S(R(2),2 + N *
den(2 + N) + 206/3*S(R(2),2 + N*den(2 + N)"2 + 80/3*S(R(2),2 + N)*den(2 + N)"3
- 70*S(R(2),N) - 160*S(R(2),N)*N - 338/3*S(R(2,1),1 + Ny*den(1 + N) - 64/3*S(R(
2,1),1 + N*den(1 + N)*2 - 206/3*S(R(2,1),2 + N*den(2 + N - 10/3*S(R(2,1),2 +
N *den(2 + N)"2 + 760/ 3*S(R(2,1),N) + 140*S(R(2,1),N*N + 50/3*S(R(2,1,1),1 + N
*den(1 + N + 26/3*S(R(2,1,1),2 + N)*den(2 + N) - 170/3*S(R(2,1,1),N) - 100/ 3*S(
R(2,1,1),N)*N - 12*S(R(2,1,1,1),N) + 4/3*S(R(2,1,1,1),N)*N + 38/3*S(R(2,1,2),N
- 213*S(R(2,1,2),N*N - 182/3*S(R(2,2),1 + N*den(1 + N) - 116/3*S(R(2,2),2 + N
)*den(2 + N) + 676/3*S(R(2,2),N + 308/3*S(R(2,2), N*N - 118/3*S(R(2,2,1),N -
18*S(R(2,2,1),N*N + 296/ 3*S(R(2,3),N) + 36*S(R(2,3),N)*N + 694/3*S(R(3),1 + N)*
den(1 + N) + 188/3*S(R(3),1 + N*den(1 + N)"2 + 448/3*S(R(3),2 + N)*den(2 + N

+ 80/3*S(R(3),2 + N)*den(2 + N"2 - 1454/ 3*S(R(3),N) - 290*S(R(3),N)*N - 86/ 3*
S(R(3,1),1 + N*den(1 + N) - 56/3*S(R(3,1),2 + N*den(2 + N) + 440/3*S(R(3,1),N)
+ 164/ 3*S(R(3,1), N *N - 10*S(R(3,1,1),N - 10/3*S(R(3,1,1),N*N + 80*S(R(3,2),N
) + 80/3*S(R(3,2),N*N + 302/ 3*S(R(4),1 + N*den(1 + N) + 194/3*S(R(4),2 + N)*
den(2 + N) - 434*S(R(4),N) - 556/3*S(R(4),N)*N - 8*S(R(4,1),N) - 8/3*S(R(4,1),N
*N - 150*S(R(5),N) - 50*S(R(5),N*N - 200*den(1 + N)"2 - 380*den(1 + N)"3 - 896/
3*den(1 + N4 - 100*den(1 + N)*5 - 100*den(2 + N)"2 - 190*den(2 + N)"3 - 448/ 3*
den(2 + N)*4 - 50*den(2 + N*5);

# Resultfor I(IN) in the G-scheme
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Splitting functions in a nut shell

# Calculate anomalous dimensions (Mellin moments of splitting
functions) — divergence of Feynman diagrams in dimensional
reqularization D = 4 — 2¢

1
fyign)(N) — —/ dx xN_lpign)(x)
0
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Splitting functions in a nut shell

# Calculate anomalous dimensions (Mellin moments of splitting
functions) — divergence of Feynman diagrams in dimensional
reqularization D = 4 — 2¢

1
fyign)(N) — —/ dx xN_lpign)(x)
0

# One-loop Feynman diagrams ‘ 5
— in total 18 for v\”) / P\
(pencil + paper)
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Splitting functions in a nut shell

# Calculate anomalous dimensions (Mellin moments of splitting
functions) — divergence of Feynman diagrams in dimensional
reqularization D = 4 — 2¢

1
fyign)(N) — —/ dx xN_lpign)(x)
0

# One-loop Feynman diagrams ‘ 5
— in total 18 for v\”) / P\
(pencil + paper)

o Two-loop Feynman diagrams ‘ e
— In total 350 for yijl) / Pigl)
(simple computer algebra)
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Splitting functions in a nut shell

# Calculate anomalous dimensions (Mellin moments of splitting
functions) — divergence of Feynman diagrams in dimensional
reqularization D = 4 — 2¢

1
fyign)(N) — —/ dx xN_lpign)(x)
0

# One-loop Feynman diagrams ‘ 5
— in total 18 for v\”) / P\
(pencil + paper)

o Two-loop Feynman diagrams ‘ e
— In total 350 for yijl) / Pigl)
(simple computer algebra)

o Three-loop Feynman diagrams
— In total 9607 for 752) /Pi§2>
(cutting edge technology — computer al- g
gebra system Forwm ) / \
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LO and NLO splitting functions

67 11
PO = Cr(2pgq¥)+35(1—x)) PY*(x) = 4CAC,:(pqq(X) [—7<2+€H0+H00] + Pag(—X) [zz+2H,1,ofHo.o]
Oy _ 14 17 11 1.7 2

Pos'(x) = 0 +§(1—x)+6(l—x)[24+ Tl-%g|) - 4anf(pqq(x)[ +5Ho| +5(1-%

£ 8(1—x) [ o+ §<2] ) +4c: (quq(x) [HLO 7 gHo T Hz] — 2Pga(—X) [Zz 4+ 2H 10

(
(

a9’ (X) = 20 Pag(X)
(

- Ho,o] —(1-x) {17

0
Pg(q) X) = 2Cg pgq(X)

3
= Ca4msg0+ 38(1-) ~ 381 ) )

2

o
Qo \/
—~
=

|

PR (0 = P@" ()+16CF(CF*C*>(qu( X)[¢2+2H 10~ Hoo| ~2(1-%)
7(1+X)H0)

P (x) = 4anf(2fgof 24+ 6x— 4H0+x2[ Hofﬂ (1+X)[5H0*2H00D

201 218
() = 4Cany (55 — 2425~ 2pag(—)H-10— 2Pag()Ha, 1+x2[ Ho— 5]

+4(1-%) [Ho,o ~2Ho+ le} — 4%~ BHo0+ 9Ho) +4Ceny (2pqg(x) [Hl,o +Hi1+Hp
29} 15 1 )

Hoo— SH
4 0,0 0

*Zz} +4x2 {H0+Hoo+2]+2(l X){H0+H0072XH1+ - ~Hoo—3

- -4 2

37 2
~7Ho+2Hoo — 2Hix+ (14 X) {2H0075Ho+ 9] 2pgq(—X)H_ 10) 4Ceny (éx

—Pga(¥) [%Hl - %)D +4CF2(qu(X) [3Hl - 2H1,1] +(1+x) {Hoﬁo - ; + ;Ho] —3Hgo

Pid () = 4CACF( +2pgq(X ){H1‘0+H1‘1+H27

+172H0+2H1x)

10 13,1 2 2
PP (%) = aCuny (1—x— 5 PoslX) - —(; —xz) —£(1+x)Ho— —5(1—x)) +4cA2<27

9 3
+(1+x) [%Ho#*BHQO* 2?7} +2pgg( X) {Hoosz 107(2} — %7(;1(- — ) —12Hy
74—:X2H0+2pgg(x) [i—; 712+Ho_0+2HL0+2H4 +5(1-x) b +3z3]) T+ 4Cen, (2Ho
+§} + %Oxz —12+4 (14X) {47 5Ho — 2H0,0} - %6(1—x)) .
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NNLO non-singlet splitting functions

S.M., Vermaseren, Vogt ‘04

)- 1 . [10. 20¢ 67,
P (%) = 16C,Ceny (PaalX)[ %2 ~ g ~ % g Ho+ 2Hola ~ THoo— ZHooo

1 3 5 10,
+3Hi00—Ha] + 3Paa( )32~ 32 —H-20-2H.18a~ 3H-10-H 100
1 5 1 257 43 1
Motz + 3Hoo+Hooo - Ha] +(1-x) (%2~ 5 - T5Ho— gHoo—Ha]

2 3
2 1 1 1 " 5 167 1,, 25
— (@) [ZH10+ 5He] + 3o+ Ho+ Hoo+8(1-X)[; — 5 da+ 568’ + 28] )

5. 69,
+16C,Ce? (PaaX) [ 2a ~ 560>~ H-20 - 3H2la~ 14H 210+ 3H.20+ 5H.200

+2H 12+

151, 41 17, 13 23 2
—4H 22— ABHn+12Hn12* ZHDZS’ 4HDD"‘HUDLZ’12Hﬂ00+5Hn000'3H3

67 31
2403~ 16H 0+ Hi0~ 2Hiola-+ 3 H100+ 11H000+8HL100 ~ B3+ H
1,, 67, 3L
307Gl Gl shao
31 31 9
~32H 20z~ 4H 2 10— ¢ H 20+ 21H 200+ 30H 22— 3 H 18a—42H 1o+ JHo

134
—4H-1,-20+56H.1182 = 36H.1.-100~56H-1 12 = <5-H-10~42H.1002 —H30

31 31 13 29, 67,
+32H 13 g 100+ 17H 1000+ 3 H-12+ 2H-120+ 1 Hola-+ 5 Hola + 5 Hoo

67 11
+ STz~ 2t + SHzo + SHaoo-+Had) + sl

89 31 133
+13oala + 7,Hoo0 ~ SHoo00~ THela — - Ha ~ 10H] + (1) [ 55 + 4Hoaao

167, 7, 209,
— 4 G~ 2Hols—2H 50+ H2lz+2H 210~ 3H 200+ Hooo — —5~H1 - THiz
14 PRNT 25 13
#4H100+ 5 Hio] + (14X 5%~ Ra® + TH-20 - 31H.sCa -~ 14H 1 10~ 3 H-10
55 1457 1025 155,
+24H.12+23H 100+ - Holz + 5Hool2 + o Ho— Hoo— “c"Ha+Halz — 15Hs
2 48 36 6
1 37, 242
+2Ha00— 3H4] 502~ 55° +5a— 2H_a0~ TH_20~ Hola— 5 Hola~ g Ho
185 28 151 205
—2Hoola-+ ¢ Hoo—22Ha00 ~ 4Han00+ 5 Ha-+Ha+3(L—X) [y +Lala= e

27,, 211, 15 . 25 67, 12, 1, 104
20+ 2t 20t ) 41600 () G - otz + 22+ 3+ o
3 31 389
#H_a0+4H 210 220~ H-200+2H 22 ;Hola + aHola + 2 Hoo ~ 2Ha0o
11 31
Hoo00+9Hil3+6H1 20~ Hiole ~ 7 Hi00 ~3H1000 - 4H1100 +4H13 + T5Ho00

11 N 67. 2 11 11
oo+ H] + Pua(—) g2~ %2* ~ e~ Hoa0+ 8H-ala + G Ho20~4H_200
11 67,
~3H 1000+ 5 H 1+ 12H sZa— 16H 1 ala+8H 1 100+16H 1 12+ 5 Hotp
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~8H.22+11H 108z + S H_ 100~ H-12-8H-15 - JHo - gHokz ~ 4Hoka— sqoo
~3Hoota— SaHo00 + Haono - 2Hale + s +2Hi] (10 [ X2 Tpisg0 11y
~Hoz 10+ JH 50~ 3H oo 3H-200+ o+ Hola — =Moo~ SHoao + 2Hidz
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1657 281, 1, 97, 5 L1 15
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23 5 29,2, 17. 3 9,2
o 12% 50t + g o] ) + 160k (pual [ 152" ~2H 50
3
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7 4
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3 13
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7
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29 9 18,
2Hy — Hag— aHa + (1) [ ~ el + glar+ g &>+ 5 Ca- 1] ) .

@ @+ [ 134
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22 44
#32H oz + 5 H-20~ 16H 200~ 32H 22+ 3 H. 10z +48H 133~ 64H 1 1
268 22 a4
+32H.3100+64H 1 12+ 5 H 10+44H 1002+ FH 100~ 12H 1000~ 7 H-12
2 134, 31
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2%+ FH-10- 16H 100~ 32H 10 7 Ho— 29l + SHooo + 24 + 3 Ha
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20, 4 8 40, 4 8 2 20, 4
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4 61 8 8 a4
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<
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H3i+(17x)|:

~(1-X)[15+BH_30-+ 8H. 200+ 61Hy+ BHola + 2Hoal ~ 6Hoo0o-+ 12Hilz + 60H,

8H0] + (14 ) [24z + 57¢s + 10H 20~ 48H 102~ 4H_10+ 40H 100+ 48H.12

A55H)12722H:11735H)007Zzl'bfAHzafél.dH;] +822— 423~ 4H_20+42H

38Rz + 14Hoo — 16, + 26Ho 00+ 24+

0
ne

3 1 3 91 1 1 3 3
+2H 510+ SHoola — 5Hila~ gH100+ 1oHi] + 510 [Ho1 10~ JH Lo+ ZHo

Pi%(x) = 16n;

1 50 41 5. 9
(30-%0[F+ T3t~ %"~ HosotHodla—H 200+ Ha

13 1 3 9 29 41 1
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3.1 11 1
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91 9
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NNLO singlet splitting functions

S.M., Vermaseren, Vogt ‘04
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Summary

Quantum field theory
# Precision predictions for particle physics at colliders
# Efficient method for scattering cross sections

# Improvements in understanding of quantum field theory
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Polynomial summation — solved in Mathematica, Maple, ...
Hypergeometric summation — algorithms of Gosper, Wilf-Zeilberger
Harmonic summation — algebraic structures, recursion relations
Beyond — generalizations ...

Symbolic Summation, Riemann Zeta Values, and Quantum Field Theory — p.35


http://www-zeuthen.desy.de/~moch

Summary

Quantum field theory
# Precision predictions for particle physics at colliders
# Efficient method for scattering cross sections

# Improvements in understanding of quantum field theory

Symbolic summation

# Polynomial summation — solved in Mathematica, Maple, ...

# Hypergeometric summation — algorithms of Gosper, Wilf-Zeilberger
# Harmonic summation — algebraic structures, recursion relations

# Beyond — generalizations ...

Riemann zeta values
# Basis of (transcendental) numbers for Feynman diagram calculations

# Generalization to cases of many variables — multiple polylogarithms
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Computer algebra implementations

# Symbolic summation for harmonic sums Sy, .....m, (n)
® SUMMER package (using Forwm )

# Symbolic summation for generalized sums S(n;my, ..., my; x1, ..., Tk)
® XSuMmMER package (using Form )
» nestedsums (using GiNaC)
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