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1. Graphs, relations and matrices

e A (directed) graph I’ = (X, R), where X is a finite
set of vertices of cardinality n, and R C X2 is
a set of arcs (a binary relation). Usually, X =
{1,2,...,n} =[1,n] or X =[0,n — 1].

e A (complete) colour graph (Xa{Rl}1§l§r> is de-
fined by a partition of X2 into r binary relations.
Usually each index, 2, is regarded as a colour.

e Adjacency matrix Ay = A(IM)) for ' = (X, Ry) is a
(0, 1)-matrix A = (a;;) such that

aij=1 <— (i,j) € Ry

In this case, R; is called support of Aj.



o Let H be a group, S C H.
A graph ' = Cay(H,S) is defined as follows:
= (H,R), where

R={(x,z+ h)|lxr € H h € S}

[ is called Cayley graph over H with a connection
set S.

No loops in [T <— 0€&S.

[ is undirected «<— S = —5, where

—S ={—z|x € S}.

e A partition {Sg,S1,...,S4} of H such that Sg = {0}
defines a complete colour Cayley graph over H.



e Let R, S C X2, we can define RoS (product of two
relations) as a multi-subset of X2:
A pair (a,b) appears in Ro S with the multiplicity
m(a,b) where

m(a,b) = [{c € X|(a,c) € RN (c,b) € S}

e [ his multi-subset, R oS, may be regarded as a
colour graph over X.

e Clearly in this case we get for '{ = (X, R), o =
(X,5),

A1) -A(lFp) =B

where B is the linear combination of the adjacency
matrices of " partial’ relations in Ro S.



Example 1. a) Graphs:

@@o
J

5
4

30
Rg

b) Connection sets of Cayley graphs over Zg:

S3 = {3}

{2,4},

So =

{1,5},

S1 =

So = {0},

c) Matrices (0 is substituted by 6)
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Multiplication:

(i)

AT =240 + Ao

S108,=1,501,5=
=141,1455+1,54+5=
=2,0,0,4=2-0+2,4=
= 250 + 52

(i) Ay - Ay = A1 + 2A3

S5105=1,502,4=
=3,5,1,3 =51+ 253

Here x1,...,x; is element of group algebra over
group H for xz1,...,x, € H. (More about this in
part II).




2. 2-orbits of permutation groups

e Permutation g of a finite set X is a bijection on
set X.
For x € X and permutation g, 9 denotes image
of = under g.
For permutations g1,9> on X, their composition
(product) g = g1g9o is 29 = 29192 = (x91)92 for
x e X.
S(X) is Symmetric group of X, if | X| = n, we
denote it by 9;,.

e A permutation group (G,X) of degree n is a sub-
group G of the symmetric group S(X); G acts on
set X.

e A subset G C S(X) is a permutation group <=
(G is closed under composition.



e For x € X and permutation group (G, X), the orbit
Orb(z) is Orb(z) = ¢ = {29|g € G}.
Orb(G, X) is the set of all orbits of (G, X).
Transitive group (G, X) <— Orb(G,X) = {X}.

e For (G,X) we consider induced action (G, X2):
For (a,b) € X2, (a,b)9 = (a9,19).
Orbits of this induced action are called (following
H. Wielandt) 2-orbits of (G, X).
2 — Orb(G, X) is the set of all 2-orbits.

e Pair (X,2—-0rb(G,X)) is a complete colour graph
with the vertex set X.



Example 1. (Revisited) Let Dg be the dihedral group
of degree 6 and order 12,

D =< (0,1,2,3,4,5),(1,5)(2,4) >
Clearly, Dg is transitive. Then,
2 —orb(Deg, [0, 5]) = {Ro, R1, R, R3}

Here all graphs defined by the 2-orbits (orbital graphs
in alternative terminology) are regular undirected
graphs. The rank r of a permutation group is

2 — Orb(G, X)|, thus

r(Dg,[0,5]) = 4



Example 2.

7 1 2
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8
r
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RioRq 4

"Chemical” graph cuneane=wedge=KIINH (deter-
mines a synthesized compound).

G =  Aut(l') = {e,92,93,94}, where e is
the identity permutation, g>» = (1,8)(2,3)(6,7),
g3 = (2,7)(3,6)(4,5), g4 = (1,8)(2,6)(3,7)(4,5).
Orb(G,[1,8]) = {{1,8},{2,3,6,7},{4,5}}. Using the
orbit counting lemma we get

r(G,[1,8]) = (82 +2-2% +0%) = 18
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3
Cuneane again:
2-orbits of (G, [1,8]):
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e Let g € S(X) denote by M(g) a permutation ma-
trix of order n = | X|,

M(g) = (Mm;j)1<ij<n
1 j — 19
0O otherwise

Clearly, M(g~1) = (M(g9))~1 = (M(g)), where M!
IS the matrix transposed to M.

where m;; = {

e Let K be aring or a field. Let M,(K) be the ring
(algebra) of all square matrices of order n over K.
Define for a permutation group (G, X),

Vk(G,X) ={A € Mn(K)|Vg e G AM(g) = M(g)A}

o Vir(G,X) is a ring (algebra) which is called the
centralizer ring (algebra) of (G, X). (Most impor-
tant cases for us are K = Z, K = C. Usually sign
K is omitted.)

12



e Theorem Let (G, X) be a permutation group of
degree n and rank r. Then

a) Vi (G, X) as a vector space over K has dimen-
sion r;

b) Vi (G, X) has a special basis which consists of
(0, 1)-matrices;

c) The members of this standard basis are in bijec-
tive correspondence with the set 2 —-0rb(G, X).

e To prove this theorem we have to detect that if

2 Orb(G, X) = (Ry,...,Ry)

then V(G,X) =< Aq,...,Ar > Where A; = A(I";),
= R;), 1<i<r.

13



Example 1. (Revisited)

V(De, [0,5]) =< Ag, A1, As, Az >

3
Multiplication table: R;- R; =Y pjy;Ry
k=0

\R; control
Rz’\ Ro | R1 | Ry | R3 sum
1 O 0| O 1
Ro |0 1]lo0] o0 1
O 0| 1|0 1
O 0| 0| 1 1
oOo| 20| 0 2
Ry | 1] 0| 1] o0 2
o | 1 0o | 1 2
oOo| 0| 2|0 2
oOo| 0| 2|0 2
R o, 1 0, 1 2
1 o | 1 0 2
Oo| 20| 0 2
Oo| 0| 0| 1 1
Rz | 0|l 0] 1] o0 1
o 1| 0|0 1
1 O| 0| O 1




Example 2. Here V(G, X) has rank 18, thus it has 18
basis matrices. All these matrices are presented in a
compact form as a colour matrix

17
A(V(G, X)) = ) i4;
i=0
where Ag, A1, ...,Aq7 is the standard basis of V(G, X).

(0 3 4 5 5 4 3 6)
7 1 8 9 10 11 12 13
13 8 1 9 10 12 11 7
14 15 15 2 16 17 17 14
14 17 17 16 2 15 15 14
13 11 12 10 9 1 8 7
7 12 11 10 9 8 1 13
\6 4 3 5 5 3 4 0]

15



3. Coherent configurations

e We are now giving an axiomatic analogue of
2 — Orb(G,X) and V(G,X) for an arbitrary per-
mutation group.

e Let X = [1,n], R = {Rq,...,Rr} a collection of
binary relations on X such that:

CCl RiNR;=0for1<iz£j<m,
T

cc2 |J R = X?,
1=1

CC3 Vi € [1,r]3/ € [1,r]Rt = Ry, where R! =
{(y,2)|(z,y) € R;};

CC4 3I' C [1,7] | R; = A, where A = {(z,z)|z €
iel’
X}

CC5 Vi, g,k € [1,r]V(z,y) € Ril{z € X|(x,z) € R; A

M = (X, R) is called a coherent configuration
(D. G. Higman, 1970).

16



e The numbers pffj are intersection numbers.

e Switching to matrix language: Let W C M, (C) be
a matrix algebra over C such that

CA1l W as a linear space over C has some basis,
Aq, Ao, ..., Ayr, consisting of (0, 1)-matrices;

.
CA2 ) A; = Ju, where J, is the matrix of order n
i=1
all entries of which are equal to 1;

CA3 Vi € [1,r]3 € [1,r]Al = Ay;

Then W is called a coherent algebra of rank r and
order n with the standard basis A1, Ao, ..., Ar. We
write W =< Aq,--- ,Ap >.

Remark: similar notion of a cellular algebra (B.
Weisfeiler, A. A. Leman, 1968).

17



e To each coherent configuration 9t = (X,R) we
associate its adjacency algebra W =< A, =
A(X, R;)|R; € R > which is a coherent algebra.

e Proposition: For each permutation group (G, X)
its centralizer algebra V (G, X) is a coherent alge-
bra.

e Remark: Converse proposition is not true: there
are many examples of coherent algebras which are
not centralizer algebras of a suitable permutation
group.

18



e T heorem A matrix algebra W is a coherent al-
gebra <= W s closed with respect to Schur-
Hadamard (entry-wise) multiplication, transposi-
tion, and contains matrices I, J, where [ is the
identity matrix.

e Remark An equivalent formulation uses closure
with respect to the Hermitean adjoint instead of
transposition.

e Corollary If W41 and W5 are two coherent algebras
of the same order n, then W = W1 N W5 is also a
coherent algebra of order n.

(More details in part II.)

19



Example 3. Part a)

a,b} {a,c

16,5}

b, d} {c,d

Ds < Aut(r™) r )
Sa < Aut(l'”") = Aut(r'’)

" = 1" = = Petersen graph. |Aut(")| >
gcd(10,24) = 120. In fact, Aut(l") ~ Ss.

20



Part b)

O+ O
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665451111
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\8 9 9 87 10 11 11 10 1

15(10245.22) =12

W' =V (Ds,[1..10]), rank(W")

(0234224433\
51566676 8 8
3200244423 3
865176665 8
5687166685
568661675 8
8786661655
8656676185
343242240 3
\3 434242230

54(10%2+6-42 43

V(Sy4,[1,10]), rank(W')

W// —

22 48.12) =9
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(012211222 02)
1012221222
2101222122
2210122212
1221022221
12222021102
2122220211
2212212021
2221211202
2222121120
W = W nw' = V(Aut(l)) = V(Ss,[1,10])
rank(W) = 3.

T here exists a nice simple purely combinatorial algo-
rithm which allows to construct W from W' and W',

22



o If W/ C W are coherent algebras of the same order
then W' is called a coherent subalgebra of W.

o If M’ is a coherent configuration with adjacency
algebra W’ and 99t corresponds to W then in this
case M’ is called fusion coherent configuration of
M or merging of relations (classes) of 9.

e Enumeration of coherent subalgebras of a given
coherent algebra is an important task (see further
talks).

23



e Diagonal relation A = {(z,z)|x € X} is splitted
in a coherent configuration 9t into (one or more)
basis relations. Each such basis relation uniquely
defines a fiber of 9. (See more precise definition
in abstract).

e Fiber is a combinatorial analogue of an orbit of a
permutation group. Coherent configurations with
one fiber are analogues of transitive permutation
groups.

e Coherent configurations with one fiber is a homo-
geneous coherent configuration or an association
scheme (not obligatory commutative).

24



4. Association schemes

e Again: homogeneous coherent configuration =
association scheme = coherent configuration with
one fiber = diagonal relation A is one of basis re-
lations = all basis graphs are regular.

e In this context association scheme is a very natural
combinatorial analogue of a transitive permutation
group.

e Schurian association scheme 9 corresponds to
pair (X,2 — Orb(G,X)) for a suitable transitive
permutation group (G, X); otherwise, M is non-
Schurian.

25



Example 4. Let us start with (As, [0,4]), the alter-
nating group of degree 5 and order 60.
Let X be set of all labeled graphs of form

o)

o
4o——o]

300D
| X| = 15. Asg acts transitively on X. Labeling pro-
duced by computer package COCO:

R [\
AN XL
AR\
1 T

LT

26



"Typical” representatives of 2-orbits:
R; | Pair Picture | Valency | Comments

— o @ —

Ry | (0,0) | . o 1 diagonal

mlon| = 1N o | O

R> | (0,2) | . l 1
=2
Rz | (0,3)| . .| a4
o L.
R4 (0,5) - . 4 —
Rs | (0,6) | . X 1 X
Total: 15

Remark: distinction between Ry and Rz, Ro and Rg

requires "chirality vision”.

27



relation Ry (Rs = R%)

11

13 12 4 5

28



relation Rq

11

13 5

29
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Comments

1. We have 3 times the same situation: 3-fold
covering of Kg (triangles in R, are vertices of
Kg; each edge of Kg is "blown-up” to 1-factor

G 9)

o 6—— % o)

2. The scheme is not commutative.

3. This is the first member of an exceptional infinite
series of so-called Siamese association schemes on
(¢g+ 1)(¢g%2 + 1) vertices, ¢ is a prime power (here,

qg=2).

32



5. Adjacency and intersection algebras

e Recall that

Let M = (X,{Ro, Rq,--

structure constants form a 3-
dimensional tensor.

., R4}) be an association

scheme with d classes (diagonal relation Ry does
not have status of a class).
all structure constants P{; into d + 1 matrices
Bo, B1,...,By

B; =

Let B =<K Bo, B1, ..

0 1
(p%')o pz'lo
Pi;1 Pi1

\pf?d pz'ld

pgo\
D1

Pffd/

Let us arrange

., Bg > be the subalgebra of

My41(C) generated by Bg, By, ..., By.

33



Theorem The adjacency algebra of 911 and alge-
bra B are anti-isomorphic; the isomorphism is es-
tablished by correspondence A; — B;. As a result,
in particular, matrices A; and B; have the same
minimal polynomial.

Corollary In commutative case, both algebras are
iIsomorphic.

The algebra B is called the intersection algebra of
association scheme 9.

Remark Similar theorem is valid for coherent con-
figurations.

34



Example 5. Metric association scheme with 3 classes,
generated by 3-dimensional cube Q3.

5 6
G q
4
> 4
D d 2
1
> )
O 3
R4 R>
5 6
4
7
2
1
O 3
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Table of multiplication

m%OOOlOOlOOlOOlOOO
&40010020330200100
&0100302002030010
0%1000010000100001
N

X _— O — N ™
— e N N N
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0
0
0
1
3Ag + 2A5 (easy combinatorial

Q
-~
omOoo
— O N O __
ONOH N
oo m~Oo <
/|\ -

Q
| ret
QY
Q£
pad
Q
| -
@)
Ll

inspection)

Q\
Q
[QV
|_|
(@]
Q
| @
O LWoOoMm —/m/—
o 0 oo
NOMDO
N O < O
OMNMOAGWN
O ON
M O O O
N~ — — O O VO
N—
I
|_|

QO MO OO Oom
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N— O N~
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Why this knowledge is helpful?
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We want to get Spec(Q3).
Way 1 Tricks a la C. Godsil.

1 1 1 —1
@ G @ G
1 1
1 > 1
5 1 5 1
1 _
1 1 1 1
A=23 = -3
—1 —1 —1 0
@ _1 @ O
1 > 1
D r1 D rO
1 1
\ 1 0 -1
A=1 A= —1
Way 2
_A3 _Al _02 8 A -2 0 -3 -2 0
=X-2 X =3/4+)20 N -3 =
0 -2 A =3 0O —1 )\ 0O —1 )\
O 0 -1 )\

= A2 =3)4+2(-2\)) =3\ +3)=1*—10)\2 -9 =
= (N -9\ -1)

Eigenvalues are —1,1,3, —3.

(More about spectrum in part II).
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6. Strongly regular graphs

e A graph I' = (V, E) is strongly regular if it is reg-
ular of valency k and each pair of adjacent (unad-
jacent) vertices has exactly A (x) common neigh-
bours.

In this case we write SRG(v, k, \, 1), where v = |V].

e [ iSan srg <—

A2 =kI+ XA+ u(J—-A-1)
A =JA=kJ

el isansrg «— M) = (V,< A,E,E >) is a
symmetric association scheme with 2 classes, here
r = (V,E) is graph complementary to I".

39



Example 6. a) Pentagon

SRG(5,2,0,1)

b) Petersen graph

SRG(10,3,0,1)

c) lo Ky,: disjoint union of l copies of complete graph
with m vertices. SRG(Ilm,m —1,m — 2,0).

d) Lattice square graph L>(3).

o)
U

SRG(9,4,1,2)

®
C;

40



SRG I is called primitive if both " and T are con-
nected graphs.

Using association scheme 9M(IN) with 2 classes
(that is of dimension 3) it is easy to prove that an
undirected regular I is an SRG <= [ has exactly
3 distinct eigenvalues.

There are various combinatorial and spectral equa-
tions and restrictions for sequence (v,k, A\, u) of
parameters of an SRG =
feasible set of parameters.

a central question: existence of an SRG with a
given feasible set of parameters.

41



Rank 3 graph ' <= Aut(l") is acting transitively
on vertices, ordered pairs of adjacent and non-
adjacent vertices.

Rank 3 graph ' <«<— for G = Aut(l"), 2 —
Orb(G,V) = {A,E, E}.

Rank 3 graph I' = [ is an SRG.

All rank 3 graphs are described via the use of clas-
sification of finite simple groups.

42



Two most known infinite series of SRG’s:

e Triangular graph T(m) = line graph of K, is
SRG(™m=L) >(m—2),1,4). For m # 8 is uniquely
determined by parameters.

e Lattice square graph L-(m) = line graph of the
complete bipartite graph Kpy m is

SRG(m?,2(m — 1),0,2)

For m # 4 is uniquely determined by parameters.

43



Many other infinite series and sporadic examples
are known.

Origins in design of statistical experiments and
partial geometries (R. C. Bose, 1963).

Important and beautiful links with coding theory
and finite geometries. In particular, poster by Axel
Kohnert.

Diverse behaviour:

— for some parameter sets there exists " prolific”
constructions;

— for some parameter sets uniqueness is proved.

44



Example 7. A non-rank-3 SRG on 280 vertices =
non-Schurian association scheme with 2 classes (A.A.
Ivanov, Klin, Faradzev, 1984), (Mathon-Rosa, 1985).

e Consider the symmetric group Sg9 acting on the
partitions of 9-set into 3 subsets of size 3;

o _
e Degree is GBYF — 280;

e Rank is 5 with subdegrees 1, 27, 36, 54, 162 (any
two partitions have 3, 5, 9, 6, 7 non-empty inter-
sections).

e [ he relation defined by 7 intersections gives

= SRG(280,162,96,90)

(F = SRG(280,117, 44, 52))

45



Problem Classify all SRG's ' such that Auwt(l") is
a primitive permutation group representation of the

symmetric group Sp,.
Known examples:

o K, (trivial);

o T(m) (m # 4):

e a few sporadic examples, including the above one
are known (Klin et al).

(Certain progress was achieved by Muzychuk and his

followers.)

46



7. Distance regular graphs and metric schemes

e [ = (V,FE)is (undirected) connected regular graph
of valency k;
for x,y € V, d(x,y) is a distance between vertices
x and y, that is, the length of shortest path in [
with the ends x«, y;
d = d(I") is diameter of I".

e for 0 < i < d the distance graph I'; = (V, R;) has
the same vertex set V; x,y are adjacent in [; <—

d(z,y) =1
o=A,{=T.

e Consider colour graph (V,{Rg,R1,...,Rg}): in
general it does not form an association scheme.

a7



e Graph I is called a distance regular graph (DRG)
if M(r) = (V,{Ro, R1,...,R4}) is an association
scheme with d classes. In this case, (M) is called
metric association scheme.

e Let W be an adjacency algebra of a metric associ-
ation scheme. In this case W is generated by one
matrix A = A(I"), moreover the generating process
is in a sense canonical (cf talk by S. Reichard).

e \We may associate to DRG [ certain sequence
of parameters (a part of intersection numbers of
M(I)), which is called intersection array.

48



A distance regular graph of diameter 2 = strongly
regular graph.

DRG I is called primitive if all distance graphs [,
1 <1< d are connected, otherwise [ is imprimi-
tive.

DRG I is called antipodal if ' ; = mo K; (a disjoint
union of complete graphs, v = |V| = ml).

Theorem Each imprimitive DRG is bipartite or
antipodal.

49



e Graph I is called distance transitive (DTQG) if for
G = Aut(I") the centralizer algebra V(Aut([")) has
rank d + 1 (in other words, G acts transitively on
ordered pairs of equidistant vertices).

e Each DTG is DRG. There are many examples of
DRG’'s which are not DTG's.

e Classification of DTG is one of the most monu-
mental projects in algebraic graph theory (using
CFSG): many infinite series and a lot of striking
sporadic examples. This project is close to com-
pletion.

50



e Simplest non-trivial examples of imprimitive
DRG’s are coming from 3-dimensional euclidean
geometry:

— cube Q3 (kK = 3 d = 3, antipodal and bipartite),
— icosahedron (k =5, d = 3, antipodal),

— dodecahedron (kK = 3, d = 6, antipodal).

Example 8. (Primitive graph on 21 vertices)

a) begin with Fano plane = PG(2,2):

1
0 2

3604

{1,2,4y =7

{2,3,5} =8

(3,4,6} =0

{4,5,0} = 10

{5,6,1} = 11

{6,0,2} =12

{0,1,3} =13

51



b) Construct its Levi graph: vertices are points and
lines, adjacency=incidence.

Get Heawood graph H on 14 vertices:
0

H itself is antipodal DRG (k =3, d = 3).

52



c) Construct the line graph L(H) - vertices are edges
of H, adjacency — common ends of edges:

(2.7} ; 4,9} {6,9} {611} {T}lf\ﬁjﬁ\){z’ 81

{2,125 :E§>§\\“ {3,8}

(612} {410} {5/10} {17} {1/11} {39}

{0,12} 0,10}  {1,13 (3,13}

{0,13}
Intersection Diagram:

1 1 2
1 4 8 9

does not depend on a selection of vertex.

53



e A very famous family of DRG's is n-dimensional
cubes (@), with 2™ vertices which define Ham-
ming (metric) association scheme H(n,2) with n
classes.

e Mmerging of classes in various metric schemes will
be a subject of PART II.

e Now we consider just one example of merging in
H(4,2).

54



Example 9. Clebsch graph Usg is defined as merging
of classes 1 and I'4 in Qu:

1001
1011
1101 0110
0 N1
03101 171
0000
a >
000 000
011 101
0010
1100 1110

Alternative way:

(s = CAY (E,4,{0001,0010,0100,1000,1111})
is an SRG(16,5,0,1).

55



8. Dihedral association schemes

e Metric association schemes have in a sense one
natural generator - a corresponding DRG.

e \We now introduce a family of association schemes
with two generators (dihedral schemes according
to Zieschang).

e [ he name goes back to a simple example of a so-
called thin scheme (all valencies of basis graphs
are equal to 1).

56



Example 10. Regular action of group S3 = D3, a
non-Abelian group of order 6:

e

>
>

(273) (1,2) I \

X >:<
S
Kx

Cayley graphs with respect to elements of 53. Any
two involutions generate the scheme.

<
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Example 11.

e Consider action of S,, on ordered pairs of distinct
elements from [1,n], n > 4.

e Get permutation group (Sp, X) of degree n(n—1).

e Describe 2 — Orb(Sy, X) via typical pairs of points:
Ro: ((a,b), (a,b))
Ry: ((a,b),(a,c))
Ry: ((a,b),(c,b))
R3: ((a,b),(b,c))
R4 ((a,b),(c,a))
Rs: ((a,b),(c,d))
Re: ((a,b),(b,a))
Here Rq1 and R»> generate association scheme
(X,2 - 0rb(Sn, X)).

e More examples in part 3.
(challenge for GB methods!)
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9. Amorphic association schemes

e Association scheme is called amorphic if any par-
tition of its classes leads to a fusion scheme.

e A necessary condition: each basic graph is an
SRG.
e Theorem (D.G. Higman, A.V. Ivanov)

a) If number of classes is at least 3, then number
of points is n?, n € N;

b) Each basis graph is of a positive (negative)
Latin square type graph.

e '"Generic’ examples: complete affine scheme of
order n? with n 4+ 1 classes.
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Example 12.n =3

—— o —————p
—— o —————9 o (o q
2

r
[3 [ 4

Here scheme is generated by arbitrary 3 basis relations
(In general we need n generators).

A\
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