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A (directed) circulant graph is a Cayley Digraph with
vertices group (Z/NZ,+).

e Fach graph is defined by its number of vertices N and
a set of integers called jumps (J1, ..., J:).

e There are r edges leaving each node: ¢ ~ ¢+ ;.

Paths in a circulant are described by monomials (elements
in N'), following the identification:

Xt —— (a1,...,a,;) «— |[c~ c+ jia1 + - - - + jra,].

The length of a path (the number of edges it consists of)
1S:
deg(x®) = [|a[|1.

The routing mapping relates each path with the vertex it
reaches when applied to the origin:

R N’ Z/NZ
a = (ala'”aaf?“) ~ aflj1_|_'°°_|_a7“j7°-

—

[ts extension R : Z" — Z /N7, (paths with negative compo-
nents make sense in undirected graphs). Setting £ = ker(R)
(an integer lattice), the set of paths joining two vertices is:

Paths(c ~ d) = (a+ L) NN,

being a a particular path with R(a) =d — c.
So, the Routing Problem in circulants (finding a shortest
path) can be solved as an Integer Programming problem.

A Minimum Distance Diagram can be associated to
a circulant,

D:7Z/N7Z —-N', RoD =1d

such that D(c) is minimum in R~ !(c), with ¢; norm.
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A graded monomial ordering < in N provides a MDD:
D(c) = min (R_l(c)) .

This way, the diagram is the complement of a monomial
ideal.

The third diagram also verifies the minimum distance con-
dition, but it doesn’t follow a monomial ordering.

If the diagram is constructed following a monomial order-
ing, its complement as the initial ideal of the binomial ideal
assoclated to £ and <:

J = (Xa+—xa/a6[,),

N'\D(Zy) = init<(J)
A Grobner basis of J is useful to compute optimal rout-
Ings.
e Select any path a € R™!(c). (in N")
e Reduce x® — 1 by the GB, obtaining x° — 1.
e b is a shortest path (by the way, it is D(c)).

Moreover, from a GB of J we obtain the minimal system
of generators of N"\ D. The leading monomial of each basis
element is a generator.

The irredundant decomposition by irreducible ideals 1s use-
ful to compute the graph’s diameter and average min-
imum distance.
As an example:

Cs4(2,11, 15)

~

The binomial ideal associated to the lattice ker(R) is:

(X2Y 7 X272 1Y 7 — X, XMy 1)

Using the graded monomial ordering X > Y > Z, we
obtain the reduced Grobner basis:

(7°-Y, XY -7, X*7°-1,Y"-7ZX°, X°-Y* Y'7° - X°}
We obtain the description of the diagram’s complement:
[ =(7°, X*Y, X*Z°Y°, X°, Y'7Z?) =
— (XYL 2N (XY, 29N (X°,Y, Z9).
Writting w? := (X" /a; > 0), [ =w® N --

d and average distance d satisty:

-m? the diameter

d = max Hazﬂl — T,
(=1 o (ged(x™, i € A)),

afl"°a'7°
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