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Domingo Gómez, Jaime Gutierrez, Álvar Ibeas
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A (directed) circulant graph is a Cayley Digraph with
vertices group (Z/NZ, +).
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R(0,1,2)=8

• Each graph is defined by its number of vertices N and
a set of integers called jumps (j1, . . . , jr).

• There are r edges leaving each node: c  c + ji.

Paths in a circulant are described by monomials (elements
in Nr), following the identification:

xa←→ (a1, . . . , ar)←→ [c  c + j1a1 + · · · + jrar].

The length of a path (the number of edges it consists of)
is:

deg(xa) = ‖a‖1.

The routing mapping relates each path with the vertex it
reaches when applied to the origin:

R : Nr −→ Z/NZ
a = (a1, . . . , ar)  a1j1 + · · · + arjr.

Its extension R̃ : Zr → Z/NZ, (paths with negative compo-
nents make sense in undirected graphs). SettingL = ker(R̃)
(an integer lattice), the set of paths joining two vertices is:

Paths(c  d) = (a + L) ∩ Nr,

being a a particular path with R(a) = d− c.
So, the Routing Problem in circulants (finding a shortest
path) can be solved as an Integer Programming problem.

A Minimum Distance Diagram can be associated to
a circulant,

D : Z/NZ→ N
r, R ◦D = id

such that D(c) is minimum in R−1(c), with ℓ1 norm.
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grad.lex. X ≻ Y ≻ Z grad.rev.lex. X ≻ Y ≻ Z

A graded monomial ordering � in Nr provides a MDD:

D(c) = min
(

R−1(c)
)

.

This way, the diagram is the complement of a monomial
ideal.
The third diagram also verifies the minimum distance con-
dition, but it doesn’t follow a monomial ordering.

If the diagram is constructed following a monomial order-
ing, its complement as the initial ideal of the binomial ideal
associated to L and �:

J :=
(

xa+

− xa− / a ∈ L
)

,

N
r\D(ZN) = init�(J)

A Gröbner basis of J is useful to compute optimal rout-
ings.

• Select any path a ∈ R−1(c). (in Nr)

• Reduce xa − 1 by the GB, obtaining xb − 1.

• b is a shortest path (by the way, it is D(c)).

Moreover, from a GB of J we obtain the minimal system
of generators of Nr\D. The leading monomial of each basis
element is a generator.

The irredundant decomposition by irreducible ideals is use-
ful to compute the graph’s diameter and average min-

imum distance.
As an example:
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The binomial ideal associated to the lattice ker(R̃) is:
(

X2Y − Z, X2Z2 − 1, Y 5Z −X, X34Y 34Z34 − 1
)

Using the graded monomial ordering X ≻ Y ≻ Z, we
obtain the reduced Gröbner basis:

{Z3−Y,X2Y−Z, X2Z2−1, Y 5−ZX3, X5−Y 4, Y 4Z2−X3}

We obtain the description of the diagram’s complement:

I = (Z3, X2Y, X2Z2, Y 5, X5, Y 4Z2) =

= (X2, Y 4, Z3) ∩ (X2, Y 5, Z2) ∩ (X5, Y, Z2).

Writting ma := (Xai
i /ai > 0), I = ma1 ∩ · · · man the diameter

d and average distance d̄ satisfy:

d = max ‖ai‖1 − r,

d̄ =
1

N

∑

∅ ∆⊆{1,...,n}

(−1)#∆+1σ(gcd(xai, i ∈ ∆)),

σ(xa) :=
a1 · · · ar

2
(a1 + · · · + ar − r).

[1] J.C. Bermond, F. Comellas, D.F. Hsu: “Distributed loop
computer networks: a survey”. J. Parallel and Distributed
Computing, 24, 2-10, 1995.
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