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Abstract
The most important families of non-linear codes are system-
atic. We provide a Gröbner bases technique to compute the
distance distribution of systematic non-linear codes.

Preliminaries
We recall some basic facts about polynomial rings and non-
linear codes that will play a central role throughout this paper.

Some polynomial rings
Let m ≥ 1 be a natural number. Let K be a field, let K be the
algebraic closure of K and let I be an ideal in the polynomial
ring K[Y ] = K[y1, . . . , ym]. We denote by Eq[Y ] the following
set of polynomial in K[Y ]:

Eq[Y ] = {yq
1 − y1, . . . , y

q
m − ym}

Definition 1. 1. Given a polynomial f ∈ K[Y ], we denote by V(f )

the set of all zeros of f in K
m, i.e.

V(f ) = {(a1, . . . , am) ∈ K
m | f (a1, . . . , am) = 0}.

2. Given an ideal I ⊆ K[Y ] we denote by V(I) the set of all zeros of
I , i.e.

V(I) = {(a1, . . . , am) ∈ K
m | f (a1, . . . , am) = 0 for all f ∈ I}

Definition 2. Let S ⊆ K
m. Then the set of all polynomials f ∈

K[Y ] such that f (a1, . . . , am) = 0 for any points (a1, . . . , am) ∈ S

forms an ideal in the polynomial ring K[Y ]. This ideal is the van-
ishing ideal of S and is denoted by I(S).

Let Fq be the finite field with q element and (Fq)
m be the nat-

ural m–dimensional vector space over Fq. Let 1 ≤ s ≤ m − 1.
We fix in
Fq[y1, . . . , ys, t1, . . . , tm−s] = Fq[Y, T ], the lexicographic order <

with y1 < y2 . . . < ys < t1 < . . . < tm−s. Let I be an ideal
in Fq[Y, T ] and G(I) ⊂ Fq[Y, T ] the minimal reduced Gröbner
basis of I , w.r.t. < ordering, then we will use the following
notation:

Pyi
= Fq[y1, . . . , yi] \ Fq[y1, . . . , yi−1], Iyi

= I ∩ Pyi
, Gyi

=

G ∩ Pyi
,

PY = Fq[Y ], IY = I ∩ PY , GY = G ∩ PY ,

PY T = Fq[Y, T ] \ Fq[Y ], IY T = I ∩ PY T , GY T = G ∩ PY T ,

Pti = Fq[y1, . . . , ys, t1, . . . , ti] \ Fq[y1, . . . , ys, t1, . . . , ti−1],

Gti = G ∩ Pti, Iti = I ∩ Pti.

Definition 3. Let 1 ≤ f ≤ m and p ∈ Fq[y1, y2, . . . , ym]. We
say that p is a simple t-monomial if: p = yh1 . . . , yhf

where
h1, . . . , hf ∈ {1, . . . ,m} and hl 6= hj,∀l 6= j, i.e. a monomial in
Fq[y1, . . . , ym] such that degyhi

= 1,∀1 ≤ i ≤ f . We call Mm,f,q the
set of all simple f -monomials in Fq[y1, y2, . . . , ym].

From now on we keep the reference to q implicit in our nota-
tion, so we will us Mm,l instead of Mm,l,q.

Non-linear codes
Definition 4. Let k, n ∈ N such that 1 ≤ k ≤ n, φ : (Fq)

k → (Fq)
n

be an injective function and let C = Im(φ). We say that C is an
(n, k, q) code. Any c ∈ C is called a word of the code.

Definition 5. Let π be the projection π : (Fq)
n → (Fq)

k such that
π(a1, . . . , an) = (a1, . . . , ak). We say that C is systematic if:
(π ◦ φ)(v) = v, for any v ∈ (Fq)

k.

We denote by C(n, k, q) the class of all systematic (n, k, q) code.

Weights in (Fq)
n and Gröbner bases

In this section we will show some relations between particu-
lar varieties in (Fq)

n and Gröbner bases. Let Fq[y1, . . . , ym] be a
polynomial ring, we denote by σi the i− th elementary symmet-
ric function of y1, . . . , ym. We also denote by Im,t the following
ideal:

Im,t = 〈σt, . . . , σm, Eq[Y ]〉 ⊂ Fq[y1, . . . , ym]

Theorem 6. Let m be an integer positive number such that m ≥ 1.
In Fq[y1, y2, . . . , ym] let be t an integer number such that 1 ≤ t ≤ m.
Let σi be the i−th symmetric function in y1, y2, . . . , ym and Pi =

{c ∈ (Fq)
m | w(c) = i }. Then:

I(P0 ∪ P1 . . . ∪ Pt) = 〈σt+1, . . . , σm, Eq[Y ]〉 = Im,t+1

A distance computing algorithm

Gröbner basis of non-linear systematic
codes
We apply the previous facts to give a structure for the Gröbner
basis of the non-linear systematic codes. Let n, k ∈ N, if C ∈
C(n, k, q), then we ca view C as a set of points in (Fq)

n ⊂ (Fq)
n

and hence as a 0-dimensional variety, so that I(C) is its van-
ishing ideal in Fq[X, Z]. Our aim is to describe the reduced
Gröbner basis of I(C).

Theorem 7. Let C ∈ C(n, k, q) and G be the reduced Gröbner basis
for I(C), w.r.t. the lexicographical order with x1 < · · · < xk < z1 <

· · · < zn−k. Then G has the following structure:

G = {Eq[X ], z1 + f1, . . . , zn−k + fn−k}

for some fj ∈ Fq[X ], 1 ≤ j ≤ n− k. In particular

• Gxi
= xq

i − xi, 1 ≤ i ≤ k,

• Gzj
= zj + fj, 1 ≤ j ≤ n− k.

Theorem 8. Let Ak,n be the set

Ak,n = {(f1, . . . , fn−k) | fj : (Fq)
k 7→ (Fq), 1 ≤ j ≤ n− k}.

There is a bijection Ak,n ↔ C(n, k, q), given by

(f1, . . . , fn−k) ↔ G = {Eq[X ], z1 + f1, . . . , zn−k + fn−k}

Weight distribution for non-linear sys-
tematic codes
Definition 9. Let C be a code in C(n, k, q). Let G(C) =

{Eq[X ], f1(X), . . . , fn−k(X)} the reduced Gröbner basis for C. Let
be t ∈ N such that 1 ≤ t ≤ n. We define the ideal Wt

C ∈
Fq[x1, . . . , xk] as follows:

Wt
C = {Eq[X ], m

(
x1, . . . , xk, f1(X), . . . , fn−k(X)

)
for m ∈ Mn,t}

A point in V(Wt
C) matches a codeword c in C with w(c) ≤ t.

We can easily derive the following

Lemma 10. Let be C in C(n, k, q). Let be t ∈ N such that 1 ≤ t ≤ n.
Then

At−1 = |V(Wt
C)| \ |V(Wt−1

C )|

Distance of non-linear systematic codes
Definition 11. Let C ∈ C(n, k, q) and f1, . . . , fn−k, as in Theo-
rem 7. Then we denote by It

C , with 1 ≤ t ≤ n, the ideal in
Fq[x1, x2, . . . , xk, x̃1, x̃2, . . . , x̃k] generated by :

Eq[X ] ∪ {m
(
xi − x̃i, . . . , fj(x1, .., xk)− fj(x̃1, .., x̃k), . . .

)
|1 ≤ i ≤ k, 1 ≤ j ≤ n− k, m ∈ Mn,t}

Definition 12. In (Fq)
k×(Fq)

k we denote by Tk the trivial variety,
i.e the set of points a = (a1, . . . , ak, ã1, . . . , ãk) such that ai = ãi,
1 ≤ i ≤ k.

Lemma 13. Let be n, k ∈ N. Then ∀ C ∈ C(n, k, q) and 1 < t ≤ n,
we have

V(It
C) 6= Tk ⇐⇒ ∃c1, c2 ∈ C such that d(c1, c2) ≤ t− 1

Corollary 14. Let n, k ∈ N. Let be q an integer positive prime num-
ber. Then ∀ C ∈ C(n, k, q) and 1 < t ≤ n,

V(It
C) = Tk ⇐⇒ d(C) ≥ t

From the Corollary 14, an algorithm is directly designed to
compute the distance of any C ∈ C(n, k, q).

j = 1

While V(Ij
C) = Tk do

j := j + 1;
Output j

The distance distribution for a code in
C(n, k, q)

Actually, Lemma 13 give a method to compute the distance
distribution for a code in C(n, k, q). Indeed, let C ∈ C(n, k, q)

and 1 < t ≤ n, we showed that a point in V(It
C) is a pair of

codewords with Hamming distance less than t. From that, we
have the following:

Corollary 15. Let C ∈ C(n, k, q), let 1 < t ≤ n. Then

V(It
C) = {(c1, c2) |s.t.c1, c2 ∈ C, d(c1, c2) ≤ t}

Let c1, c2 ∈ C, such that d(c1, c2) = i, for 1 ≤ i ≤ t − 1; in
It
C there is both the points that match the pair of codewords

(c1, c2) and the pair (c2, c1). Moreover It
C contains also the triv-

ial variety. We can derive the following

Lemma 16. Let be C ∈ C(n, k, q), let 1 < t ≤ n. Then

A1 ∪ A2 ∪ . . . ∪ At−1 =
|V(It

C)| \ |Tk|
2

Example 17. Let C = {[0, 0, 0, 0], [0, 1, 0, 0], [0, 2, 0, 0], [1, 0, 0, 0],
[1, 1, 0, 2], [1, 2, 0, 2], [2, 0, 0, 2], [2, 1, 0, 0], [2, 2, 0, 0]} be an C(4, 2, 3)

code. The distance distribution of C is:

A1 = 8, A2 = 20 A3 = 8 A4 = 0

We want to compute all the non ordered pairs of codewords
(c1, c2) with d(c1, c2) ≤ 2. To do this we calculate the ideal I3

C .

I3
C = 〈x2

2x̃
2
1x̃2, x

2
1x2x̃

2
1x̃2, x̃3

2 − x̃2, x3
2 − x2, x̃3

1 − x̃1, x
3
1 −

x1, x2x̃
2
1x̃

2
2, x1x̃

2
1x̃

2
2, x1x2x̃1x̃

2
2〉

Using the Computer Algebra System Singular, we find that
|V(I3

C)| = 65. Since |T2| = 9, we have A1 ∪ A2 = (65− 9)/2 = 28.

From the previous results, we can easily derive a method to
compute the distance distribution for a code in C(n, k, q).

Lemma 18. Let C ∈ C(n, k, q), let 1 < t ≤ n. Then

At =
|V(It+1

C )| \ |V(It
C|)

2

Example 19. Using the same code of 17 we want to find A2:

I2
C = 〈x̃1x̃2−x1x̃2−x2x̃1+x1x2, x̃

3
2− x̃2, x

3
2−x2, x

3
1−x1, x1x̃

2
2−

x1x
2
2, x1x

2
2x̃2 − x1x̃2, x̃

2
1 − x2

2x̃1 − x̃1 + x1x
2
2 − x2

1 + x1, x1x
2
2x̃1 −

x2
1x̃1 + x1x̃1 − x2

1x
2
2 − x2

1 + x1, x
2
1x2x̃1 + x1x2x̃1 − x2

1x2 − x1x2〉

As in the previous example we use the Computer Algebra Sys-
tem Singular to find that |V(I2

C)| = 25 . Applying Lemma 18,
we obtain A2 = (65− 25)/2 = 20.
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