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Abstract

The most important families of non-linear codes are system-
atic. We provide a Grobner bases technique to compute the
distance distribution of systematic non-linear codes.

Preliminaries

We recall some basic facts about polynomial rings and non-
linear codes that will play a central role throughout this paper.

Some polynomial rings

Let m > 1 be a natural number. Let K be a field, let K be the
algebraic closure of K and let I be an ideal in the polynomial
ring K|Y] = Kly1,...,yn). We denote by E,[Y] the following
set of polynomial in K|Y:

EJYT={yl—v1, -, ¥% — Yn}

Definition 1. 1. Given a polynomial f € K|Y|, we denote by V(f)
the set of all zeros of f in K, i.e.

V(f)={(ar,...,an) € K | flai,..., an) =0}

2. Given an ideal I C K[Y| we denote by V(I) the set of all zeros of

I, 1.e.

=

V(I)={(ay,...,an) € K | fla1,...,ay) =0forall f eI}

Definition 2. Let S C K. Then the set of all polynomials f €
K[Y] such that f(ay,...,a,) = 0 for any points (ay,...,ay,) € S
forms an ideal in the polynomial ring K[Y|. This ideal is the van-
ishing ideal of S and is denoted by J(5).

Let F, be the finite field with ¢ element and (F,)™ be the nat-
ural m—dimensional vector space over F,. Let 1 < s < m — 1.
We fix in

Folyr, -y ysitrs - o tmes] = F,[Y, T, the lexicographic order <
with y; < ... <y, < t1 < ... < t,,—s. Let I be an ideal
in F,[Y,T] and G(I) C F,|Y,T] the minimal reduced Grobner
basis of I, w.r.t. < ordering, then we will use the following
notation:

:Pyz' - Fq[yla---ayi] \Fq[ylw“vyi—l]/ 1y, = 1IN :Pyi’ Gyi -
GNP,

Py = FQ[Y], Iy =1INPy, Gy = GNPy,
Pyt = ]Fq[Y, T] \Fq[Y], Ly =1NPyr, Gyr = GNPy,

:Pti :Fq[yla---;ysatla---yti] \Fq[yla---7957t17---;tz’—1]/
Gtz‘ — G M :Pti/ [ti — ] M {‘Ptz"

Definition 3. Let 1 < f < mand p € F,ly1,v2,...,ym]. We
say that p is a simple t-monomial if: p = y, ..., ys, where
hi,....hy € {1,....,m} and hy # h;,Vl # j, i.e. a monomial in
Foly1, - .-, ym] such that deg,, =1,V1 < i < f. Wecall M, s, the
set of all simple f-monomials in Foly1, y2, -« s Yml-

From now on we keep the reference to ¢ implicit in our nota-
tion, so we will us M,, ; instead of M,, ;.

Non-linear codes

Definition 4. Let k,n € Nsuchthat 1 <k <n, ¢ : (F,)* — (F,)"
be an injective function and let C' = Im(¢). We say that C' is an
(n, k,q) code. Any ¢ € C'is called a word of the code.

Definition 5. Let 7 be the projection 7 : (F,)" — (F,)* such that
m(ay,...,a,) = (a1,...,ap). We say that C is systematic if:
(7m0 ¢)(v) = v, forany v € (F,)".

We denote by C(n, k, ¢) the class of all systematic (n, k, ) code.
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Weights in (F,)" and Grobner bases

In this section we will show some relations between particu-
lar varieties in (IF,)" and Grobner bases. Let Fy[y1, ..., y,] be a
polynomial ring, we denote by o; the ¢ — th elementary symmet-

ric function of yi, ..., y,. We also denote by I,,; the following
ideal:

_[mJj = <0t7 ey Om, EQ[YD C ]Fq[ylp e ,ym}

Theorem 6. Let m be an integer positive number such that m > 1.
InF,[y1,yo, ..., ynm| let be t an integer number such that 1 <t < m.
Let o, be the i—th symmetric function in y1,yo,...,Yn and P, =
{ce (F,)" | w(c) =1 }. Then:

j(POUP1 . UPt) = <O_t—|—17° . '7O-m7Eq[Y]> — Imt+1

A distance computing algorithm

Grobner basis of non-linear systematic
codes

We apply the previous facts to give a structure for the Grébner
basis of the non-linear systematic codes. Let n,k € N, if C' €
C(n, k, q), then we ca view C as a set of points in (F,)" C (F,)"
and hence as a 0-dimensional variety, so that J(C) is its van-
ishing ideal in F,[X, Z]. Our aim is to describe the reduced
Grobner basis of J(C).

Theorem 7. Let C' € C(n, k, q) and G be the reduced Grobner basis
for J(C), w.r.t. the lexicographical order with x1 < --- < x}, < 21 <
-+« < Zy—p. Then G has the following structure:

G = {EQ[X]WZl —l_fl? . '7Zn—k+fn—k}

for some f; € F,[X], 1 < j <n— k. In particular
oG, =x!l -z, 1<i<k,
OGZJ.:Zj-Ffj, 1<j3<n—k

Theorem 8. Let Ay, ,, be the set

A = {(f1, .. f) | £ (F)F = (F,), 1 <j <n—k}.
There is a bijection Ay, < C(n, k, q), given by

(fl, e ;fn—k) — G = {Eq[X], Z1 + fl, ceey Zn—k t+ fn—k}

Weight distribution for non-linear sys-
tematic codes

Definition 9. Let C be a code in C(n,k,q). Let G(C) =
{EJX], i(X), ..., fack(X)} the reduced Grobner basis for C'. Let
bet € N such that 1 < t < n. We define the ideal W, €
F,[z1, ...,k as follows:

WL = {E,[X],m (21, ... ap, fi(X), .., fasi(X)) form € My}

A point in V(W.,) matches a codeword ¢ in C with w(c) < t.
We can easily derive the following

Lemma 10. Let be C'in C(n, k, q). Let bet € Nsuchthat1 <t < n.
Then
A1 = VW) \ [V(WE)

Distance of non-linear systematic codes

Definition 11. Let C' € C(n,k,q) and fi,..., fu_k, as in Theo-
rem 7. Then we denote by J., with 1 < t < n, the ideal in
F,|z1, 2o, ...,z T1, Ta, . . ., Ti| generated by :

Eq[X] U {m(a:z — Lfl', e ooy fj(SCl, ..,$k) — fj(fla ..,fk), . . )
1<i<k 1<j<n—Fk meM,

Definition 12. In (F,)" x (F,)* we denote by T}, the trivial variety,
i.e the set of points a = (ay,...,a,di,...,a;) such that a; = a;,
1 <1<k,

Lemma 13. Let be n,k € N. ThenV C € C(n, k,q)and 1 <t <n,
we have

V(L) # Ty <= ey, ¢y € C'such that d(cy,cy) <t —1

Corollary 14. Let n, k € N. Let be q an integer positive prime num-
ber. ThenV C' € C(n, k,q)and 1 <t <mn,

VL) =T, <= d(C) >t

From the Corollary 14, an algorithm is directly designed to
compute the distance of any C' € C(n, k, q).

j=1

While V(J})=7; do
J=3+1

Output j

The distance distribution for a code in
C(n, k,q)

Actually, Lemma 13 give a method to compute the distance
distribution for a code in C(n, k, q). Indeed, let C' € C(n, k,q)
and 1 < ¢t < n, we showed that a point in V(J},) is a pair of
codewords with Hamming distance less than ¢. From that, we
have the following:

Corollary 15. Let C' € C(n, k,q), let 1 <t < n. Then
V(IL) = {(c1,c2) |s.t.ct, ca € C, d(cy,co) <t}

Let ¢;, co € C, such that d(ci,c0) = ¢, for1 < i <t —1;in
J%. there is both the points that match the pair of codewords
(c1, ¢2) and the pair (¢z, ¢1). Moreover J., contains also the triv-
ial variety. We can derive the following

Lemma 16. Let be C' € C(n, k,q), let 1 <t <n. Then

VI [T]

AJUAU...UA | = ;

Example 17. Let C' = {[0,0,0,0], [0,1,0,0], [0,2,0,0], [1,0,0,0],
1,1,0,2], [1,2,0,2],[2,0,0,2], [2,1,0,0], [2,2,0,0]} be an €(4,2, 3)
code. The distance distribution of C is:

A1 =8, Ay =20A3=8A,=0

We want to compute all the non ordered pairs of codewords

(c1, c2) with d(eq, ¢2) < 2. To do this we calculate the ideal 330.
33 = (230109, ¥ixeTtly, T3 — Tn, X3 — Ty, T5 — T1,T; —
€y, 37253%1’%, 33157%%%, 331332[%1@9

Using the Computer Algebra System Singular, we find that

I'V(T2,)| = 65. Since |T| = 9, we have A; U Ay = (65 — 9)/2 = 28.

From the previous results, we can easily derive a method to
compute the distance distribution for a code in C(n, k, q).

Lemma 18. Let C € C(n, k,q), let 1 <t < n. Then

A4 = PEEIN [Vt )
2

Example 19. Using the same code of 17 we want to find A,:

2 _ /5.5 = i~ ~3 A 3 3 ~2
jC’ = <.271332—561332—392&71 +$1SE2,$2—$2,CE2—Q?2,$1 — T, L1TH —

2 2~ = ~2 2 ~ 2 2 2~
T1T5, L1X5T2 — T1T2, L] — X501 — L1 + T1X5 — ] + X1, T1X5T1 —

D27 + 1Ty — 2303 — 27 + 21, 229T 1 + T 10T — TIW — T1To)

As in the previous example we use the Computer Algebra Sys-
tem Singular to find that |V(J%)| = 25 . Applying Lemma 18,
we obtain A; = (65 — 25)/2 = 20.
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