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Fundamental Theorem of Symmetric Polynomials:

Fix d. For the polynomial equations
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the symmetric polynomials of the roots (in C)
are exactly the polynomials in the coefficients
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What about systems of polynomial
equations in several variables with finitely

many solutions?



The diagonally symmetric polynomials are the poly-
nomials in the entries of the matrix
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that are invariant under all permutations of the columns.

They are the poly-
nomial functions of
multisets of n points,
a1, a», ..., ap, Of the
affine r—dimensional
space !
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EX: the diagonally symmetric power sums
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These objects appear naturally when studying sys-
tems of equations with finitely many solutions, e.g.
as coefficients of the Chow form, as traces of mono-
mials, or multidimensional residues ...

They are not new !l They were first introduced by
Cayley, MacMahon, ...in the XIXt" century.

149.

ON THE SYMMETRIC FUNCTIONS OF THE ROOTS OF CERTAIN
BYSTEMS OF TWO EQUATIONS.

[From the Fhilsophioal Transactions of the Ropal Sotiety of Londom, vol. eXuvi. for the
yoar 1857, pp. T17—726, Received December 18, 1856 —Read Junnary 8, 1857.]

Surposk in genernl that dw (), =0, & donote o system of (n=1) equations
between the n vanables [x, ¥, 5,...), whore the fnctions ¢, §, &c are quanties (Le,
rational and integral homogencous functions) of the variables, Any values (2, y, £,..)
mitisfying the equations, are said to constitute s set of roots of the system; the rools
of tho samo set are, it i clear, only determinate to & common factor preds, Leo only
the mtios infer ¢ and not the absolute magnitudes of the woote of & seb are diter
minate, Tho nombor of sets, or the degres of the system, @& equal to the product
of the degrees of the component equations. Imngine a funetion of the mols which
remains unaltered when any two seta (o, 9, £, ...) and (r, 9, 2, ...} are interchanpod
(that i, when & and &, 9 ond ¢, &= are simolaseonsly interchanged), and which is

homidea hamaranasms of tha sma didras ae merarde snch anking sak af waote albhoaah



The case of Grobner bases
Let x = (x1,...,2zr). Choose some monomial order,
and monomials x%1, x%2, ..., x%, with among them

a pure power of each variable.

Consider all systems

(1 = x% 4 smaller terms
<F2 = x%*2 4 smaller terms
Fr = x% + smaller terms

that are a Grobner basis.

THEOREM (E.B.): the diagonally
symmetric polynomials of the roots of

these systems are polynomial functions

of the coefficients.




An example:
Lexicographic degree or-
der,

T > TD.

leading monomials:
Xz,o’ xl’l, 0.2

x1

P = 27  +briaotcas+darg +exn+ f,
Fp = mxo +gas+hr+jro+k,
F3 = a3 +qx1 + sxo + t.

IS a Grobner basis iff

f = —cs+es+dj+ other terms ...,
k = —gh?+jh—g3q¢%+ other terms ...,
t = —h?4+qgd—+ sh—+ other terms ...

Then the system has n = 3 zeros aq, ao, as in C2.
One has, for instance, that the diagonally symmetric
power sum

p11 = xV(ar) + xP(as) + xb1(as)
admits as an expression
—bh?+dh—jh—gs?—cqh

+3eq+gjg—3bjg—3cgs—g°qgs—dgq
+cq?g—bg?q?+2bgqh+3bggs+ghs+js.



If the zeros are all simple, one can find back the
coefficients of the reduced Grobner basis

+dri +exo+ f,
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e.g.:

rixry +hr+jro+k,

+qx1 + szo + L.
by means of Lagrange interpolation—like formulas,
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r1(ay)
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that can be also written as quotients of diagonally
symmetric polynomials:
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Grobner bases with as many equations as
unknowns

Choose a monomial order. Consider all systems

smaller terms
smaller terms
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F. = z% 4+ smaller terms

A formula from the Theory of multidimensional residues,
due to Aizenberg and Kytmanov, provides the power
sums as the coefficients in some series expansion:

X1 T Ty OF;
F-F---F, dx
that corresponds to diagonally symmetric analogs

of Newton’s recursion formulas between coefficients
and power sums.
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