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Abstract

The connection between Gröbner bases and linear algebra
comes from the very beginning, i.e. from Buchberger’s PhD
thesis. In [6, 7] these techniques were generalized to differ-
ent settings (change of orderings, ideal defined by function-
als). In [4, 5] the algorithm for monoid and group algebras
was specialized for the case of algebras associated to linear
codes. This poster is a concise presentation of some results
in [1, 2, 3].

The structures associated with a code
consider the elements of Fq represented as

a0 + a1α + · · · + am−1α
m−1

where α is a root of an irreducible polynomial of degree
m over Fp and ai ∈ Fp for all i. Let us consider the free
commutative monoid [X ] generated by the nm variables
X := {x11, . . . , x1m, . . . , xn1, . . . , xnm}. We have the following
morphism of monoids from [X ] onto F

n
q :

ψ : [X ] →F
n
q

xij 7→(0, . . . , 0, αj−1
︸ ︷︷ ︸
i

, 0, . . . , 0),

and, by morphism extension,
n∏

i=1

m∏

j=1

x
βij
ij 7→

((
∑m
j=1 β1jα

j−1
)

modp
, . . . ,

(
∑m
j=1 βnjα

j−1
)

modp

)

(1)

Let w ∈ [X ]. We will denote by Supp(w) the set of variables
that divide w and by Ind(w) the set of indices associated to
w, i.e.

Ind(w) := {i ∈ {1, . . . , n} | ∃j ∈ {1, . . . , m}

such that xij ∈ Supp(w)}.

Definition 1 (The error vector ordering). We say that u is
less than w w.r.t. the error-vector ordering, and denote it by
u <e w, if one of the following conditions holds:
1. |Ind(u)| < |Ind(w)|.
2. |Ind(u)| = |Ind(w)| and u ≺ w, where ≺ denotes an arbi-

trary but fixed admissible ordering on [X ].
It is easy to prove that <e is a total ordering on [X ]. However, it is not admissible. It is the

multiplicative property of admissible orders that sometimes fails here.

A linear code C defines an equivalence relation RC in F
n
q by

(x, y) ∈ RC ⇔ x− y ∈ C.

If we define ξC(u) := ψ(u)H (H is the parity check matrix),
where u ∈ [X ], the above congruence can be translated to
[X ] by the morphims ψ as

u ≡C w ⇔ (ψ(u), ψ(w)) ∈ RC ⇔ ξC(u) = ξC(w).

The morphism ξC represents the transition of the syndromes
from F

n
q to [X ], so that, ξC(w) is the syndrome of w, which is

equal to the syndrome of ψ(w).
Definition 2 (Canonical forms). We define a set of canonical
forms N ⊂ [X ] by the following properties:
1. 1 ∈ N ⊆ [X ].
2. |N | = qn−k.
3. If u, v ∈ N and u 6= v, then ξC(u) 6= ξC(v).
4. For all w ∈ N \ {1} there exists x ∈ X such that w = w′x

and w′ ∈ N .
Definition 3 (“Multiplicative structure function”, matphi).
Let matphi be a function φ from N×X onto N , such that for
all x ∈ X and for all w ∈ [X ] we have that ξC(φ(w, x)) =
ξC(wx).

Computation of N and φ

The following algorithm for building N and φ can be found
in [5]. There are three functions needed to understand the
algorithm:
• InsertNexts[t, List] inserts all the products xt in List,

where x ∈ X , keeping the increasing order of List w.r.t.
the order <e.

•NextTerm[List] returns the first element from List and
deletes it from that set.

•Member[obj,G] returns the position j of obj in G, if obj ∈
G, and false otherwise.

Input: A linear code C ⊂ F
n
q given by p, n,m, such that q = pm, and a

parity check matrix H .
Output: A set of canonical forms for C, and φ the corresponding

function matphi.
List := {1}, N := ∅, r := 0
while List 6= ∅ do

w := NextTerm[List]
v′ := ξC(w)
j := Member[v′, {v1, . . . , vr}]
if j 6= false then

foreach k such that w = uxk with u ∈ N do
φ(u, xk) := wj

end
else

r := r + 1, vr := v′, wr := w, N := N ∪ {wr}
List := InsertNexts[wr,List]
foreach k such that w = uxk with u ∈ N do

φ(u, xk) := w
end

end
end

end

Example: Consider the code C in F
6

2
with generator matrix

G =





1 0 0 1 1 1
0 1 0 1 0 1
0 0 1 0 1 1



 .

The number of variables is 6, ≺ is set to be the lex. ordering induced by x1 ≺ x2 ≺ . . . ≺ x6.

We can compute N = {1, x1, . . . , x6, x2x3} and φ as

In each triple the first entry correspond to the elements ψ(w) where w ∈ N (w = N [i]), the
second one is 1 if ψ(w) ∈ B(C, t) or 0 otherwise, and the third component points to the values
φ(w, xj), for j = 1, . . . , nm, that is φ(w, xj) = N [φ[i][3][j]].

φ = [ [[0, 0, 0, 0, 0, 0], 1, [2, 3, 4, 5, 6, 7]],[[1, 0, 0, 0, 0, 0], 1, [1, 6, 5, 4, 3, 8]]

[[0, 1, 0, 0, 0, 0], 1, [6, 1, 8, 7, 2, 5]],[[0, 0, 1, 0, 0, 0], 1, [5, 8, 1, 2, 7, 6]]

[[0, 0, 0, 1, 0, 0], 1, [4, 7, 2, 1, 8, 3]],[[0, 0, 0, 0, 1, 0], 1, [3, 2, 7, 8, 1, 4]]

[[0, 0, 0, 0, 0, 1], 1, [8, 5, 6, 3, 4, 1]],[[0, 1, 1, 0, 0, 0], 0, [7, 4, 3, 6, 5, 2]] ]

Gradient-like decoding
Theorem 1. Let C be a linear code. Let w ∈ [X ] an arbitrary word
and v ∈ N its corresponding canonical form. If weight(ψ(v)) ≤ t
(the error correcting capacity) then ψ(v) is the error vector corre-
sponding to ψ(w). Otherwise, if weight(ψ(v)) > t, ψ(w) contains
more than t errors.
Example: Consider the (10, 4, 1)-code over F2 with parity check matrix (Number of code-
words: 16, number of canonical forms: 64)

H :=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 0 0 0 1 0 0 0 0 0
1 0 1 1 0 1 0 0 0 0
1 1 0 1 0 0 1 0 0 0
1 1 1 0 0 0 0 1 0 0
1 1 1 1 0 0 0 0 1 0
1 1 1 1 0 0 0 0 0 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

The vector (1, 1, 1, 0, 0, 0, 1, 1, 1, 0) ∈ F
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(corresponding to the word x1x2x3x7x8x9) is reduced

to (1, 0, 1, 0, 0, 0, 0, 0, 0, 1) (corresponding to the word x1x3x10). But the weight of the resulting
vector is 3, and the error-correcting capability of that code is 1. So this is not a correctable error
pattern.
Let us take now the vector v = (1, 1, 1, 1, 0, 0, 0, 0, 1, 1), the corresponding word is w =
x1x2x3x4x9x10. Let us reduce now w.

w = x1x2x3x4x9x10

G26−→ x1x
2

9
x2

10

G9−→ x1x
2

10

G10−→ x1.

weight(ψ(x1)) = weight((1, 0, 0, 0, 0, 0, 0, 0, 0, 0)) = 1, then

(1, 0, 0, 0, 0, 0, 0, 0, 0, 0) is the error vector corresponding to v, and the codeword is

(0, 1, 1, 1, 0, 0, 0, 0, 1, 1).

Permutation equivalent codes
Definition 4. Let φ : N ×X −→ N and φ? : N ? ×X −→ N ?

be two matphi functions. Then φ ∼ φ? if and only if the
following two conditions hold:
1. There exists a σ ∈ Sn such that N ? = σ(N), and
2. For all v ∈ N and i = 1, . . . , mn we have φ?(σ(v), σ(xi)) =
σ(φ(v, xi)).

Note that condition 2 states that the image by the permu-
tation should preserve the multiplicative structures of mat-
phi. If two codes satisfy 2 for a permutation σ, then the mat-
phi’s will be equivalent, and it would be enough to change
to σ(N) the set of canonical forms of C?.
Theorem 2. Let φ be a matphi function for the code C, and φ? a
matphi for a code C?. Then C is permutation equivalent toC? ⇐⇒
φ ∼ φ?.

Binary case
In the binary case the ordering defined is admisible, thus we
have the following definition

Definition 5. Let C be a code and RC the class-equivalence
relation. The ideal I(C) associated with C is

I(C) = 〈{w − v | (ψ(w), ψ(u)) ∈ RC}〉 ⊆ K[X ]. (2)

Let w1, . . . , wk be the row vectors of a generator matrix for a
code, or more general, any set of row vectors that span the
code C. Let I be the ideal defined by

I = 〈{w1 − 1, . . . , wk − 1} ∪ {x2
i − 1 | i = 1, . . . , n}〉 (3)

Since the set {w1, . . . , wk} generates C it is clear that I = I(C).
Note that the ideal is a toric ideal, thus the structure of the
Gröbner basis is close related to the combinatorics of the
code (see [3]). The following algorithm computes reduced
Gröbner basis for I(C)):

Input: F = {w1 − 1, w2 − 1, . . . , wr − 1} and < a total degree
compatible ordering.

Output: The reduced Gröbner basis G of the ideal
〈
F ∪

{
x2
i − 1 | i = 1, . . . , n

}〉
w.r.t. < .

List := [(1, 1), (1, wi)i=1,...,r, (1, x
2
i )i=1,...,n] //the elements ordered

following < in the second component
G := { },N := [ ]
while List 6= ∅ do

w := NextTerm(List)
if w /∈ T(G) then

v′ := w[2], j := Member(v′, [v1, . . . , vr])]
if j 6= false then

G := G ∪ {w[1] − wj}
else r := r + 1, vr := v′, wr := w[1], N := N ∪ {wr},
List := InsertNexts(wr,List);

end
end

end
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