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L-polynomial of a curve

X' a nice curve over Fy of genus g.

The Zeta function of X,

L/\_/(t)
(1-t)(1—qt)’

where Lx(t) € Z[t] of degree 2g.

Zx(t) =

Lx(t) = ao + art + ...+ apgt?€ ( L-polynomial of X)
e =1

e a; = N—(g+1), where N is the number of rational points of
X

® ayy j=q¢ 'ajfori=0,....g
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Some notation

Remember: X is defined over F

Fog :=Fga

Xy4: the curve X over Fy

Ng: the number of rational points of X4
Sa = Ng — (g9 +1)

B,: the number of degree r points of X

L(t)=Lx(t) =1+ art + ...+ at%€

d—1
Sq =dag — Z Sd_jaj with S; = N; — (q -+ 1) =
j=1

rB—Zu (q +1+Sy) forall r>1,

for all r > 1, where p(.) is the Mébius function.



Some recursively defined functions over Z:
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Some recursively defined functions over Z:
oo:=0and forall r > 1,

r—1
o(T1,..., T,) = rT, — Zar_j(T1, o T ) T
j=1
BT, T) = u(é)ad(n, LT+ ZN(Q)(qd 1)

d|r d|r
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Theorem

Let X be a non-singular, absolutely irreducible, projective curve
defined over Fyq and let Lx(t) =1+ ait+ ...+ aggt2g be its
L-polynomial. Then the inequalities

rap > @r(aly SO arfl)

hold forr=1,...,g.
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Theorem

Let X be a non-singular, absolutely irreducible, projective curve
defined over Fyq and let Lx(t) =1+ ait+ ...+ aggt2g be its
L-polynomial. Then the inequalities

ra, > ¢or(a1,...,ar-1)

hold forr=1,...,g.

a>—(g+1)

2, > ai + a1 — (¢° — q)
3az > —a? + a1 + 3a1az — (q3 -q)
bay > —at — a? — 4222y + 4aja3 + 222 — (g* — ¢°)
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Curves with a prescribed L-polynomial up to some degree

The converse of the Theorem

Problem:
Let (a1, a2,...,am) € Z™ satisfying ra, > ¢,(a1,...,a,—1) for all
r=1,...,m. Is there a curve X' of genus g over F; whose

L-polynomial has the form

L(t)=14ait+at’+ ... +apt™+... ?

Not in general!
Hasse-Weil Theorem: L(t) = Higzl(l — wit) with | wy |= /g

= a, |< (2"?)\/? forr=1,...,g.



Curves with a prescribed L-polynomial up to some degree

Theorem (A., Stichtenoth)

Let a1, ..., am be integers such that ra, > ¢,(a1,...,a,—1) for
r=1,...,m. Then there is an integer go > m such that for all
g > 8o, there exists a curve over F; of genus g whose
L-polynomial has the form

L(t)=1+4ait+...+anpt™ mod t™
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Sketch of the proof

Remember: ra, = ¢,(a1,...,a,-1) + rB, for r > 1.

Step 1:

For all m > 1 and all (a1,...,am_1) € Z™1,
©m(at,...,am-1) =0 mod m .

Step 2:

Define b, := r(ra, — ¢,(a1,...,a,-1)) for r=1,....,m.

Equivalent statement:

Let b1,..., by be non-negative integers. Then there is a constant
go > m such that for all integers g > gp there exists a curve X
over g of genus g such that X’ has exactly b, points of degree r,
forr=1,...,m.
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The proof of Step 2:

The proof is by construction.

e For given by, ..., by, there exists a curve ) over Fg with
Bi(Y) > bi, .., Bm(Y) > b,

e Define the sets
51 consisting of exactly b, points of degree r for r=1,.... m

S ={Q €)Y | Q¢S and degQ < m}

e Construct an Artin-Schreier cover 37 such that each P € §;
totally ramifies and each Q € S, gets inert.



Curves with prescribed number of points

Special Case: m=1

Let b be a non-negative integer. Then there are constants

a(q) > 0 and (3(q) such that for all integers g > a(q)b + 3(q),
there exists a curve X over [P, of genus g having exactly b rational
points.
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Curves with prescribed number of points

Special Case: m=1

Let b be a non-negative integer. Then there are constants

a(q) > 0 and (3(q) such that for all integers g > a(q)b + 3(q),
there exists a curve X over [P, of genus g having exactly b rational
points.

Basis step: Curves with many rational points

e the Garcia-Stichtenoth tower (g: square)

@ the Elkies et al. class field tower

Remark: (g: square)

Let p = charF; and g be a square. Then gy can be defined as
4p(p + 11)b.




Curves with prescribed number of points

Elkis et al.: For any g, there exists a sequence of curves X; over
Fq with
N(X;)

lim =
g—00 g(X,) q

where ¢; > 0 is a constant depending only on g.
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Remark:

Elkis et al.: For any g, there exists a sequence of curves X; over
Fq with
. N(X)
lim =
g—00 g(X,) q

where ¢; > 0 is a constant depending only on g.

A., Stichtenoth: For any g, there exists a constant J4 depending
only on g such that for any ¢ € [0, §4] there exists a sequence of
curves X; over Fg with

lim il =
g~ g(X)




Thanks for your attention!
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