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Abstract. We consider robust iterative methods for discontinuous Galerkin (DG) H(div,Ω)-
conforming discretizations of the Brinkman equations. We describe a simple Uzawa iteration for the
solution of this problem, which requires the solution of a nearly incompressible linear elasticity type
equation with mass term on every iteration. We prove the uniform stability of the DG discretiza-
tion for both problems. Then, we analyze variable V-cycle and W-cycle multigrid methods with
nonnested bilinear forms. We prove that these algorithms are robust, and their convergence rates
are independent of the parameters in the Brinkman problem and of the mesh size. The theoretical
analysis is confirmed by numerical results.

1. Introduction

The Darcy-Stokes-Brinkman equations provide a unified mathematical model for one-phase flow
of a visccous fluid in porous media (Darcy problem) coupled with free flow in a cavity (Stokes
problem). Depending on the choice of parameters, these equations in the limiting cases reduce
to either the Darcy, or the Stokes model. They also allow for treating the Darcy-Stokes interface
problem with one set of equations by introducing a jump discontinuity of the coefficients across the
interface.

The solution of the governing equations of flows in porous media might be sought at a coarse scale
(e.g., if only the global pressure drop for a given flow rate is needed), a coarse scale enriched with
some desirable fine-scale details, or at the fine scale (if computationally affordable and practically
desirable). A subgrid (variational multiscale (VMS)) method for Brinkman’s problem allowing to
compute a two-scale (enriched coarse scale) solution has been introduced in [1] together with a
subgrid-based two-level domain decomposition method for solving both Darcy’s and Brinkman’s
problem in highly heterogeneous porous media at the fine scale (sometimes called iterative up-
scaling). The aim of the present work, however, is to propose a uniformly stable discretization
at coarse scale, and to devise and analyze optimal and robust iterative solution methods for this
discretization.

Different stable discretizations of this problem have been considered in literature, which are
either based on stable Stokes elements, or on H(div,Ω)-conforming elements, or on a stabilization
of the weak formulation, see, e.g., [2].

Nonconforming elements for the Brinkman problem have been studied for example in [3], see also
the references therein. The key point in this approach is to guarantee the robustness with respect to
the limiting case of Darcy flow. Using the framework given in [2], necessary and sufficient conditions
can be formulated to ensure the robustness of finite element methods for the Brinkman problem
using (Stokes) stable finite element pairs.
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For mixed H(div,Ω)-conforming schemes, e.g., Raviart-Thomas (RT) or Brezzi-Douglas-Marini
(BDM) elements for the flux and discontinuous piecewise polynomials for the pressure, and using
a postprocessing procedure for the pressure, optimal convergence rates were proved both in the
Darcy and in the Stokes regime in [4] under proper regularity assumptions.

Quite recently, a novel mixed formulation of the Brinkman problem has been proposed in [5]
in which the flow vorticity is introduced as an additional unknown. This formulation allows for
a uniformly stable and conforming discretization by standard finite elements (Nedelec, Raviart-
Thomas, discontinuous piecewise polynomials). The obtained stability estimates result in provably
uniform scalable block-diagonal preconditioners in the constant coefficient case, see [6]. The arising
subproblems can then be solved using optimal methods, e.g., auxiliary space algebraic multigrid
(AMG) solvers for H(curl; Ω) and H(div; Ω) problems.

There are multigrid methods for Stokes type problems, which can roughly be classified into two
categories: coupled and decoupled methods, cf. [7]. A well-known coupled approach is based on
solving small saddle point systems at every grid point or on appropriate patches, cf. [8]. One
classical decoupled approach is the Uzawa method [9]. There is also a well developed theory of
multigrid methods for H(div; Ω) problems, see, e.g. [10], which in particular guarantees optimal
solvers for the Darcy problem. There is, however, to the best of the authors’ knowledge, no rigorous
analysis proving the optimality of multigrid methods for uniformly stable DG discretizations of the
3D Brinkman problem up to now. For related results, for the 2D Brinkman problem discretized by
H1-conforming elements we refer to [11].

In the present paper a family of discontinuous Galerkin H(div,Ω)-conforming discretizations is
analyzed. A main feature of these methods is that they preserve divergence-free solutions of the
Stokes problem. First introduced in [12], methods of this family were also described in [13] and,
more recently, studied in the context of auxiliary space preconditioners for the Stokes problem,
see [14], and optimal multigrid methods for Stokes and elasticity type equations, see [15].

The goals of this work are to prove the uniform stability of this family of DG discretizations for
the Brinkman problem, and further, to devise and analyze multigrid methods that are based on
nonnested bilinear forms. Using the local bounded cochain projections constructed in [16], we prove
the uniform stability of a class of DG discretizations for the Brinkman problem as well as for a linear
elasticity type problem with mass term, which arises in every step of a simple Uzawa iteration when
used to solve the Brinkman problem. The proof of the robust (parameter-independent) convergence
of the considered multigrid methods is based on a special (subspace-) decomposition of H(div,Ω).
Similar decompositions have already been successfully applied in multigrid analysis in [17] and [15].

The remainder of the paper is organized as follows. In Section 2 we state the Brinkman problem in
strong and weak form. The discontinuous Galerkin discretizations under consideration are discussed
in Section 3 along with their approximation and stability properties and an a priori error estimate.
In Section 4 we discuss multigrid methods that are based on nonnested bilinear forms. The main
result is a proof of their robust and optimal convergence in the present context. We present some
numerical results in Section 5 confirming our theoretical findings. Finally, we draw some concluding
remarks in Section 6.

2. Problem formulation

In this section, we formulate of the Brinkman problem. Let Ω ⊂ Rd (d = 2, 3) be a polygonal
domain with boundary ∂Ω, f ∈ L2(Ω)d, and H1

0 (Ω) = {u ∈ L2(Ω) : ∇u ∈ L2(Ω), u|∂Ω = 0}. We
need the standard Sobolev spaces L2(Ω), H1(Ω), H2(Ω), and the corresponding norms

‖u‖ =
( ∫

Ω
u2dx

)1/2
, ‖u‖1 =

( ∑
|α|≤1

∫
Ω
|∂
αu

∂xα
|2dx

)1/2
, ‖u‖2 =

( ∑
|α|≤2

∫
Ω
|∂
αu

∂xα
|2dx

)1/2
.
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We shall consider uniformly stable discontinuous Galerkin methods and robust iterative solution
methods for the following Brinkman problem: −ε

2 div ε(u) + ρ2u+∇p = f in Ω,
divu = g in Ω,
u = 0 on ∂Ω.

Here, with the usual notation, u is the velocity field, p is the pressure, and ε(u) ∈ L2(Ω)d×dsym is

the symmetric (linearized) strain rate tensor defined by ε(u) = ∇u+∇uT
2 . We also assume that the

coefficients ε and ρ satisfy

(2.1) 0 < ε2 ≤ 1 and 0 ≤ ρ2 ≤ 1.

Assumption (2.1) on the coefficients is reasonable since for ε2 ≥ ρ2, one can divide the equation by
ε2, and if ε2 < ρ2, one can divide the equation by ρ2. In the case ε = 1 and ρ = 0 one obtains the
Stokes problem. One can also consider the non-dimensional momentum equation 1

∆tu−
1
Re div ε(u)+

∇p = f arising from time discretization of the Navier-Stokes problem, where Re is the Reynolds
number and ∆t is the time step size. Let δ = min{∆t, Re}, then one can multiply the equation

with δ and satisfy the assumption (2.1) for the rescaled equation −ε2 div ε(u) +ρ2u+∇p̃ = f̃ with
p̃ = δp. Finally, let g satisfy the compatibility condition

∫
Ω gdx = 0.

The variational formulation of the Brinkman problem can be written as: Find (u, p) ∈ H1
0 (Ω)d×

L2
0(Ω) such that

(2.2)

{
a(u,v) + b(v, p) = (f ,v), for all v ∈ H1

0 (Ω)d,
b(u, q) = (g, q), for all q ∈ L2

0(Ω),

The bilinear forms a(·, ·) and b(·, ·) are defined by

a(u,v) := ε2
∫

Ω
ε(u) : ε(v)dx+ ρ2

∫
Ω
uvdx, for all u,v ∈ H1

0 (Ω)d,

b(u, q) :=

∫
Ω
q divudx, for all u ∈ H1

0 (Ω)d, q ∈ L2
0(Ω).

(2.3)

By Korn’s inequality for functions in H1(Ω)d, the conditions for the existence and uniqueness of
the solution (u, p) of (2.2)–(2.3) are well known and understood, see, e.g. [18].

For convenience, in this paper, we assume that the domain Ω is such that the following regularity
estimate holds for f ∈ L2(Ω)d and g = 0 (see e.g. [18, 19]) :

(2.4) ε2‖u‖2 + ερ‖u‖1 + ‖p‖1 . ‖f‖.

Lemma 2.1. Let Ω be an open bounded domain with C1,1-boundary or a convex polyhedron in
Rd(d = 2, 3).Then the solution of the problem (2.2)–(2.3) has the regularity property (2.4).

In equation (2.4) and throughout the presentation that follows, the hidden constants in ., & and
h are independent of ε, ρ, λ and the mesh size h.

3. Discontinuous Galerkin discretization

In this section, we first give some preliminaries and notation for a DG formulations. Next, we
derive the DG discretization of the Brinkman problem and describe the Uzawa method for solving
the saddle piont system (2.2). Finally, we analyze the stability and approximation properties of
this discretization.
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3.1. Preliminaries and notation. We denote by Th a shape-regular triangulation of mesh-size
h of the domain Ω into triangles {K}. We further denote by EIh the set of all interior edges (or

faces) of Th and by EBh the set of all boundary edges (or faces); we set Eh = EIh ∪ EBh .
For s ≥ 1, we define

Hs(Th) = {φ ∈ L2(Ω), such that φ|K ∈ Hs(K) for all K ∈ Th}.
Let us recall the definitions of the spaces to be used herein:

H(div; Ω) := {v ∈ L2(Ω) : div v ∈ L2(Ω)},
with the norm

‖v‖2H(div;Ω) := ‖v‖2 + ‖ div v‖2.
As commonly used with DG method, we define some trace operators. Let e = ∂K1 ∩ ∂K2 be the
common boundary (interface) of two subdomains K1 and K2 in Th, and n1 and n2 be unit normal
vectors to e pointing to the exterior of K1 and K2, respectively. For any edge (or face) e ∈ EIh and

a scalar q ∈ H1(Th), vector v ∈ H1(Th)d and tensor τ ∈ H1(Th)d×d, we define the averages

{v} =
1

2
(v|∂K1∩e · n1 − v|∂K2∩e · n2), {τ} =

1

2
(τ |∂K1∩en1 − τ |∂K2∩en2),

〈τ 〉 =
1

2
(τ |∂K1∩e + τ |∂K2∩e),

and jumps

[q] = q|∂K1∩e − q|∂K2∩e, [v] = v|∂K1∩e − v|∂K2∩e, [[v]] = v|∂K1∩e � n1 + v|∂K2∩e � n2,

where v � n = 1
2(vnT + nvT ) is the symmetric part of the tensor product of v and n.

When e ∈ EBh then the above quantities are defined as

{v} = v|e · n, {τ} = τ |en, 〈τ 〉 = τ |e, [q] = q|e, [v] = v|e, [[v]] = v|e � n.
Since n1 = −n2, {ε(u)} = 〈ε(u)〉n1 and [[v]] = [v]� n1, it follows that

〈ε(u)〉 : [[v]] = trace([[v]]T 〈ε(u)〉) = trace([v]{ε(u)}T )

= {ε(u)} · [v], for all u,v ∈ H1(Th)d.
(3.1)

If we denote by nK the outward unit normal to ∂K, it is easy to check that

(3.2)
∑
K∈Th

∫
∂K
v · nKqds =

∑
e∈Eh

∫
e
{v}[q]ds, for all v ∈ H(div; Ω), for all q ∈ H1(Th).

Also for τ ∈ H1(Ω)d×d and for all v ∈ H1(Th)d, we have

(3.3)
∑
K∈Th

∫
∂K

(τnK) · vds =
∑
e∈Eh

∫
e
{τ} · [v]ds.

The finite element spaces are denoted by

Vh = {v ∈ H(div; Ω) : v|K ∈ V (K), K ∈ Th; v · n = 0 on ∂Ω},

Sh = {q ∈ L2(Ω) : q|K ∈ Q(K), K ∈ Th;

∫
Ω
qdx = 0}.

For the DG method, we denote the RT pair RTl(K)/Pl(K) or the BDM pair BDMl(K)/Pl−1(K)
or the BDFM pair BDFMl(K)/Pl−1(K) as V (K)/Q(K). Note that divV (K) = Q(K), which
implies that the divergence-free velocity fields are preserved (see [14]).

We recall the basic approximation properties of these spaces: for all K ∈ Th and for all v ∈
Hs(K)d, there exists vI ∈ V (K) such that

(3.4) ‖v − vI‖0,K + hK |v − vI |1,K + h2
K |v − vI |2,K . hsK |v|s,K , 2 ≤ s ≤ l + 1.
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3.2. DG formulations. We note that according to the definition of Vh, the normal component of
any v ∈ Vh is continuous on the internal edges and vanishes on the boundary edges. Therfore, by
splitting a vector v ∈ Vh into its normal and tangential components vn and vt

(3.5) vn := (v · n)n, vt := v − vn,

we find that for all e ∈ Eh,

(3.6)

∫
e
[vn] ·wds = 0, for all w ∈ H1(Th)d,v ∈ Vh,

and thus

(3.7)

∫
e
[v] ·wds =

∫
e
[vt] ·wds = 0, for all w ∈ H1(Th)d,v ∈ Vh.

A direct computation, similar to the one given in (3.1), shows that

[ut]� n : [vt]� n = (([ut]� n)n) · [vt] =
1

2

(
([ut]n

T + n[ut]
T ) · n

)
· [vt]

=
1

2
([ut] + ([ut] · n)n) · [vt] =

1

2
[ut] · [vt],

implying that

(3.8) [[ut]] : [[vt]] =
1

2
[ut] · [vt].

Therefore, the discretization of the Brinkman problem (2.2) is given by: Find (uh, ph) ∈ Vh ×
Sh such that

(3.9)

{
ah(uh,vh) + bh(vh, ph) = (f ,vh), for all vh ∈ Vh,
bh(uh, qh) = (g, qh), for all qh ∈ Sh,

where

ah(u,v) = ε2
( ∑
K∈Th

∫
K
ε(u) : ε(v)dx−

∑
e∈Eh

∫
e
{ε(u)} · [vt]ds(3.10)

−
∑
e∈Eh

∫
e
{ε(v)} · [ut]ds+

∑
e∈Eh

∫
e
ηh−1

e [ut] · [vt]ds
)

+ ρ2

∫
Ω
uvdx,

bh(u, q) =

∫
Ω
∇ · uqdx,(3.11)

and η is a properly chosen penalty parameter independent of the mesh size h such that ah(·, ·) is
positive definite.

Remark 3.1. Noting the identities (3.1) and (3.8), we can rewrite ah(·, ·) as

ah(u,v) = ε2
( ∑
K∈Th

∫
K
ε(u) : ε(v)dx−

∑
e∈Eh

∫
e
〈ε(u)〉 : [[vt]]ds

−
∑
e∈Eh

∫
e
〈ε(v)〉 : [[ut]]ds+

∑
e∈Eh

∫
e

2ηh−1
e [[ut]] : [[vt]]ds

)
+ ρ2

∫
Ω
uvdx,(3.12)

which generalizes the bilinear form in [12] since the normal component of u ∈ Vh is continuous.
When compared to the bilinear form in [14], we can see that the only difference is that in (3.12) the
jumps of ut on the boundary edges are included for the Dirichlet boundary, which is due to the fact
that the condition u · n = 0 is included in the definition of the space Vh.
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Noting that divVh = Sh we can rewrite the above system in the following equivalent form: Find
(uh, ph) ∈ Vh × Sh such that

(3.13)

{
ah(uh,vh) + λbh(uh,div vh) + bh(vh, ph) = (f ,vh) + λ(g,div vh), for all vh ∈ Vh,
bh(uh, qh) = (g, qh), for all qh ∈ Sh.

By the definition of bh(·, ·), namely (3.11), the Uzawa method for (3.13) reads: Given (ulh, p
l), the

new iterate (ul+1
h , pl+1) is obtained by solving the following system:

(3.14)

{
ah(ul+1

h ,vh) + λ(divul+1
h , div vh) = (f ,vh)− bh(vh, p

l
h) + λ(g,div vh), ∀vh ∈ Vh,

pl+1
h = plh − λ divul+1

h − λg,
where λ > 1 is a damping parameter.
Convergence of this method has been discussed in several works, see, e.g., [9, 20, 21, 22] indicating
that for large λ, the iterates converge rapidly to the solution of problem (3.9). As a consequence,
the major computational cost lies in solving the discrete problem arising from the following linear
elasticity type equation with mass term: Find uh ∈ Vh such that

Ah(uh,vh) = (F ,vh), for all vh ∈ Vh,(3.15)

where Ah(·, ·) is defined by

Ah(uh,vh) = ah(uh,vh) + λ(divuh, div vh),(3.16)

and ah(uh,vh) is given in (3.10).

Remark 3.2. In fact, (3.15) is the DG discretization of the following problem: Find u ∈ H1
0 (Ω)

such that

(3.17) a(u,v) + λ(divu,div v) = (F ,v), for all v ∈ H1
0 (Ω).

Noting that divVh = Sh, it is immediately seen that problem (3.15)–(3.16) has the following
equivalent formulation: Find (uh, ph) ∈ Vh × Sh such that

(3.18)

{
ah(uh,vh) + bh(vh, ph) = (F ,vh), for all vh ∈ Vh,
bh(uh, qh)− (λ−1ph, qh) = 0, for all qh ∈ Sh,

where ah(uh,vh) and bh(uh, qh) are defined by (3.10) and (3.11), respectively.
It is clear that (3.15) is the DG discretization of the linear elasticity equation with a mass term

which reads: Find (u, p) ∈ H1
0 (Ω)d × L2

0(Ω) such that

(3.19)

{
a(u,v) + b(v, p) = (F ,v), for all v ∈ H1

0 (Ω)d,
b(u, q)− (λ−1p, q) = 0, for all q ∈ L2(Ω),

where a(u,v) and b(u, q) are defined in (2.3).

3.3. Approximation and stability properties. In this subsection, we analyze the approxima-
tion and stability properties of the discrete problems (3.9) and (3.15)–(3.16).

For any u ∈ H1(Th)d, we define the mesh dependent norms:

‖u‖2h =
∑
K∈Th

‖ε(u)‖20,K +
∑
e∈Eh

h−1
e ‖[ut]‖20,e,

‖u‖21,h =
∑
K∈Th

‖∇u‖20,K +
∑
e∈Eh

h−1
e ‖[ut]‖20,e.

Next, for u ∈ H2(Th)d, we define the “DG”-norm, the “‖ · ‖ε,ρ”-norm and the ‖ · ‖ε,h”-norm as
follows

(3.20) ‖u‖2DG = ‖u‖21,h +
∑
K∈Th

h2
K |u|22,K ,
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(3.21) ‖u‖2ε,ρ = ε2‖u‖2DG + ρ2‖u‖2,

(3.22) ‖u‖2ε,h = ‖u‖2ε,ρ + ‖ divu‖2.
From the discrete version of the Korn’s inequality (see [23, Equation (1.12)]) we have the following
norm equivalence result.

Lemma 3.1. The norms ‖ · ‖DG, ‖ · ‖h, and ‖ · ‖1,h are equivalent in Vh, namely

(3.23) ‖u‖DG h ‖u‖h h ‖u‖1,h, for all u ∈ Vh.

Proof. By the inverse inequality, we clearly have that ‖u‖DG h ‖u‖1,h. We show now that ‖u‖h h
‖u‖1,h. From the definitions we immediately get ‖u‖h ≤ ‖u‖1,h.

To prove the inequality in the other direction, we use [23, Equation (1.22)], namely,

‖u‖2 +
∑
K∈Th

‖∇u‖20,K .
( ∑
K∈Th

‖ε(u)‖20,K + sup
m∈RM(Ω)

‖m‖L2(∂Ω)=1

(

∫
∂Ω
u ·mds)2

+
∑
e∈EIh

h−1
e ‖πe[u]e‖20,e

)
.(3.24)

Here RM(Ω) denotes the space of rigid body motions,

RM(Ω) =
{
a+Ax

∣∣ a ∈ Rd, A ∈ Rd×d, A = −AT
}
,

and the operator πe is the L2(e)-orthogonal projection operator onto (P1(e))d, the space of vector-
valued linear polynomials on e.

For the second term on the right hand side of (3.24) we have

sup
m∈RM(Ω)

‖m‖L2(∂Ω)=1

(

∫
∂Ω
u ·mds)2 ≤

∫
∂Ω
u2ds =

∑
e∈EBh

‖u‖20,e ≤
∑
e∈EBh

h−1
e ‖[u]e‖20,e.

Since πe is an orthogonal projection, for the third term on the right hand side of (3.24) we obtain∑
e∈EIh

h−1
e ‖πe[u]e‖20,e ≤

∑
e∈EIh

h−1
e ‖[u]e‖20,e.

Finally, combining the two inequalities above completes the proof. �

Moreover, both bilinear forms, ah(·, ·) and bh(·, ·), introduced above are continuous and we have

|ah(u,v)| . ‖u‖ε,h‖v‖ε,h , for all u, v ∈ H2(Th)d,

|bh(u, q)| ≤ ‖u‖ε,h‖q‖ , for all u ∈ Vh, q ∈ L2
0(Ω).

For our choice of the finite element spaces Vh and Sh, noting that ‖divu‖ . ‖u‖1,h and the proof
of Lemma 3.1, which implies ‖u‖ . ‖u‖1,h, we have the following inf-sup condition for bh(·, ·) (see,
e.g., [14, 24]).

Lemma 3.2. There exist positive constants β0, β1 independent of ε, ρ and the mesh size h, such
that

(3.25) inf
qh∈Sh

sup
uh∈Vh

(divuh, qh)

‖uh‖1,h‖qh‖
≥ β0 and inf

qh∈Sh
sup
uh∈Vh

(divuh, qh)

‖uh‖ε,h‖qh‖
≥ β1.

Now for any given g ∈ L2
0(Ω), we define

(3.26) Zh(g) = {uh ∈ Vh : bh(uh, qh) = (g, qh), ∀qh ∈ Sh}.
Noting that divVh = Sh, it follows that ah(·, ·) is coercive on Zh(0), namely, we have the following
Lemma whose proof follows the lines of similar arguments in [14, 25].
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Lemma 3.3. For sufficiently large η, independent of the mesh size h, we have

(3.27) ah(uh,uh) & ‖uh‖2ε,ρ, for all uh ∈ Vh,
and hence

(3.28) ah(uh,uh) & ‖uh‖2ε,h, for all uh ∈ Zh(0).

By the equivalence of the norms shown in (3.23) and also by the standard theory for solvability
of mixed problems [26], we obtain the following theorem that is similar to a result in [27].

Theorem 3.1. The discrete problem (3.9) has a unique solution (uh, ph) ∈ Vh × Sh that satisfies

(3.29) ‖u− uh‖ε,ρ . inf
vh∈Zh(g)

‖u− vh‖ε,ρ, ‖p− ph‖ . inf
qh∈Sh

‖p− qh‖+ inf
vh∈Zh(g)

‖u− vh‖ε,ρ

with (u, p) being the solution of (2.2).

The bilinear forms ah(·, ·) and Ah(·, ·) are coercive and also define norms on Vh, i.e.,

‖u‖2ah = ah(u,u), ‖u‖2Ah = Ah(u,u).

We now introduce the canonical interpolation operator Πdiv
h : H1(Ω)d 7→ Vh and denote the

L2-projection on Sh by Qh. The following Lemma summarizes some of the properties of Πdiv
h and

Qh needed later.

Lemma 3.4. For all w ∈ H1(K)d we have

div Πdiv
h = Qh div ; |Πdiv

h w|1,K . |w|1,K ;

‖w −Πdiv
h w‖20,∂K . hK |w|21,K ; ‖ div(w −Πdiv

h w)‖−1 . hK‖ divw‖,

where ‖r‖−1 = supχ∈H1
(χ,r)
‖χ‖1 .

Proof. The proof of the commutativity of Πdiv
h and div and the first two inequalities are well known

and we refer the reader to [28] for the details.
The last inequality follows from the approximation properties of the L2-orthogonal projection,

that is,

‖divw − div Πdiv
h w‖−1 = sup

χ∈H1

((I −Qh) divw, χ)

‖χ‖1
= sup

χ∈H1

(divw, (I −Qh)χ)

‖χ‖1

. sup
χ∈H1

‖ divw‖‖(I −Qh)χ)‖
‖χ‖1

. hK‖divw‖.

�

Remark 3.3. For all w ∈ H0(div; Ω) ∩H1(Th)d, by noting that H0(div; Ω) ∩H1(Th)d is a subset
of L3(Ω) ∩ H(div; Ω), we conclude that Πdiv

h is well-defined for w, see, e.g., [28] and further by
Lemma 3.4, we have the estimate

(3.30) ‖Πdiv
h w‖1,h . ‖w‖1,h.

The above canonical interpolation is not bounded in H(div) norm. For that reason, we will need
to use the following local bounded cochain projection operators.

For any K ∈ Th, we denote by ∆(K) the set of all subsimplexes of K, and by ∆m(K) all
subsimplexes of dimension m. We further denote by ∆(Th) the set of all subsimplexes of all
dimensions of the triangulation Th, and correspondingly by ∆m(Th) the set of all subsimplices of
dimension m. Now for each f ∈ ∆m(Th), we let Ωf be the associated macroelement consisting of
the union of the elements of Th containing f , i.e.,

(3.31) Ωf = ∪{K|K ∈ Th, f ∈ ∆(K)}.
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In addition to macroelements Ωf it will also be convenient to introduce the notion of an extended
macroelement Ωe

f defined for f ∈ ∆(Th) by

(3.32) Ωe
f =

⋃
i∈∆0(f)

Ωi.

We let Tf,h denote the restriction of Th to Ωf . Define Dm,K ⊂ Ω by

(3.33) Dm,K = ∪{Dm−1,K′ | K
′ ∈ Tf,h, f ∈ ∆m(K)}, D0,K = Ωe

K .

and finally let

(3.34) DK = Dd,K (d = 2, 3).

Lemma 3.5. There exist projection operators πdivh : H0(div; Ω) → Vh and πh : L2(Ω) → Sh
satisfying div πdivh = πh div.

The construction of πdivh and πh in differential form can be found in [16]. Now we show the local
boundedness of these operators. Let DK be defined in (3.34). Then the following estimates hold,
see [16].

Lemma 3.6. ([16]) For any u ∈ H0(div,Ω) and p ∈ L2
0(Ω), we have

‖πdivh u‖0,K . ‖u‖0,DK + hK‖ divu‖0,DK , ∀K ∈ Th,
‖πhp‖0,K . ‖p‖0,DK , ∀K ∈ Th.

(3.35)

Using Lemma 3.6 and Lemma 3.4, we can prove the following boundedness of πdivh in DG norm.

Lemma 3.7. Let u ∈ H0(div,Ω) ∩H1(Th)d and denote |u|1,DK =
∑

K∈DK
|u|1,K . Then we have

|πdivh u|1,K . |u|1,DK , ∀K ∈ Th,

‖u− πdiv
h u‖0,∂K . h

1
2
K |u|1,DK , ∀K ∈ Th.

(3.36)

Furthermore,

‖πdivh u‖1,h . ‖u‖1,h.(3.37)

Proof. We prove the first inequality first. Noting that πdivh is a projection, by the triangle inequality,
it follows that

|πdivh u|1,K ≤ |πdivh (u−Πdiv
h u)|1,K + |Πdiv

h u|1,K .(3.38)

Now by a standard inverse inequality and the H1-stability of Πdiv
h given in Lemma 3.4, we have

|πdivh u|1,K ≤ h−1
K ‖π

div
h (u−Πdiv

h u)‖0,K + |u|1,K .(3.39)

Next we use Lemma 3.6 and the error estimate (3.4) for Πdiv
h in order to obtain

|πdivh u|1,K . h−1
K (‖u−Πdiv

h u‖0,DK + hK‖ divu−Qh divu‖0,DK ) + |u|1,K
. |u|1,DK + ‖divu‖0,DK + |u|1,K
≤ |u|1,DK + |u|1,DK + |u|1,DK . |u|1,DK .

(3.40)
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Now we prove the second inequality. By the trace theorem, inequality (3.40), and using the fact
that πdivh is a projection and also Lemma 3.4 and Lemma 3.6, we get

‖u− πdiv
h u‖20,∂K . hK |u− πdiv

h u|21,K + h−1
K ‖u− π

div
h u‖20,K

. hK |u|21,K + hK |u|21,DK + h−1
K ‖(I − π

div
h )(u−Πdiv

h u)‖0,K
. hK |u|21,DK + h−1

K ‖u−Πdiv
h u‖20,K + h−1

K ‖π
div
h (u−Πdiv

h u)‖20,K
. hK |u|21,DK + hK |u|21,K
+ h−1

K (‖u−Πdiv
h u‖20,DK + h2

K‖ divu−Qh divu‖20,DK )

. hK |u|21,DK .

(3.41)

Finally we prove the third inequality. From the inequality (3.40), it is obvious that

(3.42)
∑
K∈Th

|πdivh u|21,K .
∑
K∈Th

|u|21,K .

Now set e = ∂K1 ∩ ∂K2. Then from (3.41), we have

‖[πdiv
h u]‖20,e . ‖[πdiv

h u− u]‖20,e + ‖[u]‖20,e
. ‖πdiv

h u− u‖20,∂K1
+ ‖πdiv

h u− u‖20,∂K2
+ ‖[u]‖20,e

. hK1 |u|21,DK1
+ hK2 |u|21,DK2

+ ‖[u]‖20,e.
(3.43)

In view of the definition of the norm ‖ · ‖1,h, combining the two inequalities (3.42) and (3.43)
completes the proof of (3.37). �

The following result shows that the approximation proposed by the DG discretization (3.15) is
uniform.

Theorem 3.2. Let u be the solution of (3.19) and uh be the solution of (3.15). Then we have the
following estimate

‖u− uh‖2ε,ρ + λ‖ div(u− uh)‖2 . inf
v∈Vh

(
‖u− v‖2ε,ρ + λ‖ div(u− v)‖2

)
.

Proof. If (u, p) is the solution of the continuous problem (3.19) and (uh, ph) is the solution of
the discrete problem (3.18) we have that p = λ divu, and, since divVh = Sh we also have that
ph = λ divuh. The left hand side of the first equation in (3.18) then is given by the bilinear
form (3.16), and, since this discrete problem is consistent, we have

Ah(u− uh,v) = 0, for all v ∈ Vh.

Consider now the interpolation πdiv
h u ∈ Vh of u and set q = λ div πdiv

h u. Recall that p = λ divu,

and ph = λ divuh and hence (by Lemma 3.5) q = λπh divu = πhp. Then with eh = (uh − πdiv
h u)

from the coercivity of ah(·, ·) we get

‖eh‖2ε,ρ + λ−1‖ph − q‖2 = ε2‖eh‖2DG + ρ2‖eh‖2 + λ‖ div eh‖2

. Ah(eh, eh) = Ah(u− πdiv
h u, eh) = ah(u− πdivh u, eh) + λ(div(u− πdivh u), div eh)

. ‖u− πdiv
h u‖ε,ρ‖eh‖ε,ρ + λ−1‖p− q‖‖ph − q‖

. (‖u− πdiv
h u‖2ε,ρ + λ−1‖p− q‖2)1/2(‖eh‖2ε,ρ + λ−1‖ph − q‖2)1/2,

(3.44)

which means that

‖u− uh‖2ε,ρ + λ−1‖p− ph‖2 . ‖u− πdiv
h u‖2ε,ρ + λ−1‖p− q‖2.(3.45)
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Hence for any v ∈ Vh, we have

‖u− uh‖2ε,ρ + λ‖ div(u− uh)‖2

. ‖u− v − πdiv
h (u− v)‖2ε,ρ + λ‖ div(u− v)− πh div(u− v)‖2

. ‖u− v‖2ε,ρ + λ‖ div(u− v)‖2 + ‖πdiv
h (u− v)‖2ε,ρ + λ‖πh div(u− v)‖2.

(3.46)

By the definition of the norm ‖ · ‖ε,ρ and Lemma 3.7, we get

‖πdiv
h (u− v)‖2ε,ρ + λ‖πh div(u− v)‖2

. ε2‖πdiv
h (u− v)‖21,h + ρ2‖πdiv

h (u− v)‖2 + λ‖πh div(u− v)‖2

. ε2‖u− v‖21,h + ρ2‖πdiv
h (u− v)‖2 + λ‖πh div(u− v)‖2.

(3.47)

Now, since h . 1, ρ ≤ 1, λ & 1 we see that

‖πdiv
h (u− v)‖2ε,ρ + λ‖πh div(u− v)‖2

. ε2‖u− v‖21,h + ρ2(‖u− v‖2 + h2‖div(u− v)‖2) + λ‖ div(u− v)‖2

. ε2‖u− v‖21,h + ρ2‖u− v‖2 + ρ2h2‖ div(u− v)‖2 + λ‖div(u− v)‖2

. ε2‖u− v‖21,h + ρ2‖u− v‖2 + λ‖ div(u− v)‖2

. ‖u− v‖2ε,ρ + λ‖ div(u− v)‖2,

(3.48)

where we have used Lemma 3.6.
Taking the infimum over v then yields the desired result. �

Remark 3.4. Let us set

ash(u,v) =
∑
K∈Th

∫
K
ε(u) : ε(v)dx−

∑
e∈Eh

∫
e
{ε(u)}·[vt]ds−

∑
e∈Eh

∫
e
{ε(v)}·[ut]ds+

∑
e∈Eh

∫
e
ηh−1

e [ut]·[vt]ds,

and

Bλ((uh, ph), (vh, qh)) = ash(uh,vh)− (divuh, qh)− (div vh, ph)− λ−1(ph, qh).

Then for any given (uh, ph), choosing (vh, qh) = (uh,−ph), by the coercivity of ah(·, ·) with ε =
1, ρ = 0, it is straightforward to show that the inf-sup condition for Bλ(·, ·) holds, namely, for any
(uh, ph) ∈ Vh × Sh we have

(3.49) sup
(vh,qh)∈Vh×Sh

Bλ((uh, ph), (vh, qh))

‖vh‖1,h + λ−1/2‖qh‖
& ‖uh‖1,h + λ−1/2‖ph‖.

For the Stokes equation, we have from [26, Theorem 8.2.1] and [29, 30] that

(3.50) sup
(vh,qh)∈Vh×Sh

B∞((uh, ph), (vh, qh))

‖vh‖1,h + ‖qh‖
& ‖uh‖1,h + ‖ph‖.

3.4. An a priori estimate for the discrete problem. The next lemma is an a priori estimate
of the L2-norm of the solution of a discrete problem which is later used to prove the so called
“smoothing property” – an essential part in the multigrid convergence analysis. We state and
prove this estimate here (before the multigrid analysis), since it could be of independent interest.

We consider the finite element spaces introduced earlier: Vh ⊂ H(div; Ω) and Sh ⊂ L2
0(Ω). Let

w1 ∈ Vh and w2 ∈ Vh be given and let ũ ∈ Vh, p̃ ∈ Sh solve the discrete problem

(3.51)
ash(ũ,v)− (div v, p̃) = ash(w1,v), for all v ∈ Vh,

(div ũ, q) = (divw2, q), for all q ∈ Sh.
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We note that the inf-sup condition (3.50) implies that

‖ũ‖1,h + ‖p̃‖ . sup
(v,q)∈Vh×Sh

ash(ũ,v)− (div v, p̃)− (div ũ, q)

‖v‖1,h + ‖q‖
(3.52)

= sup
(v,q)∈Vh×Sh

ash(w1,v)− (divw2, q)

‖v‖1,h + ‖q‖
. ‖w1‖1,h + ‖ divw2‖.

Lemma 3.8. For the solution of (3.51) we have the estimate:

(3.53) ‖ũ‖ . ‖w1‖+ ‖ divw2‖−1.

Proof. We consider the following dual problem: Find φ ∈ (H1
0 (Ω))d and θ ∈ L2

0(Ω) such that

(3.54)
as(v,φ)− (div v, θ) = (ũ,v), for all v ∈ (H1

0 (Ω))d,

(divφ, q) = 0, for all q ∈ L2
0(Ω),

where as(v,φ) =
∫

Ω ε(v) : ε(φ)dx.

Let Πdiv
h be the interpolation operator introduced earlier in Section 3.3. Recall that divφ = 0

and hence (div Πdiv
h φ, p̃) = 0. From equations (3.51) we then have

0 = ash(w1,Π
div
h φ)− ash(ũ,Πdiv

h φ) + (div Πdiv
h φ, p̃)(3.55)

= ash(w1,φ)− ash(w1,φ−Πdiv
h φ)− ash(ũ,Πdiv

h φ).

Observing that as(φ,v) = ash(φ,v) for all v ∈ Vh, from (3.54) and (3.55) we obtain

(3.56) ‖ũ‖2 = ash(φ, ũ)− (div ũ, θ) + ash(w1,φ)− ash(w1,φ−Πdiv
h φ)− ash(ũ,Πdiv

h φ).

Combining the first and the last term, using the triangle inequality and the continuity of ash(·, ·)
then shows that

‖ũ‖2 ≤ |(div ũ, θ)|+ |ash(w1,φ)|+ |ash(w1,φ−Πdiv
h φ)|+ |ash(ũ,φ−Πdiv

h φ)|
. |(div ũ, θ)|+ |ash(w1,φ)|+ (‖w1‖1,h + ‖ũ‖1,h)‖φ−Πdiv

h φ‖1,h.
As we have that div ũ = divw2 for the first term on the right side we get

|(div ũ, θ)| = |(divw2, θ)| ≤ ‖θ‖1 sup
χ∈H1

(divw2, χ)

‖χ‖1
= ‖ divw2‖−1‖θ‖1.

For the second term, by the regularity estimate (2.4) with ε = 1, ρ = 0, we have that φ ∈ (H2(Ω))d,
and, thus, φ is continuous and [φ] = 0. Now, integrating by parts and combining the interface
terms from neighboring elements shows that

ash(φ,w1) =
∑
K∈Th

∫
K
ε(φ) : ε(w1)dx−

∑
e∈Eh

∫
e
{ε(φ)} · [(w1)t]ds

−
∑
e∈Eh

∫
e
{ε(w1)} · [φt]ds+

∑
e∈Eh

∫
e
ηh−1

e [φt] · [(w1)t]ds,

=
∑
K∈Th

∫
K
ε(φ) : ε(w1)dx−

∑
e∈Eh

∫
e
{ε(φ)} · [(w1)t]ds

= −
∑
T∈Th

∫
T

div ε(φ) ·w1 ≤ ‖φ‖2‖w1‖.

Finally, the desired result follows from the interpolation estimates in Lemma 4.3, the regu-
larity estimate ‖φ‖2 + ‖θ‖1 . ‖ũ‖, inequality (3.52), and the inverse inequalities ‖w1‖1,h .
h−1‖w1‖ and ‖divw2‖ . h−1‖divw2‖−1. �
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4. Multigrid method

In this section, we design a multigrid algorithm to solve the discrete system (3.15)–(3.16) arising
from the DG discretization of the equation −ε2 div ε(u) + ρ2u+ λ∇∇ · u = F . We will show that
the algorithm is robust with respect to the parameters ε, ρ, λ when hk ≤ ε2 or λ & min{ε−1, h−1

k }.
Hence, by combining it with the Uzawa method and choosing λ to be large enough, we can also
solve the discrete system (3.9) arising from the DG discretization of the Brinkman problem very
efficiently.

4.1. Preliminaries. Let {Tk}Jk=0 be a family of partitions of Ω and denote the finest partition
by Th = TJ . The edges (faces) of Tk are denoted by Ek. We assume that all the partitions
Tk, k = 0, 1, . . . , J , are quasi-uniform with characteristic mesh size hk and hk = γhk−1, γ ∈ (0, 1),
where h0 = O(1). Note that the penalty term in the bilinear form ah(·, ·) depends on the mesh size
of the partition.

Thus, for every partition Tk we need to specify the space Vh at level k. A natural choice is the
space Mk defined as follows:

Mk = {v ∈ H(div; Ω) : v|K ∈ V (K), K ∈ Tk; v · n = 0 on ∂Ω}.

Moreover, we denote the pressure space Sh at level k by

Sk =

{
q ∈ L2(Ω) : q|K ∈ Q(K), K ∈ Tk;

∫
Ω
qdx = 0

}
.

Thus, corresponding to the set of refined triangulations {Tk}Jk=0, we also have a sequence of nested
H(div,Ω)-conforming finite element spaces

M0 ⊆M1 ⊆M2 ⊆ · · · ⊆MJ ⊆ H(div,Ω).

With every space we associate a bilinear form ak(·, ·) which corresponds to ah(·, ·) at level k, i.e.,

ak(u,v) = ε2
( ∑
K∈Tk

∫
K
ε(u) : ε(v)dx−

∑
e∈Ek

∫
e
{ε(u)} · [vt]ds

−
∑
e∈Ek

∫
e
{ε(v)} · [ut]ds+

∑
e∈Ek

∫
e
ηh−1

k [ut] · [vt]ds
)

+ ρ2(u,v).

Adding the divergence term then gives the bilinear form corresponding to Ah(·, ·) at level k i.e.,

Ak(u,v) = ak(u,v) + λ(divu, div v), for all u,v ∈Mk.

Our goal is to analyze the variable V-cycle and W-cycle multigrid algorithms for the solution of
the following problem: Given F ∈MJ , find v ∈MJ satisfying

(4.1) AJ(v,φ) = (F ,φ), for all φ ∈MJ .

To define the algorithm, let us first clarify the notation. For k = 0, · · · , J , define the operator
Ak : Mk →Mk by

(Akw,φ) = Ak(w,φ), for all φ ∈Mk.

The norms on Mk induced by Ak(·, ·) and ak(·, ·) are denoted by ‖ · ‖2Ak , and ‖ · ‖2ak respectively,
i.e.,

‖u‖2Ak = Ak(u,u), ‖u‖2ak = ak(u,u), for all u ∈Mk.

We also need the L2-orthogonal projections onMk, and Sk, which will be denoted byQk : L2(Ω) 7→
Mk and Qk : L2(Ω) 7→ Sk and the canonical interpolation Πk : [H1

0 (Ω)]2 7→ Mk. According
to the notation of the previous section, Πk and Qk are just shorthands for Πdiv

hk
and Qhk , i.e.
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Πk = Πdiv
hk
, Qk = Qhk , and we recall that Qk div = div Πk. Further, we introduce the operator

Pk−1 : Mk →Mk−1 defined by

(4.2) Ak−1(Pk−1w,φ) = Ak(w,φ), for all φ ∈Mk−1.

Noting that the bilinear forms Ak are nonnested, Pk−1 is not a projection. Finally, we denote the
norm ‖ · ‖1,h at level k as ‖ · ‖1,k.

To define the smoothing process, we require linear operators Rk : Mk →Mk for k = 1, · · · , J .
These operators may be symmetric or nonsymmetric with respect to the inner product (·, ·). If Rk
is nonsymmetric, then we define Rtk to be its adjoint and set

R
(l)
k =

 Rk if l is odd,

Rtk if l is even.

4.2. Multigrid algorithm. The multigrid operator Bk : Mk →Mk is defined by induction and
is given as follows, see, e.g., [31].

Multigrid algorithm Set B0 = A−1
0 . Assume that Bk−1 has already been defined, let Bkg for

g ∈Mk be defined as follows:

(1) Set x0 = 0 and q0 = 0.
(2) Define xl for l = 1, · · · ,m(k) by

(4.3) xl = xl−1 +R
(l+m(k))
k (g − Akxl−1).

(3) Set ym(k) = xm(k) + qp, where qi for i = 1, · · · , p is defined by

(4.4) qi = qi−1 + Bk−1[Qk−1(g − Akxm(k))− Ak−1q
i−1].

(4) Define yl for l = m(k) + 1, · · · , 2m(k) by

yl = yl−1 +R
(l+m(k))
k (g − Akyl−1).

(5) Set Bkg = y2m(k).

In this algorithm, m(k) is a positive integer which may vary from level to level and determines
the number of smoothing iterations at that level and p is another positive integer. We shall study
the cases p = 1 and p = 2, which correspond to the symmetric V - and W -cycles of the multigrid
algorithm, respectively.

4.3. Multigrid convergence. Set Kk = I−RkAk, then K∗k = I−RtkAk is the adjoint of Kk with
respect to Ak(·, ·). Further, set

K̃
(m)
k =

 (K∗kKk)
m/2 if l is odd,

(K∗kKk)
(m−1)/2K∗k if l is even,

and denote by (K̃
(m)
k )∗ the adjoint of K̃

(m)
k with respect to Ak(·, ·).

For convergence estimates, we shall make the following a priori assumptions:

• (A0) The spectrum of K∗kKk is in the interval [0, 1).

In order to analyze the approximation property and the smoothing property of the multigrid
algorithm, for any u ∈Mk, we need to define a norm at level k which is similar to the one in [17]
and given by
(4.5)

‖u‖2k,0 :=

 ε2‖u‖2 + ρ2h2
k‖u‖2 + λh2

k‖ divu‖2 + λ2 max{h2
k, ε

2}‖Qk−1 divu‖2 if hk ≥ ε2,

ε2‖u‖2 + ρ2h2
k‖u‖2 + λh2

k‖ divu‖2 + λ2ε−2h2
k‖Qk−1 divu‖2 if hk ≤ ε2.
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The second assumption is an approximation property in ‖·‖k,0-norm (also known as approximation
and regularity assumption, cf [31]), i.e.,

• (A1) ‖(I − Pk−1)u‖k,0 . hk‖u‖Ak , for all u ∈Mk.

The third assumption is a requirement on the smoother (smoothing property) and reads,

• (A2) ‖(K̃(m)
k )∗u‖Ak . m−1/4h−1

k ‖u‖k,0, for all u ∈Mk.

The next Lemma is an analogue of a result given in Bramble, Pasciak, Xu [31, Lemma 4.1]. We
include its short proof for the sake of self-containedness.

Lemma 4.1. Assume that (A0), (A1) and (A2) hold and let ũ = K̃
(m)
k u. Then we have the

estimate

−Ak((I − Pk−1)ũ, ũ) . m−1/4‖u‖2Ak , for all u ∈Mk.

Proof. By the Cauchy-Schwarz inequality and assumption (A2), we have

−Ak((I − Pk−1)ũ, ũ) = −Ak((I − Pk−1)K̃
(m)
k u, K̃

(m)
k u)

= −Ak((K̃
(m)
k )∗(I − Pk−1)K̃

(m)
k u,u)

≤ ‖(K̃(m)
k )∗(I − Pk−1)ũ‖Ak‖u‖Ak

. m−1/4h−1
k ‖(I − Pk−1)ũ‖k,0‖u‖Ak .

Next, by assumptions (A1) and (A0) (applied in that order) we have

−Ak((I − Pk−1)ũ, ũ) . m−1/4h−1
k ‖(I − Pk−1)ũ‖k,0‖u‖Ak

. m−1/4‖ũ‖Ak‖u‖Ak . m
−1/4‖u‖2Ak .

�

The estimate in Lemma 4.1 provides the prerequisite to apply the general theory developed
in [31]. Indeed, according to [31], assumptions (A0), (A1) and (A2) and Lemma 4.1 are sufficient
to show spectral equivalence for the variable V-cycle multigrid preconditioner (Theorem 4.1) and
a uniform convergence result for the W-cycle multigrid method (Theorem 4.2). The first result is
just a restatement of [31, Theorem 6] under full regularity.

Theorem 4.1 (Theorem 6 in [31]). Assume that (A0), (A1) and (A2) hold and define Bj in
Algorithm 4.2 with p = 1. Further assume that the number of smoothing steps m(k) satisfies
β3m(k) ≤ m(k−1) ≤ β4m(k) with β3 ≥ 1 and β4 > 1 independent of k. Then the following spectral
equivalence holds

(4.6) η0Ak(u,u) ≤ Ak(BkAku,u) ≤ η1Ak(u,u) for all u ∈Mk.

with constants η0 and η1 such that

η0 ≥
m(k)α

M +m(k)α
and η1 ≤

M +m(k)α

m(k)α
,

where M is independent of ε, ρ, λ and h, and α denotes the regularity index.

The convergence analysis of the W -cycle is also been conducted in [31].

Theorem 4.2 (Theorem 4 in [31]). Assume that (A0), (A1) and (A2) hold and that the number
of smoothing steps m(k) = m is constant for all k. Then, for sufficiently large m, Bk defined via
the W-cycle algorithm (p=2) satisfies

|Ak((I − BkAk)u,u)| ≤ M

M +mα
‖u‖2Ak for all u ∈Mk

with M independent of ε, ρ, λ and h, where α denotes the regularity index.
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We remark here that modifying assumption (A1) one can prove the results above for the case of
less than full elliptic regularity. For details we refer to Bramble, Pasciak and Xu [31].

As we have seen, the estimates in Theorems 4.1-4.2 are valid if assumptions (A0), (A1) and (A2)
are verified. In the next subsections we show that these assumptions hold in our framework.

4.4. Approximation property. In this subsection, we verify (A1). One of the difficulties in the
analysis is that the bilinear forms Ak(·, ·), k = 1, · · · , J are not nested. We now prove a simple
relation between Ak(·, ·) and Ak−1(·, ·).

Lemma 4.2. If hk = γhk−1, γ ∈ (0, 1), then

(4.7) ‖u‖2Ak−1
≤ ‖u‖2Ak . ‖u‖

2
Ak−1

, for all u ∈Mk−1.

Proof. Let u ∈ Mk−1. Observe that [ut]e = 0 for edges (faces) e ∈ Ek which are interior to the
elements in Tk−1, because u is a continuous, in fact a polynomial, function in each element from
Tk−1. Hence, ∑

e∈Ek−1

∫
e
ηγ−1h−1

k−1|[ut]|
2ds =

∑
e∈Ek

∫
e
ηh−1

k |[ut]|
2ds, for all u ∈Mk−1

and we have

Ak(u,u) = Ak−1(u,u) + ε2
( ∑
e∈Ek

∫
e
ηh−1

k |[ut]|
2ds−

∑
e∈Ek−1

∫
e
ηh−1

k−1|[ut]|
2ds
)

= Ak−1(u,u) + ε2(γ−1 − 1)
∑

e∈Ek−1

∫
e
ηh−1

k−1|[ut]|
2ds.

The estimates in (4.7) then easily follow from the identity above. �

Remark 4.1. From Lemma 4.2, for any given u ∈Mk, we also have

‖Pk−1u‖2Ak−1
≤ ‖Pk−1u‖2Ak = Ak(u, Pk−1u) ≤ ‖u‖Ak‖Pk−1u‖Ak
. ‖u‖Ak‖Pk−1u‖Ak−1

,

namely,

(4.8) ‖Pk−1u‖Ak−1
. ‖u‖Ak .

We now introduce the dual problem for the primal problem (3.17) : Find w ∈ H1
0 (Ω)d such that

(4.9) ε2(ε(v) : ε(w)) + ρ2(v,w) + λ(div v, divw) = (G,v), for all v ∈ H1
0 (Ω)d

under the following regularity assumption on w:

(4.10) ε2‖w‖2 + ερ‖w‖1 + λ‖divw‖1 . ‖G‖.

Remark 4.2. The regularity property (4.10) holds if Ω satisfies the conditions of Lemma 2.1 (see
[32, 33]).

From the definitions of the bilinear forms Ak−1(·, ·) and Ak(·, ·) we have the following simple
identity for the solution w of (4.9):

(4.11) Ak(v,w) = Ak−1(v,w), for all v ∈Mk−1.

This follows immediately, since both Ak−1(·, ·) and Ak(·, ·) are consistent. Indeed, for any v ∈
Mk−1 ⊂Mk we have Ak(v,w) = (G,v) = Ak−1(v,w), which proves (4.11).

The next lemma provides estimates on the interpolation error.
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Lemma 4.3. Let w ∈ H l+1(Ω)d, l = 0, 1, and Πk−1w be the interpolant of w in Mk−1, then

‖w −Πk−1w‖2Ak−1
. h2l

k−1(ε2|w|2l+1 + ρ2|w|2l + λ| divw|2l ),

‖w −Πk−1w‖2Ak . h
2l
k−1(ε2|w|2l+1 + ρ2|w|2l + λ|divw|2l ).

(4.12)

Proof. By the continuity of ak(·, ·), the trace theorem and the interpolation error estimate (3.4),
we have

‖w −Πk−1w‖2ak−1
. ε2‖w −Πk−1w‖2DG + ρ2‖w −Πk−1w‖2 . h2l

k−1(ε2|w|2l+1 + ρ2|w|2l ).

Noting div Πk−1w = Qk−1 divw, by the standard approximation error estimate of the projection
Qk−1, we have

‖div(w −Πk−1w)‖2 = ‖divw −Qk−1 divw‖2 . h2l
k−1|divw|2l .

Combining the above two inequalities and noting the definition of the norm ‖ · ‖Ak−1
, we get the

first inequality in (4.12). The proof of the second inequality in (4.12) is carried out in a similar
fashion. �

For the verification of the approximation property we will need the two following two-level
estimates.

Theorem 4.3. For all u ∈Mk we have

(4.13) ε‖(I − Pk−1)u‖ . hk‖u‖Ak , ρ‖(I − Pk−1)u‖ . ‖u‖Ak .

Proof. We first estimate ε‖(I − Pk−1)u‖ using a standard duality argument. Let w ∈ H1
0 (Ω)d be

the solution of the dual problem (4.9) with G = u− Pk−1u. Since, Ak(·, ·) is a consistent bilinear
form, we have

Ak(w,v) = (u− Pk−1u,v), for all v ∈Mk.

Now let v = u− Pk−1u and Πk−1w be the interpolant of w in Mk−1. Using the fact that Ak(·, ·)
is symmetric for all k = 1, · · · , J , identity (4.11), and the definition of the operator Pk−1, we have

‖u− Pk−1u‖2 = Ak(w,u− Pk−1u)

= Ak(u,w)−Ak(w, Pk−1u) = Ak(u,w)−Ak−1(w, Pk−1u)

= Ak(u,w)−Ak−1(Pk−1u,w −Πk−1w)−Ak−1(Pk−1u,Πk−1w)(4.14)

= Ak(u,w)−Ak−1(Pk−1u,w −Πk−1w)−Ak(u,Πk−1w)

= Ak(u,w −Πk−1w)−Ak−1(Pk−1u,w −Πk−1w).

Applying the Cauchy-Schwarz inequality to the right hand side of the identity above and using the
approximation estimates (4.12), inequality (4.8), and the regularity estimate (4.10), leads to

‖u− Pk−1u‖2 ≤ ‖u‖Ak‖w −Πk−1w‖Ak + ‖Pk−1u‖Ak−1
‖w −Πk−1w‖Ak−1

. hk−1(‖u‖Ak + ‖Pk−1u‖Ak−1
)(ε2|w|22 + ρ2|w|21 + λ| divw|21)1/2

. hk−1‖u‖Ak(ε2|w|22 + ρ2|w|21 + λ| divw|21)1/2

. hk−1‖u‖Ak(ε|w|2 + ρ|w|1 +
√
λ|divw|1)

. ε−1hk−1‖u‖Ak(ε2|w|2 + ερ|w|1 + ε
√
λ|divw|1)

. ε−1hk−1‖u‖Ak‖u− Pk−1u‖,
which completes the proof of the first inequality in (4.13).

By inequality (4.8), the second inequality in (4.13) is obtained from

ρ2‖u− Pk−1u‖2 ≤ ρ2‖u‖2 + ρ2‖Pk−1u‖2 ≤ ‖u‖2Ak + ‖Pk−1u‖2Ak−1
. ‖u‖2Ak + ‖u‖2Ak ,

which completes the proof. �
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The next two Lemmas verify the approximation property (A1).

Lemma 4.4. For all u ∈Mk we have the estimate

(4.15) λε‖Qk−1 div(u− Pk−1u)‖ . max{ε2,min{hk, ε}}‖u‖Ak .

Proof. Let q = Qk−1 div(u− Pk−1u), then there is a w ∈ H1
0 (Ω)d such that [18, 34]

(4.16) divw = q and ‖w‖1 . ‖q‖.
By the properties of the L2-projections on Sk and Sk−1 and the fact that Sk−1 ⊂ Sk we have
Qk−1Qk = Qk−1 and Q2

k−1 = Qk−1. Hence,

‖q‖2 = (q,divw) = (Qk−1 div(u− Pk−1u), Qk−1 divw)

= (Qk−1Qk div(u− Pk−1u), Qk−1 divw)

= (Qk div(u− Pk−1u), Q2
k−1 divw) = (div(u− Pk−1u), Qk−1 divw).

(4.17)

Noting that Qk−1 divw = div Πk−1w, we have

(4.18) ‖q‖2 = (div(u− Pk−1u), div Πk−1w).

Now from the definition of Pk−1 in (4.2), we have

λ(divu,div Πk−1w)− λ(div(Pk−1u), div Πk−1w)

= −ε2ask(u,Πk−1w) + ε2ask−1(Pk−1u,Πk−1w)− ρ2(u,Πk−1w) + ρ2(Pk−1u,Πk−1w).(4.19)

Combining (4.18) and (4.19), we get

‖q‖2 = λ−1
(
−ε2ask(u,Πk−1w) + ε2ask−1(Pk−1u,Πk−1w)

)
− λ−1ρ2(u− Pk−1u,Πk−1w −w)− λ−1ρ2(u− Pk−1u,w)

= I1 + I2 + I3,(4.20)

where

I1 = λ−1
(
−ε2ask(u,Πk−1w) + ε2ask−1(Pk−1u,Πk−1w)

)
;

I2 = −λ−1ρ2(u− Pk−1u,Πk−1w −w);

I3 = −λ−1ρ2(u− Pk−1u,w).

First, by the boundedness of both ask(·, ·) and ask−1(·, ·), the the H1-stability of Πk−1 given in (3.30),
and (4.8), we can estimate I1 as follows

I1 . λ
−1ε(ε‖u‖1,k‖Πk−1w‖1,k + ε‖Pk−1u‖1,k−1‖Πk−1w‖1,k−1)

. λ−1ε(‖u‖Ak‖w‖1,k + ‖Pk−1u‖Ak−1
‖w‖1,k)

. λ−1ε‖u‖Ak‖w‖1,k.

Noting that w ∈ H1
0 (Ω)d implies ‖w‖1,k = |w|1, and by (4.16), we obtain

I1 . λ
−1ε‖u‖Ak‖w‖1,k = λ−1ε‖u‖Ak |w|1 . λ

−1ε‖u‖Ak‖q‖.(4.21)

Next, using the Cauchy-Schwarz inequality, the approximation estimates of Πk−1 given in (4.12),
ρ ≤ 1, (4.8) and (4.16), we obtain the following estimate for I2:

I2 = −λ−1ρ2(u− Pk−1u,Πk−1w −w)

≤ λ−1ρ2‖u− Pk−1u‖‖Πk−1w −w‖
. λ−1ρ(ρ‖u‖+ ρ‖Pk−1u‖)hk−1|w|1
. λ−1ρhk−1(‖u‖Ak + ‖Pk−1u‖Ak−1

)|w|1
. λ−1hk−1‖u‖Ak |w|1 . λ

−1hk−1‖u‖Ak‖q‖.

(4.22)
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Finally, we have two estimates for I3. First, by Cauchy-Schwarz inequality, the L2-error estimate
for u− Pk−1u given in (4.13), ρ ≤ 1 and (4.16), we get

I3 = −λ−1ρ2(u− Pk−1u,w) ≤ λ−1ρ2‖u− Pk−1u‖‖w‖ . λ−1ρ2ε−1hk‖u‖Ak‖w‖
≤ λ−1ε−1hk‖u‖Ak‖w‖ . λ

−1ε−1hk‖u‖Ak‖q‖.
(4.23)

Second, by Cauchy-Schwarz inequality, ρ ≤ 1, (4.8) and (4.16), we obtain

I3 = −λ−1ρ2(u− Pk−1u,w) ≤ λ−1ρ2‖u− Pk−1u‖‖w‖ . λ−1ρ(ρ‖u‖+ ρ‖Pk−1u‖)‖w‖
. λ−1ρ(‖u‖Ak + ‖Pk−1u‖Ak−1

)‖w‖ . λ−1‖u‖Ak‖w‖ . λ
−1‖u‖Ak‖q‖.

(4.24)

Finally, in view of (4.20), by combining the estimates for I1, I2 and I3, namely (4.21), (4.22), (4.23)
and (4.24), we get

‖q‖2 = I1 + I2 + I3 . λ
−1ε‖u‖Ak‖q‖+ λ−1hk−1‖u‖Ak‖q‖+ λ−1 min{ε−1hk, 1}‖u‖Ak‖q‖

. λ−1 max{ε, hk,min{ε−1hk, 1}}‖u‖Ak‖q‖,
which implies

‖Qk−1 div(u− Pk−1u)‖ . λ−1 max{ε, hk,min{ε−1hk, 1}}‖u‖Ak .
�

Lemma 4.5. For all u ∈Mk we have the estimate

(4.25) λ‖div(u− Pk−1u)‖2 . ‖u‖2Ak .

Proof. Using (4.8), the inequality can be obtained as follows

λ‖ div(u− Pk−1u)‖2 ≤ λ‖ divu‖2 + λ‖ div(Pk−1u)‖2 . ‖u‖2Ak + ‖Pk−1u‖2Ak−1
. ‖u‖2Ak .

�

Combining the L2-estimate (4.13), and the estimates given in Lemma 4.4 and Lemma 4.5, we
obtain the following theorem, which verifies (A1).

Theorem 4.4. The following approximation estimate holds for λ & 1 and for all u ∈Mk.

‖(I − Pk−1)u‖k,0 . hk‖u‖Ak .

4.5. Smoothing property. In this subsection, we verify the smoothing property (A2). We con-
sider only the 3D case because the 2D case is similar and simpler. By Vk and Ek we denote the sets
of vertices and edges of the partition Tk, respectively. For ν ∈ Vk ∪ Ek we define

T νk = {K ∈ Tk : ν ⊂ K}, Ω̄ν
k = ∪K∈T νk K̄, Ων

k = interior( Ω̄ν
k).

Thus Ων
k is the subdomain of Ω formed by the patch of elements meeting at ν, and T νk is the

restriction of the mesh partition Tk to Ων
k.

We now consider the decomposition of the spaces Mk into sums of spaces supported in small
patches of elements. Define

Mν
k = {r ∈Mk : supp r ⊂ Ω̄ν

k}, ν ∈ Vk ∪ Ek.
Then

Mk =
∑
i∈Vk

M i
k =

∑
e∈Ek

M e
k .

For each of these decompositions there is a corresponding estimate on the sum of the squares of
the L2-norms of the components. For example, we can decompose an arbitrary element u ∈ Mk

as u =
∑

i∈Vk u
i with ui ∈M i

k such that the estimate

(4.26)
∑
i∈Vk

‖ui‖2 . ‖u‖2
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holds with a constant that depends only on the shape regularity of the mesh.
Since the kernel basis functions of the divergence operator are captured by the above subspaces

M i
k, we must use a block damped Jacobi smoother or a block Gauss-Seidel smoother where the

blocks correspond to one of the above L2-decompositions in order to preserve the structure of the
kernel. For example, we can use a vertex block damped Jacobi smoother, a vertex block Gauss-
Seidel smoother, an edge block damped Jacobi smoother, or an edge block Gauss-Seidel smoother.

Remark 4.3. We should point out that the block Gauss-Seidel smoother satisfies the assumption
(A0). But for the block damped Jacobi smoother, we need to choose the damping parameter such
that the basic assumption (A0) is satisfied. A damped Richardson smoother I − τAk would need a
damping parameter τ proportional to λ−1. Thus the components of the error in the kernel of Ak
would be smoothed out very slowly as for large λ. We should also point out that in the 2-dimensional
case, we can only use vertex block smoothers.

In the rest of this subsection, we consider the vertex block damped Jacobi smoother since the
others are similar, and define the operator Pk,i : Mk →M i

k for i ∈ Vk by

Ak(Pk,iu,vi) = Ak(u,vi) for all u ∈Mk,vi ∈M i
k.

We use exact local solves and hence the block damped Jacobi smoother Rk = τ
∑

i∈Vk Pk,iA
−1
k :=

τD−1
k , where τ is the damping parameter such that (A0) is satisfied. In this case, K∗k = Kk and

K̃
(m)
k = Km

k . By the assumption (A0), the estimate

(4.27) ‖Km
k u‖2Ak = (D−1

k AkK
2m
k u,u)Dk . m

−1‖u‖2Dk
holds, which is well known in multigrid theory (see e.g. Hackbusch [35]). By additive Schwarz

techniques [36, 37] the induced norm ‖u‖Dk = (Dku,u)1/2 can be written as

(4.28) ‖u‖2Dk = inf
u=

∑
uik

∑
i∈Vk

‖uik‖2Ak .

On the other hand, choosing τ sufficiently small it is obvious that ‖Km
k u‖Ak ≤ ‖u‖Ak (the

assumption (A0) holds). Then an interpolation between this estimate and the estimate (4.27) gives

‖Km
k u‖Ak . m

−1/4‖u‖[Dk,Ak],

where ‖u‖[Dk,Ak] is the interpolation norm between ‖ · ‖Dk and ‖ · ‖Ak with parameter 1/2. Thus,
one way to verify assumption (A2), is to show that

(4.29) ‖u‖[Dk,Ak] . h
−1
k ‖u‖k,0,

and the rest of this section is devoted to this. We now define a decomposition of u ∈Mk which is
stable in the norm ‖ · ‖k,0 and then show the estimates for the components of this decomposition.

We consider three solutions of problem (3.51) defined as follows:

(u1, p1) is the solution of (3.51) with w1 = u, w2 = 0.(4.30)

(u2, p2) is the solution of (3.51) with w1 = 0, w2 = u−Πk−1u.(4.31)

(u3, p3) is defined as the solution of (3.51) with w1 = 0, w2 = Πk−1u.(4.32)

It is straightforward to check that u − u1 − u2 − u3 and p1 + p2 + p3 satisfy the equation (3.51)
with w1 = 0 and w2 = 0 and therefore u1 + u2 + u3 = u. With these settings in hand, we have
the following stability result.

Lemma 4.6. For the decomposition given in (4.30)–(4.32) we have

‖u1‖k,0 + ‖u2‖k,0 + ‖u3‖k,0 . ‖u‖k,0,(4.33)

‖u2‖ . λ−
1
2 ‖u‖k,0.(4.34)
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Proof. Computing ‖ · ‖k,0 for all the components shows that

‖u1‖k,0 ≤ ε‖u1‖+ hk‖u1‖,(4.35)

‖u2‖k,0 ≤ ε‖u2‖+ hk‖u2‖+ λ
1
2hk‖ div(u−Πk−1u)‖.(4.36)

The rest of the proof is immediate from the definitions of the components (4.30)–(4.31), the defi-
nition of the ‖ · ‖k,0 norm, Lemma 3.8 and Lemma 3.4. Finally, using the triangle inequality, it is
easily seen that ‖u3‖k,0 . ‖u‖k,0. �

4.6. Smoothing property via interpolation. Define the H(curl; Ω)-conforming finite element
space at level k (see, e.g., [10])

Wk = {w ∈ H(curl,Ω) : w|K ∈W (K),K ∈ Tk,w × n|∂Ω = 0}.

Then the three spaces Mk, Sk and Wk are related by the exact sequence ([10])

0 −→Wk
curl−−→Mk

div−−→ Sk −→ 0.

Furthermore, we define

W ν
k = {r ∈Wk : supp r ⊂ Ω̄ν

k}, ν ∈ Vk ∪ Ek.

Then

Wk =
∑
i∈Vk

W i
k =

∑
e∈Ek

W e
k .

Note that for any v ∈Mk, we have that ‖v‖Ak . ‖v‖Dk and ‖v‖Dk ≤ ‖v‖Dk and this implies
that

(4.37) ‖v‖[Dk,Ak] . ‖v‖Dk .

The next two lemmas bound only the ‖ · ‖Dk -norm, which is sufficient in view of (4.37).

Lemma 4.7. Let u1 be defined as in (4.30). Then

(4.38) ‖u1‖Dk . h
−1
k ‖u1‖k,0.

Proof. Since divu1 = 0, we have u1 = curlwk (see [10]), where wk ∈Wk.
Noting that wk =

∑
i∈Vk w

i
k, where wi

k ∈ W i
k and curlwi

k ∈ M i
k, by identity (4.28) and

inequality (4.26), we have

‖u1‖2Dk = inf
u1=

∑
ui1

∑
i∈Vk

‖ui1‖2Ak ≤
∑
i∈Vk

‖ curlwi
k‖2Ak =

∑
i∈Vk

‖ curlwi
k‖2ak

=
∑
i∈Vk

‖ui1‖2ak . h
−2
k

∑
i∈Vk

(ε2‖ui1‖2 + h2
kρ

2‖ui1‖2)

. h−2
k (ε2‖u1‖2 + h2

kρ
2‖u1‖2) = h−2

k ‖u1‖2k,0.

�

Lemma 4.8. Let u2 be defined as in (4.31). Then

(4.39) ‖u2‖Dk . h
−1
k ‖u‖k,0.

Proof. By the identity (4.28) and Lemma 4.6, we have

‖u2‖2Dk = inf
u2=

∑
ui2

∑
i∈Vk

‖ui2‖2Ak .
∑
i∈Vk

h−2
k λ‖ui2‖2 . h−2

k λ‖u2‖2 . h−2
k ‖u‖

2
k,0.

�
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Corollary 4.1. From the inequality (4.37) and the Lemmas 4.7 and 4.8, we immediately have

‖u1‖[Dk,Ak] . h
−1
k ‖u1‖k,0,

‖u2‖[Dk,Ak] . h
−1
k ‖u‖k,0.

(4.40)

Lemma 4.9. Let u3 be defined as in (4.32), hk ≤ ε2 or λ & min{ε−1, h−1
k }. Then

(4.41) ‖u3‖[Dk,Ak] . h
−1
k ‖u‖k,0.

Proof. By the inf-sup condition (3.52) we have ‖u3‖1,k+‖p3‖ . ‖Qk−1 divu‖. Furthermore, from the def-
inition of u3, we have divu3 = Qk−1 divu. These together with ε ≤ 1, ρ ≤ 1 and ‖u3‖ . ‖u3‖1,k
give

‖u3‖2Ak . (ε2‖u3‖21,k + ρ2‖u3‖2 + λ‖ divu3‖2)

. ‖Qk−1 divu‖2 + λ‖Qk−1 divu‖2 . λ‖Qk−1 divu‖2

which implies

‖u3‖2Ak . λ
−1ε2h−2

k ‖u‖
2
k,0 if hk ≤ ε2 and ‖u3‖2Ak . λ

−1h−2
k ‖u‖

2
k,0 if hk ≥ ε2.

On the other hand, by the identity (4.28) and inverse inequality, we have

‖u3‖2Dk = inf
u3=

∑
ui3

∑
i∈Vk

‖ui3‖2Ak .
∑
i∈Vk

h−2
k λ‖ui3‖2 . h−2

k λ‖u3‖2.

If hk ≤ ε2, by noting that ‖u3‖k,0 . ‖u‖k,0, we have

‖u3‖2Dk . h
−2
k λ‖u3‖2 . h−2

k λε−2‖u3‖2k,0 . h−2
k λε−2‖u‖2k,0.

If hk ≥ ε2, by Lemma 3.8, it follows that

‖u3‖2Dk . h
−2
k λ‖u3‖2 . h−2

k λ‖Qk−1 divu‖2−1 ≤ h−2
k λ‖Qk−1 divu‖2 . h−2

k λ−1 min{ε−2, h−2
k }‖u‖

2
k,0.

A standard interpolation argument, see, e.g., [38], completes the proof. �

We close this subsection by the following theorem which verifies (A2).

Theorem 4.5. If hk ≤ ε2 or λ & min{ε−1, h−1
k }, the following estimate holds for all u ∈Mk

(4.42) ‖(K̃(m)
k )∗u‖Ak . m

−1/4h−1
k ‖u‖k,0.

Proof. By Lemma 4.6, inequalities (4.40) and (4.41), we obtain the smoothing property (4.42). �

5. Numerical results

To test the performance of the multigrid algorithms that we have proposed we present three sets
of numerical tests solving equation (3.17).

For simplicity, we take as computational domain Ω = [0, 1]× [0, 1] and discretize equation (2.2)
and (3.17) by H(div,Ω)-conforming BDM1 finite elements (BDM1(K)/P0(K) pair for Brinkman
equation) on a uniform mesh using the DG method described in Section 3. Our tests are aimed
at verifying the theoretical results on the convergence of the multigrid algrithms for the linear
system (3.15). We have tabulated the results obtained with the multigrid method for meshes with
mesh sizes hJ = 2−J where J = 2, . . . , 6. In addition, we have varied the parameter λ. For the
V (1, 1)- and W (1, 1)-cycles of the multigrid (MG) algorithm we have used a vertex block Gauss-
Seidel smoother. In order to approximate the error reduction factor of the MG iteration, i.e. the
number % = ‖EJ‖AJ := ‖I −BJAJ‖AJ , we have set ei = EJei−1 with a random initial guess e0 and
computed the ratio %i := (AJei, ei)/(AJei−1, ei−1) for large enough i.

In all tables J denotes the level of the finest discretization and N denotes the number of degrees
of freedom for the displacement component (for BDM1 elements, N is twice the number of edges).
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λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.009 0.026 0.033 0.033 0.033 0.033 0.033

3 416 0.067 0.139 0.166 0.169 0.169 0.169 0.170

4 1600 0.101 0.198 0.237 0.242 0.242 0.242 0.242

5 6272 0.108 0.219 0.262 0.267 0.267 0.267 0.267

6 24832 0.110 0.227 0.270 0.275 0.276 0.276 0.276

Table 5.1. Convergence rate ‖EJ‖AJ of V (1, 1)-cycle MG method (confirming The-
orem 4.1) in case of ε2 = 1, ρ2 = 0.

The data in Table 5.1 verifies the convergence result in Theorem 4.1 and the data in Tables 5.2–
5.7 verifies the result shown in Theorem 4.2. We want to emphasize that although Theorem 4.2
requires that the number of smoothing steps is sufficiently large, the results shown in Tables 5.2-5.7
indicate that one smoothing step is sufficient for a uniform convergence of the W -cycle MG method.

λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.009 0.026 0.033 0.033 0.033 0.033 0.033

3 416 0.074 0.122 0.142 0.144 0.144 0.144 0.144

4 1600 0.104 0.131 0.150 0.152 0.152 0.152 0.152

5 6272 0.108 0.134 0.153 0.155 0.155 0.155 0.155

6 24832 0.110 0.128 0.141 0.143 0.143 0.143 0.143

Table 5.2. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 1, ρ2 = 0.

λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.009 0.026 0.033 0.033 0.033 0.033 0.033

3 416 0.074 0.122 0.142 0.144 0.144 0.144 0.144

4 1600 0.104 0.131 0.150 0.152 0.152 0.152 0.152

5 6272 0.108 0.134 0.153 0.155 0.155 0.155 0.155

6 24832 0.110 0.128 0.141 0.143 0.143 0.143 0.143

Table 5.3. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 1, ρ2 = 10−6.
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λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.008 0.026 0.032 0.033 0.033 0.033 0.033

3 416 0.074 0.122 0.141 0.144 0.144 0.144 0.144

4 1600 0.104 0.131 0.150 0.152 0.152 0.152 0.152

5 6272 0.108 0.134 0.153 0.155 0.155 0.155 0.155

6 24832 0.110 0.128 0.141 0.143 0.143 0.143 0.143

Table 5.4. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 1, ρ2 = 10−3.

λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.001 0.002 0.003 0.003 0.003 0.003 0.003

3 416 0.024 0.035 0.045 0.047 0.047 0.047 0.047

4 1600 0.065 0.109 0.128 0.130 0.130 0.130 0.130

5 6272 0.097 0.130 0.148 0.151 0.151 0.151 0.151

6 24832 0.108 0.130 0.146 0.148 0.148 0.150 0.150

Table 5.5. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 1, ρ2 = 1.

λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.0003 0.0004 0.0007 0.0008 0.0008 0.0008 0.0008

3 416 0.002 0.002 0.002 0.002 0.002 0.002 0.002

4 1600 0.007 0.009 0.009 0.009 0.009 0.009 0.009

5 6272 0.011 0.012 0.012 0.012 0.012 0.012 0.012

6 24832 0.014 0.014 0.014 0.014 0.014 0.014 0.014

Table 5.6. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 10−3, ρ2 = 1.

As predicted by the theory, the results presented in Tables 5.1–5.7 show uniform convergence
independent of ε, ρ, λ and h.

Finally, to test the augmented Uzawa iteration we have set the right hand side of equation (2.2)
to

f =

 (1− 6x+ 6x2)(y − 3y2 + 2y3) + (x2 − 2x3 + x4)(−3 + 6y)

−(1− 6y + 6y2)(x− 3x2 + 2x3)− (y2 − 2y3 + y4)(−3 + 6x)

 , g = 0,
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λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5 ` = 6

2 112 0.0003 0.0004 0.0007 0.0008 0.0008 0.0008 0.0008

3 416 0.0006 0.002 0.0008 0.0008 0.0008 0.0008 0.0008

4 1600 0.006 0.009 0.009 0.009 0.009 0.009 0.009

5 6272 0.011 0.012 0.012 0.012 0.012 0.012 0.012

6 24832 0.014 0.014 0.014 0.014 0.014 0.014 0.014

Table 5.7. Convergence rate ‖EJ‖AJ of W (1, 1)-cycle MG method (confirming
Theorem 4.2) in case of ε2 = 10−6, ρ2 = 1.

and used the corresponding exact solution of the sub-problem for the displacement u (see (3.14)).
The iteration has been initialized with u0

h = 0 and p0
h = 0 and terminated after a reduction of

the error of the velocity in energy norm by a factor of 108. In Table 5.8 we verify the convergence
results of the augmented Uzawa iteration which is given in (3.14) (see also [20]).

λ = 5× 10`

J N ` = 0 ` = 1 ` = 2 ` = 3 ` = 4 ` = 5

2 112 11 5 3 3 3 2

3 416 11 5 3 2 2 2

4 1600 10 5 3 2 2 2

5 6272 10 5 3 2 2 2

6 24832 10 4 3 2 2 2

Table 5.8. Iteration count for the augmented Uzawa method.

6. Conclusions

We have proved the stability of a family of discontinuous Galerkin H(div; Ω)-conforming dis-
cretizations of the Brinkman equations and the corresponding linear elasticity type equation with
mass term which appears in the Uzawa iteration for the Brinkman problem. Further, we have
presented a robust iterative solution method for the arising discrete problems. Variable V-cycle
and W-cycle multigrid algorithms have been analyzed in the present situation of nonnested bilinear
forms. The convergence rate of the iterative methods have been proved to be independent of the
parameters in the Brinkman problem, i.e., ε and ρ and of the mesh size h, which shows that the
iterative algorithm is robust and optimal. The presented numerical results support the theoretical
findings.
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[38] Jöran Bergh and Jörgen Löfström. Interpolation spaces. An introduction. Springer-Verlag, Berlin, 1976.

Grundlehren der Mathematischen Wissenschaften, No. 223.

Johann Radon Institute, Austrian Academy of Sciences, Altenberger Str. 69, 4040 Linz, Austria
E-mail address: qingguo.hong@ricam.oeaw.ac.at

Faculty of Mathematics, University of Duisburg-Essen, Thea-Leymann-Str. 9, 45127 Essen, Germany
E-mail address: johannes.kraus@uni-due.de


